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Introduction

The present work is framed in the context of ergodic theory. Especifically, in
the study of zero temperature limits for potentials defined over Markov shifts with
countable alphabet.

Zero temperature limits theorems constitute, in turn, an intersection point for
two theories of great relevance in ergodic theory. Namely, ergodic optimization and
thermodynamic formalism.

According to [JMU2], for a dynamical system (X,7T) and f: X — R a con-
tinuous function, we refer as ergodic optimization to the circle of problems relating
the search of orbits which maximize (or minimize) the time averages of f and
T-invariant probabilities which optimize the spatial means of f. In particular, a
T-invariant probability measure p is called f-mazimizing if it verifies

/ fdu = max { / fdv : v is a T-invariant probability measure} .

On the other hand, thermodyamic formalism is concerned with the existence,
uniqueness and ergodic properties of Borel T—invariant probability measures that
maximize the Free energy,

sup {h(u) + /fdu : ;v is a T — invariant probability measure} , (1)

where h(p) is the Kolmogorov-Sinai entropy. Measures attaining the supremum in
(1) are called equilibrium measures for f. It was shown during the 1970s that if the
space X is compact, the system T has some strong form of hyperbolicity and the
function f is regular enough, then equilibrium measures do exist, they are unique
and also satisfy the Gibbs property (see [VO, Section 12]).

It turns out that these two theories are related. Consider the one-parameter
family of functions ¢f, with ¢ € R. Assume that for every ¢ > 0 there exists an
equilibrium measure p; for ¢tf. In statistical mechanics the parameter ¢ is inter-
preted as the inverse of the temperature, thus as t converges to infinity we may say
that the temperature tends to zero. If the space X is compact and the map T con-
tinuous then the space of invariant probability measures, endowed with the weak-*
topology, is compact. Therefore, (ut): has an accumulation point p as t tends to
infinity. We say that p is a zero temperature limit of the equilibrium measures. As
t grows the relative importance of the entropy in (1) diminishes and it has been
proven (see for instance, [J, Thm. 4.1]) that u is actually a maximizing measure
for f.

The literature features diverse extensions of these results and related problems
to the non-compact spaces corresponding to Markov shifts with a countable alpha-
bet, which will be denoted as (X4,0) (see [FV, JMU, Mo]). Moreover, these
results even admit adaptations for almost-additive sequences of potentials [IY2].
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4 INTRODUCTION

In these cases, the sole existence of accumulation points for the family of equilib-
rium measures p; as t — oo is not trivial, since the compactness hypothesis is no
longer available.

The main purpose of this work is to develop zero temperature limits theorems
for quotients of potentials over a countable Markov shift. This means that we extend
the scope of the zero temperature limits to a to a framework which considers the
relation between two potentials f, g in a countable Markov shift by means of their
quotient. That is, given two potentials f,g : ¥ 4 — R, we intend to describe, if they
exist, the o-invariant probability measures p for which

d dv
%615 = sup {Jdeu (v s a—invariant,/gdy #* O,/gdy #* oo} (2)

as an accumulation point of the equilibrium measures of a family of potentials
related to f and g.

Posing the problem in this manner entails several obstacles. To be more precise
with these concepts, let us consider a topologically mixing countable Markov shift
with the BIP property (X 4,0) and two continuous, positive potentials f,g: ¥4 —
R. In the first place, it is necessary to redefine the framework in order to the related
concepts to allow the simultaneous description of the behaviour of two potentials.
For instance, we have to redefine what is meant by a maximizing measure when
studying quotients and, instead of considering potentials of the form ¢f to make
t — 0o, we now have to make an appropriate choice of a family of potentials relating
f, g to describe what is meant by a zero temperature limit involving two potentials.
This choice is not obvious since the equilibrium measures of the potentials from
this family must have an accumulation point which in turn is expected to be a
maximizing measure.

The difficulties of this adaptation not only come from the fact of considering
quotients, but also from the fact that the CMS are not compact spaces. This means
that the space of o—invariant probability measures is not compact either in the
weak-* topology. In general, a sequence of measures in 3 4 does not necessarily have
accumulation points and since the space is not compact, we now allow potentials
to be unbounded, meaning that the convergence of sequences of measures in the
weak-* topology does not imply the convergence of the associated integrals with
respect to a potential. Additionally, since the studied shift spaces are defined over
a countable alphabet, the invariant measures on Y4 may have infinite entropy,
therefore the pressure of the involved potentials is not necessarily finite.

To provide a general overview of the results from this work, let us first describe
the implied concepts.

Let f, g be positive potentials in ¥ 4. If M,(—g) denotes the set of o-invariant
probability measures v such that [ gdv < co, we say that a measure p € M, (—g)
which attains the supremum from (10) is (f, g)-mazimizing. On the other hand,
in order to determine what is meant by a zero temperature limit for quotients of
potentials we will be interested in families of potentials of the form tf — sg with
t,s € R*. To fix the appropriate dependence between the parameters ¢t and s we
prove that under certain assumptions, for every sufficiently big value of ¢ there
exists a unique real number O(¢) such that the free energy of tf — O(t)g is zero.
We call the map t — O(t) zero-pressure map and prove that there exists a real
number t* € R such that it is real analytic in (¢*,00). We also prove that O(t) has
a lower bound denoted by a number s,, which in turn has the property of making



INTRODUCTION 5

(S00, 00) the maximal interval such that the map ¢ — P(—tg) is real-analytic. Our
main result (see Theorem 5) establishes that the zero temperature accumulation
points of the equilibrium measures for ¢f — O(t)g are (f, g) —maximizing measures.
In order for our argument to work we require the function g to dominate f, see
equation (12), and that Gibbs-equilibrium measures for tf — O(t)g do exist (see
condition (9)). This discussion is developed in Chapter 2 and an application of how
the theorem can be applied to describe zero temperature limits of suspension flows
is also exhibited. The results from this Chapter were submitted for publication and
they appear in [P].

Additionally, in [IY2], the theorems about zero temperature limits were ex-
tended in a different direction. Instead of considering a potential f : ¥4 — R, a
sequence F = {log f,}°2; of potentials is considered. This class of sequences sat-
isfy a property called almost additivity and it consists of the existence of a constant
C# such that given n,m € N we have, for every = € X4

e fn(x) frm 0 0™(x) < frgm < fu(@)frm 0 0" (z)e”.
Thermodynamic formalism for these sequences was introduced by Barreira and
Mummert [Ba, Mu] for compact dynamical systems and later on it was generalized
for almost-additive sequences over a CMS [I'Y1]. These sequences arise naturally
when studying products of matrices and they generalize the classic additive case
since the Birkhoff sums of every potential f : ¥4 — R form an almost-additive
sequence whose thermodynamic formalism replicates the one from f. Results from
[IY2] provide a zero temperature limits theorem for almost-additive sequences of
potentials was developed. If these notions can be extended from the additive to
the almost additive framework, it makes sense to study if the development of zero-
temperature limits for quotients of potentials makes sense in this new context.
Existing literature shows several analogies between the behaviors of additive and
almost-additive potentials. The main challenge of developing these results consists
of translating the elements from additive thermodynamic formalism in terms that
are suitable for the almost-additive context, that is, involving sequences of functions
instead of a single potential, and establish these results in a way that recovers the
original additive setting. This topic is addressed in Chapter 3 and we obtain a
slightly weaker result. The zero-pressure map in this frame is not proven to be real-
analytic, but it is shown that it is differentiable everywhere for big enough values
of t, except by at most a countable set. The conclusion remains true provided
that the accumulation points of the equilibrium measures as the temperature drops
to zero are reached by subsequences {t;}ren such that O(ty) is differentiable for
every k € N (see Theorem 9). An example of these result applied to describe the
invariant measures that maximize the ratio between expected values of the top
Lyapunov exponents for linear cocycles is also provided in this section.






CHAPTER 1

Preliminaries

The concepts and results contained in this chapter constitute the foundations
of our future discussion. There are three main topics mentioned: In the first place,
we approach countable Markov shifts, which form the family of dynamical systems
over which we set all the relevant results of this work. The other two topics are
thermodynamic formalism and ergodic optimization. Both of these are related to
ergodic theory and therefore we also remark the relevance of some important classes
of Borel probability measures over Countable Markov shifts.

1. Countable Markov shifts

Let us start by setting up the dynamical systems over which we develop our
work. First, we fix a countable set A that will be called an alphabet, without loss
of generality we will consider A = N, the set consisting of the positive integers and
we will refer to the elements of A as symbols.

DEFINITION 1. Let A : N x N — {0,1} be a function. Suppose that for every
j € N there exist i,k € N such that A(i,j) = A(j, k) = 1. Let
Ya = {(i1, 42, yin, ) €NV A(ij,i;01) = 1, for every j € N}.
We define the shift map o : X4 — 34 by
o (i1, i, -+ ) = (ig,is, ).
The dynamical system (X a,0) is said to be a Countable Markov Shift (CMS)

and A is called its Transition Matrix.

REMARK 1. When A is the function A(i,j) = 1 for every i,5 € N, (X 4,0) is
called the full shift over N.

The elements of ¥4 can be interpreted as the states of a system that changes
over discrete time. The symbols i,, can be thought of as the state of the system
at the instant n. We can also interpret A as an indicator function of the allowed
changes of state in the system and o as the map which represents the time passing
to the next instant.

Let us now fix an arbitrary number 6 € (0,1). If = (@n)nen, ¥ = (Un)nen €
>4, the map defined as

dG (Z‘, y) — emin {nEN:mn;éyn}’

with the convention dyp(z,z) = 0 is a metric over the space ¥ 4. The following
definition characterizes the balls that generate the topology for (X4, dp).

DEFINITION 2. Letn € N. A set of the form
[il,"' ,’Ln] = {.T = (xl,xg,...) € EA X :il,"' s Ly :Zn}

7



8 1. PRELIMINARIES

with 1,49, ,in € N is called a cylinder set of length n.

REMARK 2. If z = (21,29, --) € X4, we denote Cy,(z) = [z1, 22, ,Zy], for
any n € N. This is the subset of ¥4 whose elements agree with x in the first n
coordinates.

REMARK 3. If § € [#"F1,0"), the open ball B(x,8) in (Xa,dp) agrees with
Cn(x). Thus, a function f : X4 — ¥4 is continuous if f~1(C,(x)) can be written
as a (possibly empty) union of cylinder sets for every = € ¥4 and every n € N.

We now observe that for any = € ¥4 and n € N we have
o (Cu(2)) = {y € Ba: 0(y) € Cu(2)}
= {y S EA : (yQay?n' : ) € C’n(m)}

:{yEZAIyQ =T1,Y3 = X2, ", Yn+1 :xn}

= JlveZa =i o =21,y5 =22, Yns1 = Tn}
€N

= U[iv‘rlvm%“‘ 7xn}~
€N

This shows that ¢ is a continuous function.

From now on, we assume that the system (34, 0) is topologically mixing, that
is, for every i,j € N there exists N € N such that for every n > N, we have
o () N [j] # 2.

We stress that Countable Markov shifts differ from subshifts of finite type in
their topological features. If the alphabet A is a finite set, then ¥, is a compact
set. This is not necessarily the case when the alphabet is a countable infinite subset
(w.lo.g. A=N). For instance, given any sequence {ny} € N such that [n;] # @
for every k € N, we can define a sequence (zj)ren in X4 such that xj € [ng] for
every k. No sequence obtained from this construction has a convergent subsequence.

2. The space of o-invariant probability measures in a CMS

Let M, denote the space of o—invariant Borel probability measures in 4.
This space is endowed with a topology called the weak-* (read as “weak star”)
topology. The convergence in the weak-* topology is characterized by the Port-
manteau Theorem (see, for instance, [D]).

THEOREM 1. Let {{1,}22, be a sequence in M,. Given p € M,, the following
statements are equivalent:

(a) For every bounded continuous function f, [ fdu, — [ fdp when n — co.
(b) For every upper semi-continuous, bounded from above function f, we have

limsup [ fdp, < [ fdp.
n—roo

(¢c) For every lower semi-continuous function f, bounded from below, we have
liminf [ fdu, > [ fdu.

n— oo

If any of the conditions from Theorem 1 holds for a sequence {u,}52; and a
measure yu € M, we say that u, converges to p (i, — p) in the weak-* topology.

Let N'C M, be a family of o-invariant Borel probability measures in ¥4. A
measure y is called an accumulation point in the weak-* topology for N if there
exists a sequence {u, 122 ; in N such that u, — p in the weak-* topology.

n=1



3. THERMODYNAMIC FORMALISM OVER COUNTABLE MARKOV SHIFTS 9

REMARK 4. Since no compactness hypotheses have been set, the existence of
accumulation points for an arbitrary family N' C M, is not granted. In general,
M, endowed with the weak-* topology is not a compact space. For instance,
consider a sequence of measures fi, in M, such that supp(u,) € U;s,,[J] for every
n € N. Now, for every m € N, define x[,,,) : ¥4 — R as the locally constant function

given by X
X[m]($) = { 0: i; {z} :

If there is an accumulation point p of i, there is also a subsequence pi,,, such that
fin, converges to p in the weak-* topology when k — co. For every m € N it follows
that for sufficiently big & € N we have that xp,,,(z) = 0, for every = € supp(sn,,)-
Therefore,

i) = [ s = i [ Xy, =0.
Since ), oy #([m]) must be 1, such measure p cannot exist.

The following definition describes a property that ensures the existence of ac-
cumulation points.

DEFINITION 3. A family N' C M, is called tight if for every € > 0 there exists
a compact subset K of ¥4 such that (X4 \ K) < € for every u € N

The link between this definition and the existence of accumulation points is
given by Prohorov’s Theorem(see, for instance, [VO]).

ProroSITION 1. A family F C M, is tight if and only if every sequence in F
admits a subsequence that converges in M, with the weak-* topology.

3. Thermodynamic formalism over countable Markov Shifts

We now develop the main results related to thermodynamic formalism over
countable Markov shifts. Our first step towards this direction is to establish the
family of functions that will be studied to this end. If A is a transition matrix, any
continuous function f: ¥4 — R will be called a potential in ¥ 4.

DEFINITION 4. Let f be a potential in X4. The n-th variation of f, denoted
by Vo (f), is defined as

Valf) i=sup{[f(x) = f(Y)| : 2,y € a, Cn(x) = Cu(y)}-

Moreover, we say that f has summable variations provided

> Valf) < oo

REMARK 5. We define Locally Holder potentials in terms of their variations.
Indeed, f : ¥4 — R is said to be a locally Hélder potential if and only if there
exist C' > 0,8 € (0,1) such that for any n > 1 we have V,(f) < CB™. As a
straightforward consequence, we have that every locally Holder potential in ¥4 has
summable variations.

REMARK 6. Let K C ¥ 4. We denote by xx : ¥4 — R the characteristic

function
1, zeK
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The following definition extends the notion of pressure from compact dynamical
systems to countable Markov shifts. It was introduced by Sarig [S] based on the
previous work of Gurevich [G1, G2].

DEFINITION 5. Let f: ¥4 — R be a potential with summable variations. The
(Gurevich) pressure of f, denoted P,(f) is defined as

P =Jim 2 3 exp (ifwx)) Xiio) () (3)
1=0

on(z)=z
where ig € N is arbitrary.

It can be shown [S, Thm.1] that the expression in the right side of (3) is well
defined and does not depend on the choice of ig.

REMARK 7. A potential f : ¥4 — R satisfies P(f) < oo if and only if the
condition
> " exp(sup flg) < 00 (4)
€N
is held [MU, Prop. 2.1.9].

We can approximate the pressure of a potential by considering increasing se-
quences of invariant compact subsets of ¥ 4. The following is called the approxi-
mation property [S, Thm. 2].

THEOREM 2. Let f: X4 — R be a potential with summable variations and let
K denote the family consisting of all the non-empty o-invariant compact subsets of
Ya. For every K € K denote by Pk (f) the pressure of f|x. Then

P(f) = sup Pi(f).

There also exists a version of the variational principle for Countable Markov
shifts [MU], which provides a simpler characterization of the pressure of a potential.
We denote by M, the set of c—invariant probability measures on 3 4 and for every
v € M, we denote by h(v) its entropy.

THEOREM 3. Let f be a potential in X4 with summable variations. Then
P(f)Sup{h(l/)+/fdl/lV€Mg and /fdz/<oo}. (5)

REMARK 8. For any potential f : ¥4 — R, we can denote by M, (f) the set
of measures v € M, such that f fdv > —oo. This way, the notation from equation
(5) can be simplified to

P = s b+ [ sav (6)

If the supremum in (5) is attained by some measure yu € M,, we say that p is
an equilibrium measure for the potential f. i.e. u is an equilibrium measure for f
if and only if

P(f) = hip) + / fdu.
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REMARK 9. According to [PU, Thm. 4.1], under the hypotheses of Theorem
2, we have, for every t € R, and K a compact o—invariant subset of X4

d
= / de,U'to )
t=to

—P(t
S P(tf]x)
where pi4, is an equilibrium measure for the potential o f|x in the standard compact
setting.

Gibbs Measures for countable Markov Shifts are defined in a similar way to the
finite alphabet framework.

DEFINITION 6. Let ¥ 4 be a countable Markov shift and f : ¥4 — R be a poten-
tial in X 4. A measure p is called a Gibbs measure for f when there exist constants
Ky, K9 > 0 such that for any n € N and x € ¥ 4, pu satisfies the inequalities

#(Cu(a))
exp (—nP(f) + Y1) fooi(@)

REMARK 10. In particular, if we pick n = 1 this yields, for any ¢ € N and for
every x € [i:

K <

< K. (7)

pli] < Kyexp (f(x) — P(f)).- (8)
REMARK 11. The constant K5 can be chosen as exp(4V(f)), where V(f) :=
>0 Va(f) (see Definition 4)

Existence of Gibbs measures depends upon the following combinatorial prop-
erty of the countable Markov shift:

DEFINITION 7. Let ¥4 be a countable Markov Shift over N. We say that ¥4
satisfies the big images and preimages property (BIP property) if there exists a
finite subset S = {by,--- ,bp} C N such that for every symbol a € N there exist
bi,bj € S satisfying A(b;,a)A(a,b;) = 1.

If (X4,0) is topologically mixing, the following condition also holds (See, for
instance [ILY, Lemma 2.1]).

DEFINITION 8. Let (X4,0) be a countable Markov shift. The transition matriz
A is said to be finitely primitive if there exist k € N and a finite family W C NF
such that for every a,b € N, the cylinder [a,wy, - , w,b] is non-empty.

The following proposition [IJ, Thm 2.3]] summarizes some of the generaliza-
tions developed in [S, S2, MU] of the classic results.

PROPOSITION 2. Let (X 4,0) be a topologically mizing countable Markov shift
satisfying the BIP property. Let g : X4 — R be a locally Hélder, positive potential
such that P(—sg) < oo for some s € RT. Then, there exists soo > 0 such that:

(a) P(—sg) = oo for every s < $oo-

(b) The map t — P(—sg) is real-analytic in (So0, +00).

(c) for every s € (So0, +00), the potential —sg has a unique equilibrium mea-
sure.

(d) The potential —sg has a unique Gibbs measure for every s € (Soo, +00).

In the context of Proposition 2, Gibbs measures pug and equilibrium measures
Jeq for a potential ¢t f agree whenever [ fduc > —oo. The following is an equivalent
condition that doesn’t depend explicitly on the Gibbs measure pug and also implies
that Gibbs measures are equilibrium measures as well.
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PROPOSITION 3. [MU, Lemma 2.2.8, Theo 2.2.9] Let (3,0) be a CMS satisfy-
ing the BIP property. Let g be a locally Hélder potential with summable variations.
Then, the condition

> inf(—gl) exp(inf g|;) < oo (9)
n=1

implies that the only Gibbs measure of g is an equilibrium measure as well.

4. Maximizing measures and zero-temperature limits

Ergodic optimization deals with problems related with points whose orbits max-
imize the time average and probability measures that maximize the spatial average
of their potential. Since we are concerned with the study of the accumulation points
of the equilibrium measures of potentials, we will only focus on the latter case. So,
the measures of interest are the o-invariant measures that maximize the spatial
average of a potential f : ¥ 4 — R. This topic has been broadly studied in compact
spaces and we refer the reader to [Bo, J] for a general overview. However, since we
are dealing with a non-compact setting, we will adopt the approach from [JMU].

DEFINITION 9. Let (X4,0) be a countable Markov shift satisfying the BIP
property. Let f be a potential in 4. A o—invariant measure p is called an f-
maximizing measure if

fdp = sup /fdl/.
vEM,

Under our combinatorial assumptions, it has been proven by Bissacot and
Garibaldi that when the potential f is bounded from above, maximizing measures
do exist and they are supported over o—invariant subshifts.

PROPOSITION 4. [BG, Thm.1] Let (X 4,0) be a Topologically mixing countable
Markov Shift satisfying the BIP property. Let f be a bounded from above Locally
Hélder potential on X4 satisfying lim supy f = —oco. Then, f has a mazimizing

1— 00
measure . Moreover, there exists a o-invariant compact subset 2 C X4 such that
supp(p) € €.

The following result from [JMU] relates maximizing measures of a potential f
in ¥ 4 with the equilibrium measures of the potentials tf, for ¢ € R.

PROPOSITION 5. [JMU, Thm.1] Let X4 be a countable Markov shift satisfying
the BIP property. Let f be a locally Holder potential satisfying (9) and let t* € R
such that t — P(tf) is real-analytic in (t*,00). Then, the family (mif)i>e= of
equilibrium measures for tf has a weak-* accumulation point m € M, as t — oo.
Moreover, m is an f-maximizing measure and verifies tlgrolo [ fdmy = [ fdm.

Proposition states the existence of accumulation points for the measures my s
as t — oco. The existence of a limit for these measures is not granted, even for
potentials in compact settings. Indeed, it was proven in [CH] that there exists
Lipchitz potentials f where the limits fail to exist

PROPOSITION 6. [CH, Thm 1.1] There exist subshifts X{0, 1}V such that the
potential f(y) = —d(y,X), the sequence m;s of equilibrium states of tf does not
converge in the weak-* topology as t — oo.
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A stronger statement was shown by Coronel Rivera-Letelier for shifts with finite
alphabets. They proved that there exists a Lipschitz potential f, and complemen-
tary open subsets U', U™ such that we can find arbitrarily small perturbations f
of fy satisfying that every sequence {t;}7° | with t;, — oo as k — oo the sequence of
equilibrium states for the potentials ¢ f accumulates simultaneously on a measure
supported in UT and a measure supported in U~ (See [CR, Thm. B]). Notice that
since there exist two different accumulation points with disjoint supports, the limit
cannot exist. However, if we narrow down the scope to locally constant functions,
we indeed have the convergence of the equilibrium measures.

DEFINITION 10. Let X 4 be a Markov subshift over a finite alphabet. A potential
f 34 — R is called locally constant if there exists n € N such that for every
cylinder set C := [i1, - -iy,], the restriction f|c is a constant.

PROPOSITION 7. [Br, Thm.2.1] Let f be a locally constant potential over a
Markov subshift of finite type and for every t € R denote by myy the equilibrium
measure of tf. Then, there exists an invariant measure u such that m = tlim My f

— 00

in the weak-* topology.






CHAPTER 2

A zero-temperature limit result for quotients of
potentials

Let (X4, 0) be a topologically mixing countable Markov shift that satisfies the
BIP property. Proposition 4 presents a link between two important theories: On
the first place, it involves thermodynamic formalism since it considers the family
of equilibrium measures of a family of potentials (¢f);>1, whilst on the other hand
it deals with ergodic optimization since it characterizes the accumulation points of
those equilibrium measures as a maximizing measure for the potential f. Our main
goal in this chapter is to develop a generalization of this result to a framework that
considers the relation between two potentials at the same time by means of their
quotient. That is, given two potentials f, g : ¥ 4 — R, we intend to describe, if they
exist, the o-invariant probability measures p for which

[ fdu — [ fdv
Jgdp  vem,(—g) [ 9dv

(10)

as an accumulation point of the equilibrium measures of a family of potentials
related to f and g. This generalization allows, for instance, the study of zero
temperature limits for suspension flows since the invariant measures for a suspension
space are strongly related to quotients between an auxiliary function and their
roof function (see section 3.1 for details). The first challenge in order to achieve
our goal consists of making clear what is meant by a zero-temperature limit for
two potentials. That is, we have to set a proper family of potentials of the form
(tf — sg)ts and then describe such family with a single parameter by setting a
dependence between the parameters s and ¢. This family must be chosen in a
way that their equilibrium measures p; have an accumulation point (in the weak-
* topology) which, at the same time, achieves the supremum from (10). Notice
as well that since X 4 is not compact, neither is the space of o—invariant measures
M, . Therefore, the existence of the accumulation points for a family of equilibrium
measures is not granted a priori. At the light of these facts, we first introduce a
function O(t), named zero-pressure map, which sets the dependence between ¢ and s
and therefore establishing the relevance of the potentials of the form (¢f—O(t)g)>1.
Section 1 introduces the zero-pressure map and its properties. In section 2 the main
result is presented and proved. It is first proven that the family of equilibrium
measures p; for the potentials ¢t f — O(t)g has an accumulation point when ¢ — oo
in the weak-* topology. Then, it is shown that accumulation points for this family of
measures achieve the maximum from (10). We finish this chapter by presenting two
applications of this result in section 3. We first show how zero-temperature limits
for suspension flows can be described as a zero-temperature limit for a quotient.
We also exhibit an example where the main result is applied to maximize the ratio

15
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between the integrals of two functions related to the continuous fraction expansion
of an irrational number.

1. Zero-pressure map and its properties

The first step into extending proposition 4 to describe zero temperature lim-
its of equilibrium measures of certain potentials as maximizing measures for their
quotient consists of introducing the meaning of these concepts when they involve a
second potential. The following definition formalizes what is meant by a maximizing
measure in this case.

DEFINITION 11. Let ¥ 4 be a topollogically mixing countable Markov shift with
the BIP property. Let f,g be positive, Locally Holder potentials in ¥4 satisfying
(12),(13) and such that g is bounded away from zero. A measure u € M, is called
an (f,g)-maximizing measure if

7‘/‘ fdﬂ = max f fdy
[gdp  vemo(~g) [ gdv

In Proposition 4, maximizing measures for a potential f were described as zero-
temperature limits for potentials ¢ f, when ¢ € R. In order to describe maximizing
measures for quotients as zero-temperature limits, we need to define a family of po-
tentials that relates two potentials f and ¢ in a way that thermodynamic formalism
properties remain valid. If we consider potentials of the form tf + sg with ¢, s € R,
we need to find a dependence s = O(t) in order to obtain a family of the form
tf + O(t)g whose equilibrium measures have accumulation points when ¢ — oo in
the weak-* topology which in turn are (f, g)—maximizing. In this section we define
such function O(t), and prove some properties to develop a zero-temperature limits
theorem for quotients later on.

Such family of potentials cannot be described without developing results that
ensure that it exists and it is well defined. So, let us set some conditions on the
potentials.

Let f,g: ¥4 — R be positive, locally Holder potentials in ¥4 such that g is
bounded away from zero. Assume as well that f, g satisfy

i SWpif(z) : 2 € [nl}

im -

n—oo inf{g(z) : x € [n]}
We also assume g to be such that the potential —sg has finite pressure for some

s € R. According to Proposition 2, this means that there exists s, such that

P(=sg) = {

DEFINITION 12. Let (X4,0) be a topologically mizing countable Markov shift
with the BIP property. Let f,g be two potentials in ¥ 4 such that g is bounded away
from zero and (12),(13) hold. The zero-pressure map for f and g is defined as the
map O : RT — R given by

O(t) :=inf{s e R: P(tf — sg) < 0}. (14)

(1)

—0. (12)

finite, s> seo

0, §< Seo (13)

The following result establishes, under our assumptions, the well-definiteness
(see Lemma 1) and regularity properties for the zero-pressure map. Its proof also
implies some useful properties of O(t) as Corollaries.
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THEOREM 4. Let (X a,0) be a countable Markov shift with the BIP property.
Let f,g: X4 — R be positive, locally Hélder functions such that (12), (13) hold and
g is bounded away from zero. Then, zero-pressure map, O(t) for f and g is finite
and real-analytic in RT.

The proof of Theorem 4 is decomposed in several lemmas.
LEMMA 1. For every t € R, we have O(t) < oc.

PROOF. Let € > 0. According to (12), there exists N € N such that for every
n>N,

sup{f(z) : @ € [n]}
inf{g(x) : x € [n]}
Besides, since f and g are locally Holder functions, their restrictions to cylinders
are bounded. Therefore, for every ¢ € {1,--- , N — 1} there exists K; such that for
f(=)

x € [i] we have Sy < K. Letting K = max{Ky, - ,Kn_1,e} we get

f(z) < Kg(z), for every z € X.
Therefore, for any v € M, we have [ f(z)dv < K [ g(x)dv. Hence,

[ f(z)dv

Tolw)dv < K. (15)

Thus, given s € R we have

P(tf —sg) = sup h(V)—|—t/fdl/—s/gdy

VEM,, (tf—sg)

< sup hv)+t <K/gd1/> - s/gdu
VEM, (tf—sg)

= sup h(v) + (Kt —s) /gdu.
vEM,(tf—sg)

Notice that since f,g > 0 we have M, (tf — sg) = My(—g) = My((s — Kt)g).
Thus, from the previous inequality, we obtain P(tf — sg) < P((Kt — s)g). So,
setting s > tK + So0, we obtain s — tK < s, and therefore, P(tf — sg) < co. Now,
recall that g is bounded away from zero. Therefore there exists C' > 0 such that
g(x) > C for every x € ¥ 4. Thus, by picking §, s such that tK + s, < § < s and
denoting by pis s the equilibrium measure for ¢f — sg, it follows

P(tf —sg) = h(p,s) + t/fdut,s - S/Qdﬂt,s
= h(ﬂt,s) + /(tf — §g)d,ut75 — (S — é) /gdﬂt75.

Since § > t K+ 800, it follows P(tf—38g) < co and M, (tf—38g) = M, (tf—sg) =
Mo (—g), we have py s € My (—tf — 3g). This implies

h(;uft,s) + /tf — sgdpy,s < P(tf — §g),
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and therefore we have
P(tf — sg) < P(tf — 4g) — (s — 3) / gdps.s
P(tf —39) ~ (s =) [ Cdus = Pf = 39) — (5= 9)C:

From this inequality, it follows that P(¢tf—sg) — oo when s — oco. In particular,
P(tf — sg) < 0 for sufficiently big s. Hence O(t) = inf{s € R: P(tf — sg) <0} <
0. O

The following technical Lemma is inspired from [IRV, Thm. 3.7]. Its proof is
analogous and constitutes an adaptation of that result to the frame of quotients of
potentials.

LEMMA 2. There exists a sequence of c—invariant probability measures {vy, }nen
such that hm fgdun = 0o and lim inf j( V) >

Soo -
n—o00 dvy = 7

PRrROOF. Let n € N. By (13) we have that

(o) i on2)) =
(e D))~

Theorem 2 implies that there is a o—invariant compact set K,, verifying

(o 2)9) e (1))
o (st 1))
(o) )

Pic, (= (300 = ) 9) — Pt (= (30 ) 9).

Therefore

Then,

i.e.,

n2<

n
Since K,, is compact, the map ¢t — P, (tg) is differentiable and its derivative is

I} &, 94Vn, where vy, is an equilibrium measure for tg|k, (see Remark 9). Therefore
the Mean Value Theorem implies the existence of t,, € [$oo — %, Soo + %] such that
n? < fK" gdv,,. Since v, is supported in K, it follows fKn gdv, = [ gdv,. This
shows that nll)néo J gdv,, = oo, which proves the first part of the Lemma. Lastly,

since t, < Soo + %7 we notice

Pk, (—(800 +1)9) < Pk, (—tng) = h(vn) ftn/K gdvy,

n

ie.,
W) _ tnJw, 99m | Pr, (= (50 +1)9)
[ gdvy, [ gdvy, [ gdvy, ’
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Since t,, € [Soo — L, Soo + 2], we have lim t, = so. Letting n — oo, and recalling
n—oo

that supp(v,,) € K, and lim [ gdv,, — oo, we obtain
n—oo

LEMMA 3. For every t € RT we have that

00, if $ < Soo;

P(tf—s9) = { finite, if $ > Soo-
PrOOF. We first claim that given a sequence {t, }nen in My (—g) such that

[ gdp, — oo, we have limsup fhé’:iz) < S and lim ﬁ;;{ﬁ" = 0. Let us first set
n—o0 " n—00 n

§ > So and notice that:
h(ﬂn) - g/gd,un < P(—§g) < 00,

then

W) _ . P(~39)
<3 .
S gdpn, S gdpn
Letting n — oo and recalling that § > s, is arbitrary, it follows that

. h(pn)
limsup —— < Sq0, 16

proving first part of the claim. Now, notice from (12) that for every € > 0 there
exists N such that for every = € U;’;N[j]:

f(x)
— <E.
g(x)
So, denoting A = U;V;ll i, B = Uj= y 7], we can write
ffd,ufn:fAfdﬂn+fo,ufn<fAfd/u'n fo,LLn <maXf|A+€
fgd/in fgdﬂn fgd:un o fgdﬂn fB gdp, — fgd,un

By taking limsup in this inequality, and recalling that [ gdu, — oo, it results

diin
lim sup f fdu <e
n—00 fgdﬂn
Since € > 0 is arbitrary and f,g > 0, we conclude
d
lim 4 LU _ (17)
[ 9dpn
as claimed.

We now prove that for every ¢ > 0, s < s we have P(tf — sg) = oo. Re-
call Lemma 2 and define a sequence {v,}nen such that li_>m f gdv, = oo and
lim inf fhé%;) > Soo. These properties along with our claim imply
n—o00 n

h(vy,
lim (vn) = Soo-

n—o00 f gdyn



20 2. A ZERO-TEMPERATURE LIMIT RESULT FOR QUOTIENTS OF POTENTIALS

Now, from the variational principle it follows

P(tf —sg) > ILm (h(l/n) th/fdyn - s/gdun)

. h(vn) [ fdvy
=1 — .
im gdv, (fgdl/n +tfgdl/n s

Letting n — oo, it follows from (16) and (17) that [ gdv,, — oo and
iy f fdvy,
fgdun [ gdvy,
Hence, P(tf — sg) = 00 if 5 < Seo.
Otherwise, if s > s, let us suppose to obtain a contradiction that P(tf —sg) =
00, i.e., that there is a sequence {jip, fnen in M, (—g) such that

Jim (h(un) +t/fdun - S/gdun) = o0. (18)

Since g > 0, it follows from this equation that lim h(u,) = coor lim [ fdu, = oo
n—oo n—oo

—s)—)(soo—8)>0.

If h(py) — 00, since 0o > P(—sg) > h(pn) —s [ gdp,, it follows that [ gdu, —
00. On the other hand, if [ fdu, — oo, from (15) we have [ gdp,, — oo since

J Fdpn /

—_ dty,.

< [ gdu

Since in both cases we have li_>m [ gdp, = oo, relations (16) and (17) hold.
Now, (18) shows that for big values of n

h(tin —|—t/fd,un—s gdp, > 0,

" M), Fd
S gZun T gdun

By letting n — oo and recalling (17) we obtain, hm bup f("”) > 8> Soo. Thisis a

contradiction with (16) and proves that P(¢f — sg) < oo when s > soc. O

LEMMA 4. For every s > so there exists t*(s) in RY such that for every t > t*
we have P(tf — sg) > 0.

PROOF. Let v € M,(—g). Pick s > so. Since [gdv < oo and [ fdv > 0,

there exists t* such that
t*/fdu > s/gdu — h(v),

t/fdv>s/gdu—h(u)7
h(V)+t/fdu—s/gd1/>0.

Taking supremum over v € M(—g) we obtain
P(tf —sg) > 0.

hence, if t > t*

that is
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LEMMA 5. The zero-pressure map O(t) is real-analytic in (t*,00) for some
t* € RY.

PRrROOF. Choose s1 > so and denote t* = t*(s4) as in Lemma 4. According to
Lemma 3, the map ¢ : (t*,00) X (8o0, 00) — R defined by o(t, s) = P(tf—sg) is finite
and therefore, by proposition 2, ¢ is real-analytic in both variables s and ¢t. Now,
if t € (t*,00), then the function s — ¢(t,s) is decreasing and glggo o(t,s) = —o0.
Moreover, ¢(t,s4) > 0. Thus, there exists a unique sy > So, such that (¢, s0) =0
and ‘g—f(so) < 0. This implies that O(t) = sp. So, the implicit function theorem
ensures that O(t) is real-analytic in A. O

REMARK 12. Since the choice of t* in Lemma 4 can be replaced by any t*/ > t*,
we can assume without loss of generality the existence of the derivatives of O(t*)
of any order. Therefore, we can always pick ¢* such that O(¢) is a C*° function in
the interval [t*,00).

The following corollaries are direct consequences of the equality O(t) = sg in
the previous lemma.

COROLLARY 1. For every t > t*, the condition P(tf — O(t)g) = 0 holds.
COROLLARY 2. For every t > t*, we have O(t) > Soo.

The following lemma shows an explicit form of the first order derivative of O(t).

LEMMA 6. For any t > t*, O'(t) = fﬁgzz where py is the Gibbs-equilibrium
measure for tf — O(t)g.

PROOF. Let € > 0. From the variational principle and Corollary 1 we have

0= P(tf = Olt)g) = () +t [ fdue—0(0) [ g

ZA EA
and
0=P((t+)f Ot +)g) = hip) + (¢ +2) [ fau~ 0 +2) [ g
EA EA
Subtracting these relations and dividing by e yields

O(t+¢)—0(t) /

€

Ya

0> fdpe — gdjut.
Ya

Let O',, 0" respectively denote the right and the left derivative for O. If ¢ — 0T,
then
fdpy < O (t) lim / gdi.
Y4 n—oo Ta

Similarly, if we pick € < 0 we obtain

Ot+¢)—-0(t
o< [ i QEIZO0 [,
Ya € Za

and then, by letting ¢ — 07, it follows

0’ (1) / gdpy < / Fdue.
Xa Xa
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Since O(t) is differentiable, O’, (t) = O”_(t) = O’(t). Hence

fduts;cﬂa>j/ gdue < [ fdus,

3a 3a 3a

ie.,
O'(t) / gdpe = | fdu.
XA Ya

Hence,

70 T

LEMMA 7. The zero-pressure map O(t) is a convex function in [t*,0c0).

PRrOOF. It suffices to show that O(t) is the maximum of a set of affine functions,
whence convexity is an immediate consequence. We claim that

d
max { hv) +tff V}. (19)
veM, (tf—O(t)g) fgdl/ fgdy
Given v € M, (tf — O(t)g), by Theorem 3 and Corollary 1, we obtain

o(t) =

0=P(tf—0(t)g) > h(v)+t fdl/fO(t)/ gdv

YA

with equality if and only if v = p;. Therefore

h(v) J fdv
o(t) > t 20
® 2 Foa T ga (20)
with equality if and only if v = p;. Since the equality is attained, Equation (19)
follows. 0

COROLLARY 3. The function O'(t) = % is increasing in the interval [t*, 00).

We finish this section with two relations between ¢ and O(t) which allow us to
bound the growth rate of the zero-pressure map. We first state a technical lemma
which will be used to compare the entropy of the equilibrium states of the potentials

tf —O(t)g.
LEMMA 8. The equilibrium states (pit)ese= for tf — O(t)g satisfy that the se-

quence
( h(Mt) >
J9due ) 5o

PROOF. Since p; is an equilibrium measure for ¢f — O(t)g, we have

0= P(tf = Olt)g) = () +t [ e~ O() [ g

and for any v € M(—g) :

0> h(v) +t/fdv —-0(t) /gdu.

is decreasing.
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Solving for O(t) in both relations we obtain
W) | J Il hw) ] v
Joduwe [ gdpe = [gdv [ gdv
Set to > t1 > t* and define the affine functions

h(/’(’tl) tf fd/’l’tl
Jgdwe, [ gdpe,

(21)

61 (t) =

and

h d
éz(t) — (:utz) tff Hty )
Jodue, [ gdp,
Let us assume, in order to obtain a contradiction, that

h(/’[’tl) < h(ﬂtz)

Jodue, [ gdue,’
i.e., (¢2 — ¢1)(0) > 0. Notice that (3 — ¢1) is also an affine function, therefore, it
must be monotonous. On the other hand, from (21), we have £;(t;) > ¢2(t1) and
therefore (€2 — ¢1(t1)) < 0, whence (¢3 — ¢1) is a decreasing function. Nevertheless,
from (21) it also can be seen that ¢4 (t2) < ¢2(t2), which implies that (¢3—£1)(t2) > 0,
which contradicts the monotonicity of (¢2 — ¢1) since we now have (¢ — ¢1)(0) >
(fg — fl)(tl) Z (ZQ — fl)(tg). Hence,

h’(/’ch) > h(/”'tz)
[ gdpe, = [ gdpe,’

which proves the lemma. O

COROLLARY 4. For every t > t* let u; be an equilibrium measure for the
potential tf — O(t)g. Then the limit

lim 200
t— o0 fgdut

ezists in R.
LEMMA 9. There exist constants o,y > 0 such that
Y <O@W) <at
for every t > t*.

PROOF. Let ¢ > t* and let u; be an equilibrium measure for tf — O(t)g. It
follows that

P(tf—0(t)g) =0=h(u)+ t/fdut - 0(t) /gdut.

Therefore
o(t) _ () ffdllt
3 t[gdpe [ gdp
Pick K as in inequality (15) and set o = % + K. It follows from the
o)

definition of K and Lemma 8 that = < a Therefore

O(t) < at. (22)
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On the other hand. We also have
d d
[gdpe [ gdpe = [ gdp

From Corollary 3, it follows O(t) > tO’(t*). Therefore, by picking y~! = O'(t*),
we obtain

=t0'(t).

o) =71t (23)
O
2. Zero-temperature limits for quotients of potentials

As it was stated at the beginning of this chapter, we now develop a zero-
temperature limit for quotients. Notice that thanks to the properties of the zero-
pressure map, we can now describe a family of potentials {tf —O(t)g} which relates
both potentials, f and g, but depends only on one parameter.

THEOREM 5. Let (X 4,0) be a topologically mizing countable Markov shift sat-
isfying the BIP property. Suppose that f,g : X4 — R are positive, locally Holder
functions satisfying (12) and that g is bounded away from zero. Suppose that
P(—sg) < oo for some s > 0 and pick t* > 0 such that the zero-pressure map
O(t) is analytic in (t*,00). Then,

(a) For eacht > t* there exists a unique Gibbs-equilibrium measure p; for the
function tf — O(t)g.

(b) the family (p1t)i>e- has an accumulation point p in the weak-* topology.

(c) w is an (f, g)-mazimizing measure.

This section is devoted to prove Theorem 5, which relates thermodynamic for-
malism with ergodic optimization for quotients of potentials. We first prove the
existence and then study the maximizing property of the accumulation points of
the family of equilibrium measures p; for tf — O(t)g. The proof of this Theorem is
splitted into several lemmas that lead to the conclusion of each of its statements.

By Prohorov’s Theorem, the following lemma suffices to prove (b). Its proof
follows the ideas from [JMU].

LEMMA 10. The family (jut)ese s tight.

PROOF. Lete > 0,t > t*. Forany ¢ € N, since p; is a Gibbs measure, inequality
(8) and Remark 11 imply

pe[i] < Kz exp(sup{tf — O(t)glu} — P(tf — O(t)g))
= exp(4V (tf — O(t)g)) exp(sup{tf — O(t)gl1})
< exp(4(tV(f) + O()V (g)) exp(sup{tf — O(t)gl})-
Now, apply (23) in this inequality to obtain
pefi] < exp(dyO()V () +40@)V (g) +sup{~y(O(t)f — O(t)g) |}
= exp(O()(4VV (f) + 4V (g) +sup{(vf — 9)la }))-

From (12), it follows that sup(—g)|;;; — —oo as i — oo. Therefore, there exists
J € N such that for every ¢ > J we have

sup(vf — 9)l < —4V(f) — 4V (9)

(24)
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and therefore
AV (f) + 4V (g) +sup(vf — 9)lg < 0.

Since O(t) is increasing, we have O(t*) < O(t), hence
O AV (f) +4V(g) +sup(vf = 9)|) < O )V (f) +4V(9) +sup(vf = 9)l)-

From this condition and inequality (24) we deduce that for every ¢t > ¢* and i > J
we have

pe[i] < exp(OE)(AAVV (f) + 4V (g) +sup(vf — 9)1i))
= K exp(sup(yO(t*) f = O(t")9)1}),

where K := exp(O(t*) (474 V () + 4V (g))).
This way, for every n > J:

Zut [i] < Ky exp(sup(YO(t") f = O(t*)g)l1s)- (25)

Recall Lemma 3 and Corollary 2 to deduce
P(YO()f = O(t")g) < oc.

From (4), we obtain that Y% ; exp(sup(yO(t*) f — O(t*)g)|;;) < co. So, for every
k € N there is n, > J such that

> exp(sup(YO(t*)f — O(t")g)lw) <

i=nk

€
kK
An application of this inequality in (25) with n = ny yields the relation
oo
) €
> il < oF
1=nk

Let us now define the compact set K := {x € ¥4 : 1 <z < ng,Vk € N}. Tt follows
that

wi(K) = g <ZA\G{m€EA:mk>nk}> zl—iut({xezA:mk>nk})

k=1

:1—2‘ Nt(”gl([i]))zl_z Z paed]

1=ng+1

bl
I
—_
<
Il
3
ES
+
—
bl
Il
—_

Hence, (u¢)i>¢+ is a tight family of probability measures. (]

LEMMA 11. The identity

im J fdu _ J fdu
t—oo [gdu; [ gdp

holds.
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PROOF. Since O(t) is convex, O'(t) is non decreasing. Therefore, from (15):

d
lim O'(t) = lim L Sdi
t— o0 t—o00 fgd#t

< 00.

As a particular case of (20) we have
hp) | J fdu
Oo(t) > ——— +t—+—.
2 Jgdp [ gdp

Since O(t) is a convex function, we can compare asymptotic derivatives to
conclude

d d
lim O'(t) = lim L fdw > M
t—o00 t— 00 fgdut fgd/j,
Let us now prove the opposite inequality. For each k € N| let fi, g be bounded
functions satisfying fx 1 f and g 1 g. from (15), it follows that there exists I € R

such that I > VLY Applying the monotonous convergence theorem, we obtain

J gdp
[ fedp Jim [ frdp [ fdp

(26)

lim = = = < 1.
k—oo [grdp  lim [grdp [ gdp
k—o0
Therefore, for sufficiently big values of k, we have
d
J fd (27)
J grdp

Set € > 0 arbitrarily and pick any k& € N that simultaneously satisfies f — f; < € and
(27). Since py — p when ¢ — oo in the weak-* topology and fi,gx are bounded,
for big enough values of ¢, we have [ frdp > [ frdu, — e and [ gpdp < grdpe + €.
Now, since g < g, we have
J frdps — € > J frdps — € _ J fdp — € _ S = fr)dp
Jordps +¢ = [gdue +e  [gdpr+e  [gdu+e
[ fdu —¢ € :ffdut—%
[gdue+e  [gdue+e  [gdu+e
Summarizing, the following inequalities hold:

- [ fedp [ frdpe—e [ fdp —2e
Jowdp = [grdpe+¢ = [gdu +e
Since I > L% and e > 0 were arbitrary:
Jgdu

[ fdu ] fdp
Jgdp = [ gdpe

I

Therefore, if ¢ — oo we obtain

d d

lim ff,utgff,u.
t>oo [gdpe — [ gdp

This inequality, along with (26), completes the proof.

We finally prove part (c) of Theorem 5.
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LEMMA 12. The measure p is an (f, g)—mazimizing probability measure.

PRrROOF. Let v € M,(—g). Since we have M, (tf — O(t)g) = M(—g), we ob-
tain v € M, (tf—O(t)g). From Lemma 7, it follows that we can compare asymptotic
derivatives in (20) to obtain

. fdv
lim O'(t) > / .
Pl ()2 [ gdv
From Lemmas 6 and 11, it follows
[ fdu _ | fav
Jgdp = [ gdv
Hence, u is (f, g)-maximizing. O

2.1. An alternative proof for Lemma 12. Lemma 12 consists of part c)
from Theorem 5, that is, it states that zero temperature limits for quotients of
potentials are indeed maximizing measures. We present a second proof of this
result, which instead of comparing asymptotic derivatives with the zero pressure
map, relies upon the existence of the limit of the ratio between the entropy of the
equilibrium measures p; of tf — O(t)g and the corresponding integral [ gdu (see
Lemma 8).

ALTERNATIVE PROOF OF LEMMA 12. Let v € M(—g). From (21), it follows
W) [ fdpwe  h(v) [ fdv
+ > + .
t[gdu  [gdue ~ t[gdv [ gdv
Recalling Corollary 4 and [ gdv < oo, it follows that by letting ¢ — co we obtain
J fdp [ fdv
Jgdn = [ gdv’
which proves that p is an (f, g)—maximizing measure. O

3. Applications and examples

3.1. Suspension flows. Let (X, o) be a topologically mixing countable Markov
Shift having the BIP property. Let 7 : ¥ — (0,00) be a locally Hélder, bounded
away from zero function satisfying the hypotheses for g in Theorem 5. The suspen-
sion space ¥ is defined as

Y, =X xR)/~,
where ~ is the equivalence relation generated by matching all the pairs of the form
(CC, y) ~ (CT(CC), Yy— T(Qj))’ x €.
DEFINITION 13. The suspension flow o, is the flow defined in ¥, as
or(z,y) = (z,y +1).

A thorough study of suspension flows over countable Markov shifts and its

corresponding thermodynamic formalism can be found in [BI].

REMARK 13. For every o-invariant probability measure p in ¥ satisfying [ 7du <
oo we can establish a corresponding o!-invariant probability measure ., in X,.
That correspondence is given by

X A

Hr = fz T(x)d/f (28)
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where A denotes the Lebesgue measure. Moreover, if M,_ denotes the set of o,-
invariant measures in X, this correspondence is a bijection between M, (—7) and

M, ..

The entropy of a measure p, in X, is related to the one of its corresponding
measure g by Abramov’s Formula

h(p)
[ rdu
Let G : X; — R be a continuous function such that the map f defined as

h(pr) =

= fOT(z) G(z,y)dA(y) is locally Holder and positive for every © € ¥ 4. Assume
that
sup [l

n—00 infT‘[n]

=0.

Let us define the subset M, (G) as the family of measures in M, _ verifying
deuT > —o00. We define the pressure of G as

P = sw {n o)+ [Gan |, (29)

pr€EMo (G)
and, as usual, p, will be called an equilibrium measure of G if u, attains the
supremum in (29).
Let us fix g(z) = 7(x) and adopt the notation from Theorem 5. We obtain
from part (c) that p satisfies

Jo 7 Gl y)dydp Js 7 G y dydv

J T(x)dp T oem Js7( ’

and in virtue of Remark 13, this is equivalent to

/ZT G(z,y)du, = max /E Gdvy,

i.e. the weak-* accumulation points p of the equilibrium measures u; when t — oo
induce maximizing measures for the potential G in the suspension flow ¥,. These
observations can be summarized as shown in the following proposition

(30)

PROPOSITION 8. Let (X,0) be a topologically mizing countable Markov shift
satisfying the BIP property. Set 7 : % — (0,00) a locally Holder, bounded away
from zero function such that P,(—sT) < 0o for some s € R+ Let G:X; - R bea

continuous potential in the suspension flow ¥.. Set f(x fT(w) G(z,y)dy. If [ is
a positive locally Hélder function such that

sup{f(z) : x € [n]} _
m - =
n—oo inf{g(z) : € [n]}
then for every sufficiently big value of t, there exists a unique equilibrium measure

for the potential tG. Moreover, These equilibrium measures have an accumulation
point p, in the weak-* topology as t — oo which in turn mazimizes G, i.e.,

/GduTz max / Gdv.,.
=, vrEM,,. po

Related results have been obtained in [MSV, RV].

)
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3.2. An example about continuous fractions. Our main result can also
be applied to infinite continuous fractions. First, set an irrational number xzy €
(0,1) \ Q and consider its continuous fraction expansion

1
Ty = g,
a; + a2+a3i%
where aj,as- - ,a,, -+ € N. Notice that (a1,as,--+) can be thought of as an
element from the full shift 3. Indeed, the Gauss map

Gla) = L — H

T

is such that if z¢ is coded as (a1, aq,---) then G(zo) is identified with (az,as,---).
Therefore, there is a topological equivalence between (X,0) and ((0,1) \ Q, G).

Let us define f(zg) = loga; and g(xg) = a;. Since these functions are lo-
Lga(fl) — 0 when
a1 — 0o, condition (12) is also met. On the other hand, for every s > 0 we have
Yonc € Y e sne” ™ < 0o, s0 (4) and (9) hold for —sg. The full shift is topo-
logically mixing and has the BIP property. Therefore, since pressure is preserved
by topological equivalence, we can establish that for every zy € (0,1) \ Q there
is t* > 0 such that if O(t) denotes the zero-pressure map of f and g, the family
() ¢>1= of equilibrium measures of the potentials ¢t f — O(t)g has an accumulation
point p which satisfies

cally constant, it is clear that they are locally Holder. Since

[ logaidp [logaidv
= max .
Jardp veM [ ardv
We stress that this example is different than applying the main result from

[JMU] to the potential ¢(x) = 105% = log aj?, since in the latter case, the accu-

mulation points of the equilibrium measures of ¢¢ maximize the integral [ lotgl%du,
whilst our approach gives a measure p maximizes the ratio between the integrals
of f and g.






CHAPTER 3

Quotients of almost additive sequences

Thermodynamic formalism has been extended from additive potentials to sev-
eral families of functions. When we deal with non-additive potentials, we consider
sequences of functions F = {¢,}>2, instead of a single potential. A remarkable
family of admissible potentials to develop this theory is constituted by the almost-
additive sequences of functions. These sequences have the form F = {log f,,}52,,
where f, : ¥ — R* are continuous functions which satisfy some restrictions that
relate their terms (see Definition 14). This has been done in the compact setting
by Barreira [Ba], and for almost-additive sequences in Countable Markov shifts
the thermodynamic formalism has been developed by Iommi and Yayama in [IY1].
Moreover, results from [JMU] about zero-temperature limits for an additive po-
tential have been extended to this new framework [IY2]. If these notions can
be extended from the additive to the almost additive framework, it makes sense
to study if the development of zero-temperature limits for quotients of potentials
makes sense in this new context. Existing literature shows several analogies be-
tween the behaviors of additive and almost-additive potentials. The main challenge
of developing these results consists of translating the elements from additive ther-
modynamic formalism in terms that are suitable for the almost-additive context,
that is, involving sequences of functions instead of a single potential, and establish
these results in a way that recovers the original additive setting.

The purposes of this chapter can be summarized into two main goals. In the
first place, we present a brief review of Almost-additive thermodynamic formal-
ism (mostly results from [IY1]) to show the reader the analogous concepts and
hypotheses that will be used to develop the zero-temperature limits result for quo-
tients later on. The second goal is to state and prove an almost-additive version of
Theorem 5. As before, the main result (see Theorem 9) is framed in a topologically
mixing Countable Markov shift with the BIP property. The result requires the de-
velopment of an almost-additive version of the zero-pressure map O(t) (see section
2). Tt describes the hypotheses under which, given two almost-additive sequences
F, G, we have accumulation points of the equilibrium measures p; of the potentials
tF— = (t)G as (F,§) maximizing measures.

Notice that this result means that we have to redefine both the maximizing
measures as well as the zero-pressure map in order to make sense from this state-
ment.

In contrast to the additive setting, we remark that we cannot assert the differ-
entiability of the pressure function for almost-additive sequences by replicating the
arguments from the previous chapter. This is due to the fact that in the additive
setting the real-analiticity of the pressure relied heavily on the properties of the
transfer operator, which doesn’t have an analogous version in the almost additive
setting. In our context, this implies that we cannot state the real-analiticity of the

31
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zero-pressure map either. Since the differentiability of the zero-pressure map played
a crucial role in the previous chapter, we choose the accumulation points in a way
that the zero pressure map is still differentiable by studying the accumulation points
of the equilibrium measures along sequences {t;} that make the zero-pressure map
O(tx) to be differentiable along these points. Another difference with the additive
case is that since the condition (12) relates the values of f and g for only two
functions, it is necessary to develop some arguments to link this relation with the
behaviour of the whole sequences of almost-additive functions. The proof of the
existence of accumulation points for the family of equilibrium measures of the se-
quences when the temperature drops to zero also relies on Prohorov’s Theorem, but
the argument to prove the tightness of this family differs from the one presented
in the previous chapter, since in the almost additive setting we work with Bowen
sequences instead of Locally Holder potentials. The argument for the tightness al-
most additive sequences also on the BIP property, but introduces a technical lemma
in order to bound the constants from the definition of Gibbs measures. The first
section establishes the preliminary concepts of almost-additive sequences. Some
important results from [IY1] are mentioned, along with the development of some
properties that will be needed to extend the main theorem to the almost-additive
sequences framework.

In section 2, the zero-pressure map is defined and their properties are stated and
proven. Since the differentiability of the zero pressure map is no longer guaranteed.
The properties of O(t) will be derived from its convexity. Section 3 presents the
main result (see Theorem 9). This time we study sequences of equilibrium measures
along points that make the zero-pressure map differentiable, in contrast to the
previous chapter, where we took any accumulation point.

1. Preliminary concepts

As we stated before, non-additive thermodynamic formalism is concerned with
different families of functions that replace the potentials. We aim to develop zero-
temperature limits to a particular class of non-additive potential that is defined as
follows.

DEFINITION 14. Let (X,0) be a topologically mizing countable Markov shift
satisfying the BIP property. For every n € N let f, : ¥4 — RT be a continuous
function. The sequence F = {log [,}52, is called almost-additive if there exists
Cr > 0 such that for every m,n € N,x € 3 we have

fa(@) fm(0"2)e™ Y < frpm(2), (31)
and
Fam (@) < fa(@) fin(o"2)e. (32)
Equivalently, equations (31) and (32) can be expressed respectively as
log fn(x) +log fin(0™x) — Cr < 10g frim (), (33)
and
10g frnim <log fn(x) +log fm (" (x)) + Cr. (34)

REMARK 14. Let f: 34 — R be continuous. For every n € N, set log f,,(z) =
27;01 fool(z). If we define F := {log fn}nen We obtain that F is additive. In
particular, if we pick C» = 0, we conclude that F is an almost-additive sequence. If
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we identify every potential f on ¥ with the sequence F constructed in this fashion,
we obtain that almost-additive sequences are a more general class than continuous
potentials on 3.

REMARK 15. Applying (33) and (34) inductively, we respectively obtain, for
every n € N :

n—1
Y logfroo! — (n—1)Cr < log fn
j=0

and
n—1

log fo <> log fioo’ + (n—1)Cr.
j=0
Therefore, for every u € M, we have

n [ 1og fid— (0= 1)C < [ 1og fud

and
/log fndp < n/log fidu+ (n —1)Cx.
Therefore
1
/log frdp = Cr < lim — /log fndp < /log fidu+ Cx. (35)

The development of thermodynamic formalism for almost-additive sequences of
functions in countable Markov shifts presented in [I'Y1] requires that the sequences
satisfy the following regularity condition.

DEFINITION 15. Let (X4,0) be a countable Markov shift satisfying the BIP
property. For every n € N, let f, : ¥4 — RT be a continuous function. The
sequence F = {log f,}°, is called a Bowen sequence if there exists M € R such
that

sup{4, :n e N} < M,
where

All the thermodynamic formalism results for almost-additive sequences are
stated in terms of Bowen sequences. Since we aim to study zero-temperature lim-
its relating two potentials, the following result shows that this hypothesis remains
valid when dealing with linear combinations of Bowen sequences of functions.

An:SUP{ 3$7y€EA7Cn($):Cn(y)}'

LEMMA 13. Let F = {log fn}2, and G = {logg,}2, be almost-additive
Bowen sequences. Then, for every t,s > 0, the sequence H = tF — sG is also
an almost-additive Bowen sequence.

PRrROOF. Notice that

t o0
H=1tF —sG = {tlog fr, — sloggn}rrq = {log <gz)} .
n n=1
Denoting h,, := g—;t? for every n € N we have H = {log h, }22 ;.
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Now, denote by Cr,Cg the almost-additivity constants for F and G respec-
tively. Define Cy := tCx + sCg > 0. According to equations (31) and (32), we
have for every x € ¥ 4:

n+m (ZL’)

gn+m (JJ)

(fn(x) fm (o™ (x))e“)"
= (gn(@)gm (o™ x))€7CQ)S
_ L) sl

(@)
= hn(2)him, (
Similarly, Ayym(z) > hp(2)hm(o™(x))e*. Whence, H is an almost-additive se-
quence.

Now, let us denote by Mz, Mg the constant M from definition 15 for F and G
respectively. Since both, Mr and Mg are positive, we have
My, == MEME > 0.
Now, set n € N and z,y € X4 such that Cy,(z) = Cp,(y). Then
hale) _ fi@) i)
hn(y) — gn(x)  fi(y)
_ (fm))ﬁ (0
fn(y) gn(2)
< MEMG
— My,

hn+m (x)

. etC]:+SCg

This shows that H is also a Bowen sequence. ([

The Gurevich pressure for almost-additive Bowen sequences is defined as fol-
lows.

DEFINITION 16. Let F = {log f,}52, be an almost-additive Bowen sequence in
a topologically mizing countable Markov shift with the BIP property. The Gurevich
pressure of F, denoted P(F) is defined as

P(F) = lim_ nlog( Y fal@)xa (e >>,

r:ohr=x

where x[q)(x) is the characteristic function of the cylinder set [a] for a € N.

According to [IY1, Prop. 2.1, Lemma 2.5] the limit from the right side exists
and it is independent of the choice of a.

We now cite the most remarkable properties of the Gurevich pressure. In the
first place, Gurevich pressure of a Bowen sequence F can be approximated by the
pressure of its restrictions to o—invariant compact subsets of 3 4.

THEOREM 6. Let (X 4,0) be a topologically mizing countable Markov shift and
F ={log fn}>2 be an almost-additive Bowen sequence on X 4. Then

P(F) =sup{P(Flkg): K €% compact and o *(K) = K}.
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A version of the variational principle for almost-additive sequences was proven
in [IY1].

THEOREM 7. Let (X4,0) be a topologically mizing countable Markov shift and
F be an almost-additive Bowen sequence on 4, with sup f1 < oco. Then

1 1
P(F) = sup {h(,u) + lim — /logfnd,u pu € My and lim — /log fndu > —oo}

1 1
= sup {h(u) —|—/ lim —log fdu: p € M, and / lim —log f,du > —oo} .

In order to simplify notation we define, for every almost-additive Bowen se-
quence F on ¥ and p € M,

. 1
zmm:mﬁ/mmm

and
MU(]:) = {M € MO’ : I]“(M) > _OO}
This way, the first equality from Theorem 7 can be rewritten as

P(F)=sup (h(p)+ I1r(n)).
HEM G (F)

Notice that Ix(u) plays an analogous role as the integral of the additive po-
tential from the classic version of the variational principle. This way, we define
equilibrium measures for almost-additive Bowen sequences resembling the defini-
tion from the additive framework.

DEFINITION 17. Let (X 4,0) be a topologically mizing countable Markov shift
and for every n € N let f, : ¥4 — R*. Assume that F = {log f,} is a Bowen
almost-additive sequence. A Borel probability measure y € My is called an equi-
librium measure for F if

P(F) = h(n) + Ix(n).

REMARK 16. When F satisfies suplog fi < oo, we can study the pressure of
the sequence tF = {tlog f,}>2,, for ¢t > 0. In this case,
P(tF)= sup (h(p)+tir(pn)).
HGMU(—F)
Since for every ¢ > 0, we have that P(tF) is the supremum of a family of affine
functions, we obtain that ¢ — P(¢tF) is a convex function.

REMARK 17. Since the map ¢ — P(tF) is convex in RT, it follows that it is
differentiable everywhere, except at most in a countable set of points. Moreover,
if t is a point where the derivative exists, the derivative of P(tF) is given by the
equality

d

dt t—to

where g is the equilibrium measure for toF (see [IY2, Lemma 4.4]) .
When Remark 14 is taken into account, we expect that Gibbs measures for a

sequence of Birkhoff sums for a potential f agree with the (additive) Gibbs measures
of the potential itself. This way, we say that u € M, is a Gibbs measure for an
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almost-additive Bowen sequence F = {log f,, }nen if there exists a constant Ky > 0
such that for every n € N and = € ¥ 4, we have

(A C5)
exp (—nP(F)) fn(x)
When Y4 has the BIP property, Gibbs measures do exist and agree with equi-
librium measures whenever they have finite entropy. The following result (see [IY1,
Thm. 4.1]) states this phenomenon.

< K. (36)

THEOREM 8. Let (X 4,0) be a topologically mizing countable Markov shift with
the BIP property. Let F = {log f,}52, be an almost-additive Bowen sequence on ¥
with ), o sup fi|q) < 0o. Then there is a Gibbs measure p for F and it is miving.
Moreover, if h(u) < oo, then p is the unique equilibrium measure for F.

REMARK 18. As stated in [IY2, Prop. 3.1], under the hypotheses of Theorem
8 the condition h(u) < oo can be substituted for the equivalent condition

Z sup (log fl\[i]) sup (f1l) > —oo. (37)
i=1
Therefore, if a Bowen almost-additive sequence satisfies (37), then it has a unique
Equilibrium-Gibbs measure.

2. Zero-pressure map

The first step towards developing a zero-temperature limits result for quotients
of almost-additive sequences should be the construction of an almost-additive ver-
sion of the zero-pressure map. To achieve this goal we first have to set the hypothe-
ses that we are going to impose over the involved potentials.

For every n € N let fn,g, : ¥4 — (1,00) be continuous functions. Set F =
{log fn}221,G = {log g»}52; and let us assume that F and G are almost-additive
Bowen sequences. Notice that we have set the codomain of the functions f,,, g, in
order to obtain log f,,log g, to be positive functions. Moreover, we set the sequence
F to satisfy

1
lim —log fn(z) >0, for every x € ¥4.
n—oo n
As before, for G we need a stronger condition in order to have a uniform lower

bound when working with denominators.

DEFINITION 18. An almost-additive potential G is called bounded away from
zero whenever there exists a constant C' > 0 verifying

1
lim —logg, > C, for everyxz € ¥ 4.

n—oo N
REMARK 19. The previous conditions imply Ix(x) > 0 and Ig(u) > C for
every (1t € M,.

Suppose that G is bounded away from zero and that F and G are related by
the condition

sup{log filj} _

im - 38
n—oo inf{log g |[n) } (38)
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REMARK 20. As a consequence of condition (38), we have that
1 d
sup 7f o8 fidv <
vem,(-g) Jlog grdv

PROOF. The proof is similar to the argument given in lemma 1. Indeed, for
every € > 0, there exists J € N such that for every x € |J;. ;[j] we have

log f1(x)
log g1 ()

On the other hand, for each j < J pick any x; € [j]. Since F,G are Bowen
sequences, we have, that there exist constants Mz, Mg such that for = € [j]

log f1(x) < Mxlog fi(z;) and loggi(z;) < Mg log g1(z),

<e=log fi(z) < elogg.

therefore
log fu(x) _ o 1)

loggi(z) =7 Tglay)

Setting M, := MrMg 5833’ we obtain log fi(x) < M, log g1(z).

Set M := max{e, My, -- M;}. This way we have

log f1(z) < M log g1 (z) for every x € ¥ 4.

Hence, for every v € M,(—G) :

/log filz)dv < M/log g1(z)dv. (39)
Equivalently
[ log f1(x)dv < M < oo
[ log g1 (x)dv '
(I

REMARK 21. Every measure v € M,(—G) is also in the set v € M,(—F).
Indeed, from (35) and (39) it follows that

I(v) g/logfldu—l—C}-gM/loggldV+CfSM(Ig(u)—i-Cg)—&—Cf < oo.

As before, we also assume the existence of a constant s, with the property

00, if 5 < Seo

P(-sG) = { finite, if s > 8o (40)

REMARK 22. When s > s equilibrium measures agree with Gibbs measures
for —sG. Indeed, if p is an equilibrium measure for this sequence, it follows that
I_sg (1) corresponds to the (possibly lateral) derivative of P(—sG). Since P(—sG) <
oo in a neighborhood of s, this derivative cannot be infinite. From Theorem 7, we
have h(p) < co. Therefore, Theorem 8 shows that y is a Gibbs-equilibrium measure
for —sgG.

Under these conditions, we define the almost-additive version of the zero-
pressure map.
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DEFINITION 19. Let F, G be two Almost-additive Bowen sequences in a topolog-
ically mizing countable Markov shift (X 4,0) satisfying the BIP property. Assume
that G is bounded away from zero and that conditions (38) and (40) are held. The
zero-pressure map O(t) for F and G is defined as

O(t) := inf{s € R : P(tF — sG) < 0}. (41)

The arguments used in the previous chapter to establish the real-analiticity of
the zero-pressure map do not work in the almost-additive setting since the pressure
map P(tF) itself is no longer necessarily real-analytic. In other words, Proposition
2, which was a key point in the argument, does not have an analogous statement
for almost-additive potentials. Nevertheless, each of the other properties proven in
the additive setting can be adapted to almost-additive Bowen sequences. Let us
first prove that under our assumptions, the zero pressure map O(t) is well-defined.

LEMMA 14. For every t € RT we have O(t) < oc.

PROOF. Let C be the constant from definition 18, and recall Remark 20 to set
J log fidv

M := sup Tog grdv

veM

and notice from (35) that for every v € M,,

Ir(v) < Jlog fidv + Cx
Ig(v) Ig(v)
_ Jlog fidv  [loggidv ~— Cr
~ [loggdv  Ig(v) Ig(v)
_ [log frdv . ([loggrdv — Cg) + Cg N Cr

~ [loggidv Ig(v) Ig(v)
< Jlog fidv Ig(v) + Cg L CF
= [loggidv  Ig(v) Ig(v)
Cg > Cr
<M (1+2 )+ =L
( Ig(v)) =~ Ig(v)
Cs\ Cr
M-|1+— —.
< ( + & ) + &

This proves that % is bounded. Let us denote by K an upper bound for this
quantity. Now, pick s € R. This yields
P(tF — sG) = sup h(v) + tlx(v) — slg(v)
VvEM (tF—5G)

< sup h(v) + (tK — s)Ig(v)
VvEM (tF—5G)

= sup h)+ (K —s)lg(v)
VvEM,(—G)

= P((tK — 5)G).
By choosing s > tK + s, it results
P(tF — sG) < oo.

Now, pick s,5 € RT such that tK + s, < § < s and denote by u, the equilibrium
measure of tF — sG. It follows
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1
P(tF = sG) = h(ps) + lim — / (tlog fn — slog gn) du

1 1
= [h(us)Jr lim */(tlogfn—éloggn)dﬂs + (8 —s) lim */gndus
n—oo M n—oo n

< P(tF—5G)+ (8§ —s)Ig(ns) < P(tF —5G) + (§ — s)C.

The last inequality follows from the fact that G is bounded away from zero. This
shows that

lim P(tF — sG) = —oc. (42)

S5—00
In particular, P(tF — sG) < 0 for sufficiently big s. Hence,

O(t) =inf{s e R: P(tF — sG) < 0} < occ.
O

REMARK 23. The proof of the preceding lemma also shows that there exists
K > 0 such that
Ir(v)
sup

veM, (—g) la(v) —

The following is the almost-additive version of Lemma 2. As before, it is a
technical result that will be useful to prove Lemma 16 later on.

LEMMA 15. There exists a sequence of o—invariant measures {Vn}nen such

that ]\}gnoo Ig(vy) = oo and lggiglof If;((’ﬁ]vv)) > 5.

PROOF. Let N € N and let s, so be such that soo—% <8< 8o < 89 < soo—i—%.
According to (40), we have

P(—sG) = 00, P(—s2G) < 0.

For each N € N the approximation property (see theorem 6) implies the exis-
tence of a o—invariant compact set K such that

Pk (—5G) > N + P(—52G)
> N + Pk, (—s20G)

Since the map s — Pk, (—sG) is convex (see Remark 16), we have that this function
is differentiable everywhere except for a countable set of values for s. Therefore,
there exists 51 € (oo — =7, 5) such that the function s — P (—sG) is differentiable
in s1. Acording to Remark 17, if v is the equilibrium measure for —s;G, we have

d -
£PKN(—SQ) = —Ig(Vn).

(43)

§=81

Now, from the monotonicity of the pressure and (43) we follow
Pk (—=51G) > N + Py (—520),

equivalently,
Pr (—51G) — Pry (—520) - N
s1— 82 T sy—s1
From this inequality and the convexity of the pressure function we obtain

d
—Ig(Pn) = £PKN(—SQ)

8§=81
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PKN(_Slg) - PKN(_SQQ)

S1 — 82
N N
S - S - 1 1
§2 — 81 (800 + 7)) = (500 — %)
N N?
- ==,
i 2
ie.,
2
Ig(on) > —.

2
As usual, we extend 7y to a measure v € o by defining v(E) = On(E N Ky) for
every measurable set E. This way

ngnoo Ig(l/N) = Q.

We are now going to prove that liminf 2L > s . Notice that the choice
Nooo lo(vn)

of s; depends on N. So, let us reset the notation to denote for each N € N,
sy = 51(N). We have sy € (So0 — %,soo). Therefore
Pry (=(500 + 1)G) < Pry (—snG)
= h(DN) — SNIQ(DN)
= h(vn) — snlg(vn),

then
hvn) _ o Pry(=(50 +1)G)
Ig(vN) Zev Ig(vn)

Since sy € (Soo — a7+ So0) and Ig(vy) — 0o, by letting N — 0o, we obtain

]

The following result links the definition of s, and the relation between F and
G (namely, equation (38)) to establish a half-plane of points in (t,s) € R? where
the pressure P(tF — sG) is finite.

LEMMA 16. For every t € RT we have

finite, if s < sxo
00, if$> S0

P(tF — sG) = {

PROOF. We begin the proof with the following claim: Every sequence {un} nven
in M, (—G) such that Nlim Ig(pun) = oo satisfies the conditions:
— 00

h(pn)
Ig(pn)

a) limsup
N—o0

: Ir(un) _
b) 1\}5}2@ Ig(un) 0.

< S0, and

Condition a) is easy to see: Let § > so. From the variational principle

h(pn) = 81g(un) < P(=5G) < oc.
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Then
h(pn) _ ., P(=39)

<S4+ —.
Ig(pn) Ig(pn)
By letting N — oo and recalling that § > s is arbitrary, we obtain

lim sup i) < Soo- (44)
N—o00 IQ(NN)
To prove condition b), let £ > 0. From (38), there exists J € N such that for
every € (U ;[j] we have
log f1(z)
log g1(x)
Define the sets A = ;< ,[j], B = U;~ ;[j]. Recalling (35), it can be seen that for
each N € N we have

Ir(pn) _ Jlog frduy + Cr

< €.

Ig(pn) — Ig(pn)
_ Jalog frdun  [5log fidun Cr
- Ig(pn) Ig(pn) Ig(pn)
< suplog fila = Jploggidun Cr
Ig(pun) Ig(pn) Ig(pn)
_suplog fila . [ploggidun —Cg + Cg n Cr
- Ig(pn) Ig(pn) Ig(pn)
suplog fila | Ig(pn) 4+ Cg Cr
Ig(pn) Ig(un) Ig(un)

By letting N — oo we obtain

1
lim sup () <e.

N—oo lg(pn)
Since € > 0 is arbitrary and F,G consist only of positive terms, it follows

Ir(pn) _
N=voo Ig(pn)

which proves the claim.
Let us now fix ¢ > 0 and s < $o. Set {vn}nen with the properties from
Lemma 15. These, along with equation (44) yield

oy ew)

Now, for every N € N we have
P(tF —sG) > h(vn) + tIr(vn) — slg(vn)

h I 46
= IQ(VN) ( (VN) +t ]:(VN) — S) . ( )
Ig(vn)  Ig(vn)

From (45), and the properties of the sequence vy we have that if N — oo Ig(vy) —

oo and
h(vn) | Ir(vN)

Ig(vy) ~ Ig(vn)
Therefore, the quantity at the last equality from (46) is arbitrarily large. Therefore
P(tF — sG) = oo whenever s < Sso.

— 8 — S0 — 8 > 0.
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Otherwise, if s > so, we suppose in order to get a contradiction, that P(tF —
sG) = oo. Therefore, we can set a sequence {un }ven in M, (—G) verifying

Jim (A(un) +tr(pn) = slg(un)) = oo (47)

This means that either lim h(uy) =oc or lim Ir(uy) = oco.
N—o0 N—o00

If h(pun) — o0, since 0o > P(—sG) > h(un) — slg(pn) it follows Ig(un) — oo.
On the other hand, if Ix(ux) — oo, part b) from the claim yields Ig(un) — oo.
For sufficiently big values of N we get from (47)

h(MN) + f[]:(,U,N) — SIg(,uN) > 0.

Then
hlaw) _ o 17 (e)
Ig(pun) Ig(un)
Now, by letting N — oo:
h
lim sup (MN) >8> Sn0-

N—oo IQ(,LLN)

Since Ig(pun) — oo, this is a contradiction with part a) from the claim. Hence,
P(tF — sG) < oo when s > $oo. O

LEMMA 17. For every s > Soo, there exists t*(s) € R which satisfies P(tF —
sG) > 0 for every t > t*.

PrOOF. The proof of this result follows the same idea from Lemma 4. Set a
measure v € M,(—G) and s > so.. We have Ig(v) < oo and, from Remarks 19 and
21, we have that 0 < Ix(v) < co. Therefore, there is t* such that for every t > t*
we have

tIr(v) > slg(v) — h(v).
Therefore,
h(v) +tIr(v) — slg(v) > 0.
By taking supremum over v € M, (—G) we obtain
P@tF —5sG)>0
for every t > t*. O

When developing the properties of the zero-pressure map O(t) in the additive
setting, one of them was its real-analiticity. Since this fact came from the real-
analiticity of the pressure function, this will no longer be true for almost-additive
potentials. However, the other properties that were deduced from the proof of
Theorem 4 remain valid.

LEMMA 18. For sufficiently big values of t, P(tF — O(t)G) = 0.

PROOF. Pick sy > so and t* = t*(s;) as in Lemma 17. Define, for every

t > t*, and s > si: ¢1(s) = P(tF — sG). By construction, we have ¢:(s4) > 0 and,

since G is bounded away from zero, we have from (42) that lim ¢:(s) = —oo. Also,
S5— 00

notice that

pe(s) = sup  (h(v)+tir(v) —slg(v))
veEM,(—G)
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is the supreme of affine functions (depending on the variable s), therefore, ¢;(s) is
a convex function, whence we conclude that ¢;(s) is continuous. An application of
the intermediate value theorem establishes the existence of sg > s; such that

wi(s) = P(tF — s0G) = 0.

Finally, note that :(s) is a decreasing function. Hence, O(t) = sg, proving the
Lemma. ]

COROLLARY 5. Ift is such that P(tF — O(t)G) = 0, then O(t) > Seo.

As we have stated, we do not prove that O(t) is real-analytic. However, we are
able to establish the existence and a explicit description of a derivative for O(t) in
every point, except for a countable set of values of ¢.

To achieve this goal, we first prove the convexity of the zero-pressure map. The
following result is the almost-additive version of Lemma 7. Its proof follows the
same argument, substituting the integrals of f, g for the operators Ir, Ig.

LEMMA 19. Set sy > soo and t* = t*(s1) as in Lemma 17. Then, O(t) is a
convez function in [t*,00).

PROOF. As in the additive case, we will prove that O(t) is the maximum of a
set of affine functions, whence convexity is an immediate consequence. Specifically,
we will prove that

o) = ) | Ir (@) } . (48)

max
vEM,(—G) {Ig(l/) Ig(v)
To prove the claim, let v € M, (—G), from Theorem 7 and Lemma 18, it follows,
for every t > t*
0=P@{tF —0t)G) > h(v) + tIx(v) — O(t)Ig(v)

and the equality is attained for v = p;, where p; is the equilibrium measure of
tF — O(t)G. Therefore, for every v € M,(—G) we have

and for v = pu; it follows

B IQ(Mt) Ig(Mt)'

Equations (49) and (50) imply (48). Therefore, the zero pressure map is convex.
O

COROLLARY 6. The zero pressure map O(t) is differentiable for every t €
(t*,00), except, maybe, for a countable subset of (t*,00).

An explicit derivative for O(t) can be described at every point where O’(t)
exists. Notice that even though the derivative of the zero-pressure map doesn’t
necessarily exist for every ¢ > t*, the proof of the following lemma follows the same
idea from Lemma 6.

LEMMA 20. For anyt > t* such that O'(t) exists, let ju; be the Gibbs-equilibrium

measure for the potential tF — O(t)G. Then, the equality O'(t) = % holds.
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PROOF. Let € > 0 be arbitrary. From Lemma 18, since u; is an equilibrium
measure for tF — O(t)G, we have

0=P(tF —O0(t)G) 51
= h(pe) + tIx () — O)Ig(1e) oy

and
0=P((t+e)F —0(t+¢)9)
= h(pe) + (¢ +e)Ir(pe) — Ot + €)Ig ().
From these two relations, we obtain
O(t+e)—0(t)
€

(52)

0> Ir(ue) — Ig(pe)-

Since O(t) is a convex function, it follows that the lateral derivatives of O(t) exist
for every t € (t*,00). Denote by O, and O’ respectively the right and the left
derivative for the zero pressure map. Now, letting ¢ — 0F:

Ir(pe) < OL()Ig ().
Similarly, if we pick € < 0, equations (51) and (52) yield
0> eLr(n) — [O(t +2) — O(E)|Tg (1),
and since € < 0, it follows

O(t+¢) — O(t)

0 < Ir(pe) — Ig(pe)-

Now, letting € — 0~ we obtain

O (t)Ig (1) < Ir ().
Recall that O'(t) exists by hypothesis, therefore O’, (t) = O’_(t) = O’(t). Therefore

O/(t)Ig(,ut) = Ir(pe),

equivalently,

O

We now intend to compare the growth rate of O(t) with respect to t as it
was done in Lemma 9 in the previous chapter. As before, we start by stating the
almost-additive analogous version of Lemma 8.

LEMMA 21. The equilibrium states (pi)i>¢= for tF — O(t)G satisfy that the

sequence
< h(pe) )
Ig(pe) >t

PRrROOF. Recall that y is an equilibrium measure for tF — O(t)G to obtain
0=P@F —O01)G) = h(p) +t1r(pe) — O(t)Ig (pe)-
Besides, from the variational principle, it follows that for any v € M(—G) :
0> h(v)+tir(v)—O(t)Ig(v).

is decreasing.



2. ZERO-PRESSURE MAP 45

By computing O(t) in both relations, we obtain

h(pe) +tIF(Ht) > h(v) +tIF(V).
Ig(pe) — Ig(ue) — Ig(v)  Ig(v)
Now, fix to > t; > t* and define the affine functions

L h(:utl) If(:utl)
SO = 1) T Tgu)

" (), Lrli)
M, Ir(pe,
gz(t) ' Ig(#n) +tIg(:u't2) .
Set £ := f5 — ¢1 and notice that /¢ is also an affine function.
From (53), it follows £1(t1) > f2(t1) and fa(te) > l1(t2), i.e. £(t1) < 0 and
£(t2) > 0. Since ¢ is an affine function, this implies that £ is an increasing function.
Therefore £(0) < 0, from where it results that ¢5(0) < ¢1(0), i.e.,

h(pt,) < h(pt, )
Ig(pey) — Ig(pey)

O

COROLLARY 7. For each t > t*, let u; be an equilibrium measure for the po-
tential tF — O(t)G. Then the limit

lim h(Mt)
t—oo Ig(put)

exists in R.

In the additive setting, the zero-pressure map was differentiable and convex,
therefore its derivative was increasing with respect to t. This monotonicity was
recalled in order to set lower bound for the quotients of the spatial means of the
potentials. The following lemma achieves the same conclusion without needing O(t)
to be differentiable.

LEMMA 22. The map t — % is increasing in [t*,00).

PROOF. Let t* < t; < t5. Recall (50) to obtain
h(lu’tz) ¢ I]:(Mtz)

O(tz) = Ig(pey) 2 Ig(pe,)
- s h(v) Ir(v)
- VGMGIE)—Q) <IQ(V) e Ig(V)) (54)
h’(:utl) I]:(,Uztl)
= Ig(pt,) b Ig(pe,)

On the other hand, from lemma 21 we have

h(:utz) < h(:uh)
Ig(/'l‘tQ) o Ig(Mt1)7

- _ h(ﬂtl) < _ h(lu’tz)
Ig(:utl) N Ig(:u‘h)
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By substracting (54) and (55) it follows

I]:(/'l‘tQ)
Ig(,uh) '

I}-(/'l’tl)

to
Ig (Mh)

<2

Hence

O

Let us now prove that the growth rate of the zero pressure map O(t) can be
compared by scalar multiples of .

LEMMA 23. There exists « € RT such that O(t) < ot for each t > t*.

PROOF. Let y; be an equilibrium measure for ¢F — O(t)G. From Lemma 18,
we obtain

h(pe) + tLr(pe) — O(t)Ig () = 0,
Whence
o) _ hlp) + Ir ()
t tIg(pe) — Ig(pe)

Since § is a decreasing function with respect to ¢, from Lemma 21 we obtain

h(pe) h{(pex)
T (ue) = g (i)

. Therefore, by choosing K as in Remark 20, we have
Olt) _ hiu:)
t = t*lg(ui)

Therefore, by setting o := % + K, the inequality O(t) < at is obtained. O

+ K.

LEMMA 24. There exists v > 0 such that t < vO(t) for each t > t*.

PROOF. Let t > t* and set u; the equilibrium measure of tF — O(t)G. Let us
apply Lemma 18 once more to obtain

h(pe) + tlr(pe) — O()Ig(ue) = 0,
and therefore, applying lemma 22 we obtain

~ h(p) Ir(pe)  tr(pe)  tlr(pe)
OO = Tolu) " Talo) = Tolm) = Taluer)

Set ~y := % to obtain O(t) > ty~1, or equivalently, t < vO(t). O

3. Limits for Quotients of Almost additive sequences

Set t € RY and F,G be almost-additive sequences. Emulating the situation
from the additive setting, it would be desirable that, under aproppriate hypotheses
the accumulation points of the equilibrium measures for tF — O(t)G were (F,G)-
maximizing. The purpose of this section is to establish a formal statement of this
fact and develop the arguments to prove it. The first step is to adapt the notion of
maximizing measures to the almost-additive setting.
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DEFINITION 20. Let (X 4,0) be a Countable Markov Shift. Let F,G be positive
almost-additive sequences such that G is bounded away from zero. A probability
measure u € M, is called an (F,G)-maximizing measure if the equality

sup Ir(v) _ Ir(p)
vEM, IQ(V) Ig(/i)

holds.
The purpose of this section is to prove the following result.

THEOREM 9. Let (X 4,0) be a topologically mizing countable Markov shift sat-
isfying the BIP property. Suppose that F,G are Bowen almost-additive sequences
of positive functions satisfying (38) and that G is bounded away from zero. As-
sume that there exists Soo satisfying (40) and that (37) holds for —sG whenever
$ € (S0, ). Set t* such that P(tF — O(t)G) = 0 for every t > t* and denote by
we the Gibbs-equilibrium measure for tF — O(t)G. Then, the family (ut)i>t= has an
accumulation point p in the weak-* topology when t — oo. Moreover, if p is the
accumulation point of a sequence py, such that O'(ty,) exists for every k € N, then
W is an (F,G)-mazimizing measure.

REMARK 24. It was proven in [C] that for every sequence of functions {log f,,}°2,
satisfying

1
inf i “fn =S =0
sauf l,ii‘ipn”f" nfllee =0,

there exists f € C(X) achieving the infimum, i.e. limsup2||f, — Sy fl|o = 0.
n—oo
Almost-additive potentials satisfy that condition and this implies that they can be

written as the Birkhoff sum of an additive potential and a sublinear error term.
Especifically, for F = {log f,,}22; an almost-additive sequence in (X4, 0), there

exist f: X4 — R and {u, }nen such that lim %Iu‘ =0 and
n—oo
n—1
logfn:Zfoa—i—un. (56)
j=0

If we set F an almost-additive sequence and f a potential in X 4 satisfying
these conditions, we have that f and F share the same value for their respective
Gurevich pressure, i.e.,

P(F) = P()).

Moreover, if we denote by p the equilibrium measure for F, we have

mm+bﬂn=mm+/jw.

This means that both f and F share the same Gurevich pressure and equilibrium
measures. We even have that every c—invariant measure v in 3 4 satisfies Ir(v) =
J fdv. This suggest that the main result from the previous section can be easily
adapted to obtain an analogous result for quotients of almost-additive sequences
of function by applying these results. Nevertheless, there are some features and
regularity properties of f that have not been proven to be inherited from F. For
instance, Gibbs measures of F are not (in general) Gibbs measures for the potential
f and if F is a Bowen sequence, the existence of a potential f satisfying equation
(56) whilst {27:—01 food},en is also a Bowen sequence is posed as an open question.
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In chapter 2 we let f, g be locally Holder potentials. This condition is not ensured to
hold when we obtain an additive potential f from a Bowen almost-additive sequence
F. Since we claimed the potentials f,g to be Locally Holder and the equilibrium
measures of f,g to be Gibbs measures, our approach consists in dealing directly
with the almost additive sequences F,G instead of attempting to relate almost
additive sequences with continuous potentials by means of the work from [C].

As in the additive potential setting, the following lemma, along with Prohorov’s
Theorem, suffices to prove the existence of the accumulation points for the equilib-
rium measures py, stated in Theorem 9. Nevertheless, the proof of the tightness
of the family of equilibrium measures for additive potentials relied on remark 11,
which related the constants of the Gibbs measures of a potential f with their varia-
tion V(f). Since the almost additive setting is framed in terms of Bowen sequences
instead of potentials with summable variations, the arguments are slightly different.

Recall that since p; is a Gibbs measure for tF — O(t)G there exists Ko (t) such
that

fi
o
G

peli] < Ko(t) exp(—P(tF — O(t)G) sup

Since (X4, 0) is a topologically mixing countable Markov shift which also sat-
isfies the BIP property, we have that (X4, o) is finitely primitive (see Definition 8).
Therefore, there exists k € N and W C N*¥ a finite set such that for every a,b € N,
there exists w € W such that the cylinder [a, w1, - - ,wg,b] is non empty. Now, we
cite [IY2, Lemma 4.2] to set the following relation.

LEMMA 25. Let (X,0) be a countable Markov shift satisfying the BIP property.
Set k a natural number and W C N* a finite family satisfying that for every a,b
there exists w € W such that the cylinder [a,wy, - ,wk,b] is non-empty. Set
F =log{fn}S>, an almost additive Bowen sequence satisfying (37). If we define

Np=min  sup  ful2),

WEW L elwy - ,wy]

then for every t > 1, the Gibbs-equilibrium states for tF, pr satisfy for every
cylinder set [i1,- - ,in] and © € [i1,- - ,in] :

perliv, -+ in] _ (Mpct©r '
e—nPQF)fi(z) — D5 ’

where Mx is defined as in Definition 15, C'r is defined as in Definition 14, and

N]__e—3C}‘
- MEeEDC max {7y sup filp, (e sup fil) )

REMARK 25. Lemma 25 shows that the constant Ky (see equation (36)) for
the Gibbs measure of tF can be chosen as

M 60}‘ t
Koz( Fe ) .

D :

D5

Now, we apply Lemma 25 to state a result which allows us to consider K(t)
without regarding the dependence on t.
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LEMMA 26. For anyt > t* Set H =tF —O(t)G and set h, = %. Let py be
g'n/

the Gibbs measure for H and Ko(t) the associated constant. There exists Ko >0
which does not depend on t satisfying the relation Ko(t) < K{.

PROOF. Let us first apply 25 to H = 1 - H. Therefore it follows from Remark
25 that
MH@GCH

KO(t> S D5 )

(57)

where
NH673CH
M%e(k—l)cw max{); cysup hilp), (O cnsup halp)*} '
Now, Notice that the constants involved in this relations can be bounded as
follows:

Without loss of generality, we can assume Mz, Mg > 1. From Lemmas 13 and
23, we have

D .=

t o) ot
My = MzMg " < (MrMg)".
Similarly
Cy =tCr+ O(t)Cg < t(Cr + alyg).

On the other hand, notice that since for every n we have logg, > 0 it follows
gn > 1. Therefore,

fi(2)
wren ] g0

> min sup  fi(z) = NL.

z€[w1, - ,wi]

Nz = min sup
weWw z€|

Now, define K; := > iensup hy and notice that f; > 1 since log f; > 0. Therefore,
(4]

Lemma 23 implies

o(t)

faO(t) fo o) as O(")\ o)
- 1 _ 1 _ . 1
K, =< ZsupW—Zsup <g1) —Z sup <91>

ien [ gy ien 11 ien \ [0

eI
( fla o(t )) O(t%)

< g sup () )
ien [l \ 91

The convergence of the last sum is equivalent to the condition P(aO(t*)F —
O(t*)G) < oo, which follows from Lemma 16 and Corollary 5. Now, if we define

; AN
Q, if Z sup (a) >1
ﬁ — €N [i]
-1 o) o) ’
~~if Z sup (g—l) <1
i€N [i]

then Lemmas 23 and 24 imply

. oy O\ O
K < sup (1) .
(% [4] 9
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Now, by denoting
i Zsu <fla)0(t*)
. i€N [i]p 91 ,
we obtain
Ky < (K"
Now, we apply these relations to inequality (57) to obtain

~ N 5
M, 50 My e8CH M5 eSh=1Cn (maX{Kl,Kf})
Ko(t) < < Db ) = Njj e 150n
166 (5k+16)Cy o 5

= /HN—,?_L (maX{K1,Kf}>
(M]1:6Mé6o¢>t6(5k+16)(Cf+o¢Cg)t

— 5t
NJ:

(mas{(&n), () )

M}__6Mé6ae(5k+16)(CJ:+an)

_ < Vg (max{(kq), (K/l)k})S) .

Denote

16 1 /160, (5k+16)(Cr+aC
e (MfMg e (Bk+16)(Cr+aCg)

5 (ma{ (). (f%f1>k})5>

to obtain Ko(t) < K§, as stated. O

We can now prove that the equilibrium measures for tF — O(¢)G form a tight
family of probability measures.

LEMMA 27. The family (p)ise- is tight.

PrOOF. Pick arbitrary numbers € > 0,¢t > ¢t* Denote H = tF — O(¢)G and
hy = ffl/g,?(t)(so H = {logh,}52 ;). Since y; is a Gibbs measure for H, we have
for every cylinder set of the form [i] and = € [i] there exists Ky > 0 such that:

pelt] < Koexp(—P(H))hi(x).
Since P(H) = P(tF — O(t)G) = 0 and x € [i] is arbitrary, it results:

weli] < Ko bEl]p hi.

Now, from Lemma 26, we have

t
. ot f1
peli] < ob;;p( o<t>>

91

Now, according to Lemmas 23 and 24. An appropriate choice of 3 € {a, 771}

yields
R 7\ O) R y
peli] < K5 sup (fl) = (K(? sup (1)>
[4] g9 [4] 9
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From (38), it follows that lim sup ';—1: = 0. Therefore, there exists J € N such that

for every ¢ > J we have sup J;—lj < ﬁ, whence Kg sup ({%) < 1 and since O(t) is
0

(4]
increasing, we have, for every i > J:

o(t*)
, : fl , 1O(t)
1% [Z] S Kﬁ sup ( — K sup 7* ,
' ( RN i \ g0t

where K’ := Kga(t*).

(4]

Therefore, for every n > J
%) , S fiy O(t")
i| <K sup | — . 58
Sl < 13w () (58)

The latter sum in (58) converges since yO(t*)F — O(t*)G has finite pressure due to
Lemma 16 and Corollary 5. So, for every k € N there exists ny > J such that

oo iy O(t*) €
qup <> < i (59)
From (58) and (59) we obtain
0o ‘ c
Z weli] < 7
i=ny

Now, let K :={z € ¥4 : 1 < xp < ng,Vk € N} and note that K is a compact set.
Then

wi(K) = e <EA\ D {x ey o> nk}>

k=1
oo
Zl—zut({erA:xk > ngt)
k=1
=1->" > e (i)
k=1i=nir+1
oo oo [ee] e
ST DD MITUEEES S
k=1i=ng+1 k=1
Hence, (ut)i>¢+ is a tight family of probability measures. (]

The following lemma states that the limit of the quotient of the operators I r, Ig
is compatible with the one from the accumulation points of the equilibrium states
e, as k — oo.

LEMMA 28. Let {tx}ren be a sequence of real numbers such that O'(ty) exists
for every k € N and tp, — oo when k — oco. Let p be an accumulation point for
{11t }ken when k — co. The identity

lim Tr(p) _ 1r(p)

k—oo Ig(pe,)  Ig(p)
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holds.

PROOF. First, notice that the sequence described {ty}ren does indeed exist
since the set of ¢ € RT such that O(t) is not differentiable is, at most, countable.
Moreover, since O(t) is a convex function, we have that O’(t;) is a non decreasing

sequence, therefore, hm O’ (tx,) exists. The proof of Lemma 1 shows that Iz ((Z)) is

bounded for v € M,,. ThlS fact, along with Lemma 20 implies

lim O'(ty) = lim L)
k—o0 k—o00 Ig(utk)

Now, recall (49) to obtain

h 1
Ig(p) — Ig(n)
The convexity of O(t) allows the comparison of the asymptotic derivatives in
this inequality. Therefore, we have

lim O'(t;) = lim Lr () > Lr (1)

o, B T Ton)” (60)

We now aim to prove the opposite 1nequahty Define the sequences F =

{log fu}2y and G = {log §u}72, where fi, = f,e” and go = €9 /gn.
Notice that since F is almost-additive, equation (32) gives

10g(fn+m) = 10g(fn+mecf) <log(fn(fmo Jn)e2cf-)
= log(fne®”) 4 log(fm o o™e7)
= Og(fn) + IOg(fm oa"),

therefore, the sequence F is subadditive.
Snmlarly, the almost-additivity of G and (31) 1mp1y

log(gn+m =10g( ) )
( * ) In+m gmoon

dn
—to (52) e (5,5
gmoo”

= log(gn) + 1og(gm o a™),

which shows that C; is subadditive.
Set k£ € N and observe that

/IOgSjldNtk =Cg — /loggldﬂtk < Cg < o0,

therefore G and e, satisfy the hypotheses from Kingman’s ergodic subadditive
Theorem. Now, notice from (35) that

/log Frdp = /bg frdug, + Cr < Ir(py,) +2Cr.

Denote by B a bound for £ ((ly’)) , when v € M, (—G). It follows

/log fidp < Blg(pue,) + 2CF < oo. (61)
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The latter expression is finite since ¢, is an equilibrium measure for ¢, F — O(t)G,
whence p, € M,(—G). This shows that Kingman’s ergodic subadditive Theorem
also holds for F and the measure e, , since from Remark 21 it follows that p, €
M (—F). This way we have, for any j € N:

. 1 A 1 A
fim [ Yog fudp, < < [ 10 e,

n—o00 N

that is

1 C 1 c
lim (/bgfndutk + f) < f/logfjdutk +==
n n ] J

n—o0

Hence o
1
Ir(ii) < 5 [ 108 s, + = (62)

Similarly, for G we have

1 Cg 1 Cg
lim —/log (e) dps, < f/log e—dutk,
n—oon 9n J gj
or, equivalently,

. C 1 C 1
lim (g _ /loggnd,utk> < —g — f_/loggjdutk_.
n—00 n n 7 7

C 1
To(u) + =2 > = / log g;djir, (63)

From (62) and (63), we have

We conclude

Ir(p)  _ Jlog fidp, +Cr

Ig(ue,) + <2 = [loggjdp,

(64)

When k — o0, p1y, — p in the weak-* topology. Since log g; is positive (and
therefore bounded from below) it follows that likm inf [log g;du, > [loggjdu. We
—00

now claim that
limsup/log fidps, < /log fidp. (65)

k—o0
Define an increasing sequence of bounded functions {f; ., }5°_; such that f;
converges pointwise to f; when m — oo (for instance, f;,, := min{f;, m}). For
every m € N we have:

/log fimdp < /log fidu, (66)
and, since f; n, is bounded, the convergence of i, in the weak-* topology establishes
lim /log fim@p, = /log fimdp.

k—o0

According to this, if we let € > 0 be arbitrary, there is kg € N such that for every
k> ko:

/ log fjmdp, —€ < / log fjmdpu (67)
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On the other hand, the monotonous convergence theorem yields

i [ 108 i, = g fyd.

m—r o0

Notice that the same argument from (61) shows that [log fjdus, < co. So, there
is mg € N such that for every m > mg we have

/log fidps, — /log fimdp, <e. (68)

Summarizing, for every € > 0,k > kg, m > my, relations (66), (67) and (68)
yield the inequalities:

/log fidpe, —2e < /log fidupe, — (/ log fidue, — /log fjd,u> —€

:/Ingjamdﬂtk _8</logfj,mdﬂ§/10gfjd,u-

Letting k — oo, it results
limsup/fjdutk -2 < /fjdu.
k—o0
Since € > 0 is arbitrary, we obtain
imsup [ fid, < [
k—o0
which is precisely what was claimed in (65).

Returning to (64), let k¥ — oo to obtain
limsup [ log f;dps, + Cr
k— o0

IF(pey,) Jlog fidu+ Cr

koo Ig(py,) + <2 = liminf [log gjdpy, [log gjdu

Now, letting 7 — oc:

c
Lr(pn) g Jlog fidp+ Cr _ i 7 [log fidu+ <F Ix(p)

< lim = .
koo Ig(py,) ~ 3=oco  [loggdu oo 3 [loggdu Ig(p)

From this inequality and (60), we conclude that

k—oo Ig(pe,)  Ig(p)

We now prove the last part of Theorem 9.

LEMMA 29. Let {tx}ren be a sequence of real numbers such that O'(ty) exists
for every k € N and t, — oo when k — oo. Let p be an accumulation point for
{pt,, Jren when k — oo. Then, p is (F,G)-mazimizing

PROOF. Let v € M,(—G). As in the additive case, we compare asymptotic
derivatives in (49) and conclude

5

O s )
Jm O'(t) 2 7705
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From Lemmas 20 and 28, we obtain

Ir(p (v
Ig(p) ¥)
Hence, p is (F, G)-maximizing. O

~
.

>

g

3.1. Another proof for Lemma 29. When dealing with additive poten-
tials in the previous chapter, we presented two different proofs of the maximizing
property of the accumulation points of the equilibrium measures of the potentials
tf — O(t)g. The same arguments remain valid in the almost additive setting since
they did not depend upon the differentiability of the pressure map. However, we
still consider sequences (tx)xen such that O(ty) is differentiable since Lemma 28 is
used when taking limits of the quotients of Ir and Ig. The following results cor-
respond to the almost-additive versions of those results and their proofs follow the
same arguments from the additive setting, adapting them to the analogous concepts
in the almost-additive setting.

ALTERNATIVE PROOF OF LEMMA 29. Let v € M(—G) and Let (tx)ren be
such that O(t) is differentiable at ¢ = ¢, for every k € N and t;, — oo when
k — oco. Set t =ty in (53) and then divide by ¢j. It results

h(p,,) n Lr(py) o My) 1)
tidg () Ig(pe,) — telg(v) — Ig(v)
Recalling Corollary 4 and noting that Ig(v) < oo, by letting k — oo it results
Ir(p) _ 1)
Ig(p) — Ig(v)’
which proves that p is an (F, §)—maximizing measure. O

4. An application to products of matrices

Theorem 9 consists of a generalization of Theorem 5. We now show an example
about how this extension of its scope allows us to describe maximizing measures
for ratios of expected values for Lyapunov exponents associated to linear cocycles.

Start by setting two sequences of matrices { A, }nen C R4 {B, },en C R4X4
such that their entries A, (i, 7), By (4, ) are positive for every i,5 € {1,---d}. As-
sume that there exists C' > 0 such that B, (4,j) > C. Let U be the column vector

1
U= g
1 dx1
and define the matrix norm
IA] = UtAU.

Denote z = (i1, 42, -- ) and for every n € N, set f,,, gn : © — R as the functions
fa(@) = A, - Ay |
and
gn(x) = ||Bi, -+ By, |-
Let us also define o, 5 : ¥4 — R by the equalities

a(z) = Ag,
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and
ﬂ(ﬂ?) = Bﬁfl :
The triples (X4, 0,a) and (X4, 0, 3) are called linear cocycles.
Define the sequences

F= {IOg fn}nENa g - {log gn}nEN-

The following lemma states a condition in order of these sequences to be almost-
additive. It has been stated in [IY1] and its proof replicates the arguments given
by Feng [F] in the compact setting

LEMMA 30. Assume that there ezists Cr € R such that for every n € N, the
inequality

ming ; An(Z,]) > de—C}- (69)

maxs, j An(i, ) —

holds. Then, the sequence F is almost-additive.
PROOF. The norm ||-|| is submultiplicative, therefore, for any x = (i1,42,---) €
DI
fn+m($) = ||Ain+m T Ail H = ||Ain+m T Ain+1 ” ’ HAln T Ail ”
= fmood™(z) fa(z) < fu(@) - frm(2) 00" (2) e 7.
On the other hand, equation (69) implies that for every n, i, j we have A, (i,7) >

e~ C7dA,(i,j). So, by denoting E := UU?, the d x d matrix whose every entry is
1, we notice

d d ..
A
T BA ) = TEY Au(rj) < ey Sl "(2’0‘72 = An(ij).
— €
r=1 r=1

Finally, we obtain

fom (@) = |Aiy - Anll = U Ay, - AU
>U'A;, . Anyre” TEA; - AU
=U'A;, o A e CFUUMA;, - AU
=e A A A A
= ¢ % fn 00" () fu(x)
This inequality shows that F is almost-additive. (]

When F is almost-additive, we have that F + Cr is a subadditive sequence.
Therefore, Kingman’s Subadditive theorem ensures that

1
(10gfn +C}') = lim —log fn
n—oo N

exist almost everywhere for each o-invariant probability measure in ¥ 4. So, we can
define the Top Lyapunov exponent for the cocycles (X 4,0, «) and (Xp,0, ) as

. 1
lim —
n—,oo N,

Aa(z) = nlglgo log ||Ag, Az, -+ A, ]

and
Ag(z) = lim log||B;, Bz, _, +++ By, ||
n—oo

respectively.
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Let us now assume that condition (69) holds for both F and G. Notice that
both sequences are locally constant and therefore, they are Bowen sequences.
Since By (i,j) > C for every n,1,j, we have

1 1 1
—loggn = —log||Bi, -+~ Bi, || 2 ~log |[C"E"| = C| E"|| = C|| E]|.

This inequalities show that G is bounded away from zero.
Finally, condition (38) is rewritten as
log || A
n—oc log || By ||
According to these arguments, we derive from Theorem 9 the following result:

PROPOSITION 9. Let (X4,0) be a topologically mizing countable Markov Shift
satisfying the BIP Property. Define {An}nen, {Bn}nen two sequences of matrices
in R¥4 satisfying An(i,j) > 0,B,(i,7) > C for some C > 0, every n € N and
every i,j € {0,--- ,d}. Assume that both A, and B,, satisfy conditions (69), (70)
for every n € N. Define the sequences F = {log fn }nen and G = {log gp, }nen, where

fa(@) = |Ai, - Aill, gn(2) = || Bi,, -~ By ||
for every x = (iy,ia,--+) € X a. If there exists soo > 0 such that P(—sG) < oo for
every s > Seo, then the equilibrium measures pg of tF —O(t)G have an accumulation
point . which satisfies
L) I [log| Ay, Ay v
Ig(p)  veM.(-6) Ig(v) veMq(—G)n—oo [log||B;, -+ Bi, |ldv

in particular, the Top Lyapunov exponents Ay, Ag associated respectively to o and

B satisfy
J Aadp o J Aadv
= max .
f)\gdu vEM,(—=Ag) f)\gdl/
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