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1 Introduction

1.1 Historical context and definitions

The study of heights of points in arithmetic varieties plays an important role in questions of arith-
metic geometry. It is related to interesting problems where there have been a lot of development in
the past 30 years. For instance, it plays a central role in the proof of finiteness results on integral and
rational points on curves an Abelian varieties like the theorems of Siegel, Mordell-Weil and Faltings
(see for instance [4]). It is also very useful in transcendence theory and it is an essential tool in
Diophantine Geometry (see [I3]). Given a height h in a variety X over Q it has been of special
interest to understand the threshold where the points with bounded height begin to be Zariski dense.
Let X be an algebraic variety over Q. For a function f : X(Q) — R, the essential minimum p(f),
is defined by

pe*s(f) =inf{d € R: {a € X(Q)/f(a) < 0} is Zariski dense} .

When f is a height function, u®**(f) plays a role in the phenomenon of equidistribution of small
points (e.g see [7], [20], and [21I]). However, it is notoriously difficult to compute this quantity in
general situations.

The exact value of the essential minimum is well known when X is related to a group variety en-
dowed with a height that behaves well with respect to the group structure and contains sufficiently
many torsion points. In fact, we have that the height associated to such group variety is zero at
any torsion point (see [23], section 6). Therefore the essential minimum of that height is zero. More
generally, in 2015 J. Burgos Gil, P. Philippon and M. Sombra computed the exact value of the
essential minimum for toric varieties endowed with toric heights (see [8] Theorem A and Theorem
B for more details).

For concreteness, we proceed to review the case of the Zhang-Zagier height, which is related to the
line x +y = 1. In this work we treat the non-toric situations.

To recall the definition of the Zhang-Zagier height, given a € Q, we will consider a number field K
containing a which is a Galois extension of degree d. For any valuation v we denote the local degree
dy, = [K, : Qy], where K, and Q, are the completions of K and Q with respect to v. We denote
Mg the set of all places of K normalized in such a way that they satisfy the product formula, this
means that for each arquimedean place v we consider |z|, = |z|%/¢ and for each non-arquimedean
place w we consider |z, = p~%/4 where p is the unique prime such that |plw < 1. The Weil height
h:Q — R, is given by

h(a) = ﬁ Z log™ |, .

veEMgk

It is well known that h(«) is independent of the field containing « (e.g see [4] Lemma 1.5.2). Also,
h(¢) = 0 for all roots of unity (. Hence, we have that p°**(h) = 0.

The Zhang-Zagier height hz : Q — R is defined by hz(a) := h(a) + h(1 —a). Let X C C?, a

proper subvariety defined over Q. Then, we can define the height hx : X(Q) — R, by hx(z,y) =
h(x) + h(y).

Let T C C? be a subvariety, we have that T is a torsion subvariety if and only if there are n,m €
Z\ {0} and ¢ a root of unity, such that

T ={(z,y): z"y™ = C}.

We state a particular case of a Theorem of S.-W. Zhang.



Theorem.([23]): Let X C C? defined over Q be a proper subvariety. Then, u®**(hx) = 0 if and
only if X contains a torsion subvariety.

From this theorem we can conclude that p*¢(hz) > 0. The question now, is how to compute the
essential minimum of heights like hz. However, the answer remains unknown. Despite of this, there

have been several attempts to approach this number. In 1993 Zagier proved the following theorem

Theorem.([22]): For all a € Q such that o ¢ {O, 1,eim/3, e‘i”/B}, we have

1 1
hz(a) > 5 log ( * \/5> ~ 0.2406059....

2
With equality if and only if a or 1 — « is a primitive 10th root of unity

This theorem tells us that p®**(hz) > 0.240606. In 2001 Doche improved this result and proved the
following theorem

Theorem.([10], [9]): Let o be an algebraic number different from the roots of (2% — 2)(22 — z +
1) ¢10(2)p10(1 — z). Then

h(a) > 0.2482474.
Furthemore, the smallest limit point of V = {h(a) : o € Q} is less than 0.25443678
Note that the smallest limit point of V is greater or equal than pu**(hyz). In fact, we have that
ue*s(hz) = inf{f € R: {a € Q/hz(a) < 0} is infinite }.

Therefore, if = is a limit point of V, there exists a sequence of algebraic numbers {«a;, }nen, such
that hz(ay,) — x. Therefore, for each ¢ > 0, there exists ny € N, such that if n > ng, then
|hz(an)—2z| < €. Then, we have that hz(ay,) < x+e for all n > ng, we conclude that p®**(hz) < z+e,
since € is arbitrary, we have that p®*(hz) < 2. We conclude that p**(hyz) is less than or equal to
the smallest limit point of V

In 2018 V. Flammang improved the lower bound.

Theorem.([12]):  If o is an algebraic integer different from the roots of (2% — 2)(2% — z +
1)p10(2)d10(1 — 2), then

h(c) > 0.248744.

These results show that 0.248744 < p®%(hy) < 0.25443678. In 2021 F. Ballay proved that the es-
sential minimum is equal to another quantity called the asymptotic minimal slope (see [2] definition
5.2), however there is no an effectively computable method yet to obtain the exact value of this
number.

1.2 Methods and main Results

In this work we consider heights attached to families of lines and obtain upper and lower bounds
for the essential minimum of these functions. Also we determine, in some cases, explicit intervals
where the image of the height function is dense. Our main tool to find upper bounds and inter-
vals of density, is a refinement of the classical Fekete-Szegd theorem due to Burgos Gil, Philippon,
Rivera-Letelier and Sombra ([7]). To obtain lower bounds we adapt the techniques used in [6] by J.
Burgos Gil, J. Rivera-Letelier and R. Menares to this specific case.



We consider the case in which X is a non-vertical line. Let a,b € Q, a # 0, we consider the subvari-
ety X = Loy = {(z,y) € C* : y = ax + b}, and we denote hq, = hy, ,. Note that the Zhang-Zagier
height, corresponds to the variety L_; 1, and hz = h_1,;. The reason why we study this case first
is because we apply a slightly different method which make the results and computations simpler.

Before proceeding, we introduce some notations. Let a,b € Q, we write K, the Galois closure
of Q(a)/Q and K, the Galois closure of the field generated by a and b over Q. We also write

G(a) =Gal(K,/Q), G(a,b) =Gal(K,,/Q), deg(a) = [Q(a) : Q] and Gal(a) = {c(a) : 0 € G(a)}.

Let 0 € G(a,b), we define, \I/;b:R%R,@:R%R,A:@x@%RandQ%b:R%R,givenby

1 [ o o(b)
o _ 1 + | ,i0 “\V) 1
a.b(t) 27?/0 g™ |e +U(a)+t‘d97 (1)
1 2 n 0
o) = 5= [ 10"+ las 2)
Ala,b)= ) > log"max(jo(a)l,lo®),) + Y log*o(a)l, (3)
P oeG(a,b) c€G(a,b)
prime
Qap(t) = Aa,b) +o(t) + D W7, (D). (4)
oc€G(a,b)

Now, we can state the following theorem

Theorem A: Leta, b€ Q andt € R. Then,

1% (hap) < Qap(t)
Furthermore, assume that one of the following properties holds
i) There exists og € G(a,b), such that, ||og(a)| — |oo(b)]| > 1.
i) There exists o9 € G(a,b), such that, ||oo(a)| — |oo(D)|| <1 and |oo(a)| + |oo(b)| < 1.
ili) The minimum value of hyp is only achieved in a finite set of algebraic numbers.
Then, there exists an effectively computable number K(a,b) > 0, such that
1655 (ha) > K(a,b)
(See section 4, definition 4.1.2 for the definition of K(a,b)).

We can compare the lower bound in Theorem A results with the results in [I8] by W. Schmidt and
the results in [3] by F. Beukers and D. Zagier which where generalized by C. Samuels in [I7]. These
works use a similar method. For instance, if we take a = 1 and b = 4, then our lower bound is
better than the one given by W. Schmidt or F. Beukers and D. Zagier, in our case the lower bound
is K(1,4) = log(3) and in the other cases is 1/52 and 0.090087 respectively. However, our method
fails for a = 0.5 and b = 1, and the lower bounds given by M. Schmidt or F. Beukers and D. Zagier
are positive. In the case of the Zhang-Zagier height, our lower bound is the same given by Zagier
in [22]

In order to construct intervals where the image of h, ; is dense, we need to restrict the values of a
and b to Q, also we need some definitions. Let a,b € Q, a # 0. If b # 0, we can write a = a;/as,
b = b1 /by and (a1,a2) =1, (b1,b2) = 1. We define S, = {p prime : plas V plb2}. If b = 0, then
Sa0 =S, = {p:plaz}. We also write s = |S, |, then S = {p; : 1 < i < s}. Using this notation, we
can define the function T'yp : R*T! — R



s

Fg,b(ﬂ?, 1,72, ...,7"3) = Zlog+ |Ti| + 10g+ max(‘ah’iriv |b|pz)
1=1

2

eiG 0

2 i b+a|ds.
r17r2...Ts

+ — + log™

+x
2w 0

rire...rs

Theorem B: Let a,b € Q. Then, for each x,r1,72,...,75s € R, the image of hqp is dense in the
interval [Cqp(z,r1,72,...,75),00), in particular

Mess(hmb) < Fa7b(’l}, T1,72, .y 7”‘5),
The following corollary is a direct consequence of Theorem A and Theorem B by setting ¢t = —1/2

Corollary C: Let hy be the Zhang-Zagier height. Then, the image of hy is dense in the interval
[0.31944909, c0). In particular

1% (hz) < 0.31944909.

This is also a direct consequence of Theorem 1 in [I5].

In 2003, P. Dresden proved that the image of hyz is dense in the interval [0.39678,00) (see [I1]),
our result is slightly better, however it is not clear that our intervals of density are better in all cases.

Note that Corollary C does not improve the upper bound given by C. Doche, however it gives
intervals where the image of hy is dense. The same way, Theorem B does not improve the upper
bound given in Theorem A, however, it does give intervals of density for a,b € Q.

For instance, if we take a = 1 and b = 2, we find that K(1,2) = log(v/3) and ©Q; 2(0) < 0.6461599
(see Theorem 2.9 and Corollary 3.9). Therefore, Theorem B gives us that, log(v/3) = 0.5493061... <
pe**(h12) < 0.6461599 and the image of hj o, is dense in the interval [0.6461599, co]. We can com-
pare this result with the one given in [23] by Zhang, we can see that our bounds are slightly better,
the lower bound and upper bound given by Zhang are 0.50146 and 0.680367 respectively. However
the result given by Zhang is more general and can be used in cases where our lower bound fails,
also the intervals of density can not be found by the method given by Zhang. In general, it is not
clear when our lower bounds and upper bounds are better than the ones given by Zhang, if we take
for instance ¢ = 0.1 and b = 1.01, we have that both bounds are worse, our lower bound is zero
because our method fails and our upper bound is greater than 1, meanwhile the lower bound given
by Zhang is positive and the upper bound is lower that 1 .

Let v € Mg, we denote by Q, the completion of Q at v. Let Q,, the algebraic closure of Q,, and

let C, denote the completion of Q,. It is well known that C, is algebraically closed, we also define
Dy(a,r) ={z€C, : |z — al|, <7}, sometimes we will write D,(0,1) = O,,.

Now, let ¢ € Q(), q(t) = q1(t)/q2(t), we write ¢q1(t) = ant™ + ... + a1t + ap and g2(t) = bpt™ + ... +
bit + bo. Let ¢,7 € Q(t) , we consider X, = {(¢(t),7(t)) € C? : t € C} and write hx,, = hq,. Let
0 € G(a1, ...,y b1, ooy b)) =: G(q), we call ¢,(t) = o(an)t™ + ... + o(a1)t + o(ag). We also denote
K, the Galois closure of the field generated by a1, ..., an, b1, ...., by, over Q. Now, we can define a
function W7 : R — R and two functions A : Q[t] = R and 9, : R — R, given by

1 27 .
W3(t) = o [ log™lan(e + 0)lds (5)
T Jo
A=Y Y tog* max((o(an)lpe-o lo(an)). (6)
pripme o€G(q)



Qur(t) = A@) +A() + Y g+ Y W), (7)

ceG(q) oeG(r)

Now, we can state the following theorem analogous to Theorem B
Theorem D: Let q,r € Q(t) and t € R. Then,
1% (hg,r) < Qg (1)
Furthermore, assume that q(t) =t, r(t) = at™+c, wheren € N, a,c € Q and there exists 0g € G(a,c)

such that |og(c)| — |oo(a)] > 1. Then, there exists an effectively computable number K(q,r) > 0,
such that.

1% (hg,r) = K(g, 7).
(See section 6, Definition 6.2.2, for the definition of K(q,r)).

Finally, let ¢, € Q[t], ¢(t) = ant™ + ... + ag and 7(t) = by, t™... + by, we consider S, = {p prime :

plagVplaiV..Vplan} = {p1,p2;, .-, s, }, Sr = {p prime : plboVp|b1V..Vp|byn } = {Ps, 11, Psyt2) s Psgts, )}

and Q* = {c € Q: ¢ > 0}. Then, we define I'y, : R x (Q1)%«*s» — R, given by

Sq Sq+sr
_ +
Curtoorars ) = 3 log" o W@y + 3 1og” ma boly
P i=sq+1 pl g

2m 60
+7/ log™ —&—x)‘—&-longr(e—&-x)‘dH.
rlr?"'TSquSr

Theorem E: Let q,7 € Q[t]. Then, for each x,71,72,...,75 45, € R, the image of hq, is dense in
the interval [Top(2, 71,72, ..y Ts 45, ), 00), in particular

( rra.. quJrsT

p’ess(hq,r) S qu(l',?"l,rg, "',rsq+sr)-

We will start in section 2 by giving a brief introduction to Berkovich spaces and capacity theory.
Secondly in section 3 we will begin to study lines by determining upper bounds for the essential
minimum. Then, in section 4 we will continue the case of lines, compute lower bounds and prove
Theorem A using the methods outlined in [6]. In section 5 we will determine intervals of density
for the image of h, for a,b € Q and prove Theorem B. Finally in section 6 we will compute upper
bounds, lower bounds and intervals of density for the essential minimum of A, ,, where ¢, € Q[
and prove Theorem D and Theorem E.



2 Capacity theory
2.1 Classical Capacity theory

In this section we will give a brief review about the classical Capacity theory, all the definitions and
notations have been taken from [16].

Let D C R™, n € N equipped with the induced topology, and let C2(D, R) the space of all continuous
functions with compact support over D. A Radon measure over D is a continuous linear functional
in CO(D,R). If p is a Radon measure over D and f € C?(D,R) is a continuous function with
compact support, we use the functional notation u(f) as well as the integral notation

u(f) = /D fdp = /D F(@)du(z).

A positive measure is a Radon measure u such that for all f € CO(D,R) with f(z) >0, Vz € D, we
have p(f) > 0.

If D is a compact set and p is a Radon measure, we define the mass of u by

u(D) = [ (s

Let D be a compact set, a probability measure in D is a positive Radon measure p such that
w(D) = 1. The set of all probability measures in D is denoted by M (D).

Now, let E C C a compact set, we define the energy integral of u by Ig : M(D) — R, given by

1
1ow) = [ [ tow g autz)dn(t)

The Robin constant of a compact set £ C C is defined by

Vg = inf T
w= A ()

Finally, we define the capacity of E by
Cap(E) =e V®

It is well known that the value of Vg is achieved at a measure p € M(E). Furthermore, if
Cap(E) > 0, then this measure is unique and it is denoted by pp, we call this the equilibrium
measure of E.

2.2 The Berkovich unit disk

Now, we will give a brief review about the Berkovich unit disc, all the definitions and notations have
been taken from [I]. Let v € Mg be a nonarchimedean place. We define A, = C,(t), the ring of
all power series with coefficients in C,,, converging on D, (0,1). That is, A, is the ring of all power
series f(t) = >0 ait’ € K[[t]], such that lim;_, |a;|, = 0. Equipped with the Gauss norm [|.||,
defined by || f||» = max;(|a;|»), A, becomes a Banach algebra over C,

Definition 2.1 : A multiplicative seminorm (m.s) on A, is a function [.]g : A, = Rx>o such that
0], =0, 1], =1, [fg]le = [flzl9le and [f+gls < [fla+ (9], for all f,g € A,. It is a norm provided
that [f]z =0 if and only if f =0

A m.s [ ], is called bounded if there is a constant C,, such that [f], < C.||f]|v, for all f € A,



Definition 2.2 : The Berkovich unit disk D,(0,1) is the set of all bounded m.s on A,

We will write = € D,(0,1) instead of [.],. We denote (gauss = ||-||v, the Gauss’s norm. Note that
Cgauss € D(0,1), furthermore, for all z € D,(0,1) and all f € Ay, [f]. < [f]

CGauss *

The topology on D, (0,1) is taken to be the Gelfand topology, it is the weakest topology such that
for all f € A, and a € R, the sets

U(f,a) ={z € Dy(0,1) : [flo < a}
V(f,a) ={x € Dy(0,1) : [f]l. > a}

are open. This topology makes D,(0,1) into a compact Hausdorff space. For each E, C D,(0,1), we
call E,, the closure of E, under this topology. The space D, (0, 1) is connected and path-connected.

Let a € D,(0,1), we can define the evaluation seminorm

It is clear that [f], is a m.s, so we can identify elements in a € D,,(0,1) with elements in D, (0,1)
through the map I : D, (0,1) — D,(0,1), I(a) = [fls. Also, for each subdisc Dy(a,r) C D,(0,1),
we have the supremum norm

[f]DU(a,'r) = sup |f(z)|v
z€D, (a,r)

Since |.|, is a non-archimedean absolute value, then this norm is multiplicative. More generally, for
any decreasing sequence of discs © = {D,(a;,7;)}i>1, one can consider the limit seminorm

[fle = im [f]p, (@)

1—00

Every z € D,(0,1) can be realized in this form (See [I] Theorem 1.2). Moreover, we have the
Berkovich classification theorem, which says that every « € D, (0, 1) is one of the following types

Type I: 2z =[], a € D,(0,1) (classical points)
Type Il : 2 = [|p, (a,r) @ € Dy(0,1) and r € |C}| the value group of C, (rational points)
Type Il : x = []p, (a,r) @ € Dy(0,1) and r ¢ |C}| (irrational points)

Type IV : z is a point corresponding to the sequence {D,(a;,;)}i>1 with empty intersection (nec-
essarily limr; > 0).

Points of type I and points of type II are dense in D, (0,1) (See [I] Lemma 1.7 and Lemma 1.8).

Let 2,y € D,(0,1), we say that « < y if [f], < [f], for all f € C,(t). We have that (D,(0, 1), <)
is a partially ordered set and (gauss is the unique maximal point with respect this partial order.
Let D,(a;,r;) and D,(a},r;) be two strictly decreasing sequences of discs corresponding to x and

17"

y, respectively. Then z < y if and only if for each natural number k there exist m,n > k such that
Dv(am; Tm) g Du(a/na T;l)

Let (T, <) be a partially ordered set satisfying the following two axioms:

(P1) T has a unique maximal element ¢ called the root of T.
(P2) For each z € T, the set S, = {z € T : z > x} is totally ordered.

10



We say that T' is a parametrized rooted tree if there is a function o : T' — R>g, such that:

(P4) a(C) = 0.
(P2) « is order-reversing, in the sense that z < y implies a(x) > a(y).
(P2) The restriction of a to any full totally ordered subset of T' gives a bijection onto a real interval.

Let diam : D, (0,1) — R>¢ be the function defined in the following way, if € D, (0, 1) corresponds
to a sequence of nested discs {D,(a;,7;)} and r = lim;_, o 74, then diam(xz) = r. It can be proved
that (D,(0,1), =) provided with the function « : D, (0,1) — R>¢ given by a(z) = 1 — diam(x), is a
parametrized rooted tree. Moreover, let z,y € D,(0,1), we can define z V y to be the unique point
belonging to

Sy Na™t < sup a(z))
z€SyNS,

We have that z < 2 Vy, y = « Vy, and that if z € D,(0,1) is any point with z < z and y < z,
then z Vy < 2. We call x V y the least upper bound of  and y. Now we can define the metric
d:D,(0,1) > R

d(z,y) = 2diam(z V y) — diam(x) — diam(y)

2.3 Capacity on the Berkovich unit disc

The metric d defied in the previous section makes D,(0, 1) into a metric space such that for any two
points z,y € D,(0,1) there is a unique arc [z,y] = {z € D,(0,1) : z <z Xz Vy}U{z € D,(0,1) :
y =z 2 xVy}in D,(0,1) joining x to y, and this arc is a geodesic segment. We also have that
D,(0,1) is uniquely path-connected. Let z,y € D,(0, 1), we define the function 6 : D, (0,1)? — Rxg
given by

0(z,y) = diam(z V y).
If 2 corresponds to a sequence of nested discs {D,(a;,7;)} and y {D,(b;, ;) }, then
d(z,y) = lim max(r;, s;,|a; — b;l).
n—oo

Given a probability measure v with support contained in E, C D,(0,1), define the energy integral

[EU(V)://E . —log é(z,y)dv(x)dv(y).

let v vary over probability measures with support contained in F, and define the Robin constant

V(E,) = inf Ip, (v)

Finally, we define the capacity of E
Cap(B,) = e~V (F)
It is well known that Cap(D,(0,1)) = 1 and it is achieved when v = ¢, .., this is, the linear

functional such that for every polynomial f, we have v(f)(Cgauss) = sup |f(2)|p.
‘Z|p§1

All previous results are extensible to any disc D, (a,r), with a,b € R, the results are analogous.

11



3 Upper Bounds
3.1 Main tools

Our purpose is to give a good upper bound for the essential minimum of each element in the family
of heights {ha}, peg- Since the case a = 0 is trivial, we will assume henceforth a # 0.

Let p be a prime and let |.|, be the standard p—adic value on Q,. It is well known that |.|,

can be uniquely extended to Q,. We fix an embedding to : Q — Q,, and for a € Q, we define
||y = Jeo()|p. Before proceeding, we need the following lemmas.

Lemma 3.1.1: Let o € Q, and K number field containing o, which is a Galois extension. Then

1
hia) = E.Q Z Z log™t lo(a)l, + Z log" |o(a)| .
’ pripme o€Gal(K/Q) o€Gal(K/Q)

Proof: Using [4], Corollary 1.3.5 and its proof, we have that, for each place v € M, there exists
a o € Gal(K/Q) and a place |.|,, of Q, such that |.|, = |.| o o, this proves the lemma. O

Now, we define the function U? : Q — R, given by

1 o(b)
Ufl’a: log+ﬂ+‘.
©)= Gt , 2 (0
oc€G(a,b)

Let a,b € Q, a # 0, we recall the definition of A(a,b) given in section 1 (3)

Alab)= Y > log" max(jo(a)ly o)) + Y log"o(a)l.

P b b
prime c€G(a,b) oce€G(a,b)

Lemma 3.1.2: Let a,b € Q and o € Z, then
h(ac+b) < Ul(a) + A(a, b).

Proof: We consider K the Galois closure of the field generated by a, b and «. It is clear that
K, C K, C K and deg(a) < [K, : Q] < [K : Q]. Then, using Lemma 3.1.1, we have that

1
h(aa + b) = %0 > Y logtlo(aa+b),+ > log"|o(aa +b)|
[ - Q) prf’meoEGal(K/Q) oeGal(K/Q)
1 1
< o> gt o)) +o®)l, | + = | Y. log"lo(a)d(a)+o(b)]
(K : Q) (Ko : Q)
P 5eG(w) 5eG(a)
PrMe 5 G(a,b) c€G(a,b)

In the last inequality we have used that [K, : Q] < [K : Q] and that the number of elements
in Gal(K/Q) is less than or equal to the number of pairs (o,d), with ¢ € G(a) and 0 € G(a,b).

Using the fact that a € Z, we conclude that for every p prime, o € G(a,b) and ¢ € G(«), we have
lo(a)d(a) + a(b)], < max(|o(a)lp,|o(b)]p). Therefore
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1
hlaa+b) < Y > log" max(|o(a)l, |o(b)]p) + )] D> log"lo(a)| +logT |5(a) + ==
P geG(ab) @ 5€G(a)
prime o€G(a,b)
1 o(b)
< A(a,b) + Z log™ [0(a) +
Ko Q5257 o(a)
oceG(a,b)
1 o(b)
= A(a,b) + Z log™ ‘
deg(a) , &= ) o(a)
c€G(a,b)
=Ul(a) + Ala,b).
This concludes the proof of the lemma. O

Let z € C, E C C a compact set, and r > 0, we define d(z, E) = inf,cp |z — al, and B(E,r) = {z €
C:d(z,E) <r}.

Let E = {aj,as,...,a;} C C a finite set, we define the probability measure §(F) : C?(E,R) — R, by
k

1

= 2 Jlan)
Now, we can set the following proposition
Proposition 3.1.3: Let E C C a compact set with Cap(E) =1 and invariant under complex con-
jugation, then, there exists a sequence of algebraic integers {aun }nen, such that Gal(ow,) C B (E, L),
and

§(Gal(an)) —= up.

Proof: Using [7], Proposition 7.4 and Proposition 7.3, with E|| = E and E|, = O, = {2 € C,
|z|, < 1}, we conclude the proof. O

Proposition 3.1.4: Let a,b € Q, and a # 0. Then, for each t € R we have that
,uess(ha,b) < Qa,b(t)-

Here, Qg is the function defined in (4) given by

Qo p(t) = Aa,b) + p(t Z / 7rlog

UEG(a b)

o0 1+ 20) t’ do.
o(a)
Proof: By Lemma 3.1.2, given o € Z, we have that

hap(a) = h(a) + h(aa + b),
< h(a) + Ug(a) + A(a, b) =: nap().

For Proposition 3.1.3, given F C C, a compact set with Cap(E)f 1 and invariant under complex
conjugation, there exists a sequence of algebraic integers o, € Z, such that Gal(a,,) C B (E, L)
and

13
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h(an) + UL (au) 2 /10g+ |z| dpg(x Z /log

oEG(a b)

Z))’dME( ) =t Mg.

Therefore

ha,b(an) < na,b(an) n:; A(a, b) + Mg =: Jg.

We claim that Jg < oo. In fact, we have that the only possible unbounded term in the definition
could be Mg. Let the functions, f : R — R, and for each ¢ € G(a,b) the function g, : R — R,
be defined by f(t) = log™ |t| and g, (t) = log™ |t + ¢(b)/o(a)|. These functions are continuous and
E is a compact set, therefore, Mg < co. Since Jg < 0o, the sequence {h(ay,)}nen is bounded, we
conclude that there is a subsequence which is convergent, we call it {8, }nen-

If hap(Bn) —> Z, then, by definition of limit, given ¢ > 0 the set {3, € Z : hap(B,) < Z + €} is
n—o0

infinite, therefore for every e > 0 we have pu®®(hyp) < Z +¢. Taking € — 0 we get p°**(hqyp) < Z.
Since Z < Jg, we conclude that u®**(h,) < Jg. Given t € R we use E = S; = S; + ¢, where

S1 ={z € C: |z| = 1}. Then, pg, is the natural translation of the measure pg, = 22. We deduce
that

pe (hap) < Js, = Qap(t).

This concludes the proof of the proposition. O

Let a,b € Q, a # 0, then

Qap(t) = Ala,b) + ¢(t) + [t +b/a). (8)

We want to find a point for which €, ; achieves its minimum value and compute a power series for
Q. at that point. Before proceeding, we will prove the following two lemmas

Lemma 3.1.5: The function ¢ satisfies the following properties
i) For eacht € R, ¢(t) = p(—t),
ii) for [t| > 2, p(t) = log [t|.

Proof: Let t € R, we have

1 2w . 1 2w
p(—t) = 7/ log* [e" —t|do = / log™ [0 +t‘ do
2T 0 2T 0

3 3
:%/ log™ [ +1[df = o ! ( 1og+yei9+t|d9+/ 1og+\e“"+tyd9)
™ 2

2m
:i (/ log+‘ei9+t’d9+/ log+’ew—|—t|d9>
27T P 0

2m

= — log* ’em—kt‘dezgo(t).
2m

This proves (i). Now, if |t| > 2, then for each 6§ € R, [e? +¢| > |1 — |t|| = |t| — 1 > 1, hence,
log™ | +t| = log e + t|, we conclude that

14



Il
¥
Juy)

)
N\
S—

[ v}
3
—
o
[0S}
—~
~
|
o
.
)
S—
joH
>
~_

I Il
—
2 ¥
o9
= o
— o
/N
[N
3
~.
S| =
—
(o}
o
—
~
=
~_

This proves (ii). O

Lemma 3.1.6: Let f : Q = R, 7,6 € Q and vy # 0, define f° : Q — R by f7(a) = f(ya +96),
then

pES() = S (1)

Proof: In fact, if p®*(f) = A, then there exist a sequence {a,}, .y € Q such that f(a,) — A.
Let 3, = (a, — 6)/v € Q, then f9(8,) = f(an) — A, therefore u*(f7%) < p**(f). Using the
fact that 1/, —0 € @* and the same argument, we can show the other inequality and the lemma is
proved. O

Corollary 3.1.7: Let a,b € Q, then

#ess(hmb) — Ness(h\a|,|b\)-
Proof: We have that h_, (o) = h(a) + h(—aa +b) = h(—a) + h(a(—a) + b) = hqp(—a). Using
Lemma 3.1.6 with v+ = —1 and § = 0, we conclude that p®**(h_sp) = p°**(hep). We also note
that he,_p(a) = h(a) + hlaa —b) = h(—a) + h(—aa +b) = h_qp() = hep(—a). Hence, we have

e (h_ap) = po°°(he —p) = 1°°*(hq,p). Combining this two equalities we can conclude all the oth-
ers, this completes the proof of the corollary. O

3.2 Explicit upper bounds
Let ¢ € R, we define the function e.(n,t) : N x R — C, given by

ec(n,t) = / (eie — eit)ndf) ;

Expanding the binomial and integrating, we get

n—1
; 1 n X . . )
= (—=1)" _ itn 1 k¢ im(n—k)+itk _ _ic(n—k)+itk )
o) = e+ 3 ot (1) e ‘ )

Using this notation, we have the following proposition.
Proposition 3.2.1: Let a,b € Q with ¢ > 0 and b > 0.

i) If b=0, then
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Qa,O(O) - h(a)
ii) If0 <b/a < 4, then

b 2 b T, > 2a)"
Qa,b (_> = A(a, b) + —Re log ( —e' 2 b) (7T - aa,b) - Z ( a)w+a Y n@aayb (na
2a & 2a n=17n (b — 2qei—=" )

Where o, = arctan (7”6‘22_1’2) and log is the main branch of the logarithm.

iii) Ifb/a >4, then
b
Qb (0) = A(a,b) + log (a>.

Proof: If b = 0, using (8) and ¢(0)=0, we get that Q,;,(0) = h(a). Now, assume 0 < b/a < 4. Using
(4) and Lemma 3.1.5 (i), we have

Q. (-2 = A(a,b) + 2 b A(m+1/%m+
a,b %2 - a, 4 %2 - a, T Jo 2

Let oy be the argument of the complex number given by the intersection of the two circumferences
SZL and S; in the first quadrant. Then, we have that log™ |% — ei9| > 0 if and only if g < 0 <
2T — agqp. Since the circle is symmetric we have that

b 1 2T —aq b
Q —— | =A — 1
a,b ( 2(L> (CL, b) + T / 0g

Qg b

o1 de

2a

™

2
df = A(a,b) + 7/ log
7

Qg b

Db
2a

o0
2a

do.  (9)

The intersection between the circles in the first quadrant occur when 22+y? = 1, (z—b/a)?+y* = 1,
x> 0 and y > 0. Solving these two equations, we obtain x = b/4a and y = v/16a? — b?/4a. There-

fore aqp = arctan(z/y) = arctan (7”6(224’2).
Let f: C\ [%,—i—oo) — C, defined by f(z) = log (% — z), where log is the main branch of the
LTHag A 3
logarithm, then the power series of f around z = e¢*~ 2 - , is given by
mogp —(2a)™ Ttagp

f<z>=1og(2l;—ew)+i 20" (z-em)"
n=1"n

b—2ae*—z

The convergence radius of this series is

1 . 2na 2a
; = HILII;O _7r+o¢a‘b = -Tr+0‘a,b k)
(n—l—l)(b—2aeZ 2 ) ‘b—2ael 3 ’
b i“"’o‘a,b
= |— — p)
2a €

On the other hand, we have

df = Re (/ log (b — ew) d9>
Qap 2a

i b iﬂ+aa,b e 7(2[1)“ i0 i"+aa,b n
= Re /Oéa’blog <2ae 2 >+Z Tag\ T (6 —e 2 ) do

n=1"m (b— 2ae' = )
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™

) . a,b . .
el — et ‘ for 0 € [agp, ] is achieved when 6 = m, therefore for
0 € [ag,p, T, we have
0 W+aa b T rYab
e? — et ‘1 +e' 2

Note that 0 < aqp < 7/2, therefore /2 < (7 + qp)/2 < 3w/4, it follows that

2 a
7% < cos (WJFQOH’) < 0.

From this last equation, we conclude that

1r+(ya b mtag

‘1+e 7

b ,L»‘”+D‘a,b
— — e P}
2a

Since the convergence is uniform we can exchange the integral with the series and we get obtain

620 _ ¢t

<

=r. (10)

b 2 b ;% T+ Qg p
Qap (2a> = A(a,b) + ;Re log <2a —e' 2 > — Qg p) Z:: (b o +Z“ b)nsau‘b <n, 2>

On the other hand, if |b/a] > 4, then |b/a] > 2, using (ii) from lemma 3.1.5, we conclude that,
Qu.5(0) = A(a, b) + ¢(0) + ¢(b/a) = A(a,b) +log(b/a), this completes the proof of the proposition.
O

Using Proposition 3.1.4 and Proposition 3.2.1, we can prove the following theorem
Theorem 3.2.2: Let a,b € Q. If b =0, we have that

1% (ha,0) < Qaj0 (0) = h(a).
For |b/a| = 1, we have that

155 (hap) < Qapp (—3) < Ala, b) + 0.3194490869562.

For |b/a| = 2,

15 (ha ) < Qapp (—1) < A(a, b) + 0.6461598436469.
For |b/a| = 3,

1% (hap) < Qiappp) (—3) < A(a, b) + 0.9909205628144.
For |b/a| > 4,

b
/,Less(ha,b) < Q|a|’\b| (0) = A(a; b) + log (a> .

Proof: Using Corollary 3.1.7, we can assume that @ > 0 and b > 0. Assume first that, b/a = 1. Let

20
2 1 rtoas 2" T+ Qap
T = ;Re log (2 —e' T2 ) (m— qap) — Z e (n, 2)
n=1"n (1 —2e'7 =z )

=0.3194345111561... < 0.3194345111562.
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Let Ry = Qg ( %) T1 — A(a,b). Using Proposition 3.2.1, we have that
2 > on 0 . mtagp (T
|R1|S*Z — n/ el _ gi—s" b 20
T o= 21n‘1—2672 Qa,b
L Ttag
Note that, since b/a = 1, we have a4 = arctan(v/15), therefore 1—261%' = 5+ 6.
. ,7r+aa
Moreover, using (10), we conclude that, for each 6 € [agp, 7], ¥ — €’ : <4/2 —y/ 5, therefore

n
oo

2 2" 3
R < — E e — 2\/7 — ayg,
= Tooin ( 5+ \/6) 2 (7 = )

’/T*Otab > 1 3
- Yl 2y

n=21

n

o0
Using the fact that, for |a| < 1 Za— —log(1 — a), we obtain
—n
20 "
2Ar — g P 3 1 P 3
|R1|SM —log [1- [ ——= [{/2—4/= _Zf 2 |i/2_,/2
s 5+\/6 2 nzln 5+\/6 2

0.0000145757...
< 0.0000145758.

Therefore, since Q,(—1/2) > 0, we have

1 1
o (-3) =20 (+3)

< A(a,b) + |T1| + |R1| = A(a, b) + 0.3194490869562.

=[A(a,b) + Ty + R

Taking ¢ = —1/2 in Proposition 3.1.4, we conclude the case |b/a| = 1. For |b/a| = 2, we only need
to expand the series given by Proposition 3.2.1 until 15 terms, then, taking ¢ = —1 in Proposition
3.1.4, we obtain the upper bound required. For |b/a| = 3, the process is exactly the same but we
only need to expand the series until 7 terms and take ¢ = —3/2 in Proposition 3.1.4. Finally, the
cases |[b/a| > 4 and b = 0 follow directly from Proposition 3.2.1 This completes the proof of the
theorem. O

3.3 The case Q[i]

Theorem 3.2.2 gives us rigorous upper bounds for specific values of |b/a|. For instance, if we take
a ="T7/15, b =250/36, then b/a > 4. Therefore

1 (hgp) < logh +log9 + log4 + log(7/15) + log(3750/252) = log(1250).
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If we take the Zhang-Zagier height hz = hy _1, we have |b/a| = 1, therefore, Theorem 3.8 gives us
the upper bound

11°%% (hz) < 0.31944909.

Other cases like |b/a| = 1/2 must be treated individually using Proposition 3.2.1
Assume now that a,b € Q[i] \ Q, we can prove the following theorem

Theorem 3.3.1: Let a,b € Q[i] \ Q, then

1 (hay) < Ala,b) +go< (Z))w@(lm(z)).

Proof: Using Proposition 3.1.4, we obtain that °%%(h ) is less or equal than

uol) = Aab) + 6l0) + 5= [ log*

b o b
1‘9++t'—|—log+ ele—i——l-t‘de.
a a

Since

b 2
e 4+ — + t‘ df = log™
a 0
] b 2
619++t’d9: log™
a 0

) B 27
e’e—i-—i-t‘d@:/ log™
a 0

0
= / log™
—27

2
/ log™
0

b
e"9++t‘d0
a

b
e19++t’d9.
a

We conclude that

1 27
Qup(t) = Aa,b) + o(t) + 2 (/ log™
27T 0

ei9+b+t’d9).
a

Now, we evaluate the function at t = —Re(b/a)
b b 1 . b
Qap (—Re ()) =2loglal + ¢ (—Re ()) +2 </ log™ e + iIm <> ‘ d@) .
a a 2m Jo a
Note that

) an b 27+3m/2 ) b
eO+F) 4 Im () df = / log™ [e® + Im () ‘ de
a 37/2 a

21 b 27 +3m/2 ) b
:/ log™ +Im< )‘d@—&-/ log™ ew—i—Im()‘dG
37/2 27 a
27 ) b 37/2 ) b b
= / log™ |e? + Im <) ‘ do +/ log™ | 4 iIm <> ‘ do = 271y (Im ()) .
37/2 a 0 a a

Finally, using Lemma 3.1.5, we conclude the theorem. O

27 ] b 27
/ log™ (e + iIm <) ‘ db = / log™
0 a 0

Remark: The specific values of t used in the various applications of Proposition 3.1.4, were sug-
gested by numerical experiments.

19



4 Lower Bounds

4.1 The method to obtain lower bounds

In this section we will compute lower bounds for u®*(h,y) for a,b € Q and a # 0. We use the
method described in [6] section 2.2, [3] and [18]. For every o € G(a,b), we consider the real-valued
functions g, fy, G5, given by

9o (2) =log™ |2| + log™ |o(a)z + o (b)),
1
o(a)z + o(b)
o(a) +o(b)z .

fo(z) = log™ |z| + log™

b

Gy(2) =log" |z| + log™

We have that these functions go to oo when |z| — co. Furthermore, f, — oo when z — —o(b)/o(a)
and G, — oo when z — 0, and they are continuous elsewhere, so they attain their minimum
values. We denote by min(g, ), min(f,) and min(G,), the minimum value of each of these functions
respectively. Then, we define gmi® = ZaEG(a,b) min(gy), f™° = Zaeg(%b) min(f,) and G™" =
> 0cG(ap) MN(Go). Finally, we define

1 ) . .
L(a,b) = Koy Ol max{g™", M, G™"}.

Assume now that the minimum value of h,; is achieved only at a finite non empty set of al-
gebraic numbers. Let ag,aq, ...,y be the algebraic numbers where h,; is equal to the mini-
mum. We consider {fi, f2, ..., fr} a set monic irreducible polynomials with rational coefficients,
such that their combined roots are {ai,as,...,ax}. Now, let Ay, Ay, ..., A, € R>( be such that,

Ay deg(f1)As deg(f2)... A, deg(f) < 2 and for every o € @\Ule Gal(«;), and every non-archimedean
place v in Mg, we have

log* |al, 4+ log™ |aa + b], > ZAi log | fi(a)],- (11)
i=1
We call P the set of all (A1, Aa, ..., A,) € R", such that these conditions hold. Since (0,0,0,...,0) €
P, we have that P # 0.

Lemma 4.1.1: The set P defined before is bounded

Proof:  Firstly, we have that A; > 0, therefore each A; is bounded from below. We fix vy € Mg

and consider o € Q \ Ule Gal(e;), such that, log" |aa + b|,, = log|acl,, and for each 1 < i < r,
|fi(@)]y = @8], > 1. Therefore, from (11) we have log|aa?|,, > >.i_, A;log|ades(f)], >
Ailog |ades(f)|, = log|ades(f)Ae|, for each ¢ € {1,2,...,r}. For |al,, large enough, this equality
holds only if A; < 2/deg(f;). This completes the proof of the lemma. O

Now, for each 0 € G(a,b) we define the real valued function g4, . 4, . by

9ar...A,0(2) =logT |z| +log™ |o(a)z + o (b)] — ZAi log | fi(2)].

i=1

Since A; > 0 for each i € {1,2,...,r}, and A; deg(f1)Azdeg(f2)...Ar deg(fr) < 2, we have that

k s .
9As,...,Ap,c — 00 when |z| = oo or z — z, where z € |J,_; Gal(a;), and it is continuous elsewhere,
so it attains its minimum value. Now, we consider the function H, : P — R, given by
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We define

7(a,b) = sup Z H,(Aq, ..., A).

[Kap: Q] (a,,...4)eP reGlad)

Definition 4.1.2: Let a,b € Q. If the minimum value of h, is achieved only at a finite set of
algebraic numbers, we define K(a,b) = 7(a,b). Otherwise K(a,b) = L(a,b)

Now, we can state the following theorem.
Theorem 4.1.3: Let a,b € Q with a # 0. Then,
15 (hap) > L(a,b).

Moreover, if the minimum value is achieved only at a finite non empty set of algebraic numbers,
then

1% (hap) = 7(a, b).

Before proving the theorem we need the following lemma

Lemma 4.1.4: Let f : Q — R. Define fi": Q — R by fi"(a) = f(1/a). Then
BES() = S (),

Proof: We write, u**(f) = M. Then, there exists a sequence of distinct algebraic numbers {7, }nen
such that f(v,) — M. In particular, we may assume ~,, # 0 for all n € N. Then {8, }nen given by
Bn = 1/, is a sequence of algebraic numbers, and f(3,) = f(vn) — M, therefore u*(f") < M.
The other inequality is similar. O

Proof of Theorem 4.1.3: Let K/Q be a Galois extension such that a,b,a € K. If v € Mk extends
v € Mg we will write v|v. Note that

1
hap(a) = wQ Z Z log™ |, +log™ aa + b, + Zlog+ lal, +log™ |aa +b|,
' p v, vl
1
> ——— % log" |al, +log" |ac + b,
70 2-
1
=K. Q > Y. log"|r(a)| +log" fo(a)T(er) + o (b)]
" 0€G(a,b) TEGal(K\Q)
Tlo
1
> inf g,
@, 22,
_ gmin.

Therefore, g™ < hg () for all a, we conclude that g™™ < u®%(h,y). Similarly, we can con-
clude that f™n < ;°%(h,;). In fact, we can consider the real-valued function j,p, given by
Jap(e) = h(a) + h(1/(acc + b)). Since h(a) = h(1/a), we have j,p = hgp. However, the
Archimedean parts of them are different, so, we can use the same inequalities as before and con-
clude that fm™n < ;%(j, ) = p®*(hayp). Finally, let the real valued function n,p, be given by
nap(a) = h(a) + h((a + ba)/a) = hi’fb. Using Lemma 4.1.4 and the same method used before, we
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conclude that G™ < 5% (n, ;) = p%(hi"%) = u®*(hayp). Therefore, L£(a,b) < pu®*(hap).

a!

Assume now that the minimum value of h, is achieved only at a finite set {a1, @z, ..,ax}. Let o €
@\Uf:1 Gal(a;) and A;, Ag, ..., A, € P. The product formula gives us that for each i € {1,2,...,7},

we have

Z A;log|fi(a)], =0

veEMgk

Therefore

vl

10g+ o, + log™ ac + bl — ZA log | fi(a)[v

1=1

( > log™ fal, +log™ laa +b], — D Ailog | fi(a)l
=1

Zlog |al, +log™ aa + b, — ZA log | fi(a)]w

vl =1

oc€G(a,b) T€Gal(K/Q)
T|o

1
> LS H (4 A A,
[Ka,b ’ Q] c€G(a,b)

Since the last inequality holds for all (Aj, Ag, ..., A;;) € P, we have that

1
hap(a) > ——= sup H,(Aq, As, .., AL
[(Kap: Q] (a,,4,,...4)eP Ueg(;l’b)
= 7(a,b).

Since the last inequality holds for all o except finitely many, we conclude that 7(a,b) < p®*(hep).
U

Corollary 4.1.5: Let a,b € Q with a # 0. Then,
w5 (hap) > K(a,b).

Proof: This is a direct consequence of Theorem 4.1.4. O

4.2 Specific cases

The following observation will be useful to compute lower bounds. Since ga,,... 4, is harmonic
off the two sets |z] = 1 and |o(a)z + o(b)| = 1, then the minimum is achieved only on these sets.
The same happens with f, and g,. For G, the function is harmonic off the two sets |z| = 1 and
|(c(a)+o(b)z)/z] = 1, therefore the minimum is achieved on these sets. Now we are ready to prove
the following proposition
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Proposition 4.2.1: Let a,b € Q with a # 0. Assume that, there exists oo € G(a,b), such that
loo(b)| — |oo(a)] > 1. Then

1 . — |0ola o) M ess
mmm (10g(00(b) loo(a)]),1 g( o0 >> < 1% (hasy).

Proof: Consider the function
Joo(2) =log™ |2| +log™ |00 (a)z + oo (b)]-

Firstly, we consider z = ¢, with 0 < 6 < 2m, arg(o¢(a)) = v and arg(oo(b)) = B, note that
loo(a)e?® + ao(b)| > 1, so we have

9oo(€) = log |00 (a)e™ + oo(b)]

1
= 5 log(loo(a)l” + |oo(®)[* + 20 (B)l|oo(a)| cos(0 + 7 = B)).
The minimum value is achieved when cos(f + v — ) = —1, and the minimum value is log(|oo(b)]
|

|oo(a)|). On the other hand, note that (|og(b)| — 1)/|oo(a)| > 1, therefore, |e¥ — oq(b)|/|oo(a)| > 1.
We conclude that
e — o¢(b) ‘

oo <w> Ry

0'()(0,)
1 o loo(b)|? + 1 — 2|og(b)| cos(6 — B)
= gos [oo(a) )

The minimum is achieved when 6 = 3, and its value is log((|oo(b)| — 1|)/|oo(a)]). Since, L(a,b) >
min gy, /[Ka,b : Q], using Theorem 4.1.3 we conclude the proof of the proposition. O

Proposition 4.2.2: Let a,b € Q, b # 0. Assume that there exist oy € G(a,b), such that, |og(a)| —

loo(b)] > 1. Then
! IUO(Q)| ess
[Ka,b : Q} log <|0’0(b)| —+ 1> = H (ha,b)o

Proof: we consider

oo(a) + oo(b)z .

Gy, (2) = log™ |z| + log™ ;

Let’s consider, z = €, and let arg(oo(a)) = v and arg(og(b)) = B. Since |g(a)e’® + ao(b)| > 1,
Goy(e") = log|oo(b)e + ao(a)]
1
= 5 log(loo(a)|” + |oo(B)[* + 2loo(b)l|oo(a)| cos(8 + B — 7)),

The minimum value is achieved when cos(f 4 —) = —1, an the value is log(|oo(a)| — |oo(b)]). On
the other hand, note that |og(a)|/(|oo(b)| + 1) > 1, therefore, |oo(a)|/|e?? — oo (b)| > 1. We conclude
that
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U()(CL)
e — o (b)
_ L iog ((lo0@) +1 = 2]o0(b)| cos(6 - 5)
= 21 g( ENOE )

The minimum is achieved when cos(f— ) = —1, and its value is log(|og(a)|/(Joo(b)|+1)). Note that,
since |og(a)| —|oo(b)| > 1, it is not hard to prove that |og(a)| —|oo(b)| > |oo(a)|/(|oo(b)|+1). Since,
L(a,b) > G™" > [K,;/Q] min G,,, using Theorem 4.1.3 we conclude the proof of the proposition. [J

Proposition 4.2.3: Let a,b € Q, a # 0, b # 0. Assume that, there exist oo € G(a,b), such that,
0 <|loo(a)] = |oo(d)]| <1 and |og(a)| + |oo(b)] < 1. Then

1y <1
[Kap:Q] 2 \Joo(a)] + [o0(0)]

Proof: In this case, we consider

) < ’uess<ha’b>.

foo(2) =log™ 2] + log™

1
o0(a)z + ao(b) ‘
If 2 = €% then 1/|og(a)z + ao(b)| > 1, therefore

foo(€¥) = log

CoEETT0]
oo(a)e?? + aq(b) |

The minimum value is log(1/||oo(a)| + |o0(b)|]), now, assume z = (1 — ao(b)e’)/(o0(a)e™), we note
that [(1 — oo (b)e?)/(oo(a)e’?)| > (1 — |og(b)])/|oo(a)| > 1, therefore

foo (1_0-0(bggel9> = log

1 — oo(b)e®
oo(a)e '

oo(a)et?

The minimum value is log((1 — |og(b)])/|oo(a)|). Since |og(a)| + |oo(b)| < 1, it is not hard to prove
that (1 — |oo(b)])/|oo(a)] > 1/(Joo(a)| + |oo(b)]) , we conclude that the minimum value of f, is
log(1/(loo(a)| + |oo(d)])). Since, L(a,b) > f™» > [K,,/Q]min f,,, using Theorem 4.1.3 we con-
clude the proof of the proposition. a

4.3 Examples

Proof of Theorem A: Propositions 4.2.1, 4.2.2 and 4.2.3 give us non zero lower bounds for the cases
a,b € Q, such that there exists o9 € G(a,b), such that ||og(a)| — |oo(b)|| > 1, b # 0, or the cases
where ||og(a)| — |oo(b)|] < 1 and |og(a)| + |oo(b)| < 1. Using Theorem 4.1.3 together with Proposi-
tions 3.1.4, 4.2.1, 4.2.2 and 4.2.3 we obtain Theorem A. U

Lemma 4.3.1: Let a,b € Q, the following sentences are equivalent

i) The minimum value of hqp is achieved and min(hgp) = 0.

il) b =0 orb is a root of unity, or there exists a root of unity ¢, such that a(+b=0 oral+b=
a root of unity.

Furthermore, assume that any of this sentences hold, if b # 0, b is not a root of unity and |a| # |b|,
then necessarily ||la| — |b]| < 1 and |a| +]b] > 1
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Proof:  (i)=>(ii) Assume that min h, is achieved at o € Q. Since, hq () = k() + h(ac + b), we
need h(a) = 0 and h(ac + b) = 0. The first equality implies & = 0 or @« = ¢ a root of unity. If
a = 0, we also need h(b) = 0, so there are two options, b = 0 or b is a root of unity. On the other
hand, if @ = ( is a root of unity, we also need a{ + b =0 or a{ + b a root of unity.

(ii)=-(i) If b = 0 or a root of unity, we take & = 0 and we obtain hq () = 0. On the other hand,
if there exists a root of unity ¢ such that a( +b =0 or a{ + b = (y a root of unity, we take a = (,
and we obtain h, ,(a) = 0. O

Now, assume that b # 0, b is not a root of unity and |a| # |b|, by (ii), we have that there ex-
ist two roots of unity ¢ and (p, such that a¢ +b = (o, therefore |a{ + b| = 1, we conclude that
lla] = 1Bl < fa¢ +b] =1 and 1 = |a¢ + b| < [ac| + |b] = |af + [b]- 0

Corollary 4.3.2: Let a € Q\ {0}. Then u®**(ha) = 0 if and only if a is a root of unity (see [23]
for more details or [4] Theorem 1.5.9 for the proof). Moreover,

1% (ha,0) = h(a)

Proof:  We consider a € Q\{0} not a root of unity, then h, 0(0) = 0, and it is zero only at 0, therefore
fi(x) = z. Firstly we need to determine the possible values of A;. For each v non- Archlmedean
and o € Q \ {0}, we need that

log™ |a|, +log™ |ac, > A;log|al,.

if |a|, < 1, this inequality always occur. If |a], > 1 and |aal, < 1, we get the restriction A; < 1.
On the other hand, if |o|, < 1 and |ac|, < 1, we get the already known restriction 0 < Ay, therefore
0<A; <1

Now, we will consider o € G(a). Then,

ga, 0(2) = log™ |z| + log™ lo(a)z] — A1 log|z|.

if z = " we have
9ga1,0(") =log™ |o(a)|.

On the other hand, if z = € /o(a), then

e’ ) L1 1
gA1,<7 —_— :log 7—14 logi.
(o—<a> lo(a)] T Jo(a)]

Assume that |o(a)| > 1. Then, the minimum value is H,(A;) = Ajlog|o(a)|. On the other hand,
if |o(a)] < 1, then the minimum value is 0, therefore infga, » = 0. Summarizing, H,(A4;) =

Ay log™ |o(a)|, therefore

1
7(a,0 su Aqlogt o
(a,0) = [K Q] 0<A1p<1 e;(a) 1log” [o(a)]

Z log™ |o(a)

a UGG

Furthermore, we can improve this result, note that if we go back to the proof of theorem 4.1.3, we
can obtain that, a lower bound for u**(h,) is given by

Z Z mln 10g+ lalp +log™ |o(a)a )p —10g|a\p)+7(a,0)
i” UEG(a)
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Now, for each p prime and o € G(a), we set the function f7 : Q — Rso, defined by fo(la) =
log™ |a], + log* |o(a)al, — log|al,, we will find the minimum value of fJ. Firstly, suppose that
lo(a)l, < 1 then, we can take a a root of unity, and we get, f; (o) = 0, since f7 > 0, this
will be the minimum value. On the other hand, if |o(a)|, > 1, let « € Q, if |af, > 1, then
fi(a) =log|o(a)al, > log|o(a)|,. Assume now that, |af, < 1, then f7(a) = log™ |o(a)al,~log |al,,
if lo(a)al, < 1, then f7(a) = logl/|al, > loglal,. On the other hand, if |o(a)al, > 1, then
fy (o) = log|o(a)al, —log|al, = log|o(a)|,. Summarizing, we have that min(f;) = log™ |o(a)l, -
We conclude that

1
1% (hay0) = K. Q Z Z log™ |o(a)l, +7(a,0) = h(a)
e P oeG(a)
prime
This concludes the proof of the corollary. O

Note that, using (¢) of Proposition 3.2.1, we obtain that p®*(he,0) < h(a), therefore, we have that
1 (ha,0) = h(a).

Corollary 4.3.3: u**(hy 2) > log(V/3).

Proof:  Note that, o and a + 2 are both roots of unity only at a = —1, therefore, filz) =z + 1.
Let Ag, A1 € R, for each o € Q and p prime, we need

log" |al, + logt |a + 2|, > A; log | + 1],

aly

If | 1, then we need A; > 0. On the other hand, if |a|, > 1, we need A; < 2, so we need
0< A,

<
< 2. Now, we take the function
ga, (2) =log™ |z| +log™ |z + 2| — A log |z + 1].

The minimum is achieved when z = € or z = ¢ — 2. If z = €'’ we have

ga, (€”) =log|e” +2| — A log " 4 1]
1 A
=3 log(5 + 4 cos(6)) — 71 log(2 + 2 cos(0)).
Taking the derivative and equalizing to zero, we get the following possible values of theta

A
0:0, or COS(&) = ﬁ—l
— A1

On the other hand, if z = €*Y — 2, then

ga, (e —2) =log|e®® — 2| — A log e’ —1]
1 A
=3 log(s — 4 cos(9)) — 71 log(2 — 2 cos(h)).

Again, taking the derivative and equalizing to zero, we get the next possible values of theta

Ay

- (@) =1- — 1
0 =7, or cos(6) =4y
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It is not hard to see that the minimum value of the function will be the same in both sets, so we
can take anyone. In order to find the minimum vale, we have to know if the function is lower at
6 =0 or at cos(f) = A1/(4(1— A1)) — 1. Firstly, we will assume 0 < A; < 1, evaluating at these two
values we obtain log(9) — A; log(4) and log(1/(1 — Ay)) — Ay log(A1/(2(1 — Ay))), we can take these
two values and consider the function { : [0,1) — R, given by I(z) = log(1/(1 — z)) — xlog(z/(2(1 —
x))) — (log(9) — zlog(4)). Taking the derivative of I, we obtain I'(x) = —log(x/(8(1 — z))) and
I"(z) = —=1/(z(1 — z)). Therefore, we conclude that, z = 8/9 is an absolute maximum of I. Since
1(8/9) = 0, we conclude that the minimum value is log(1/(1 — A;y)) — A1log(A1/(2(1 — Ay))),
and it is achieved at cos(d) = A;/(1 — A;) — 1. Now, we consider the function respect to Aj,
H;4(A1) =log(1/(1— A1) — A1 log(A1/(2(1 — Aq))), taking the derivative respect to A; and equal-
izing to zero, we obtain log(A;/2(1—A;1)) = 0, therefore A;/2(1—A;) = 1, and we conclude that the
maximum value of H;q(A;) is achieved at A; = 2/3, replacing this, we obtain H;4(2/3) = log(v/3).
On the other hand, if 1 < A; < 2, then, there is no 6 such that cos(f) = A;/(4(1—A;))—1. We con-
clude that, the minimum value of g4, is (1/2)(log(9) — A1 log(4)), the maximum value is achieved at

Ay =1 and Hyy(1) = log(3/2). Since v/3 > 3/2, we have 7(a,b) = sup Hiq(A;) = /3, therefore
0<A;<2

log(v/3) < p(hy,2). O
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5 Intervals of density

5.1 The main result

A Galois invariant adelic set is a set of the form

Where E, = D,(a,b) is a subset of C, invariant under the action of the absolute v-adic Galois
group Gal(Q,/Q), for all v, and such that F, = O, for all but a finite number of v. The capacity
of E is defined by Cap(E) = [[, Cap(E,), where E, is closure of E, in the Berkovich disc. It

is well defined, because Cap(E,) = Cap(D,(0,1)) = 1 (see [16], section 4), for all but a finite
number of v. Furthermore, the equilibrium measure of D,(0,7) is the linear functional up, (g :

C°(D,(0,7),R) — R, such that, for every polynomial f, we have
[ i®dun.on® = sw 15,
D, (0,r) |z|u<r

(see [16], section 4, for more details). The following proposition will be useful

Proposition 5.1.1: Let E = []

sequence (x1)ien of pairwise distinc points of Q" with Gal(x;), C B(Ey, 1/1), for allv € Mg. Fur-
thermore, for all v € My, the sequence of measures (6( Gal(z;,v)))ien converges to the equilibrium
measure pg = weakly.

veny B an adelic set with Cap(E) = 1. Then, there exists a

Proof: Direct from [7] Proposition 7.4 and Proposition 7.3. O

Proof of Theorem B: We use Proposition 5.1.1, for p; € S, we take E,,, = D), (0,7;) = {2z € Cp, : |2|p, < Ti},
where r; € Q. For p ¢ Sq we take, E, = O,. For |.|, = ||, we take E| | = B(z,1/(rir2...75)),
where z € R. We define, E =[], E,, then E is an adelic set such that Cap(E) = 1. Therefore, by
Proposition 5.1.1, there is a sequence (@, )nen satisfying Gal(ay, ) C B(E,,1/n), for each v € Mg,

such that §(Gal(ay,,v)) — 1, » therefore

hap(an) — Z / log™ |t|, + log™ lat + b, dug (t) == Mg, . (12)
n—oo VEMO Eu v

We claim that Mg, < oco. Let p a prime number and d € R, then

sup log* |az +bl, < sup log" max{laly|zly, |bl,} = log™ max{lal,d, [b],}
|2]p<d |2lp<d

If |a|,d < |b|,, then, taking o, such that |tg|, < d, we obtain that |ato+b|, = |b|, = max{|alyd, |b|,}.
If |alp,d > |b|p, we can take ¢, such that |t;|, = d, we obtain that |at; + b, = |a|pd. Therefore
sup|z‘p§dlog+ laz + b|, = log™ max{|a|,d, |b|,}. Now, note that for p & S, , we have

L log™ t], + log™ lat + b|pd,ufp (t) :/ log™ t], + log™ |at + b|pd,upp(0,1)(t)

E, D, (0,1)
= sup log"|z|, + sup log™ |az + b|, = logt max{|al,, |b|,}
[2]p<1 [2]p<1
=0.

Therefore, there are finite many v € Mg in (12). Furthermore, since ug, (E,) = pg,(1g,) < oo

(where 1 is the continuous function 1z : E, — R, given by 15 (t) = 1 for each t € E,) and
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f(t) =log™ |t|, +log™ |at + b < log™ r; + log™ max{|a|,r;, |b|,}, for each t € E,, we conclude that
Mpg, < co. Consequently, we have that

p (hap) < > /E log™ [t|, +log™ |at + bl, dvg (t)
I/EM@ v

3 /7 log* [t], + log™ [at + bl dig (1)
veEMy Y Ev

0

5 1 2 e aeie
:Z sup log+|zpi—|— sup log™ |az—|—bpi+—/ logt | ——— + 2| + log" | ——— + b+ az| db.
i—1 12lp; <ri |z| <7y 2 Jo r1r2...T's T172...Ts
s 1 27 61'9 aew
— Zlongri + sup log™ |az + b, + —/ log" | ———— + 2| + log" | ——— 4+ b+ az|do
i=1 [2|<r; 27 Jo r172...Ts r172...Ts
s 1 2m 0 aem
= Zlong r; +logT max{|al,, 7, |blp, } + — / log" |——— + x| +log" |——— + b+ ax|db.
i=1 27 Jo r172...Ts r179...Ts

=Tz, 71,72,y Ts).

Moreover, suppose that r1,72,...,rs € QT are fixed, and j € [[gp(x,71,72,...,75),00). Since,
Ty is continuous and Ty y(x,r1,72,...,7s) — 00, when x — oo, we can find g € R, such that,

Jj = Taplg,r1,72,...,7s) = Mg, and then, there is a sequence of algebraic numbers (ay)nen,
such that, hep(a,) — j. Hence, for each # € R, the image of h,p is dense in the interval
[Cop(x,r1,...,7s),00). This concludes the proof of the theorem. O

5.2 Observations

Experimental results show that the minimal value of I'y 5 is achieved when ry =7y = ... =ry =1,
so, in general we will always take these values, furthermore, if we take |a| = 1, then

1 27 ) )
Tip(z, 1,1,.,1) = A(L,b) + 2—/ logt [e" + x| +log™ [ + b+ 2| db = Qy ().
™ Jo

Proof of Corollary C: Using Theorem B together with Proposition 3.2.2, we obtain the proof of
this corollary. O

Finally, using Proposition 3.2.1, Proposition 4.2.1 and Theorem B, we obtain the following result

Theorem 5.2.1: Let a,b € Q, |a| > 1, |b| —|a| > 1, and [b/a| > 4, then

-1
log ol =1 < p % (hap) < log o1y
|al ’ |al
o]

Furthermore, assume |a| = 1. Then, hqy is dense in the interval [log <W—|> ,00).

Proof: This a direct consequence of Proposition 3.2.1, Proposition 4.2.1 and Theorem B. g
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6 Parametrized curves

6.1 Generalization of upper bounds

In this section we will generalize all results to the situation when the variety is a parametrized curve.
We will begin with upper bounds. Let p, ¢ € Q(t), we will consider the notation introduced in section
1 and formulas (5), (6) and (7). Let ¢ € Q(t), ¢ = q1(t)/q2(t), write q1(t) = ant™ +an_1t" 1 +...+ag
and ga(t) = bpt™ + by 1t™ L + ... + bg. We denote G(q) = G(ag, ..., an, b1, ..., by). We define
U, : Q — R, given by

U,(a) = log+ (B
q( ) deg(a) ﬁeg(a) | ( )‘
o€G(q)

Lemma 6.1.1: Let q(t) = q1(t)/q2(t), v(t) = 71(t)/r2(t), q1,71 € Q[t], q2,72 € Z[t] and o € Z such
that g2(a) # 0 and ro(a) # 0. Then,

hqr(a) < Ug() + Ur(a) + Alq) + A(r).

Here, A(q) is the number defined in (6) given by

Alg) =Y > log" max(|o(ar)lp, - o(an)ly)- (13)
pripmeaeG(q)

Proof: We consider K the Galois closure of the field generated by ag, a1, ..., an, bg, b1, ...., by, and «,
K, the Galois closure of the field generated by ag, a1, ..., n,bo, b1, ...., by It is clear that deg(a) <
[Kq: Q] < [K :Q]. We denote z = g(a). Then, using Lemma 3.1.1, we have that

1
he) = g S > logtlo(a@)l,+ > logto(g(a))|
’ pripme o€Gal(K/Q) o€Gal(K/Q)

< 1 Z Z log™ g5 (0(c))],, —1-# Z log™ |gs (8(c))]

P §5eG(a) [Ka: Q) 5€G(a)
PTIRE 5eG(q) c€G(q)

In the last inequality we have used that [K, : Q] < [K : Q] and that the number of elements in
Gal(K/Q) is less than or equal to the number of pairs (o, d), with § € G(a) and ¢ € G(q). Using
the fact that a, by, b1, ..., by, € Z, we conclude that for every p prime, o € G(q) and § € G(«), we

have |¢, (6())] < max(o(an )|, [0/(an—1)lps ..y |o(ap)],). Therefore
1
h(z) < > Y log* max(|o(an)ly, |0(an—1)|Pa'~a|0(a0)|p)+m > log* g, (5(a))|
P 5eG(q) @ 5€G(a)
prime c€G(q)
1 +
_A(q>+ deg(a) Z IOg ‘QU(BN
BeGal(a)
o€G(q)

= U, () + Alg).
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Using the same argument for r(t) we conclude the proof of the lemma. O

Proposition 6.1.2: Let q(t) = q1(t)/q2(t), 7(t) = r1(t)/r2(t), q1,71 € Q[t], g2, 72 € Z[t]. Then, for
each t € R we have that

ﬂess(hq,r) < Qq,r (t)

Here, Qg , is the function defined in (7) given by

Qur() = Al + A + > W)+ > WI(1).

oeG(q) oeG(r)

Where

1 27\' .
() = 7/ log* [g (" + £)|d6.
27T 0

Proof: For Lemma 6.1.1, given o € Z, we have that

hgr(a) < Ug(a) +Up(a) + Alg) + A(r) =: ng,(a).

For Proposition 3.1.3, given E C C, a compact set with Cap(F) = 1 and invariant under complex

conjugation, there exists a sequence of algebraic integers a,, € Z, such that Gal(a,,) C B (E, %)
and

Uilan) +Urlean) =2 3 [ 1og* las@ldupta) + 3 [ tog Iro(a)l dus(o) =

ceG(q) oceG(r)

Therefore

hq,r(an) < nq,r(an) n:zo A(Q) + A(T) + Mg =: Jg.

We claim that Jg < oco. In fact, we have that the only possible unbounded term in the definition
could be Mg. For each 6 € G(q), let the function, f5 : R — R, and for each o € G(r) the function
go : R = R, be defined by fs(t) = log™ |¢s(t)| and g, (t) = log™ |r,(t)|. These functions are contin-
uous and F is a compact set, therefore, Mg < co. Since Jg < oo, the sequence {hy ()} nen is
bounded, we conclude that there is a subsequence which is convergent, we call it {hq (5n)}nen-

If hgr(Bn) = Z, then, by definition of limit, given ¢ > 0 the set {8, € Z : hy(8n) < Z + ¢} is

infinite, therefore for every e > 0 we have pu°**(hy,) < Z +¢. Taking € — 0 we get p°**(hq,r) < Z.
Since Z < Jg, we conclude that u®**(h,,) < Jg. Given t € R we use E = S; = S; + t, where

S1 ={z € C: |z| = 1}. Then, pg, is the natural translation of the measure pg, = 22. We deduce
that

Ness(hq,r) <Js, = Q(N”(t)'

This concludes the proof of the theorem O
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6.2 Generalization of lower bounds

Now, we proceed with lower bounds. We denote K, the field generated over Q by the coefficients of
q1,42,7m1 and ro, and G(gq,r) = Gal(K,,,/Q). Let 0 € G(g,r), we consider the real-valued functions
given by

1
9o (2) =log" 4o (2)| +1og™ |re(2)], f5(2) =1log™ |go(2)] + log™ e
f3(z) =log™ . tz) +log™ |rs(2)|, GL(2) = log™ |go(2)| + log™ |rs <i>‘

G2 (2) = log™©

1
ir (3)] 1" e 21

We have that these functions tend to oo when |z| — co. Furthermore, f! — oo when r,(z) — 0,
f2 — oo when ¢,(2) — 0 and GL,G%2 — oo when z — 0, and they are continuous elsewhere,
so they attain their minimum values. We denote by min(g,), min(f), min(f?), min(G}) and

g
min(G2), the minimum value of each of these functions respectively. Then, we define g™® =

(1/[Kqr 2 Q) Xgeq(qm min(ge), f2™" = (1/[Kqr : Q) Xpeqqr min(f5), and GW00 = (1/[Ky.,
Q) > oecian min(G?), i € {1,2}. Finally, we define

E(p q) — max{gmin fl,min f2,min Gl,min G?,min}.

Assume now that the minimum value of h, , is achieved only at a finite non empty set of algebraic
numbers. Let aq,as,...,a be the algebraic numbers where h, 4 is equal to the minimum. We
consider {f1, fa,..., fr} a set monic irreducible polynomials, such that their combined roots are
{a1, @2, ...;ar}. Now, let Ay, Ay, ..., A, € R>o be such that, Ay deg(f1)Asdeg(fa)...A, deg(fr) <

m +n and for every a € Q \ Ule Gal(a;), and every non-archimedean place v in Mg, we have

log™ |g(c)] +log™ r(a)], = ) Aslog] fi(e)],- (14)

i=1

We call P the set of all (A1, As, ..., A,) € R", such that these conditions hold. Since (0,0,0,...,0) €
P, we have that P # 0.

Lemma 6.2.1: The set P defined before is bounded

Proof:  Firstly, we have that A; > 0, therefore each A; is bounded from below. We fix vy €
Mg and consider o € Q \ Ule Gal(ay), such that, log™ |g(a)|,, = log|ana™|,,, logt |r(a)],, =
log |bya™|,, and for each 1 < i < 7, |fi(@)|y, = |ad8U|, > 1. Therefore, from (13) we
have log |a,b,a™™|,, > S0 A;log|adeslfi)], > A,log|ades(f)], = log|adee(f)At|,  for each
t € {1,2,..,r}. For |a|, large enough, this equality holds only if A; < (n + m)/deg(f:). This
completes the proof of the lemma. O

Now, for each o € G(p, q) we define the real valued function ga,, . a,.. by
T
s, (2) = logt 4o (2)| +log™ |ry (2)] = D Aslog | fi(2)]-
i=1

Since A; > 0 for each i € {1,2,...,r}, and Ay deg(f1)A2deg(f2)...A, deg(f;) < n+ m, we have that

k L .
JAy,... Ap,c — 00 when |z| = oo or z = x, where x € |J;_; Gal(c), and it is continuous elsewhere,
S0 it attains its minimum value. Now, we consider the function H, : P — R, given by
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We define

1
T(q,7) = = bup Z H,(Aq,..., A).

Definition 6.2.2: Let q,r € Q(t). If the minimum value of hy, is achieved only at a finite set of
algebraic numbers, we define K(q,r) = 7(q,r). Otherwise K(q,7) = L(q, )

Now, we can state the following theorem.
Theorem 6.2.3.: Let ¢, € Q(t). Then,
(1% (hq,r) 2 L(gq,7).

Moreover, if the minimum value is achieved only at a finite non empty set of algebraic numbers,
then

1% (hgr) = 7(g, 7).
Proof: Let K/Q be a Galois extension such that a,, ..., ag, bm, ..., bg, @ € K. Note that

hgr(a) = Zzlog+|q v +1log™ [r(@)], + Y _log* |g(a)], +log™ |r(a)],

p v, Vil

Zlog+ lq(a)y +log™ [r(a)],
Il

Z Z log™ |go (T())] + log™ |14 (7(c))]

c€G(q,r) TEGal(K\Q)

Tlo

1 .
[ K, ) Z inf g,

oce€G(q,r)

:[K:@]

— gmln.

Therefore, g™ < h,,.(a) for all a, we conclude that g™" < p%(h,,). Similarly, we can con-
clude that fhmin < ;e%(h, ). In fact, we can consider the real-valued function j, ., given by
Jgr (@) = h(1/q(a))+h(r(a)). Since h(a) = h(1/a), we have j, , = hy,. However, the Archimedean
parts of them are different, so, we can use the same inequalities as before and conclude that
frmine < pess(y ) = pe(hg,r), the proof for f2™™ is the analogous. Finally, let the real val-
ued function n, 4, be given by n, (o) = h(g(a)) + h(r(1/a)) = h;",. Using Lemma 4.1.4 and the

same method used before, we conclude that G1™in < ;5%(n, ) = Mess(h;fq) = p**(hy. q), the proof
for G®™" i the analogous. Therefore, £(p, q) < u®*(hy ).

Assume now that the minimum value of h,, , is achieved only at a finite set {a1, @z, .., o) }. Let o €
@\Ule Gal(a;) and Ay, A, ..., A, € P. The product formula gives us that for each i € {1,2,...,r},

we have
> Ajloglfi(a)

vEMg

Therefore
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1(@] (Z > log™ l(a)l, +log™ [r(a ZA log | fi(e

VIl

(Z log™ |q()], +log™ |r(« ZA log | fi(«

vl

Zlog+ lq(c)l, +log™ [r(a ZA log | fi(

vl

oY ghteao(m(@)

Q] oce€G(q,r) TEGaI‘(K/Q)
1
Z T HO'(A17A27"'?AT)'
[Kq,r : Q] Z

ce€G(q,r)
Since the last inequality holds for all (45, Aa, ..., A,.) € P, we have that

1
—_— sup H,(A1,As, .. Ay)
[Kqr 1 Q (4,,45,....A0)eP Ueg(‘;r)

=71(g,7).

Since the last inequality holds for all o except finitely many, we conclude that 7(q,r) < u®*(hy.).
O

hgr(a) =

6.3 Generalization of intervals of density

Now we are ready to prove Theorem E

Proof of Theorem E: We use Proposition 5.1.1, for p; € S, S, we take E,, = D, (0,7;) =
{z €C,, : |z|p, <ri}, where r; € QT. For p ¢ S,JS, we take, E, = Op. For ||, = ||, We
take E|| = B(x,1/(r17r2...75,+5,)), where x € R. We define, E = [], F,, then E is an adelic set
such that Cap(E) = 1. Therefore, by Proposition 5.1.1, there is a sequence (o, )nen satisfying
Gal(ay,,) € B(E,,1/n), for each v € Mg, such that §(Gal(a,,v)) — pg, (see section 5 and

section 2 for the definition of E, ), therefore

brafon) =2 3 [ 08" a0+ o )i, ()= M. (15)
vE Mg

We claim that Mg, < co. Let p a prime number and d € R. Then, using Gauss’s Lemma (see [5]
or [4] for an elementary proof)

+ + k
sup log™ |¢(2)|, =log™ max |agl|,d
jlp<d ’ O<kn

Let log™ maxo<y<p |ag|,d* = |al|pdl if there are some other a, we can take ¢; such that |¢1], < d
and we obtain |q(t1)|, = |ai|,d’. Now, note that for p ¢ S, J S, we have
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/E log* lq(t)], + log™ [r(D)]pdyug (1) = /D 108" 100+ 1087 (Dldap, 0.0
» »(0,1

= sup log" [q(2)l, + sup log™ |(z)[,

[2]p<1 [2]p<1

= log™ log™ b
og" max |axl, +log" max |bely

=0

Therefore, there are finite many v € Mg in (14). Furthermore, since g (E,) = pg (1g ) < oo
(where 1 is the continuous function 1z : E, — R, given by 15, (t) = 1 for each t € EU) and

f(t) =1log™ |q(t)], +1og™ |r(t)], < log™ maxo<r<n |ak7“’p“|v +log™ maxg<p<m |bkr’;|v, for each t € F,,
we conclude that Mg, < co. Consequently, we have that

p ) € 32 [ 108" a0l + log" Ire)ud, (1)

veMg

Sq Sq+sr
= Zlog+ max [q(2)|p, + Z log™ max |r(2)]p,

|z|Pi Srl i=s,+1 I Ipigri
q
27 6
+ e
+—/ log™ ( —l—x)‘—i—log r(—i—x)‘d&.
rirg.. ’I“Sq+5r ’I“1’I“2...’I“sq+sr

=Ty r(x, 71,712,007 45,
Moreover, suppose that r1,72,...,7s,4s, € QT are fixed, and j € [[gr (@, 71,72, .., 75, +s,),00).
Since, Iy, is continuous and Ty .(z,71,72,...,7s,4s,) — 00, when x — oo, we can find g € R,
such that, j = T'y -(g,71,72, ..., 7s,+s,) = ME,, and then, there is a sequence of algebraic numbers

(on)nen, such that, hg () — j. Hence, for each « € R, the image of hy . is dense in the interval
[Cg.r(w,71,..,7s,+5,),00). This concludes the proof of the theorem. O

Experimental results show that the minimal value of I' is achieved when 11 =ry = ... =144 =1,
so, in general we will always take these values. We have that

Tor(1,1,.,1) = Al + A+ > WIH)+ > VIt) =9, (2).

oe€Gal(q) oeGal(r)

6.4 Examples

Example 6.4.1: Let a € Q, |a] > 2. We consider Y : y?> = 23 + ax®. Then
pe* (hy) < log |al.

Moreover, the image of hy is dense in the interval [log |a|, o)

Proof: We consider the parametrization y = 3 — at, x = t2 — a, therefore we have ¢(t) = t? — a
and 7(t) = t3 — at. Taking t = 0 in proposition 6.1.2, we have that ©**(hy) < €,,(0). Then
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1 [ , 4 ,
Qq.-(0) = %/0 log |2 — a| + log ¢ — ae®|dh
2m

1 .
= — 2log |€? — a|db
2T 0

1 o 2i0
= gRe (/0 2log (e’ — a)d9)

1 1
= —Re ( —log |2? — a|dz>
27 5, 12

= log |al.

using the fact that a € Q and Theorem E, we conclude the proof. O

Example 6.4.2: Let a,c € Q with a # 0. We consider Y : y = ax® + ¢ and the parametrization
r=q(t) =t and y = r(t) = at® + c. Assume that |a| — |c| > 1. Then,

1
u¢*s(hy) < A(a,c) + 3 log |¢|

Proof: Taking t = 0 in proposition 6.1.2, we have that p°**(hy) < Qg (0). Then

1 2w .
Qq.-(0) = A(r) + 2— / log |ae*? 4 ¢|df
0

=A@+ o L Re (/277 log(a 2“’+c)d9)

+Re( —log (az + c)dz )

21z

— A(r) + ﬂRe (27ri2i log(c)>

log |¢|

= A(a,c) + 5

Example 6.4.3: Let a,c € Q with a # 0. We consider Y : y = ax™ + ¢ with n € N. Assume that,
there exists o9 € G(a,c), such that |og(c)| — |oo (a)| > 1. Then,

e e [ flootel =1
B ) > {1g<| o(©)] |0()|),1g< [o0(a)] )}

Proof: We consider the parametrization = ¢(t) =t and y = r(t) = at”™ + ¢. Then, we consider

9oo(2) = log™ |z] +log™ |o(a)2" + oo(c)]

Firstly, we will take z = €%, Then,

Goo (€9) = log™ |og(a)e™? + a0 (c)|
> log(loo(c)| — |oo(a)l).
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On the other hand, if og(a)z" + 09(c) = €¥, we have z = {/(e? — 00(c))/oo(a). Then,

Je? —ao(c) ) oot | 7 e — ap(c)

Joo ( Toola) ) = log Toola)
1o ()| =1
218 T ogta)

Both values are achieved. Then, by Proposition 6.2.3, we have that min g,,/[K..: Q] < L(g,7) <
1% (hy ). This concludes the proof. O

Example 6.4.4: We consider Y : 22 +y?> = 1. Then

2 i0\2 i0
1-(1+¢€7) 2(1+¢")
€ss(hy) < log" |———— 2| +log" |[———— | db.
a (Y)—/O % Traree| T8 Tt e
Proof: We will consider the parametrization
1—¢2 2t
x:q(t):m and y =r(t) = T
Using proposition 6.1.2 with ¢ = 1, we conclude that
1 [ 1— (14 €)? 2(1 + €¥)
S (hg,) < — log" | ——————= | +log" | ————|df
K (51)—27TA % ITrarenz| % |TT ey
In order to obtain a non-trivial upper bound, we have used S; + 1 instead of S. O

Proof of Theorem D: This theorem is a direct consequence of Proposition 6.1.2, Theorem 6.2.3 and
Example 6.4.3. g

37



7 Further directions

Future investigations in this thesis will be related to the upper and lower bounds for X = E an
elliptic curve, in this case we will use the Néron-Tate Height hg : E(Q) — R, given by

hp(P) = lim he(nP)

n— 00 n

where h is a Weil height. This is well defined and it is zero if and only if P is a torsion point (see
[23] section 6, [14] and [I3] chapter B5). Since the set of torsion points is Zariski dense we have that

pe®s(hg) = 0. Consider the height Hp : E(Q) x E(Q) — R given by

Hp(P,Q) = hg(P) + he(Q).

Note that, given two torsion points P,Q € E(Q), we have that Hg(P,Q) = 0. Assume that there
is a non-torsion point N € E(Q), then, we can consider the sub-variety of E(Q) x E(Q) given by
V(N)={(P,P+N): P e E(Q)}, and then consider HY = Hg|y(n), note that, we can consider

HY as a one-variable function, HY : E(Q) — R, given by, HY (P) = Hg(P) + Hg(P + N).

We have that V(NV) is a sub-variety of E(Q) x E(Q) which is not a torsion subvariety. Now, using
Zhang’s theorem we have that p®*(H IJEV ) > 0, this is the height we are going to study. In order to
study this height we will use the Fekete-Szego theorem for elliptic curves, given in [16].

Let E be an elliptic curve, we consider F in its Weierstrass form, this means £ = E,, : y* =
23 + pr? 4 g, where p, ¢ € Q. Now, assume that rank(E) > 0, then, there are non-torsion rational
points in E, in order to find these points, we will use a result proved by Lutz and Nagell (see
[19], Corollary 7.2), we consider a point (z,y) € E(Q), such that (z,y) ¢ E(Z); or (z,y) € E(Z),
2% (z,y) #[0:1:0] and y? does not divide A(E) = —16(4p> + 27¢?), then (x,y) is a non-torsion
point.

137 2651
647 512
rational point of E, therefore, the variety V(P) is a non-torsion variety. We can also consider the
point @ = (2,5), in this case, 2Q) # 0 because the second coordinate of @ is not zero, and also, we
have that 5% does not divide A(E) = —2433172, therefore it is a non-torsion point and V(Q) is a
non-torsion variety.

For instance, we can take E : y2 = 23 + 17, then, the point P = ( ) € FE is a non-torsion

We have that our method to obtain intervals of density in lines only works for a,b € Q, it is an open
question if this result can be extended to any a,b € Q.
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