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Extended in-band and band-gap solutions of the nonlinear honeycomb lattice
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We study the dynamics of extended collective excitations in the pristine honeycomb lattice in the presence
of the cubic nonlinearity. We show that not only band-gap excitations but also, stable and quasistable, extended
excitations between the two lowest bands of the honeycomb system and labeled as in band exist. We also show
that some solutions bifurcate from the saddle points of the Floquet band structure. Among other results, we report
the existence of nontrivial stationary solutions even for the Floquet eigenvalue where the Dirac points occur.
Numerical findings, in fair agreement with our theoretical predictions, are also reported.
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The research progress in a honeycomb system has been
enormously stimulated by the great scientific and tech-
nological interest in carbon-based nanostructures, such as
graphene [1,2]. Indeed, many exceptional properties observed
in graphene are, in part, due to their natural honeycomb lattice
(HL) structure. To mimic these properties, a variety of artificial
HL systems have been experimentally realized and proposed
as proxies for real graphene monolayers and ribbons [3–5]. For
example, artificial HL systems offer a platform for studying
massless Dirac quasiparticles and their phases [6–9].

One of the main characteristics of honeycomb systems is
that the two lowest Floquet energy bands touch each other at
certain isolated points called Dirac points (DPs). In pristine
graphene the DPs energy level is called the Fermi level (FL).
Due to the conical geometric shape of the lowest bands near
the DPs, very high mobility has been predicted and observed in
graphene and other honeycomb systems. In fact, high mobility
is one the main characteristics of graphene [10–12]. However,
for applications not only mobility, but also the absence of
it is important. In this regard, several approaches to control
mobility near the FL in graphene have been proposed and
experimentally realized, namely, the use of external fields
[10,13], disorder (Anderson localization) [14], modification
of the band structure (e.g., by monolayer stretching, creation
of multilayer graphene, creation of nanoribbons, or use of edge
states) [15–18], and so on.

Low or zero mobility also are properties present naturally
in pristine HL. Indeed, not only the lowest and highest points
of the two lowest bands of honeycomb systems exhibit this
property, but also the saddle points. However, in graphene the
energy difference with respect to the FL of these points is too
high for semiconductor applications. So, most of the research
interest on monolayer graphene has been devoted to control
electronic properties in the Dirac cones near to the FL.

In artificial HL, particularly in photonic systems, substantial
effort has been directed towards realizing photonic arrays of
coupled waveguides [19] that protect information transmission
from diffraction [20] and/or disorder effects (due to random
defects) [5,21]. For example, localized structures, called
solitons and/or breathers with very low or nonmobility at the
array transversal section, have been realized for this purpose
[22]. These are nonlinear excitations that usually emerge as
bifurcations from the lowest or highest points of the band

structure into the band gaps [23–25]. In graphene systems
the search for these kinds of excitations have attracted little
attention due to the high-energy requirements (far from FL).

One important question that arises is whether in pristine HL
systems, with nondistorted band structure, there might exist a
scenario in which the absence of mobility near the DPs level
appear. In graphene this scenario would correspond to energy
values near the FL, where most of the relevant experiments are
carried out.

Here we report a contraintuitive set of nonmobile ex-
tended solutions whose Floquet eigenvalues (quasi-energies)
lie within the band-structure range in pristine nonlinear HL
systems. Indeed, stable stationary nontrivial excitations are
observed even at the DPs quasi-energy level (FL in condensed
matter systems). This phenomenon is observed at the � point
(position in the reciprocal-lattice space where the highest
symmetry point of the band structure is located). In addition,
at the M points (position of the saddle points of the band
structure) we observe short-lived quasistable excitations.

To study the dynamics associated to the honeycomb
geometry, we consider an array of evanescently coupled
photonic waveguides with cubic nonlinear response. The
array forms a two-dimensional (2D) pristine HL and we only
consider interaction between nearest-neighbor interaction, as
sketches Fig. 1(a). In the tight-binding approximation, the
dynamics associated to the two lowest bands of the system
is well described by a discrete nonlinear Schrödinger equation
(NLSE) [26,27], reading as

i∂zψN(z) + C
∑

N′ �=N

ψN′ (z) + U |ψN(z)|2ψN(z) = 0, (1)

where ψN is the complex amplitude of the electric field
envelope function in the waveguide with index vector N.
The summation index vector N′ in Eq. (1) runs over nearest-
neighboring waveguides, C is the coupling constant between
waveguides, and U is the cubic nonlinear coefficient. The
discrete NLSE (1) is a generic equation that describes the
dynamic associated to the two lowest bands of honeycomb
arrays not only of coupled photonic waveguides [28], but
also of Bose-Einstein condensates (BECs) trapped in deep
optical HL [29]. For BECs the propagation coordinate z in
Eq. (1) is interpreted as time. Several results (such as mobil-
ity [30], Zener transitions [18,31], Bloch oscillations [32],
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FIG. 1. (Color online) (a) Fraction of a HL showing the indexes
of the sublattices and the displacement vectors �δ0 (black), �δ1 (blue),
and �δ2 (green), respectively. (b) DPs connecting the two lowest bands
of the HL sketched in (a). (c) Dispersion relation along the symmetry
points in the HL.

Klein-tunneling [33], Berry phases [32], edge localization
[34], and so on) from this equation and its continuous
counterpart point to the fact that under some circumstances
artificial systems may serve as proxies for studying electron
behavior in graphene. It is important to note that the weakly
cubic nonlinearity in Eq. (1) usually is neglected for electronic
systems at low temperatures. However, this nonlinearity may
appear due to phonon-electron interactions [35] arising from
distortions of the lattice. In fact, a weakly cubic nonlinearity
has been suggested to arise from adiabatic approximation in
the Holstein formulation of graphene [30].

By using a Floquet ansatz of the form ψN = exp(iβz)ηN
with U = 0, the linear spectrum of β (quasi-energies) can
be obtained from Eq. (1) as a function of the Bloch wave
vector k [see Fig. 1(b)]. Notice that in Eq. (1) the DPs level
corresponds to β = 0. To determine the nonmobile extended
solutions we substitute the Floquet ansatz into Eq. (1) and
further use the Bloch ansatz ηN = exp(ik · rN)φN, where rN
indicates the transverse position of the N waveguide. So the
stationary equation for the φN functions read as

βφN = C
∑

N′ �=N

φN′ek·δNN′ + U |φN|2φN, (2)

where δNN′ = rN − rN′ denotes the displacement vectors be-
tween the N and N′ waveguides. For the sake of simplicity
we chose |δNN′ | = 1. In Eq. (2), δNN′ can take six forms,
namely δNN′ = ±δ0, ± δ1,and ± δ2. In Fig. 1(a) these vectors
are shown.

In nonlinear honeycomb systems, it has been shown that
localized nonmobile solutions bifurcate from the lowest or
highest points of the band structure [27], at k = (0,0) (� point).
So far, it has been not known whether extended solutions
exist at the HL � point. It is worth mentioning that extended
solutions has been shown to exist in square lattices in the form
of X waves [36,37], however, they are not expected to appear
at the � point. On the other hand, the HL has two lowest bands,
so its dynamics is expected to be different than that associated
to the single band of the square lattices [38,39].

Extended nonmobile solutions at the � point can be
obtained by imposing the value k = (0,0) and distinguishing
between the two sublattice system in Eq. (2). For that we
break the index-vector set {N} into two subsets, namely {NA}
and {NB}. Here NA = (l,m + 1) and NB = (l,m) with l ∈ Z
and m ∈ Z (mod 2).

Under these considerations, Eq. (2) takes the form

βal,m+1 = C(bl+1,m+1 + bl−1,m+1 + bl,m) + Ua3
l,m+1,

(3)
βbl,m = C(al+1,m + al−1,m + al,m+1) + Ub3

l,m,

where al,m+1 ≡ φNA and bl,m ≡ φNB are assumed to be real
fields at the NA and NB sites, respectively. For extended solu-
tions, we consider al′,m′ = A and bl′′,m′′ = B for all (l′,m′) ∈
{NA} and (l′′,m′′) ∈ {NB}. Finally, it is straightforward to
obtain coupled algebraic equations for A and B amplitudes
from Eq. (3) and whose solutions are closed-form functions of
β, C, and U constants.

A and B amplitudes versus β for focusing (U > 0)
and defocusing (U < 0) nonlinearities at the � point are
plotted in panels of Fig. 2. Solutions appear as branches
that bifurcate from fold-bifurcation nodes. The bifurcation
branches, which are sets of (β,A) or (β,B) points, open
either to the right (focusing nonlinearity: U > 0) or to left

FIG. 2. (Color online) A and B amplitudes vs. β at the �

point. Plot symbols indicate different solutions. Bifurcation branches
opening to the right (left) correspond to the focusing (defocusing)
nonlinearity. Blue stars indicate the position of the fold-bifurcation
nodes in the focusing nonlinearity case.
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FIG. 3. (Color online) Intensity distribution for a solution with
β = 0 in a 64 × 32 lattice size.

(defocusing nonlinearity: U < 0). Moreover, each bifurcation
branch of the A amplitudes [Fig. 2(a)] is coupled to one
bifurcation branch of the B amplitudes [Fig. 2(b)]. Related
branches share the same plot symbols, as, e.g., circle branches
labeled with 1© in panels of Fig. 2 are coupled.

Let us have a closer look at the bifurcation branches labeled
with 1© in the panels of Fig. 2 for U > 0. The 1©-branch range
starts at the node in β = −3 (the lowest value of the band
structure) and extends to +∞, including the whole inner region
(−3 < β < 3) between the two-band structure [see at the �

point in Fig. 1(c)]. Usually in nonlinear systems, excitations
with quasi-energies lying within the band region are labeled
as in band [25,40,41]. In this regard, it has been believed from
the theory of band-gap solitons that in-band excitations in
honeycomb systems cannot exist [38] because the interband
region is not a band gap, i.e., there is a band touching at the
DPs [1,2]. However, as we show below, this is not the case.
In fact, for nonlinear in-band excitations we observe three
interesting β values: (i) β ∼ −3 because the amplitude of
the nonlinear solutions here can be infinitely small; (ii) β = 0
since solutions in this region lie exactly at the FL in condensed
matter systems; and (iii) β = 3 because this value intersects the

linear band structure, so the usual band-gap solitons [24,24,27]
vanish here. However, we observe nontrivial stable solutions
at this intersection. With respect to the external regions (i.e.,
3 < β < ∞ and −∞ < β < −3), they are semi-infinite band
gaps, so excitations in these external regions can be labeled as
band gap.

The solutions computed in Fig. 2 are infinitely extended, so
they have to be truncated to fit finite-sized HLs (HL flakes). In
this case the amplitude values at the sites in the HL-flake edges
are estimated via a numerical analytic continuation method
[42]. This method takes into account, as initial conditions, the
amplitude solutions and quasi-energies plotted in Fig. 2 and
can be used for any HL-flake shape. For simplicity, we have
chosen rectangular HL flakes whose edge combines zigzag
and armchair edges.

Figure 3(a) shows an example of a truncated intensity
distribution calculated for β = 0 (FL in condensed matter
systems) at the � point and associated to 1© branches in
Fig. 2. We observe that this intensity distribution is flat and
only sites close to the edges present a different intensity values.
In the reciprocal-lattice space this distribution is associated to
a single Bloch mode at the � point, as shown in Fig. 3(b) where
the effects from the lattice edges have been excluded. In fact,
when performing the 2D Fourier transform of the excitation, a
spatial 2D Gaussian filter has been used. In general, we observe
that any nonlinear excitation associated to the 1© branches look
similar to that shown in Fig. 3(a), only their amplitude scale
with β, as expected from the results shown in Fig. 2.

To study the behavior of the truncated solutions, we look at
the evolution of the quasi-energy β during propagation. This
can be estimated from the Floquet relation ∂zψl,m = iβψl,m. So
taking into account all sites of the lattice, it is straightforward
to derive the expression

β = − i

NT

∑

l,m

ψ	
l,m∂zψl,m

|ψl,m|2 for |ψl,m| �= 0, (4)

FIG. 4. (Color online) (a) Particular examples of β vs. z for amplitude solutions in Fig. (2): solid, dashed, and dotted lines correspond to
the 1©, 2©, and 3© bifurcation branches, respectively. (b) Intensity distribution in the reciprocal lattice space (lines are drawn to show the edges
of the first Brillouin zone).
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FIG. 5. (Color online) The same as Fig. 2 but for the M point.

where NT is the total number of sites in the lattice and 	

indicates a complex conjugation.
Figure 4(a) shows several examples of the β evolution

during propagation point for some solutions shown in Fig. 2.
We observe that β remains constant for every solution
associated with the 1© branches (Fig. 2). In this case, stable
stationary solutions are observed for very long distances
(z = 105). For this distance a very small β variation (of
the order of ∼ 5 × 10−4) is observed. Figure 4(a) shows
also a quasistationary behavior, i.e., β is constant for short
initial distances (z < 2) and fluctuates for larger distances.
This behavior belongs to solutions associated to the 2© and
3© branches (Fig. 2). Snapshots of the intensity distribution for

these short-lived excitations before and after instability arises
are shown in Figs. 4(b) and 4(d), respectively. Figures 4(c) and
4(e) shows the respective distribution in the reciprocal-lattice
space. This particular example corresponds to an excitation
associated with the 2© branches at β = 4 in Fig. 2. The
initial intensity distribution in Fig. 4(b) presents a pattern
that differs from the flat shape expected from amplitudes
in Fig. 2. This pattern tends to lessen for very high β

values (i.e., β > 10) and follows from the edges of the HL

flake. In the reciprocal-lattice space [Fig. 4(c)], this initial
pattern Fourier transforms into broad distribution around the
� point, indicating the presence of several initial Bloch modes.
During propagation a nonlinear modal interference causes
the instability destroying [see Fig. 4(d)] the initial excitation
shape. In the reciprocal lattice space [Fig. 4(e)] an irregular
spot distribution around the � point is observed.

So far, we have discussed about solutions at the � point,
however, in nonlinear square lattices, it has been shown that
localized solitons can bifurcate from saddle points of the band
structure [40]. So an open question here is whether for HL
systems we can observe similar bifurcation at the M points.
To solve this question, we chose one M point by imposing, for
example, k = (0,2π/3) in Eq. (2) to obtain

βαl,m+1 = C(bl+1,m+1 + bl−1,m+1 − bl,m) + Uα3
l,m+1,

(5)
βbl,m = C(αl+1,m + αl−1,m − αl,m+1) + Ub3

l,m,

where αl,m+1 ≡ φNA exp (−iπ/3) and bl,m ≡ φNB are real
fields at the NA and NB sites, respectively. Following the same
procedure applied to the equations at the � point, we eventually
obtain algebraic equations for the A = αl,m+1 and B = bl,m

amplitudes, which are plotted as a function of β in Fig. 5. The
behavior that we observe is similar to that plotted in Fig. 2.
In fact, in Fig. 5, for focusing solutions (U > 0), bifurcation
branches open from the nodes to the right. Besides, the lowest
fold-bifurcation nodes lie exactly at β = ±1, which coincides
with the position of the saddle points of the band structure.
[see Fig. 1(c)]. Notice that the other fold-bifurcation nodes, at
β = ±2 in Fig. 5, are effectively located outside of the band
structure [see the M point in Fig. 1(c)] despite that these values
lie within the global band range (−3 � β � 3).

For HL flakes, truncated stationary solutions are also
estimated with the analytic-continuation method, taking into
account amplitude solutions and quasi-energies plotted in
Fig. 5. In Fig. 6(a), some examples of the β behavior along
the propagation coordinate z are shown. For the 1© and
2© bifurcation branches in Fig. 5, truncated stationary solutions

FIG. 6. (Color online) The same as Fig 4 but for the M point.
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can be estimated for β � 0.8 and β � 3.7, respectively. No
truncated stationary solution is found for 3© bifurcation
branches. We observe in Fig. 6(a) that stationary solutions are
in general short lived, i.e., after a short propagation distance
the initial β value starts to fluctuate. This behavior occurs due
to instabilities that arise at the lattice edges and eventually
destroy the initial solution shape.

Figures 6(b) and 6(d) show snapshots of a truncated
intensity distribution before and after the instability arises.
The initial shape in Fig. 6(b) is associated to the 1© bifurcation
branch at β = 3 in Fig. 5. The initial excitation in the
reciprocal-lattice space [Fig. 6(c)] is observed mostly as single
Bloch mode at the M point that eventually, after instability
arises, breaks and evolves into a noisy spot distribution at the
� point. This phenomenology indicates that the lattice edges
introduce Fourier components at the � point [not observed in
Fig. 6(d) due to the imposed Gaussian filter] that eventually
interferes with the Bloch mode at the M point destroying the
initial distribution.

All in all, we have studied the behavior of extended
nonlinear excitations in finite-shaped photonic honeycomb
lattices. Several families of stable and quasistable in-band
and band-gap excitations at the saddle points of the band
structure have been found. Of particular interest are the stable
in-band excitations since they can take any quasi-energy
value within the linear band. Among other interesting results
we show that nontrivial stable excitations at zero quasi-
energy (Fermi level in condensed-matter systems) exist. The
existence of these nontrivial excitations might hint at new
schemes to achieve all-optical signal processing in photonic
systems or, in the case of real monolayer graphene, to
achieve new methods for controlling mobility near the Fermi
level.
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