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Abstract

Roughly speaking, the problem of geography asks for the existence of varieties
of general type after we fix some invariants. In dimension 1, where we fix
the genus, the geography question is trivial, but already in dimension 2 it
becomes a hard problem in general. In higher dimensions, this problem is
essentially wide open. In this paper, we focus on geography in dimension
3. We generalize the techniques which compare the geography of surfaces
with the geography of arrangements of curves via asymptotic constructions.
In dimension 2 this involves resolutions of cyclic quotient singularities and a
certain asymptotic behavior of the associated Dedekind sums and continued
fractions. We discuss the general situation with emphasis in dimension 3,
analyzing the singularities and various resolutions that show up, and proving
results about the asymptotic behavior of the invariants we fix.
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Chapter 1

Introduction

1.1 Geography problem

We work with normal projective varieties X over the complex numbers C.
As usual, when dim X = 1, 2, or d > 3 we say that X is a curve, a surface, or
a d-fold respectively. A central problem in algebraic geometry is to classify
varieties of general type, i.e., varieties with positive canonical volume vol(X).
By definition
hO(X me)
vol(X) = limsup —————-—"%
( ) m—)oop md/ d! 7
where Kx is the Weil divisor associated with the dualizing sheaf and d =
dim X. It is called the canonical divisor of X.

Nowadays this classification problem is guided as follows. Given a non-
singular variety X of general type, we first identify a good birational model
that represents X. For that, we run the minimal model program to find a
variety X’ birational to X that has at most terminal singularities, and nef
canonical class. After that, we consider its (unique) canonical model X ay.
This process always works due to [BCHM10]. The numerical biregular invari-
ants of X ,, become invariants for the birational class. One could consider
the top-intersection of Kx_,, the analytic Euler characteristic x(Ox.,, ), the
topological Euler characteristic e(Xcay), etc. Then, after we agree on numer-
ical invariants, the geography problem asks: Given a collection of numbers, is
there a canonical variety of general type whose numerical invariants are equal
to that collection of numbers? Often this set of invariants C are the labels
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for the corresponding moduli space Mc. That moduli space geometrically
collects all canonical varieties of general type whose invariants are equal to
C. In this way, the geography problem asks whether M¢ is not empty for
a given C. It turns out that typically M is an open variety, but there is
a geometric compactification M¢ [Kol23]. In this compactification, which
may be bigger than the closure of M, we encounter varieties with controlled
singularities. Then it is interesting to know whether M is not empty for a
given C, although this does not imply the question for M. [Rol21]. Hence
in this paper, we are interested in a wider geography problem for varieties
of general type with (log) terminal/canonical singularities with nef/ample
canonical bundle.

In dimension one, the main invariant is the genus ¢g. If X is a non-singular
curve of general type, then we have

vol(X) =deg Kx = —2x(Ox) = —e(X)=29g—-2>0& g > 2.

Thus, the geography problem asks: Given an integer g > 2, is there a curve
of genus g? This can be trivially answered. Indeed, one constructs curves
for any g > 2 as double coverings branched at 2g + 2 points on P!. More-
over, there exists a quasi-projective variety M, of dimension 3¢g — 3 which
parametrizes all isomorphism classes of curves of genus g. The variety M, is
called the moduli space of curves of genus ¢. It has a natural compactifica-
tion due to Deligne and Mumford [DM69], which is an irreducible projective
variety M, parametrizing nodal curves of arithmetic genus g and ample du-
alizing sheaf.

In dimension two the problem is much harder. In order to choose in-
variants, the Riemann-Roch theorem suggests that, for any surface X, one
can pick the top-intersection of canonical class K%, and the analytical Euler
characteristic x(Ox). When X is non-singular, we have the Noether’s for-
mula K% +e(X) = 12x(Ox) |[Noe75]. Then, these two invariants K%, x(Ox)
are equivalent to the two Chern numbers ¢?(X) = K%, and c3(X) = e(X).

Any pair of birational non-singular curves are isomorphic. In contrast,
we have infinitely many birational non-singular models in higher dimensions,
for example, by means of blow-ups at points. However, as we said above, we
can run the MMP for the canonical class, obtaining a minimal model, which
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is unique in dimension two. If we fix our attention to minimal surfaces of
general type, then we have well-known geographical constraints:

ci,co >0, General type inequality, .
5¢t — ¢y +36 >0, Noether’s inequality [Noe75], (1.2)
¢ <3¢y, BMY-inequality [Bog78, Miy77, Yau77]. (1.3)

They all are well-known in the theory of surfaces [BHPV04, Ch.VII|.

Through the GIT strategy, Gieseker [Gie77| proved that there exists a
moduli space M=, of surfaces of general type with fixed invariants K?, y.
It is a quasi-projective scheme. The space M2 , parametrizes the canonical
models of the minimal models, so they may be singular. (We recall that it is a
classical theorem of Mumford that the canonical models exist [Zar62|.) They
have at most ADE singularities, which are precisely the canonical singular-
ities in dimension two. This moduli space Mg2, could be highly singular,
and with many irreducible components. It actually satisfies Murphy’s law in
algebraic geometry [Vak06]. As in the case of curves, there exists a geomet-
ric compactification M 2, of My, due to Kollar-Shepherd-Barron [KSBSS]
and Alexeev [Ale94]|, but it is constructed now via MMP. These are called
KSBA compactifications, and they are projective schemes and parametrize
singular surfaces with only semi-log-canonical singularities and ample dualiz-
ing sheaf. Hence normal surfaces X with log-canonical singularities and Kx
ample are KSBA surfaces.

The geography problem for surfaces asks: Given (a,b) € Z? satisfying the
restrictions in (1.1, 1.2, 1.3) and the Noether’s formula, is there a minimal
surface X such that ¢3(X) = a, and c3(X) = b?

A pioneer in this question (and the creator of the term “geography") was
Ulf Persson [Per81]. He proved the existence of minimal surfaces of general
type X with ¢3(X) = a, ¢}(X) = b satisfying 422 < b < 2a with 2b # a — k,
where £ = 2, or k is odd with 1 < k < 15 or £ = 19. A more general result
was obtained in [Che87] and [Che91]. Putting all together, for every pair
(a,b), the region bounded by b < 3a and 50 — a + 36 > 0 is realized by the
Chern numbers of a minimal surface of general type, except maybe for points
in finitely many lines b — 3a + 4k = 0 for 0 < k£ < 347. In Figure 1.1, is

sketched a map that shows the geographical picture. The black points rep-
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resent places where such surfaces exist. (Unfortunately, the author is aware
that this may not be a complete map.) The red zone is delimited by the
inequalities above. The gray lines are defined by ¢? +cy = 12k, k € Zg. The
dotted lines have equations b — 3a + 4k = 0 for k = 1,...,8, and so there
may be infinitely many points with no representative.

-

hy W (46%2)
LU (25}7) (3571 Noether ~
Aifiiiii \ /( \'Qe

Figure 1.1: A sketched map in coordinates (cy,c?) for surfaces of general
type.

As we just saw, working on the geography problem for pairs (a, b) could be
cumbersome. We can weaken the problem considering Chern slopes 3 /cs.
Somesse [Som84| proves that any rational number in [1/5,3] is realized as
c}(X)/c2(X) by a minimal surface of general type X, answering a question
asked by Hirzebruch in [Hir83, (3.3)]. In particular, there are no “not-allowed-
holes" in [1/5,3]. The surfaces constructed by Sommese have no control
over other invariants, for example, their fundamental group. One could ask:
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How do the slopes of minimal surfaces of general type with fixed fundamental
group distribute in [1/5,3]¢ This was not a trivial question even for simply-
connected surfaces. In [RU15| it was proved that Chern slopes are actually
dense in [1/5,3] for simply-connected surfaces. The corresponding geogra-
phy problem for pairs (a,b) is wide open. For the case of other fundamental
groups, it was recently proved |TU22| that if G is the fundamental group of
a surface, then the Chern slopes of minimal surfaces of general type with
isomorphic to G is dense in [1, 3].

In dimensions greater than or equal to 3, we know dramatically less about
their geography. For each dimension, at least we have the existence of moduli
spaces for K S B-stable models. A comprehensive treatment can be found in
[Kol23|, where the following theorem is stated.

Theorem. The moduli functor HW of KSB-stable families of dimension
d and volumen K has a projective coarse moduli space Mdj(d. In this way,
the moduli space My rca of canonical models of dimension d and volume K4
admits a compactification.

Since in higher dimensions, our minimal models may admit singularities,
we do not have directly the notion of Chern numbers. If X is a non-singular
3-fold, then we have Chern numbers

A(X)=—-K%, cico(X)=24x(0x), c3(X)=ce(X).
For X minimal non-singular 3-fold we have a Noether type inequality [CHO6],

(X)) < %clcQ(X) + ? (1.4)

When X is singular, we consider as invariants for our geography prob-
lem: K%, x(Ox), and e(X). As in the case of surfaces, we also have some
inequalities for them. If X is minimal of general type, we have K% > 0.
In [Hul8|, was proved the Noether type inequality for Gorenstein minimal

3-folds of general type:
4

We have the Miyaoka-Yau inequality for Gorenstein minimal 3-folds of gen-
eral type [Miy87],
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with equality if and only if X is a ball quotient. In [GKPT19] was proved
a Q-version of Miyaoka-Yau inequality, i.e., a similar inequality when X is a
projective Kawamata log-terminal 3-fold of general type with nef canonical
divisor. (In the previous two inequalities above, the results were written in
terms of K% and y(wy). However, since we are restricting ourselves to the
Gorenstein case, we have x(wx) = —x(Ox).)

From the birational geometry of 3-folds, the triple (K%, x(Ox),e(X)) €
Q x Z? is invariant between minimal models of the same birational class.
This due to the following observations:

e The volume K3 is invariant on its birational class because for each other
minimal model representative X’ € [X], the birational map relating
them induces an isomorphism X’ — B’ = X — B, where B, B’ are of
codimension at least two [Mat10, 12.1.2]. Then X and X’ have the
same divisor class group, therefore K% = K%,.

e It is well-known that y(X) is a birational invariant between non-singular
varieties, but not always birational in the singular case. For example
[Maa20]. It is known that minimal models in the same birational class
are connected by flops [Mat10, Cf. Th.12.1.8.]. They are surgeries re-
versing the orientation of some K-trivial rational curves. Then let X
be a minimal model representative of a birational class, and

be a flop. It is known that Y has rational singularities, and we have
Oy = f.Ox = fT,0x+ since f/fT are contractions of C/C*. Then
for each i,

H'(X,0x) = H'(Y, f.Ox) = H'(Y, f, Ox+) = H'(X", Ox+),
from we get x(Ox) = x(Ox+).

e For the topological characteristic e(X) we follow [Kol91, Th. 3.2.2]
to sketch that flops leave invariant the Betti numbers h'(X) for all
i >0 Let C C X - Y «+ XT DO C" be a flop as before. Set
A=X\C,and AT = X\ C*. Take U, U™ analytical neighbourhoods
of C'and C'* respectively which retract to these rational curves, and set
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B=U\C and BT =U"\ C*. Using Mayer-Vietoris for X = AUU
and X = AT UUT, we get long exact sequences between singular
cohomology groups

.. = H(B) = H(A) e H(U) - H(X) - H™(B) — ...
..~ H(B") - H(AN e H(U") - H(XT) - HT(BT) — ...

Since U and U™ retract to rational curves, we have H'(U) = HY(UT) =
0 for all i except for ¢ = 0,2. Also, H(B) = H'(B') and H'(A) =
H'(AT) for i > 3, and H*(X) = H?*(X") [Kol91, 2.2.9]. We get
rank H'(X) = rank H(X ), i.e., the same Betti numbers. So, we have
e(X) =e(XT).

The main purpose of this thesis is to study the geography problem for
3-folds of general type. We can state the geography problem as follows:
Given a triple (a,b,c) € Q x Z? satisfying the restrictions above, is there a
3-fold of general type X such that (—K%,x(Ox),e(X)) = (a,b,c)? We can
distinguish two cases:

(C) Geography for minimal 3-folds with terminal singularities, in the realm
of canonical models.

(LC) Geography for minimal 3-folds with log-terminal singularities, in the
realm of KSB-stable models.

For minimal 3-folds X of general type, x(Ox) and e(X) could be negative,
positive or zero. This suggest to take quotients over ¢, however this put a
limit in our geography of slopes if we want go out of the realm of general
type varieties. In [Hun89| was proposed the study of slopes

[c}, crc0,c3) € IP’?Q

for non-singular minimal models, extending naturally to the singular case by
taking slopes [~ K%, x(Ox),e(X)] € Pg. This, allows us to work by charts.
Indeed, in [Hun89|, the author studied slopes of non-singular 3-folds with
ample canonical class in the chart ¢ico # 0. Moreover, since x(Ox) < 0 for
Gorenstein minimal models of general type, we can extend the zone of study
in that chart for now.
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Finally, a first big question that one can ask is: Those slopes lie in a
bounded region?. Observe that all inequalities above just bound the coor-
dinate ¢3/cico. In [CLO1| is proved that the Chern slopes [c3, cica, c3] of
non-singular 3-folds with ample canonical bundle defines a bounded region
by finding inequalities for the coordinate c3/cico. However, this bound is not
optimal. In a more general set-up, let N(d) be the number of partitions of d.
In [DS22] is proved that Chern slopes [c?, ..., c4] € ]P’g(d)_1 of non-singular
d-folds with ample canonical bundle define a bounded region.

To illustrate the case of 3-folds, in Figure 1.2 we see the map in chart
c1co # 0 for minimal non-singular 3-folds of general type. In the rest, we
describe the zones on that map.

e Allowed zone: This is the region bounded by the Miyaoka-Yau in-
equality ¢3/cico < 8/3 and ¢3/cico > 0. They are sketched by black
lines.

e Noether’s line: Since x(Ox) < 0 is an integer, we can avoid small
values of this invariant. Thus, from the Noether’s inequality (1.4), 3-
folds with |cicy| > 0 must satisfy ¢3/cico > 1/27. Thus, the Noether’s
line is the red line defined by ¢ /cico = 1/27.

e Cartesian Product Zone (CP line): The zone CP collects 3-
folds of the form S x C for surface S and a curve C' both with am-
ple canonical bundle [Hun89, Subsection 7.2.3] (also Example 2.2.5).
Hunt proved that the Chern slopes (¢}/cica, c3/cica) of these 3-folds
distribute densely along the line in A? connecting the points (9/4,1/4)
and (1/2,5/6). This is the purple line on the map.

e 3-folds in P* and P°. The minimal non-singular singular 3-folds of
general type in P* are hypersurfaces of degree d > 5. Thus, they have
well-known Chern classes (see Section 5.2). The Chern numbers have

the form
& = —d(d® — 15d* 4 75d — 125),

crcy = —d(d® — 10d* + 35d — 50),
c3 = —d(d* — 5d* + 10d — 10).

So, their slopes (¢} /cica, c3/c1cy) are asymptotically near to (1,1) as d
grows. On the map, they are sketched with blue points.
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In [Cha99] was proved that 3-folds embedded in P° whose canonical
class K satisfy K'H7 > 0 for a hyperplane section, distribute along the
line defined by

r+y=2 1<x<2

We sketch it in the map with a blue line.

Smooth Complete Intersection Zone (SCI): The zone SCI col-
lects non-singular complete intersections with ample canonical sheaf.
In [Hun89| was studied the case of X being a complete intersection in
P™+3 of n hypersurfaces of degree a; + 1, ..., a, +1 with a; > 1. Observe

that
KX = (Zal—él) H|X,

i=1
so in case r > 5 we are talking about smooth minimal 3-folds of general
type. Moreover, we have

AX)  2Asi—4)?

0162(X> S% + So — 681 + 12’

Cg(X) . (3? + 38152 + 283)/3 — 2(5% + 82) + 651 -8
Clcg(X) (S% + 89 — 681 + 12)(81 — 4) ’

where s; = Y"al. In [Cha97] it is proved the existence of an optimal
region for which we have density.

Theorem 1.1.1. Let R C Q? be the region between the points (1,1)
and (2,1/3), and closed between the curves

9 _ 3/2
3 3V

and the piece-wise function
r 2—x 2 (n—2)z (2n 3/2
L: =1-= ——t———|——-n-1
Y 37 3n2+3n2\/n—1( " ) ’

x

where 2 —2/n < x < 2—2/(n+ 1) for each n > 2. Ewvery point
p € R realizes a smooth complete intersection with given Chern slopes
(c3/ciea,c3/c109) = p.
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This region is sketched with on the map. The problem
of this region is that it not contains all SCI 3-folds. The remainder are
distributed discretely outside the region R. However, in [SXZ14] was
proved the following.

Theorem 1.1.2. The convex closure of the slopes (¢3/cica, c3/c1co) for
SCI 3-folds is a rational polyhedron with infinitely many faces. The
vertices of these polyhedron are

p1 = (1/16,43/8), p» = (1/10,19/5),

ps = (1/8,13/4), ps = (1/3,23/12),

2(n—4)? n®—3n%+ 14n — 24
Pn = s 5 TZZE),
n? —bn+ 12 n?2 —5n+ 12

Poo = (2,1/3).

The region described in this theorem is sketched with the
on the map.

Zone Fermat: Generalizing techniques that Sommese developed for
the case of surfaces using the basic construction of Fermat covers, in
[Hun89, Th. 8.2.1 and Th.8.2.2] was proved that there exists triangles

AABC in Q? such that for every (a,b) € AABC there exists a smooth
projective 3-fold X with ample canonical bundle such that,

(cii@) cf?éié?)) = (a.0).

Indeed, their construction is based on pivotal points on the CP line.
For example,

A= (12/11,1/11), B = (6/5,3/5), C = (41/33,19/33),
A=(1,-2/5), B =(1,2/3),C = (32/29,55/87).

They are sketched by light green triangles on the map. The disadvan-
tage is that the above triangles are the larger found. Other attempts
by Hunt just construct microscopic triangles that can not be sketched
in the map. This technique was improved in [Liu97]. The author used
other pivotal points to construct another dense region. Indeed, it is con-
structed by infinitely many Hunt’s triangles. The regions constructed
are sketched with green.
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e Isolated points: The isolated gray points show minimal non-singular
3-folds constructed by Fermat over arrangements of hyperplanes, and
desingularizations of complete intersection. In this case, we have ex-
amples for ¢3 > 0 [Hun89, Section 7.3]. We sketch two of these points

(1.4,—0.22)  Fermat cover over CEV A%(2),
(0.83,—0.125),  Desingularization of complete intersection (5,5) in P° .

e Ball quotient point: Among all isolated points there is one special.
The Miyaoka-Yau inequality asserts that every non-singular 3-fold with
ample canonical bundle satisfying ¢ = gclcg is a smooth ball quotient.
By Hirzebruch proportionality [Hir58] it is known that this ball quotient
must satisfy c3/cico = %. This implies that all non-singular varieties
with ample canonical bundle and equating the Miyaoka-Yau inequality

lies in only one point, i.e., (8/3,1/6).

e Unknown Zone: Hunt conjectured that over the dense zone con-
structed in [Cha97] is empty. However, the result of [SXZ14] expands
this region for discrete points in it. Thus we redefine the unknown zone
as the region over the smooth complete intersection and over the ex-
tension of the CP line from the point (2,1/3). In this new region, we
do not know about the existence of minimal non-singular 3-folds with
such slopes. This is the unknown zone. See Section 6.3.

1.2 About this thesis

When working with slopes, it turns out that we can apply the tool of n-th
root coverings to investigate their behavior. Although it is not a straightfor-
ward result for dimensions 2 or more, in dimension 1 it is easy to see this
phenomenon.

Consider the following data. Let Z be a non-singular projective variety
of dimension d, and let Dy, ..., D, be distinct prime divisors in Z. Assume
that D,q := D1+ ...+ D, is a simple normal crossing divisor (SNC). Let
n > 1 be a positive integer, and let 0 < v; < n be a collection of r integers
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5 .
. Unknown
- . .
...
1 ]
(2130 o
Quotient
(9/4,1/4) [ ]

0 —
-1

[ [ T T [ [

0.0 0.5 1.0 1.5 2.0 2.5

Figure 1.2: The map in coordinates (c/cico, c3/c1co) for non-singular mini-
mal 3-folds of general type. The y-axis is scaled to show the complete picture.

coprime to n. Assume that there exists a line bundle £ on Z such that

i=1

Then, there exists an n-th root cover h,,: Y,, — Z branched along D,..q, where
Y,, is a normal projective variety (Section 2.3). There is an action of Z/nZ
on Y, such that Z =Y, /(Z/nZ) . These are the n-th root covers developed
by Esnault and Viehweg in [Esn82]|, [Vie82| (Cf. [EV92|). For curves, the
prime divisors Dy, ..., D, are distinct points on Z, and the existence of such
L is equivalent to Y ;_; v; = 0 modulo n. Moreover, since points are isolated,
we have Y,, as a non-singular curve. By the Riemann-Hurwitz formula, we
have
a(Yy) _ nei(Z)—(n—1r . r_ 61<Z7Dred)+£'
n n n n
Here ¢1(Z, D,q) is the first logarithmic Chern number of the pair (Z, D,..q)

(see Section 2.2). Hence, if we fix the points D,..q and we consider partitions
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V1 + ...+ v, =n with n > 0 a prime number, then we asymptotically have
C1 (Yn) ~ 7151(2, Dred)-

Question 1.2.1. Does this asymptotic phenomenon happen in higher dimen-
sions?

In Chapter 3, we prove that this phenomenon occurs in general when the
branch locus is a disjoint collection of non-singular distinct prime divisors
Dq,...,D,. In this case, as above, we have Y,, as a non-singular projective
variety, and it is independent of the multiplicities v;.

Theorem 1. Assume we have n-th root covers h : Y, — Z branched at
D = Zj viD;, for n arbitrarily large. If D,.q is non-singular, then for each
partition iy + . .. + i, = d, the Chern numbers satisfy,

Ciy -+ - Ciyp, (Yn)

~Ciy...C Z,D,
n Cl Cm( )

for prime numbers n > 0.

However, this theorem is restrictive for us in terms of geography. It is dif-
ficult to get the necessary hypothesis to construct minimal d-fold of general
type. See Section 3.2. On the other hand, we do not drop the possibility of
having applications in other contexts. Also, it is a cornerstone in our research
and open the following discussion.

For dim Z > 2, if the branch divisor D,.q = D1+ - -+ D, has singularities,
then Y,, have rational singularities [Vie77|. In order to have well-behaved
invariants, we can choose a (partial) resolution of singularities. For dim Z =
2, the asymptoticity of Chern numbers was proved in [Urz09| for random
n-th root covers. Let us explain briefly what random means (see Section 2.7
for more details). First, in dimension two, each singularity of Y,, is a cyclic
surface singularity of type %(q, 1) for some 0 < g < n. Thus, we use the
Hirzebruch-Jung algorithm (see Section 2.5) to resolve these singularities in
a minimal way. For us, there are two important quantities, (1) the length

of the resolution, i.e., the number of steps of the algorithm, and (2) the

Dedekind sums, el . .
o -£()()
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where ((-)) : R — R is the saw-tooth function (see Section 2.6). We get a
resolution of singularities X,, — Y,,. However, the Chern numbers cf and ¢
depend on the lengths and the Dedekind sums coming from all cyclic singu-
larities resolved. To guarantee asymptoticity, we have to consider asymptotic
arrangements. Indeed, for each prime number n > 17, there exists a set
O, C {1,...,n} (Section 2.7) such that for each ¢ € O,,, the lengths and
Dedekind sums are bounded by ¢y/n for a constant ¢ > 0. Thus we say that
D,.q is an asymptotic arrangement if satisfies :

e Lor prime numbers n > 0, there exists multiplicities 0 < v; < n such
that the singularity over D;N Dy, of Y,, is of type %(qjk, 1) with g1, € O,,.

e For each n there are line bundles £ € Pic(Z) such that
£®n ~ OZ <Z Vij) .
j=1

The main set-up is when there exists H € Pic(Z) such that D; ~ H for each
component of D,.q. Observe that the condition (1.5) is satisfied as

D=viDi+...4+v,D,~(n+...+v.)H ~nH,

thus we can construct n-th root covers. In [Urz09| was proved that for a
random partition v4 +...4 v, = n, the probability of D being an asymptotic
arrangement tends to 1 as n grows. In this way, for n > 0 we take random
asymptotic partitions, and we get a family of random surfaces X,, with

(X)) =N (Z, Dyeq),  c2(X,) = 162(Z, Dyeq)-

Now we can discard the SNC property for the branch divisor. Consider
Dy, ..., D, non-singular curves on Z, such that any two of them intersect
transversally, and D,.q = D; + ... 4+ D, no necessarily SNC. Singularities
of D,.q are m-points, this is, points with exactly m curves passing through
them. We consider a log resolution ~v: Z' — Z, i.e., a sequence of blow-ups
over the m-points of D,.q with m > 2, such that the reduced divisor defined
by 7*D,eq is SNC. We denote it by D._, and observe that it contains the
inverse preimage of each D;, together with the exceptional data of h,. In
this case, we set ¢;(Z, Dyeq) := ¢;(Z', D) for each i. If D!_, turns out to be
an asymptotic arrangement, then we have the asymptotic result for Chern
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numbers as above. See Theorem 2.7.8 in Section 2.7 or [Urz16| in order to
connect this result with minimal models.

Example 1.2.2. A direct application is a relation between Chern slopes
of simply-connected surfaces of general type and Chern slopes of arrange-
ments of lines. Let Di,...,D, be a collection of r lines in Z = P?. Let
Dyeg = Dy + ...+ D,, and denote by t,, be the number of m-points of D,eq.
To prove the asymptotic result on Chern slopes, we assume thatt, =1t,_1 =0
(those are trivial arrangements). Then, D!, = (V" Dyed)reqa 1S an asymptotic
arrangement. Moreover, since each D; is equivalent to a given line, the mul-
tiplicities for D!, depend on partitions vy + ...+ v, = n [Urz09, Th. 6.1.].
Thus, the n-th root cover construction X,, — Y, — Z' — Z produces (non-
singular) surfaces of general type X, satisfying

C%<Xn) N E%(]P)Qa Dred) _ 9 —or + Zm22(3m - 4)tm
CQ(Xn) EQ(]P2, Dred) 3—2r+ Zmzz(m — 1)tm ‘

It turns out that the surfaces X,, are simply-connected. Then, the geography
of line arrangements is translated into results about surfaces of general type.
For complex line arrangements with t, =t._1 =0, one can prove that

and slopes are dense in [2,5/2] [EFU22[. (It is not known if there is any
accumulation point in (5/2,8/3].)

In this way, in higher dimensions, we have several issues to achieve an
analog asymptotic result. For example, the singularities of Y,, are not cyclic,
and the choice of a right (partial) resolution of Y,, with good behavior as n
grows is a challenging problem.

Question 1.2.3. Is there an analog of the asymptotic results in dimension
two for dimension three?

For instance, if this question has a positive answer, then we would be able
to study the geography of 3-folds using arrangements of planes in 2. The
first result in this direction is in Section 4.1, where we find that the Chern
number cicog = 24y is asymptotic independents of the chosen resolution.
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However, the volume and the topological characteristic depend on the chosen
resolution. As above, we may be interested in a log-geography. In this way,
the singularities of Y,, are log-terminal, however of multiplicity n?, too big.
This means that in order to connect with a non-singular model, at a bad
choice of resolution we could have big exceptional data with respect to n,
and so we would lose the asymptoticity of invariants at least topologically.
In Section 4.2, we introduce a prototype of first step, i.e., by toric methods
we construct a local cyclic resolution . In this way, we get singularities of
multiplicity lower than n, and of cyclic quotient type. We are interested
in cyclic quotient singularities since they are log-terminal and have a well-
known algorithm to resolve them: the Fujiki-Oka continuous fraction [Ash19,
Cf.]. In Section 4.3 we globalize this local cyclic resolution, and we get a
cyclic resolution X,, — Y,,. It is important to note that it is an embedded
Q-resolution in the language of [ABMMOGI12|, introduced as an efficient
resolution without useless data. We summarized the work of that section in
the next theorem.

Theorem 2. Let Z be any non-singular projective 3-fold, and let {Dy, ..., D,}
be an asymptotic arrangement. For prime numbers n > 0 there are projective
3-folds X,, — Z with at most cyclic quotient singularities such that

—K%, 24x(Ox,) e(X,)

Y Y

n n n

~ E?(Z7D)JEIE2(27D)7E3(Z7 D)7

where ¢;(Z, D) are the Chern classes of the arrangement.

This result can be extended to an arbitrary collection of surfaces A =
{Dy,...,D,} having only simple crossing, i.e., each D; is non-singular, pair-
wise intersections are transversal, and components of D; N ... N D, are
non-singular. In Proposition 2.7.7 we use a log-resolution Z' — Z to get
a SNC arrangement which results to be asymptotic if A is. In Z’, we de-
note the logarithmic Chern classes for the reduced total transform of D as
¢i(Z, D). Therefore, we can apply again Theorem 2. For example, using Pla-
tonic arrangements (see Example 2.7.9), we get 3-folds with at most cyclic
singularities whose slopes are arbitrarily close to those of the Platonic solids.
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Name \ ci(Z,D)/e1e3(Z, D) \ c3(Z,D)/e165(Z, D) ‘
Hexahedron 11/27 17/27
Octahedron 19/31 16/31

Dodecahedron 623,/705 31/205
Icosahedron 2459/2345 25/469

Table 1.1: Logarithmic Slopes for Platonic Solids

Finally, with these constructions: What can we say about geography of
3-folds of general type? As an application of the above theorem to the ge-
ography of 3-folds, we have two results about the behavior of the slopes of
invariants. In Chapter 5 we see our resolution in terms of pairs (X, [)Ted) —
(Z, Dyeq). As a corollary, we prove that for asymptotic arrangements of hy-
perplane sections on a minimal 3-fold of general type, the resolution preserves
the bigness of the log-canonical divisor K, + Do

Corollary 1.2.4. Let Z — P? be a minimal non-singular projective 3-fold
of general type, and let {Hy, ..., H.} be a collection of hyperplane sections in
general position. Then, for prime numbers n > 0 there are finite morphisms
of degree n (X, f)red) — (Z, Dyeq) such that:

1. X, is of log-general type, i.e., Kx, + D,eq is big and nef,

2. K% >0,

3. X, has cyclic singularities (log-terminal) of order lower than n, and
4. the slopes (—K?®/24x,e/24x) of X, are arbitrarily near to (2,1/3).

The importance of this theorem is: We are in the realm of log-minimal
models, and the existence of a non-singular model depends on resolve cyclic
quotient singularities of order n. We point out that K }n > 0, so in future
work, if we are able to apply the MMP, we will have Kx, nef, so X,, could be
of general type. For us the goal is that the asymptotic behavior of the slopes
of X, coincides with the slopes of its minimal models (see Theorem 2.7.8).
For this, we need a good terminalization of the cyclic singularities obtained.
In Chapter 6 we discuss about what means the word good.
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In Section 5.2, choosing a similar path as for Theorem 2, we construct
minimal non-singular 3-fold of general type using as a base 3-folds Z < P4
with 3 hyperplane sections. So, we get almost asymptoticity of the volume.
This means that with respect to n > 0 the volume converges to ¢}(Z, D)
plus another finite quantity. However, this allows us to prove.

Theorem 3. Ford > 5 and n > 0 there are projective minimal non-singular
3-folds X,, of general type over Z with slopes

¢ (d-2)P°-1 c3 _ (d—5)(d®+2d+6)

ey (d=2)(d—12 e (d—2)(d—1)?

In particular, as the degree of Z grows, the slopes have limit point (1,1).

We obtain a new map in Figure 1.3. The reader can observe the posi-
tion of the point (2,1/3) where cyclic resolutions along hyperplane section
arrangements accumulate. Indeed, this is in the border of the Unknown
Zone. See discussion in Section 6.3. The slopes of Theorem D are inside of a
parametrized curve accumulating at (1,1) defining new points on the map.
Finally, in Chapter 6 we discuss the future of this work.
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c Unknown
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(21730 gy
Quotient
194,144 ®

D —]
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0.0 0.5 1.0 15 2.0 2.5

Figure 1.3: Map after this work. The parametrized curve of color contains
minimal non-singular 3-folds of general type with slopes arbitrarily near to

(1,1).
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Chapter 2

Preliminaries

2.1 Intersection numbers

For us, the main reference for intersection theory will be [Ful98] and [Har77].

Let Z be a variety over C of dimension d. We have Chow homology groups
Ac.(Z) of e-cycles, i.e., their elements are finite sums of the form ). n;[Vj]
where n; € Z, and [V] is the class of a subvariety V; < Z of dimension
e modulo rational equivalence. Any 0-cycle ). n;[p;] has a degree given by
> ;ni. Any e-cycle in A.(Z) can be intersected with a Cartier divisor D
giving an element in A._1(Z). If [V] is the cycle defined by a closed subva-
riety V' C Z of dimension e, and Dy, ..., D, are Cartier divisors on Z, then
we have intersection numbers well-defined as the degree of the intersection
D, ... D.[V] € Ao(Z). In this context, we will abuse the notation and de-
note these intersection numbers as Dy ... D,V € Z. For d divisors, we just
denote

D1 DdI:Dl DdZEZ,

this allow us to write D? := D? Z for any Cartier divisor D.

Remark 2.1.1. If Z is a normal projective variety, the dualizing sheaf de-
fines a Weil divisor Kz on Z which coincides with the canonical divisor if Z
1s non-singular. It will be important the case when Kz is Q-Cartier, so any
closed curve C' has a curvature number defined as

1(nKZC) € Q,

n

chz

27
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where n is the index of Kz, i.e., the minimum positive integer such that
nKy is Cartier. The word curvature arises since in the non-singular case it
is well-known that the curvature of Z along C' is measured by —K5C. We
say that C' is K-(trivial, positive or negative) if Kz C =,>,<0.

Remark 2.1.2. As an extension of the above remark, we can define inter-
section numbers DC € Q for any Q-Cartier divisor D and C € Ay(Z),
i.€.,

1

where n s the index of D. Thus, if Z is Q-factorial, we have well-defined
intersection numbers on Z but now with values in Q. In this way, we say that

two divisors Dy and Dy are Q-numerical equivalent and denoted by Dy ~g Dy
if for any curve C' we have D1 C' = D, C.

Let f: Y — Z be a proper morphism between varieties. There is an
induced push-forward of cycles f.: A.(Y) — A.(Z) given by

_ J deg(flw)[f(W)] if dim f(W) =,
f*[W]_{ ° 0 if dim f(W) <e.

Sometimes we can pull back a Cartier divisor, and we want to consider that
aspect in our intersection numbers [Ful98, Sec. 2.2]. Let D be a Cartier
divisor, then we have a pull-back sheaf f*Oz(D). If there exists a Cartier
divisor E on Y such that |E| C f~1(|D|) and f*Oz(D) = Oy (E), we define
f*D = FE as the pull-back of D. In particular, if D is Cartier effective always
we can pull it back.

Remark 2.1.3. If f is flat, we can define a topological a pull-back f~: A.(Z)
A(Y) given by f7HV] = [f~(V)], where f~5(V') is defined as follows: If Ty,
is the ideal sheaf of V', then f~1(V') is the closed subvariety defined by the
ideal sheaf f~(Zy)Oy. In particular, it is identified with Y xz V.

Example 2.1.4. Consider the finite flat morphism f: Spec(A) — A%, where
A=Clry,...,zq,t]/(t" =21 - 24), and the closed subvariety V — A? defined
by x1 = 0. Denote by D the Cartier divisor defined by V. We have f~1(V)
as a closed subvariety of Spec(A) defined by the prime ideal (t,z1) € Spec(A),
i.e., f71[V] is the class of such closed subvariety. On the other hand, locally
on xo---xg # 0, V is defined by the local equation t" = 0. Let D’ the
Weil divisor corresponding to f=*(V), so we have f*D = nD'. Observe that
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D" is Q-Cartier. In general, if A = Clzy,...,xq,t]/(t" — 2" - 25?) with
0 < vj < mn, the same argument shows that V is defined by local equation

v/ ged(nvn) — 0, ue.,

n /

*D —
ID = et

In the following, if a pull-back of a Cartier divisor f*D appears, we assume
that it exists.

Proposition 2.1.5. We have the following properties.

1. The intersection numbers are local, i.e., if U is an open subscheme of
Z which contains the support of Dy,..., D, and V', then

Di...D.V =Di|y... Dl V.

2. Dy...D.V is symmetric and multilinear in the D;’s.
8. If Z— P and Oz(H) = Oz(1), then H? = deg Z.

4. Projection formula: Let W < Y be a subvariety, then f*D[W] =
D f.[W] for any Cartier divisor D. As consequence,

f*Dy...f*D,V = Dy...D.f.[V].

5. Push-pull formula: For Cartier divisors D+,..., Dy we have,

f*Dl c. f*Dd = deg(f)D1 .. Dd.

Proof. See [Ful98, Sec. 2.3 & 2.4]. O

Analogously, we can define the Chow cohomology groups A°(X) given by
e-cycles of subvarieties of codimension e modulo rational equivalence [Har77,
App. A.]. We can define

A(2) =P A(Z), A(Z):=EPA(2).
e>0 e>0
We have natural homomorphisms Pic(Z) — A,_1(Z) and Pic(Z) — AY(Z)
which in general are not isomorphisms. However, if we assume Z non-
singular, we have A,(Z) = A""1(Z) = Pic(Z). Moreover, the intersection
with divisors extends to the intersection between cycles giving a ring struc-
ture to both A.(Z) and A*(Z). Indeed, we have A4(Z) = A*(Z) [Ful98, Ch.
19]. In this case, we call it the Chow ring of Z and we just denote it as A(Z).
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Remark 2.1.6. For proper morphisms f:Y — Z between non-singular va-
rieties, the pull-back f* : A(Z) — A(Y) always exists. It coincides with
both, f* for Cartier divisor and f=1 from Remark 2.1.5. Indeed, it induce a
morphism of rings f*: A(Z) — A(Y).

In the rest of this thesis, if we are working in a non-singular context, then
we will use interchangeably A, . and A°.

2.2 The Chern numbers

Let Z be a non-singular variety of dimension d, and let £ be a vector bundle
on Z of rank r. We have a non-singular projective bundle P(£) — Z with a
well-known Chow ring [EH16, Ch. 9],

A(Z)[¢]
(co(E)Er + (€)1 + ...+ ¢ (E))

where ¢ is the class of the tautological bundle Op(g)(1), and c.(€) € A°(Z)
with ¢o(€) = 1. The cycles ¢.(€) are the Chern classes of £. We denote
by c.(Z) € A°(Z), the Chern classes of the tangent bundle Tz, and we just
call them the Chern classes of Z. We have that ¢;(Z) = — K, where Ky is
the canonical class. We define the Chern numbers of Z as the degree of the
top-intersection of its Chern classes

CZ‘1<Z)...CZ‘m(Z)€Ad(Z), Zl++lm:d

A(P(E)) =

In the following, if the context is understood, we abuse notation using the
symbol ¢;, ...¢;, (Z) for Chern numbers. Also, we may use the notation
Ciy -+ Ciy, -

We have ¢f = (—1)¢K%, and since we work over C, it is well-known that
cq = €(Z), the topological Euler characteristic. These numbers are codified
into the Todd class of Tz by the following formal sum

2 4 2 2
€1 ci+c  cea o —4cjea — 3¢5 —cics + ey
td =14 —= —
(72) + 2 + 12 + 24 720

As a consequence of the Hirzebruch-Riemann-Roch Theorem, we have the
Noether’s identities, i.e., the analytic Euler characteristic are equal to the
d-th summand of td(7%). For example

C1C2

x(Oz) = 51 when d = 3.
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Example 2.2.1. If S is a non-singular surface of general type whose Chern
numbers equal the BMY-inequality (1.3), then S must be minimal. Indeed,
if S is not minimal, take a contraction S — S’ to its minimal model. Since
this morphism is a chain of blow-ups at points, for simplicity, let us assume
that S is the blow-up of S" at a point p. We have, c3(S) = ¢3(S') + 1 and
co(S) = (S") + 1. So, A(S") = 3¢3(S") + 2 and S’ does not satisfy the
BMY-inequality, a contradiction.

Example 2.2.2. The argument above shows that S is relatively minimal,

i.e., any birational morphism S — S’ is an isomorphism. Now let us assume

Z a non-singular 3-fold of general type satisfying the equality in the Miyaoka-
3 8

Yau inequality, i.e., ¢;(Z) = 3cic2(Z). Assume that Z — Z' is a blow-down.

If Z is the blow-up at a point p € Z', we have
A(Z)=c(Z) =8, cica(Z) =creo(Z), c3(Z) = c3(Z') + 2
If Z is the blow-up along a curve C — Z', we have
A(Z) =2+ aWNeyz),  aa(Z) =aa(Z), o(Z)=c(Z)+a(0),

where Neyz is the normal bundle of Z' on C. Thus, ¢}/cicy behaves errati-
cally and we cannot apply the argument above if we assume minimality with
respect to blow-dows.

Let us construct some examples using just fiber products. Consider a col-
lection 71, ..., Z, of non-singular projective varieties. Set Z = Z; X ... X Zj,
and p;: Z — Z; the corresponding projections. We have T, = @:_, p; Tz,
and so in terms of Chern polynomials we can compute

c(Tz) = prct(TZi)-
=1

The following proposition is deduced via routine computations.

Proposition 2.2.3. Consider Z = Z; X Zy with dim Z; = d;. Then for any
partition iy + ...+ 1, = di + dy we have

Ciy -+ Cip () = Z Chy - Chy (Z1)Cry .1, ().
kj+lj=1;
ki+...+km=d1
l1+---+l7n:d2

In particular, the topological characteristic satisfy ca1(Z) = cqa(Z1)ca(Z2).
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]

Remark 2.2.4. The above formula can be extended to products of more va-
rieties in the same way.

Example 2.2.5. Let C' be a non-singular curve and V' any non-singular
projective variety of dimension d. Set Z =V x C. From the above formula
and for any partition iy + ...+ 1, = d+ 1, we get

Ciy -G, (Z) = (Z Ciy oo Cijm1 v cim(V)) e(C).
j=1
In particular, ¢ = dc(V)e(C). If V is a surface, then Z is a 3-fold with
ch =3K%e(C), cico = 12x(0y)e(0), 3= e(V)e(C).
Then in terms of slopes, we have
(i &) _ ( V) o) >
c1c’ c16p Ax(Ov) 12x(Oy) )
By Sommese’s result [Som84] about the density of slopes ¢3/cy of surfaces of

general type in [1/5,3], the slopes for 3-folds of general type Z =V x C are
dense on the segment in Q* connecting the points (1/2,5/6) and (9/4,1/4).

Example 2.2.6. Let 71, Z5 be non-singular surfaces. Then, Z = Z1 X Zy 18
a 4-fold with

A(Z) = 6c1(Z1)c(Z2), Eea(Z) = H(Z1)ea(Za)+c(Za)ea(Zh)+¢1(Z1)F (Zo)

3(Z) = ca(Z1)ea(Z2)+EH(21)cH(Za),  cres(Z) = ci(Zh)ca(Za) 465 (Z2)ea(Z1),
C4(Z) = CQ(Zl)CQ(ZQ).

Set x = c3(Z1)/ca(Z1) and y = 2(Zy)/ca(Zy). 1t is interesting to consider

the following slopes

4 2 2
i cjca ¢ ¢
(—1,1—2,—2,2> (2) = (6zy, x+y+ay, 1 +ay,z+y).
C4 C4 Cq4 (4
In this case, using again Sommese’s density, slopes for 4-folds of general type
71 X Zy are dense in a non-linear surface in Q*.
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Definition 2.2.7. A simple normal crossing (SNC) divisor D = Y%, D; is
a reduced effective divisor with distinct non-singular components D; satisfying
the following condition: for each p € D there are local coordinates xy, ..., xq
on Z such that the equation defining D on p is xy...x. =0, with e < d.

From [lit77] we introduce the following sheaf on Z.

Definition 2.2.8. For a SNC divisor D, the sheaf of log-differentials along
D, denoted by QY (log D), is the Oz-submodule of N, @ Oz(D) described as
follows. Let p € Z be a point.

(i) If p &€ D, then (24 (log D)), = QlZ,p’

(i1) If p € D, we choose local coordinates xy, ... ,xq on Z with xy ...z, =0
defining D on p. Then, (Q}(log D)), is generated as Oz,-module by

dxq dx,
— ey, —dT ey, ... dy.
g Te

If D = Z;Zl v;D; is a divisor on Z, whose associated reduced divisor Dyeq =
Z]. D; is a SNC divisor, then for simplicity we set

QlZ(log D) = QlZ<log Dred)'

In the rest of this section, we assume D = Z;Zl v;D; as a divisor with
D,.; a SNC divisor.

Definition 2.2.9. The log-Chern classes of a pair (Z, D) are defined as
&.(2, D) = i(Qz(log D)").

The log-Chern numbers of a pair (Z,D) are defined as the degree of top-
dimensional intersections

Eil "-Eim = 511<Z,D)EZM(Z,D), il +—|—Zm :d

We set Q5 (log D) := A QL (log D) for any 1 < e < d. We have Q4 (log D) =
Oz(Kz + Dyeq), ie., ¢1(Z,D) = ¢1(Z) — Dyeq- As an application of the
Hirzebruch-Riemann-Roch Theorem, we have (see [lit78, Prop. 2]|)

Cq = 6(2) — €<Dred)-
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Lemma 2.2.10. We have a natural exact sequence
0— Q) — QL(log D) — é@Di — 0,
i=1
which is known as the residual exact sequence.

Proof. The morphism Q) — QL(log D) is just the inclusion. The other
morphism locally is described as

Za]%—f— Z b; dxj/H@aj|D

7j=1 j'=e+1
. See the rest of the proof in [EV92, Proposition 2.3]. O

From the residual exact sequence, we can compute the Chern polynomial
through the identity

r d
ei(Q(log D)) = ei(23) [ | (Z D;t6> : (2.1)

Let 0 < e <d, and let ¢;+. . .+1,, = e be any partition of positive integers. By
convention, for the case e = 0 we assume the existence of a unique partition,
i.e., i1 = 0. We introduce the following notation,

pi-iml = N pit_ D DU =1

Examples of this notation are,

OIS ST ShYY
Jj=1 i<k
Lemma 2.2.11. We have,

f1(550) -5 (5 o)

jil e=0 e=0 7;1+---+'i7n:e

Proof. We are taking all combinations Dﬁ e D;Z without repeated elements.
Then the result follows by induction. n
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Corollary 2.2.12. We have the identity,

d
Cqg=cCqg+ Z<—1)60d7e ( Z Dliv im]) )
e=1

i1+...+im=e

Proof. Using identity (2.1), and Lemma 2.2.11 we can compute ¢4 as the
degree d element of the expression

(o) (% 7))

Corollary 2.2.13. Assume D is non-singular, i.e., its non-singular compo-
nents are pairwise disjoint. Then for each 1 < e < d we have ¢.(Z,D) =
ce(Z) + Re(D) where

[

R.(D)= Y (~1)'Dl(2),
k+l=e
k#e
foreache=1,...,d.

Proof. Since D is non-singular, then D;D; = 0 for all ¢ # j. Thus, from the
identity (2.1) , we get

d d d
> (-1)e(Z, Dyt = (Z(—U%B(Z)te) (Z D[elte> .
e=0 e=0 e=0
Using the Cauchy product formula for polynomials we have
(-1)°e(2,D) = Y (~1)e(2)DY,
k+l=e
and from this, the formula follows. O

Example 2.2.14. For Z a non-singular curve, set D = v; P, + ... + v, P,
where P; € Z are points. So for the unique log-Chern number we have

G=c—r=—29(X)—-24+r).
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Let Z be a non-singular surface, and D = 37, v;D; with D; non-singular
curves. Then
Ef = cf —2¢1Dyeq + D?

red»

Co = Cg + 1o+ 2Z(Q<Dj) —-2),

j=1
Where ty is the number of nodes of D. For proof, see [Urz09, Prop. 3.1].

Corollary 2.2.15. Consider a non-singular 3-fold Z, and D = Zj viD; on
7. We have

&(Z,D) = c5(Z) — Dyealci — Dyeg) — DMV,
Thus, the logarithmic Chern numbers for 3-folds are,
& = (1(Z) - Drea)”
€18 = c1¢3 — Dyea(c] + ) + (2D + 3DW) — D, (DI 4+ DIV,
Gy = 3 — CoDypog + cl(D[Q] + D[l,ll) _ (D[3] + pt2 L pl21 D[l’“]) )

Proof. Using identity (2.1) for d = 3, and looking for the degree 2 terms we
obtain ¢ (Z, D). The other formulas are direct computations using the above
lemmas. [l

Remark 2.2.16. As in the case of nodes for surfaces, let us denote the
number of triple points of D by t3. Then we can rewrite

83 = ¢3 — ¢3Dyeq + ¢1(DP + D) — (DB 4 DI 4 DAL 4 45)

Example 2.2.17. Let Z — P™ be a non-singular projective 3-fold. Let
H,,...,H,. ~ H hyperplane sections defining an SNC arrangement. We have

Ei’ = c:f(Z) — 3 deg(Z) — 37“C%H + 301(Z)H2

G1Cy = c1c2(Z)—rH(c§+c2)(Z)+(2r + 3(2)) c1(Z)H?*—deg(Z)r (7‘ + (g)) 7

Gy = c3(Z) —rHeo(Z) + (7" + (g)) c1(Z2)H? — deg(Z) (r + 2(;) + (;)) .
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Thus as r grows, we have,

.G oo
lim _— = lim N 2

(5) _1

. C3 .
lim — = lim —* —.
r—00 0102 r—00 ’]"(2) 3

Example 2.2.18. For a non-singular projective variety V of dimension d,
the product Z =V x P! has Pic(Z) = Pic(V)®Z. In this case, Z is generated
by a class of a fiber [V] := [V x p| for a p € P'. This is independent of the
chosen point since all of them are linearly equivalent as divisors. For distinct
points {p1,...,p.}, we have a collection of distinct fibers Vi, ..., V. defining
a non-singular SNC' divisor. In this case, Dyeg = Vi + ...+ V. ~r[V]. Since
V=0 fore>1, from Corollary 2.2.15 we have

Ce(Z,D) = co(Z) — DyeaCe—1(2).
For any partition iy + ...+ 1, = d+ 1, we can compute
Ei1 ce Eim =Cjy .-Gy, — T[V] Zcil ce Cij—l . Cim<Z)~
j=1

From Example 2.2.5 we have

Ciy ---Cip, = 2 <Zci1 - Cij—1 - --Cim(v)> :
j=1

Since [V]¢ =0 for e > 1, we have
Eil e Eim = — <Z Ciy -+ Cij—l e sz(V)> (T‘ - 2)
j=1

Indeed, the same formula is valid if Z = P(€) — P!, replacing V by P™1.
In particular, for V a surface, the 3-fold Z has logarithmic Chern numbers,

& =-3¢G(V)(r—2), aé=—-12x(0y)(r—2), &=—c(V)(r—2).
For'V a 3-fold, the 4-fold Z has
¢l = —4c(V)(r—2), &ey=—(ci+2c100)(V)(r—2), @ = —2cico(V)(r—2)
cie3 = (s +c)(V)2—=r), & =—-c3(V)(r—2).
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Remark 2.2.19. For a product V' x C, where C is a non-singular curve of
genus g > 1, it is not guaranteed the existence of points py,...,p, € C having
[V X pi] ~ [V x pj| for arbitrary r. This is due to the fact that Pic(C) could
be uncountable infinite. However, if such arbitrarily large collection of points
exists, then as above we must have the formula

Ciy - .-Gy, = — (Z Ciy -+ Cij1 - - .cim(V)> (r —e(C)).

Definition 2.2.20. Let Z be a non-singular projective variety and D an
effective divisor with D,.q as SNC divisor. A surjective morphism h: Y — Z
between non-singular projective varieties is called a log-morphism, if D! _, =

(W*D)yeq is a SNC' divisor.

Lemma 2.2.21. For any log-morphism h: (Y,D') — (Z,D), we have an
injection

h*Qz(log D) < Qy (log D").

Moreover, if h is finite and ramified at D, then we have isomorphism outside
the singularities of D.

Proof. See [Vie82, Lemma 1.6]. O

2.3 n-th root covers

In this section, we follow [EV92, Sec. 3|.

Consider the following building data (Z, D, n, L) where,
1. Z is a non-singular projective variety of dimension d,

2. D= Z;Zl v;D; is an effective divisor on Z, with D,.q = Z;Zl D; a
SNC divisor,

3. m > 2 is a prime number, and

4. L aline bundle on Z such that Oz(D) ~ L&
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With this building data, we construct a Oz-algebra given by

F=pcL,

i=0
where the structure is defined by the following laws:
a) Fix a section s € H(Z, L") defining D.

b) For any m € Z, let {m},, its residue modulo n. Then, the line bundle
£~ identifies with £~{™ by the ©z-homomorphism & — hsl%].

Using the relative spectrum construction we get an affine morphism
Y, =Spec, F — Z.

The normalization f: Y, — Y — Z will be called the n-th root covering asso-
ciated to the building data (Z, D, n, £). Take an affine chart U = SpecA C Z
such that £71|y trivialize by a A-module generated by t. So, we have
JY(U) = SpecB’ where

Alt]

- tn—S‘U'

The function field of B" is K = C(Z)[a], where « is a root such that o™ = s|y.
By SNC property of D,.q, e can shrink U and choose local coordinates
21, ..., 2q such that s|y = Z z;)°. As a consequence, the morphism f is
ramlﬁed at D, and topologlcally f~YD) = D. Moreover, the singularities
of Y and Y,, are over the singularities of D, i.e., over D; N...N D, for
each e > 1. Indeed, since Z is non-singular, the singularities of Y,, over
D; n...N D, are locally analytically isomorphic to the normalization of

Clz, ..., 2q,t
Spec(n[l,,j1 dl,]],e>.
t—zjl e 2y

Proposition 2.3.1. The integral closure B of B’ in its fraction field K is
freely generated over A by the generators

o

'z, o, , 1=0,1,...,n—1.

B/
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Proof. See |Gaoll, Th. 3.1]. O

As corollary, let L be a divisor on Z such that £ = Oz(L). We have the
following decomposition on eigenspaces

n—1 .
Oy = 1Oy L0 — _iL "Yilp.,.
1.0, Q_?OA ) z+; 1D

Indeed, Y,, = Specf.Oy, . Therefore f : Y, — Z is an affine finite morphism.

Example 2.3.2 (Prototypical set-up). In P9, let Hy,, ..., Hgy1 be the hyper-
planes given by each coordinate section z;. For any partition

i+ ...+ Vi1 =n

into positive integers, we have D = Zj viH; ~nH, for a general hyperplane
section H. Thus, Y, is the normalization over C of the projective variety

~ . C[le”azd—i-hﬂ
Y = Proj ( R v | -
( 2t 2

)

Proposition 2.3.3. Both constructions Y, and Y, are projective and irre-

ducible.

Proof. Clearly both morphism f": Y/ — Z and f:Y,, — Z are finite, so they
are projective. Indeed, as the previous example we have Z-isomorphisms
Y = Proj(S’) and Y, = Proj(S), where &’ and S are Oz-algebras defined
by S = So = Oy, with S = F and S; = f.Oy, for all i > 0 [Vak, 17.3.F|.
To prove irreducibility we just have to prove that any open set is irreducible.
Let U = SpecA — Z any open set. Then, f'~1(U) = SpecB’ with B’ =
Alt]/(t™ — s]y). Since n is prime and s|y is not a constant, we have t" — s|y
irreducible. Now, Y, is just the normalization of Y, so it is irreducible. [

Remark 2.3.4. Let G = Z/nZ = () for a n-th root (" = 1. We have
an induce G-action on f,Oy, giwen by h — C'h for any local section h of
Oz(L~D). So in terms of invariants of the G-action, we have f,Oy, = Oy
and Z =Y, /G.

Definition 2.3.5. A partial resolution of singularities of Y,, is a projective,
surjective, birational morphism g : X — Y, with X a projective normal
variety having at most rational singularities. This last means that for any
resolution of singularities g': X' — X we have R'g.Ox: = 0 fori > 0.
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Theorem 2.3.6. For the n-th root covering f: Y, — Z we have
1. The morphism f is flat.
2. The variety Y, has rational singularities.

3. For any partial resolution of singularities g: X — Y, the composition
h = f o g satisfies the following Q-numerical equivalence

-1
Kx ~Q h* (KZ + nTDred> + A>

where A is a divisor supported on the exceptional divisor of g.

Proof. We have a local description of the singularities of Y,,. In Section 2.4
we will see that these are toric singularities, and it is well known that they are
(log-terminal) rational singularities [CLS11, Th.11.4.2], so we have (2). Now,
Y,, is Cohen-Macaulay and since f is finite, f must be flat [Vak, Th.28.2.11|
and we are done with (1). Assertion (3) follows from [Par91, Prop. 3.4].

Lemma 2.3.7. Let Y a normal variety, and and g : X — Y a proper,
surjective, birational morphism. Assume that X has rational singularities.
Then g.O0x = Oy and R'g.Ox = 0 for all i > 0 if and only if Y has rational
singularities.

Proof. See [Vie77, Lemma 1.]. O

Corollary 2.3.8. For any partial resolution of singularities g : X — Y, we
have x(Ox) = 317 x(Oz(=L¥)), i.e., the analytic Euler characteristic of
X is independent of the chosen partial resolution.

Proof. Let ¢’ : X’ — X be a resolution of singularities. Since Y,, has rational
singularities, by Lemma 2.3.7, we must have h,Ox, = ¢g.0Ox = Oy, and
R'h,Ox = R'g,Ox = 0 for all i > 0. Thus,

X(Ox) = x(Ox) = x(Oy,).

Then, we assume that g is just a resolution of singularities, so

H'(X,0x) = H'(Y,,q.0x) = H(Y,,0y.), i>0.
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Since f is an affine morphism, also we have H'(Y,,, Oy, ) = H(Z, f.Oy,) for
all « > 0. Thus, we have

—_

n—

X(Ox) = x(0z(—LY)).

i

I
=)

]

Since the degree n of f is a prime number, from FExample 2.1.4 we have
f*Dj = nD’, where D = (f*Dj);cq. Thus, for any partial resolution h: X —
Y., — Z we must have a ramification formula

h*Dj = ’IID; + Aj,

where A; is a divisor supported in the exceptional divisors of h over Dj.
Finally, we give a state about the connectedness of a partial resolution.

Proposition 2.3.9. Any partial resolution g : X — 'Y, is irreducible.

Proof. Since X is normal we reduce the proof to show that X is connected
[Stal8, Tag. 0347]. From Corollary 2.3.8 we know that

n—1

hO(Ox) =1+ h(Oz(~LY)).
i=1
If Y is not connected, then h°(Ox) > 1, so there exists a ¢ > 1 such that
hO(O4(—LW)) > 1. We have,
j=1

So, we choose curves I'; on Z such that D;I'; > 0. Thus, we get a linear
system Av =0 mod n where v = [vy,...,1,]7 and A = (D,I'});1. Since n is
prime, ¥ = 0 mod n, and since 0 < v; < n, we get a contradiction. O]

2.4 Toric local picture

In this section, for toric varieties we mainly follow the notation of [CLS11].
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Let n > 0 be a prime number and 0 < 14,...,v4 < n integers. Choose
av, #0,and let 0 < ¢p,...,94 < n be integers such that v; 4+ g1, = 0
modulo n. In particular, ¢, = n—1. As usual set N = Z? and Ny = R? with

canonical basis ey, ...,eq, and M = NV = Z4¢ with My = RY. Consider the
semigroup
Vi + q;iVg
} : } : T 49
S = <61,...,61€_1, qjej+nek,ek+1,...,ed, T€j+yk6k> .
J#k J#k N
Since

l/j‘FQij vj Vi
——€; + Vi€ = —e€; + — ie; +ne ,
Z n J kCk Zn J n (Zq_]] k>

7k 7k 7k
we have that the saturation [CLS11, p. 27] of S is S = ¢V N Z¢ where

o' =C (61, e >€k—1>ZQj€j + neg, g+, - - - aed—1>€d> C Mg
ik
is the simplicial d-cone defined by those elements. It is the dual cone of

o=C(ner — qi€g, ..., NCr—1 — Qk—1Ck, €k, N€kt1 — Qht1Ck; - - -, NEG — Gq€) C Nr.

Observe that mult(c) = n?! and mult(cV) = n. Recall that the fundamental
parallelepiped of a cone ¢ are the elements of ¢ with coordinates in [0, 1)
respect its generators. We denote it by P,.

Proposition 2.4.1. Every element of v € P, N Z% can be written as
i vine; = gjer) + {Symvias} en

v = , 0<y <n.
n

Proof. An element v € P, can be written in terms of the canonical basis as

v = Znajej + (ak — Z ajqj> ex, «a; €[0,1).
7k 7k
Since v € Z¢, we have o; € nZ for j # k. Let us write a; = v;/n with

v; €{0,1,...,n — 1}. This, implies that noy, € Z and satisfies

nag =, g vjq; mod n.
ik
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Thus, if we write ap = vg/n with v, € {0,...,n — 1}, we must have v, =

{Zj;ék Uj%’}n- u
Proposition 2.4.2. The toric variety associated with the semigroup S is

Clxy, ..., zq,t] )

tn— o7 )

Spec(C[S]) = Spec <

Moreover, its normalization corresponds with Spec(Clo" N Z%)).

Proof. For simplicity, we will prove the result in the case k = d. Since
Norm(Spec(C[S])) = Spec(C[S**]) we will prove the first. Take the surjec-
tive morphism of semigroups ¢: N+ — S such that

d—1 d—1
Vi + qily
p(e;) =ej,  ¢lea) = Z; qjej +neq, Plear1) = Z; %ej + vgeq.
1= =
It induces a surjective morphism of coordinate rings f: Clzy,...,zq4,t] —

C[S], and by [CLS11] in Proposition 1.1.9 it is known that
Ker(f) = (2 .. a5t = gb  glagben o g(a) = ¢(b),a,b € N1),
If we set x; = a; — b;, the condition ¢(a) = ¢(b) gives equations

V1 + qiva
—X

1+ Qg + d+1 = 0

Vi—1+ qi—1Vq
Tg—1+ qi-1%q + fmd—l-l =

NTq + ViZai1 =

We can assume x4.1 = nc with ¢ > 0, then x4 = —ryc, and the equations
reduces to
x = —vc .
! ! { bj = a;j+vjc, 1<35<d
ad+1 = Ud+1 T NC
Tg—1 = —Vg-€

So Ker(f) is generated by elements of the form
oLl (L) — (#7)°),

and the result follows. O]
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Corollary 2.4.3. The normalization of the affine varieties t" = z7* ...zl
and t" = ;[ ], 27"

s are isomorphic.
Proof. Observe that the cones defining both varieties are the same up to a
change of basis, equal to . Thus, the semigroups defined by ¥ N M are

isomorphic. [

Remark 2.4.4. We point out the following. Assume that j = e and vey 1 =

.=v3=0. Thus @qe11 = ... = q4 = 0, and we have a toric description
of the normalization of the varieties t" = z'...x% embedded in A? for any
1 <e<d.

Remark 2.4.5. [t is known that the cone o¥ defines a toric variety isomor-
phic to the d-dimensional cyclic quotient singularity of type

(n_QIa"'7n_q1€fl>17n_Qk+17"'7n_qd)
" :
We have Spec(oc N Z3) = C?/(¢), where ¢p: C* — C? is defined by
O (21,00 2a) = (821,00 Qg e, (T M 2y),

with ¢¢ = 1 a primitive root (Cf. [Ash15]). In this way, cyclic quotient
singularities are geometrically dual to the singularities of n-th root covers.
We will denote a cyclic singularity of this type by Cy, .. gi....qu- I dimension
2, it occurs the accident that singularities of n-th root covers are also cyclic
quotient singularities.

2.4.1 Toric tools

This subsection is devoted to stating well-known toric results that will be
helpful in the rest of this thesis. Let ¥ be a fan in Ng, and denote by Xy, its
associated toric variety. Any cone 7 in ¥ of dimension e is called a e-cone,
and the set of e-cones is denoted by X:°.

Proposition 2.4.6. Any e-cone 7 = C(dy,...,d.) in ¥ defines a subvariety
in Xy, denote by V(7). Moreover, it is a toric variety whose fan is defined by

Star(t) = {6 C N(7)r : 0 a cone of ¥ containing T},
where N(1) = N/(dy,...,d.)z, and & is the imagen of o in N(T)g.
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Proof. See |CLS11, Prop. 3.2.7|. O

In particular, any 1-cone (or ray) p defines a divisor in Xy, defined by the
class of V(p). It is denoted by D,.

Theorem 2.4.7. A divisor 3 v1 a,D, € Div(Xyx) is a Cartier divisor if

and only if for every o € $¢ there exists a my € M such that (m,, Vp) = —a,
for every p € 1 contained in o.
Proof. See |[CLS11, Ch. 4]. O

The collection {m, }yex is called the Cartier data of a Cartier divisor
E = ZpEEl a,D,. Denote by || the support of the fan, i.e., the set-theoretic
union of all its cones. In particular, we have a support function ¢r on |X|
associated to E defined as

o 12 =R, v (my,v), ifveo.

A toric Q-Cartier divisor is defined as a Q-divisor E of index r such that its
Cartier data is given by a set {m,},ex C %M C Mg. The definition of ¢g
for E extends naturally. Thus

E=-) ¢x(,)D,.
pex!

Proposition 2.4.8. Let f: Xsv — Xs be a toric morphism induced by a
refinement X' of ¥ in Ng. Let E be a Q-Cartier divisor on Xyx, with Cartier
data {my}sexs C Mg. Then f*E has the same Cartier data on ||, i.e.,

fE==Y" ¢5,)D,.
peX/1

Proof. This is a particular case of [CLS11, Prop.6.2.7|. ]

The canonical divisor of Xy is the divisor

Ky, =-Y_ D,

peX!

By Proposition 2.4.8 Ky,, is Q-Cartier if and only if for each o € 3¢ there
exists a m, with (m,,v,) =1 for every p € X' contained in o. Thus, if ¥ is
simplicial, then the canonical divisor is always a Q-Cartier divisor. Moreover,
if Xy is smooth, we have the canonical bundle wy, = Ox, (Kx,).



24. TORIC LOCAL PICTURE 47

Proposition 2.4.9. Let Xy a toric variety with Kx, a Q-Cartier divisor.
Let ¢k be its support function. Then for every toric morphism f: Xsy —
Xy coming from a refinement ¥’ of ¥ we have

KXE/ = f*KXg + Z (¢KX2 (Up) - 1)Dp'

pEE’l\El
Proof. See [CLS11, Lemma.11.4.10]. O
Example 2.4.10. Consider the cone o = C(nei—qiéq, - .., N€4_1—qq—1€4, €d)-

The canonical divisor of U, has Q-Cartier data given by

1 _ Deg_
m:(q1+ Jer + + (qa—1 + 1)eq 1+ned€M@ﬂaV.
n

Let 33 be a refinement of o by a lattice point

S vi(ne; — giea) + {32021 qvj e

" )
If we denote by F the divisor associated to the ray defined by v, then we
compute

KXE = ]MI(U(7 —|— ((m, ’U> — ]_)F

Vit g {Z;l;i qjVjtn — 10
n

= f"Ky, + F

Intersection theory

Here we assume our toric variety Xy with ¥ simplicial, in this way Xy is
Q-factorial. The intersection theory on Xy is summarized in the following
theorem.

Theorem 2.4.11.
1. The Chow group A.(Xy) is generated by {[V (0)] : 0 € X} as an abelian
group.

2. There exists a well-defined Q-intersection of cycles in the Q-Chow ring
Ad(Xy)g = Au(Xy) ® Q: For o,0',0" € 3, if o’ and " span o with
dimo = dim o’ + dim ¢”, then

mult(o”)mult(c”)

VNV = MV ),

and [V (d')].[V(¢")] = 0 if they does not generate a cone of 3.
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Proof. See |Ful93, Ch. V.. O

As a first consequence, for any pair of toric divisors D, and D,,, for two
rays p; and py of X1, Let 7 € X2 be the face generated by these two rays.
Then

1
D, D, =———V(7)].
proee mult(T)[ (™)
Each d-cone o satisfies deg[V'(c)] = 1 since it is represented by its distin-
guished point. Therefore, if py, ..., pg generate a d-cone o, then we have
1
D, ...D, =———.
P P4 mult(o)

As a second application, let 1,09 € X¢ such that 7 = o1 N oy € B4
We have [V (0;)] = 1, and C = [V/(7)] is a closed curve on Xy. Assume that
T =C(vy,...,04-1), and

o1 =C(vo,7), 09=C(T,04).
Denote by p; = R v;, and since mult(p;) = 1, we have

mult(7)
mult (o)

mult(7)

‘DPO'O: y Dpd'C:

mult(oy)
Moreover, if we consider the unique linear relation up to scalars between
Vg, ..., Up given by
Aoy + A1V + ... + aqUg = 0,
then
a;mult(7) a;mult(7)

P apmult(oy)  agmult(oy)

Corollary 2.4.12.

mult(T) 4 a; _ mult(T) 4 a

d
Kx,C=-Y D,C=—

pas mult(o1) < ao  malt(o) aq

]

Remark 2.4.13. Cones defining the same plane has its adjacent walls defin-
ing curves with Kx, C = 0. Indeed, there exists a w € Mg such that
(w,v;) = (w,v;) > 0 for all i # j. This implies that ag + ... + aq = 0,
and the assertion follows from the above formula.
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2.5 Planar cones and Hirzebruch-Jung algorithm

Set N = Z% and M = NY. A planar cone 7 in Ng = R? is a cone of
dimension 2, i.e., it is generated by two rays defined by primitive generators
V0, Vs4+1 € N (s will have sense soon). Assume that mult(7) = n. It is known
that if n > 1, then there exists some v € TN N such that vy, v generate TN N,
ie., |det(vg,v)| = 1. If v = c1vg + c2vs41, With ¢; € Qs, then

det(vg,v) =ncg =14 g =1/n.

On the other hand, since det(v, vs11) € N, we have ¢; € %N. If we set ¢ = ney
with 0 < ¢ < n, we say that 7 is of type (n,q) in direction vy to vs,1, or type
(n,q’) in the opposite direction, where 0 < ¢’ < n is the inverse modulo n of g.

Let us change the Z-base of N such that e; = v and ey = vy. So, we have
Vsr1 = nep — qes. We have,

d-3
7 = C(e1, pe1 + ney) @ @Rwi = O(wy, wy) ® R,

=3

where the w; € M are such that (vy, w;) = (vsy1,w;) =0 and (-,w) >0on T
for any w € C(wq,wy). Thus, in terms of toric varieties,

X, =C, x (C*)42,
where C, is the cyclic quotient surface singularity of type 1 (g, 1) (Remark 2.4.5).

Assume that n,q are coprime, then consider the Hirzebruch-Jung algo-
rithm of division for n/q, i.e., a pair of sequences

Mmo=n>my=q>...>mg=1>mgy; =0,

n=0<n=1<...<ny=¢ <ngq =n,

which are related by
May1 = kamcx — Ma-1

Na41 = kana — Ng-—1,
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where ki,..., ks are integers satisfying k, > 2. Usually we denote n/q =
[k1, ..., ks]. These sequences define the Hirzebruch-Jung continuous fraction
as
1
n_ g
q 1
ko —

., _ i
. kS

Remark 2.5.1. Observe that sequence n,, is the sequence m,, for n/q, i.e.,
if the pair (m!,,nl) is the resolution of n/q" then

(Mg, ng) = (M, Ma).
Lemma 2.5.2. For each o, we have the following relations
1. maNar1 — Mar1Na =N,
2. ged(mea, Mat1) = ged(Ng, Nar1) = 1,
3. ged(mg,ng) = 1.

Proof. The identities in (1) follow by induction using as the main tool the
recursion from the £/ s. Since ged(n, q) = ged(n,¢') = 1, (2) follows directly.
For (3), using (1) and (2) we have

ged(me, ng) = ged(mea, manas1 —n) = ged(meg,n) = 1.

[
The non-singular resolution of the planar cone 7 is a refinement by adding
the rays defined recursively by
MaVo—1 + VUs41 maVo + NaVUsy1

Vo = = , 1 <a<s.
Ma—1 n

See Figure 2.1. Each cone C(v,, vqy1) is non-singular, since

1
det(va, Var1) = ﬁ(manaﬂ — Mar1Me) = 1.

From Remark 2.5.1 observe that we have a dual non-singular resolution given
by the sequence
!, / /
/ MoVo_1 1 Vo M Vsi1 + 1 V0

v, = - = , 1 <a<s.
ml_4 n
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Figure 2.1: Resolved planar cone

from where we have v, = v, ,_,.
Let us change the Z-base of N such that e; = v and e5 = vy. So, we have
Vsr1 = nep — qes. We have,

d—3
7 = C(e1, pe; + ney) @ @Rwi = O(wy, wy) ®RI72
i=3

where the w; € M are such that (vo, w;) = (vsy1,w;) =0 and (-,w) >0on T
for any w € C(wq,wy). Thus, in terms of toric varieties,

X, = C, x (C¥)¢2,

where C,; = Spec(C[C(wy, we) N M]) is the cyclic quotient surface singularity
of type %(q, 1) (Remark 2.4.5). Thus, the constructed resolution is a blow-up
h:Bly(X;) = X,, where a = m ® C[3", ..., #7'] and

m= @ X"

weC(wy,w2)N(M\0)

For details see [CLS11, 11.3.6]. In particular, Bl,(X,) = Bl,(X,) x (C*)¢2.
We can give a explicit description of m noting that the projection C, — A?
is given by the surjection C[x**, x*?|] — C[C,].
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2.6 Dedekind sums and asymptoticity

Consider the sawtooth function ((x)): R — R is defined as

r—|z]—-1/2 zeR\Z
@ ={ ) SR

Observe that is an odd periodic function of period 1.

Definition 2.6.1. For n > 3 prime and aq,...,aq € 7Z, we define the
Dedekind sum of dimension d by

e = 57 (%)) ().

By periodicity, we can reduce a; € Z to 0 < a; < n, by
d(ay,...,ag,n) =d{ai}n, ..., {aqtn,n).

where {a;}, is the residue modulo n of a;. Since ((x)) is an odd function, we
always have
d(—ay,...,—ag,n) = (—1)%(ay, ..., aq,n),

ie., d(ay,...,aq,n) = 0 for any odd dimension d.

We can rewrite this sum as

d(as, . agn) = %ni (tiano —5) -+ (fiaadn — )

A well-known result is the Reciprocity Theorem for a Dedekind d(ay, . .., aq,n)
of dimension d even [Zag73, pag.158|. It tells us the existence of a rational
function ¢, (xg, x1,...,x4) with zg... 246, a polynomial in d + 1 variables
such that

d

d(ala s 7ad7n) + Zd(ala sy Q—1, M, A1, - - - aad7ak) = gbn(anwb cee 7'Id)7
k=1

For an explicit construction of ¢, see [Zag73, Sec. 3|. Indeed the case d = 2
is a classical result given by H. Rademacher in 1956, i.e., we have

1 /a2 + b2+ n2
d(a,b,n) + d(a,n,b) + d(n,b,a) = 1 (a—gs# _ 1) _
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The non-trivial Dedekind sums are those of even dimension. However, by
the vanishing of the odd-dimensional Dedekind sums, we can relate sums of
powers of residues modulo n with Dedekind sums of even dimension. The
following lemma illustrates this.

Lemma 2.6.2. We have the following relations,

nil{za}n{d)}n = nzd(a, b7 n) —+ w)

— — n?(n—1)(2n — 1)

> fiaya{ibt, = > fia},{ib}2 = n’d(a,b,n) + 5

i=1 i=1
— n? n3(n —1)

Z{m}n{zb}n{m}n = (d(a,b,n) + d(a,c,n) + d(b,c,n)) + —g

Proof. We have an identity

n—1 n—1
> _fiaky =3 i,
i=1 i=1

for each k£ > 0 integer. Indeed, since ia and n are coprimes, the map i —
{ia}k is a permutation of the set {1,...,n — 1}. Then, we use repeatedly this
identity in the following expressions. The first formula follows from,

H

n—

n?*d(a,b,n) = <{za}n — —) ({Zb}n - —> :

=1

(11~ ) (190 2) (1 ).

1

and using it in,

,_.

n—

7

we get the other two.
[
Recall from Section 2.5 that each pair of coprime numbers n,a have a
negative-regular continued fraction
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A well-known result [Bar77| (also see [Hol88|) is the following formula relating
the length s of the continued fraction and Dedekind sums,

Proposition 2.6.3. Let n be a prime number, and q be an integer such that
0<qg<n. Letn/q=[ki,..., ks]. Then

S !

_l’_
d(q,l,n)—l—s:Z(ka—Z)—i—q 7

n
a=1

2.7 Asymptoticity in dimension 2

Let Z be a non-singular projective surface, and let D be an effective divisor
with SNC reduced divisor. Assume the necessary hypothesis to construct the
normal n-th root cover Y;,, — Z along D (Section 2.3). We have to choose a
resolution of singularities h: X,, — Y,, — Z, and the Chern numbers c?, ¢, of
X, will depend on this resolution. The singularities of Y,, over each point of
D; N Dy, are analytically isomorphic to the normalization of

Clz,y,1] ) ’

Spec (—t" oty

where v;+¢q;,v, = 0 modulo n. This singularity is a cyclic quotient singularity
of type %(qjk, 1), and the singular point can be resolved by some weighted
blow-ups. The exceptional data will be a chain of non-singular rational curves
{E\,..., B} with E;Ej, = 1 and E7 = —k;, where the k; > 2 are the
integers that define the negative regular continued fraction

1
i - kl - —1)
QJk k‘g—

_ 1
ks
usually called Hirzebruch-Jung continued fraction. See Section 2.5 for de-
tails. The number s is called the length of the resolution and we denoted it
by ¢(g;i,n). In this way, we resolve all singularities of Y,, obtaining a mor-
phism ¢g: X,, — Y,,, with composition h: X, — Z.
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In dimension 2, for the chosen resolution X,, Dedekind sums and lengths
appear in the following formulas [Urz09],

p2—1D[2]_p—1

€(D> + Z d(17 Qjk; n>DJDk

j<k
e2(Xy) = nea(Z2) — (n—1)e(D) + Y gz, m) D; Dy
j<k
Then, we can recover a formula for ¢ by Noether’s identity. In [Gir03] and

|Gir06], Girstmair proved that the lengths and the values of Dedekind sums
have a particular asymptotical behavior.

Theorem 2.7.1 (Girstmair). For n > 17 there exists a set O,, C {0,...,n}
such that for any q € O,, we have

d(1,q,n) <3v/n+5,

U(g,n) < 3v/n+2.
Moreover [{0,...,n}\ O, < +/nlog(4n).
[

Remark 2.7.2. The set O,, can be constructed as follows. Let n > 2 be an
integer. A Farey point is a rational number of the form n§, with 1 < d < \/n,
0 <c¢<d, ged(c,d) = 1. The interval

Ie ={x:0<z<n,
d

)

c‘<@
<%

.’L'—’I’La

is called a Farey neighborhood of ng. Define the bad set as

= U Ut

1<d</n c€Cq

where Cg = {c: 0 < ¢ <d,(c,d) =1}. Thus, O, is the set of those integers
q ¢ F with0 < qg<n.

Remark 2.7.3. Observe that from the relation of Proposition 2.6.5 combin-
ing it with the results of Girstmair, we have an asymptotic behavior for the
coefficients of the Hirzebruch-Jung continued fraction in the following sense:
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For a prime number n > 0, and integers q € O,, with n/q = k1, ..., ks|, we

have
S

D (ko —2) <6/ +T.

a=1
Definition 2.7.4. A collection of prime divisors {Ds,...,D,.} on a non-
singular d-fold Z is an asymptotic arrangement if D,cq = D1+ ...+ D, is
SNC, and for prime numbers n > 0:

1. There are multiplicities 0 < v; < n, such that for any j < k with
D;NDy # 0, we have qjx € O,,, the unique integer such that v;+qjxvx =
0 modulo n.

2. There are line bundles L such that,

OZ (i Vij) ~ £®n.

j=1

Example 2.7.5. Inside the proof of [Urz09, Th. 6.1], it was proved that for
any large prime number n there exist a partition

vVi+ ...+ V. =n,

with q;1 € O, such that v; + qjrvry = 0 modulo n. We call it an asymp-
totic partition of n. Indeed, the probability of a partition of n to be asymp-
totic tends to 1 as n grows to infinity. Thus, any collection of hyperplanes
{Hy,...,H.} onP? defining a SNC divisor, is itself an asymptotic arrange-
ment with

D=viHi+...4v.H =(wn+...4+v.)H =nH,

where H is a general hyperplane section on P?.

Definition 2.7.6. Let A = {D;,...,D,} be an arbitrary collection of hy-
persurfaces in a non-singular projective d-fold Z. We say that A has simple
crossing if each D; is non-singular, pairwise intersections are transversal,
and the components of Dj, N ...N D;,  are non-singular. For 0 <e < d—2
and m > d —e, a (e,m)-singularity in A is a e-fold through which exactly m
of the divisors pass.
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Proposition 2.7.7. Let Z be a non-singular projective d-fold, and A =
{D,...,D;} a collection of hypersurfaces with simple crossings. Assume
that A satisfy the hypothesis (1) and (2) of De finition 2.7.4, then there exists
a log-morphism h : Z' — Z such that the components of (h*D),cq define an
asymptotic arrangement. The log-morphism h s called a log-resolution of

the pair (Z, A).
Proof. Let h: Z' — Z be the morphism constructed as follows:
1. Blow-up all (0, m)-singularities for m > d.
2. Blow-up all (1, m)-singularities for m > d — 1,
. and inductively,
(d-1) Blow-up all (d — 2, m)-singularities for m > 2.

The pull-back of the arrangement defines a SNC divisor consisting of the
strict transforms ljj of each divisor and the exceptional divisors over each
(e, m)-singularity. Thus, for n > 0 there are multiplicities 0 < v; < n
such that D = zj viD; ~ nL with g;; € O,. The multiplicity of Dj in
h*D is v;. Let E be a exceptional divisor over a (e,n)-singularity defined
over a component D; N ...N D; . The multiplicity of E in h*D is v; +
...+ vj,. Thus, the multiplicities in h*D are the same of D together with
its combinatorial sums. This setup translates to an arithmetical one, so
is a consequence of [Urz09, Th.7.1] that (h*D),.q is again an asymptotic
arrangement. O

Let us denote by ¢(Z, D) the logarithmic Chern class of the above log-
resolution. In [Urz09] the author uses the observations of the above remark
to get asymptoticity of invariants for arbitrary arrangements of curves.

Theorem 2.7.8. [Urzial Let Z be a non-singular projective surface, and
let {D1,...,D,} be an asymptotic arrangement of curves. Denote by X, —
Y, — Z the resolution of the n-th root cover'Y, along each D = } . v;D;.

Then 2(X ) (X )
ci(X,) co( X,
1 2 s 2(Z,D),co(Z, D).

n n n—o00, n prime

Moreover, if each Ky, is nef, then with respect to n, the Chern numbers of

the minimal model of X,, are asymptotic to the logarithmic Chern numbers
of the base (Z, D).
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Proof. For the first assertion see [Urz09, Th.7.1]. See |Urz16, Th.4.3| for the
last []

The following example shows a classical family of arrangements of planes.
For more examples of this kind we refer to [Hun89].

Example 2.7.9. Let us consider Platonic arrangements, i.e, arrangements
of planes {Hy, ..., H,} in P? defined by linear polynomials with real coeffi-
cients describing a Platonic solid in P3, the projective space over R. In this
case, no more than 2 planes pass through a line. However, there are points
having m > 3 planes passing through them. They are called the m-points
of the arrangement. Let t,, be the number of them. Let o: Z — P? be the
log-resolution constructed in Proposition 2.7.7. In this case, from [PSGI4,
2.2.14] we have Chern classes

tm
Cl(Z) = —40'*H - QZZETR,S?

p>4 s=1
co(Z) = 60" H?,
3(2) =443 tm,
m>4

where E,, s are the exceptional divisors over m-points, and they satisfy Ef’n’s =
1. With this in mind, and using formulas from Corollary 2.2.15, we can
compute the following tables.

’ Name ‘ r ‘ # lines Hj t3 t4 t5 t6 ‘
Tetrahedron 4 6 4 - - -
Hexahedron 6 15 8 3 - -
Octahedron 8 28 g8 12 - -

Dodecahedron | 12 66 40 15 12 -
Icosahedron | 20 190 140 90 24 20

Table 2.1: Platonic Solids

They have logarithmic Chern numbers given in the following table.
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Name \ r \éj(z,D) c162(Z, D) E;;(Z,D)‘
Tetrahedron 4 0 0 0
Hexahedron 6 11 27 17
Octahedron 8 76 124 64

Dodecahedron | 12 623 705 93
Icosahedron | 20 4918 4690 250

Table 2.2: Logarithmic Invariants for Platonic Solids
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Chapter 3

Asymptoticity for non-singular
branch locus

3.1 Logarithmic asymptoticity

Let A(Z)r = A(Z) ®z R be the extended Chow ring of a non-singular
variety Z. For each m > 1 assume the existence of finite log-morphisms
h,: Y, — Z between non-singular varieties of the same dimension with
deg(h,) = n (Definition 2.2.20). We have a morphism of extended Chow
rings hl: A(Z)g — A(Y,)r for each n. Since h, is flat, we have that
hi(A(Z)) C A(Y,) [Har77, II1.9.6]. The following definition lets us to
reduce the notation in the rest of this section.

Definition 3.1.1. Let {C),},>1 be a sequence of e-cycles with
Cn € hy(A%(Z)r) C A*(Yn)r

for each n, and C € A°(Z)g. We say that C,, has C as limit and denoted by
lim,, o Cp, = C, if for every b € AY¢(Z)r we have

. CLhb
lim

n—oo n

= Cb.

This is well-defined since Cy, hi,b = nh,.C, b on Z, i.e., we are dealing with
real numbers depending on Z.

Lemma 3.1.2. For any partition i, + ... + i, = d, assume that for each
j = 1,...,m there are sequences {Cy'}, with lim, C;/ = C% € A%(Z)g.

61
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Then, we have ' '
. O Cim
lim *—" =

n—o0 n

ch.. O,

Proof. By definition, there are classes ¢!, € A*(Z)g such that that C? = h’c.
Define ¢, . p,, = ¢l ... cim € R. Since lim, o C, = C*, we have

.....

— i1 ij,1 ’ij ij+1 bm
i . m = Cppy -+ - an,lc el e,
for fixed n; # n;. So, we proceed analogously taking limit for the other n,,
and we get,

_ i i
n, =C" O™

.....

and the result follows. O

Theorem 3.1.3. For n > 1 assume the existence of finite log-morphisms
hy,: Y, — Z ramified at a non-singular divisor D whose reduced form is a
SNC' divisor. Let Dy, ..., D, be the components of D, and D;- the reduced
preimage of each D;. Assume h;,D; = nDj, and that D;l does not depend on
n. Then, we have,

e (Y,
lim G )

n—o0 n

Proof. The proof of the theorem is based in proving the following,

ce(Yn) € hi(A%(Z)r), and lim c.(Y,) =c.(Z,D),

n—o0

for each e. We proceed by induction on the dimension 1 < e < d. Since D is
non-singular, by Lemma 2.2.21 we have ¢ (Y,,, D) = h’(¢.(Z, D)). Thus, by
Corollary 2.2.13 we get

ce(Yn) = h,(€(Z, D)) = Ro(D'), Re(D')= Y (-1)'D"Mey(2).

k+l=e
k#e
Since hy D; = nD}, for the case e = 1 we have,
— h’(D;
c1(Yn) = hy(c1(Z) — Dyeq) + Z Lj) € hi(AY(Z)R).

, n
J=1
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Then for every hib € hi(A'(Z)) we have

Y,) hib ~ D;b
lim L300 (c1(Z) = Dyea)b+ Y =2 | = (c1(Z) — Drea)b,
=1 "

n—00 n n—00

ie., lim, o c1(Yn) = &1(Z, D). We assume as induction hypothesis that the
result is true for £ < e. Thus, for k = e using Corollary 2.2.13 we have,

r

R(D')= Y (=1)"> (D)) er(X,)

k+l=e j=1
k#e

— (I D;)
-y 3 R,
k+l=e j=1
k#e

Since k < e, cx(Yy,) € hi(A*(Z)R), also c.(Y,) is in h¥(A°(Z)r). We have
lim,, ¢ (Y;,) = cx(Z), thus for e > 0 we have

n—00 n

from where the result follows. O

3.2 Applications

The main situation to apply Theorem 3.1.3 is the case of n-th root covers.
In this case, take a non-singular SNC divisor D; + ...+ D, on Z, and we
restrict our attention for prime numbers n > 2. Assume that D;i does not
depend on n. For each n, assume the existence of L and 0 < v; < n such
that D = . v;D; ~ nL (Section 2.3). Construct the non-singular covers
hn: Y, — Z along each D. Then h;,D; = nD’, and we get.

Corollary 3.2.1. Under the above hypothesis, the n-th root covers'Y,, satisfy,

CZ‘1 e Cim (Yn)

X Ciy .-G Z,D,
n Cl C’m( )

for prime numbers n > 0.
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O
For our purposes in geography this result has a disadvantage, the diffi-
culty to find good pairs (Z, D) whose covers Y,, are minimal of general type.
For example, from Theorem 2.3.6 would be enough K, big and nef, and D
ample with many components. However, at least the condition K, big seems
difficult to assure by the following. In [BPS16] was proved the following:
Assume that Z has a collection of disjoint divisors {D,};es, if |J| > 0, then
there exists a surjective morphism from Z to a curve such that every D; is
contained in a fiber. For another purposes, these results can be applied to
projective bundles.

Example 3.2.2. Let C be a curve of genus g > 1, and L # O¢ a line bundle
on C of degree 0. Consider the locally free sheaf € = Oc & L of rank 2, and
the non-singular ruled surface,

m:P(€)— C.
Then, P(E) has two disjoint sections Cy,Cy with Ope)(C;) = Opg)(1), and

C? = 0 [Har77, Ex. V.2.11.2]. Thus, Corollary 5.2.1 can be applied. We
construct surfaces Y, — P(E) with

@ — & (P(£),01 + Cy) = 12(1 — g),
02(:;”) S B(PE),Cr + ) = 2(1 — g),

for prime numbers n > 0. In particular, as n grows the slope ¢2/cy of Yy,
tends to 6.

By the above discussion, in the rest of this thesis we will study the above
results for the case of 3-folds when D has its components with non-empty
intersection. Thus Y,, will have singularities.

Remark 3.2.3. We can extend Corollary 3.2.1 to Abelian covers, i.e., to
the case Gy, = Z/mZ @ ... ® Z/nyZ a sequence of Abelian groups of order
n = ny...ng with each n; a prime number with n; # ny. See [Par91] or
[Gaoll]. In this case, the Abelian coversY, — X depend on a data D' ~ n;L;
with D!, a SNC divisor for i = 1,... k. Then the SNC divisor to take is
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Dyeq = (DY + ...+ Di)yea. The ramification numbers for each component Df
of D are given by
h*DZ - —.D/.Z = nD/A,L’
7 ged(ng, vi(n)) !
where V;(n) is the multiplicity of D} in D'. From here, we leave to the reader
the analog asymptotic result. However, we can ask: How do this argument
be extended to any Galois cover?

Example 3.2.4. Since a n-th root cover Y, — Z (assume n prime) along a
non-singular effective divisor D is non-singular, from Theorem 2.5.0, if Kz
is a nef divisor, then Y, is minimal. Consider Z =V x P! with projections
P1, P2, and V' a non-singular variety of dimension d—1. From FExample 2.2.18
consider Vi, ..., V. ~ [V] on Z with r > 2. If Ky is nef and r > 3, then Y,
1s minimal. Moreover, if V' is of general type, then Y, is of general type for
n >> 0. This follows since K‘Cﬁ_l > 0, and from the fact that for n >> 0 we
have
Ky ~nK{'(r—2)>0.

If V is a surface, the asymptotic result Corollary 5.2.1 implies that

(L2 ) o= (s maes )
C1C2 C1C2 4x(Oy) " 12x(Oy)
as n,r — 0o. From Sommese’s density result, we have a line L in Q? con-

necting (1/2,5/6) and (9/4,1/4) whose points are limit points respect to n of
sequences of non-singular minimal 3-folds of general type.

This example gives a new point of view of the n-th root construction: In
fact, Y, is isomorphic to V x C, where C,, — P! is a n-th root cover of P*.
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Chapter 4

Asymptoticity of invariants

4.1 Asymptoticity of y for 3-folds

Consider a data (Z, D,n, L) as in Section 2.3, with Z a non-singular projec-
tive 3-fold. Let h: X,, — Y,, — Z be any resolution of singularities of the
branched n-th root cover Y, along the effective divisor D = 7" v;D; ~ nL
whose reduced form is SNC. We have,

4 r . 1 r - 1 r
LO =i = :{ﬁJ D; =~ (z’D - n{—W”JDj) == {iv;}aD;
n n n n
j=1 =1 =t

By Corollary 2.3.8, and Hirzebruch-Riemann-Roch theorem for 3-folds we
can compute

n—1
Oxn Z X L(l
=0
n—1
1 ‘
=nx(0z) — 35 (LY + Kz)(2LY + K7) + ¢o(Z).LY)
=1
1 n—1
=mx(0z7) = 5 (2(LD)? + 3(LY)2 Ky + LYKZ + ¢o(Z).LY)
=1
1
=nx(0z) — ER(TL, D),

where R(n, D) is a quantity depending only on n and D. We have the
following identities.

67
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n—1

, —1
> - Up,,
i=1 2

n—1
: -1)(2n -1 -1
Z(L(z))2 _ (n—1)(2n )D[2] + %D[l,ﬂ + de(,/j’ Vg, n)D; Dy.

i=1 j<k

The above is not difficult to deduce from the formulas in Lemma 2.6.2. To
illustrate, we compute Y _,(L?)3 as follows. The first step, we compute ex-
plicitly:

3
1 (..
== Z{wj}nDj>
j=1

= — | Y {i;}aD? + 3 {iv;}2{ivi}n D3 Dy, + {ivs}a{ivi}, DD}
j=1

i<k

+6 ) {iyj}n{wk}n{m}npjpkpl>

j<k<l

Applying directly the formulas in Lemma 2.6.2, we get.

[y

n—

2
(L(i))3 _ (n—1) DB+ (n—1)(2n —1) (D[LQ] 4 D[2,1]> 4 3(n — 1)D[1,1,1}
4

4n 4n
1

+3) d(vj, vk, n)(D} Dy + D; DY)

i<k

+3 Z (vj, vk, n) + d(vj, v, n) + d(vg, v,n))D; Dy D.

J<k<l

On the other hand,

A 1— 2n—1
Z(L(z))2KZ _ ( n>c1(Z) ((n—)DD] + D[171})+2Zd(yj, yk,n)DjDsz,

3n :
<k
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n—1

- n—1 n—1
ZL(Z)K%:( 2 >K%Dred:( 9 )Dredc%(z)v
=1

— (n—1)
> LWy (Z) = > Dreica(Z).
i=1

Thus, we have R(n, D) = Ry(n, D) + Rs(n, D) + R3(n, D), where

n—1)? n—1)2n—1 3(n—-1
Ri(n,D) = %DB] +< )2(n )<D[1,2] +D[2’1])+ ( . )D[l’l’l],

Ron, D) = L= () (@Dm + 39[1711)+<” - Y Do (2)+2(2),

Rs(n,D) =6 <Z d(v;, vg,n)D;Di(D; + Dy 4 K7)

j<k
+ Z (d(V]‘, Vi, n) + d(Vj, vy, TI,) + d(l/k, v, n))D]Dle> .
j<k<l
Theorem 4.1.1. If {Dy,..., D,} is an asymptotic arrangement, then

n 24 ’

for prime numbers n > 0.

Proof. First observe the following limits

i D) _ %Dm + (DI 4 ply 4 ;D[m,u _ %Dred(Dm L pliay,

n— 00 n

R D 1 1
lim M - ——Cl(Z) (QD[2] + 3D[1,1]) + §Dred<ci(z> + Cz(z)).

n—oo n 2

From formulas in Corollary 2.2.15, we get the identity

ji DD IOD) () (2,0,
n—0o0
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Since the collection of divisors is an asymptotic arrangement, we use Theo-
rem 2.7.1 to get R3(n,D)/n ~ 0 for prime numbers n > 0. Thus, in this
case we have

X(Ox,) _ac(Z) 1 e _ an(Z,D)
n S o~ glael?) maalZ b)) = =
for prime numbers n > 0. O

Remark 4.1.2. Observe that the formula for (L)% can be extended to higher
dimensions. In the same way of Lemma 2.6.2, we can find formulas for (L")®
depending only on the combinatorial aspects of D and higher dimensional
Dedekind sums. Thus, for asymptoticity of x(Ox,) in any dimension, we
need asymptoticity of Dedekind sums, i.e., the higher dimensional analogs of
Girstmair’s results. For dimension d > 4 this is an open problem.

4.2 Toric local resolutions

In this section, we study the 3-fold singularity given by the normalization
of t" = a{'x?xy®, with n > 2 a prime number and 0 < v; < n. The aim
is to achieve good local resolutions of singularities in asymptotic terms with
respect to n. Since this singularity is toric, it can be resolved by subdivi-
sions of its associated cone obtaining a refinement fan. To assure asymp-
totic properties, we have to pay attention to the combinatorial aspects of
the refinement. Let 0 < p,q < n be integers such that vy + pr3 = 0 and
v + quz = 0 modulo n. By Section 2.4, this 3-fold singularity is a toric vari-
ety Y, , := Spec(c¥ N Z?) defined by the cone o = C(dy,ds, d3) C R?, where
di = ne; — pes,ds = nes — qes, and dz = e3 are the primitive ray generators.
A transversal section of this cone is sketched in Figure 4.1.

The fan defined by the cone o has 2-dimensional faces (walls) given by
T = C(d;, dy) for j < k. By Section 2.5, each wall 7;;, can be resolved by

Sjkt+

Hirzebruch-Jung sequences (Mg a, Njk.a)amo "in direction d; to dj, with initial
data

Miko =N, Njpo=0, ny1=1 Vj<k,

/ / /
mizp =p, Ma231=¢, Mig1 = {—P Q}m
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ney — pes ez — 43

Figure 4.1: Transversal section of o.

where p’ and ¢’ are the inverse modulo n of p and ¢. Thus, there are integers

kjka > 2, such that

n

- [kjk,li A k]k,sjk]

Mjk,1

Then, the walls 7;; can be resolved by subdividing them in a sequence of
steps by rays with generators (ej1q).2"; defined recursively as

Mjk,ad; + Nk ady
Cika = — ]n ’ , 1< a< s

If we fix 7 < k, we denote by ey; the exceptional divisors in direction dj to
d;. We have the relation ej, o = €pjsi1-o- In Figure 4.2 are illustrated the
border generators.

In order to choose a good asymptotic local resolution of ¢, imitating the
2-dimensional case, we can ask for a minimal local resolution, i.e., with nef
canonical bundles. However, minimal varieties in higher dimensions may have
terminal singularities, minimal singular models are not necessarily unique,
and there are no efficient algorithms in the toric case. In this last, at least
there exists a kind of optimal method. Minimal resolutions can be obtained
by the canonical resolution of ¢ which is obtained by the canonical refine-
ment of the cone [CLS11, Prop. 11.4.15]. However, the canonical refinement
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ney — pes

Figure 4.2: Lattice points that resolve each wall

appears not to have a regular pattern for any p, q.

In the following, we will see some examples of minimal resolutions. With
the irregular forms that they take, in Section 4.2.2, we propose a cyclic
resolution that imitates the resolution for the case {p + ¢}, = 1. Then, in
Section 4.3 we observe that this resolution has the asymptotic properties that
we have been looking for.

4.2.1 Minimal resolutions
4.2.1.1 Case (p,q) = (n—1,q)

Following the notation of Section 2.5 for each 7;, we have
712 and Tp3 of type (n,q'),

713 of type (n,n — 1),

thus 712 and 73 have the same Hirzebruch-Jung resolution. We construct a
minimal resolution in the following steps.
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Step 1 : Since 75 and 73 are of the same type, their resolutions have
the same length, so let us denote s = s19 = s93. In particular, we will denote

My = M12,0 = 23 s—14+a5 TNa = N12,a = N23 5—-1+a-

Then, we do toric blow-ups in both respective walls of ¢ in the following
order

€12,1 =7 €235 —7 ... =7 €12q 7 €23, s—14+a ~7 --- —7 €125 —7 €231-

We get a fan 0* as a refinement of 0. This fan can be illustrated in Figure 4.3.

dy €121 €122 v €12,5-1 e1,s dy

Figure 4.3: The fan o*. Black and yellow walls will be identified below.

Denote by X* — Y, , the corresponding projective morphism induced by the
refinement. Denote

012,60 = Cle12,0s €12,041, €23,5+1-a), 0 < a <,

0230 = Cl€12,041, €23 5+1-a> €23.5+2-0a), 0 < a <,
/
To = C(€12,0,€23511-a), To = Cl€12,0,€23512-0), 1< a <s.

Observe that 7, are the yellow walls in Figure 4.3, while 7/, are the black
ones. We will denote by ¥, the non-simplicial cone conformed by generator
of 012,« and 023 -
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Proposition 4.2.1. For the refinement o* we have,
1. mUlt(Ulgp) =nNn.
mult(o19,6) = Mult(0230-1) = M, 1< a<s.

mult(1,) = My, and mult(t)) = 1.

e e

The canonical divisor of X* has the explicit Cartier data given by:

(ma - ma+1) + Q(naJrl - na)
n

Wo = (naﬂ — Ny, s N1 — na> € M,

on each X. In particular Kx- is Cartier.
5. X™* has canonical singularities.

Proof. (1) and (2) are direct calculations using determinants. (3) follows
from the fact that n is prime and (mg,,n,) = 1. (4) is a direct computation
since w. , must satisfy (w,,-) = 1 on 012, and 093, with the symmetry of
the context. Since m, = qn, mod n, we have w, € M, this implies K x~
Cartier, and (5). O

€12,

Each primitive generator of o* defines a divisor Ej; o = V(C(ejr.a)) Sec-
tion 2.4.1. Also, we have closed curves C, = V(7,) and C!, = V(7). In
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terms of intersection theory, we have
El?,a-E23,s+1—a - Com
!
E127a~E23,s+2—o¢ - Ca-

Proposition 4.2.2. We have,
Kx-C!, =0
Kx«Cyo=ky,—22>0.

Proof. We have the following relation between primitive generators

12,0 = €23,5+1—a + Ma(1,0,—1).

€12,a-1 + ko120 + €12.041 = 0,

€23,5+2-a T Ka€23s41-a + €235-a = 0.
By combining them we have
212,01 + K12,0€12,0 — 2€12,542—a — k23,0€23,0 = 0,

e23,542-a + (k120 — 1)€12.4 + €23 5+1-a + €12041 = 0,

and the result follows using Corollary 2.4.12. [

Step 2 : Since mult(7,) = m,, observe that

1

— ((ma — 1)ess sr1-a + €12,0) = €23541-a + (1,0,—1) € N,

thus, this singularity is of type (mq, my — 1), ie., a canonical singularity.
Then 7, can be resolved by the following ray generators I,, defined recur-
sively by

]oc,ﬁ—&—l = QIa,Z - ]oc,f—l) Ioz,l = €23,5+1—a + (17 Oa _1)a Ioz,O = €23,5+1—a>

or explicitly In s = €12.s11-a+£€(1,0,—1). In the next we will use interchanged
the same notations for divisors defined by this ray generators. So we define
a refinement o' of of o* doing toric blow-ups through the generators I, , in
the following order

[171 — [1’2 — . —7 Il7m1,1 — [271 — . > [2,m271 — . —7 ]s’msfl.

Denote by X the toric variety defined by o', and by g: X — X* — Y,,
the corresponding projective morphism. In Section 4.2.1.1 is illustrated the
refinement o! at the level of blocks X,,.
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[L\ 1.1

If,rfl,Z

1Lr+ 1,1
J[u—l,m,., —2 In*lr‘l
J[u—l,m,., —1
[mH,m,.(,l 2
jcr+'l,m‘,+_ 1
[

Efljﬂ

Proposition 4.2.3. h: X — Y, , is a minimal resolution of singularities,
n.e., Kx is nef.

Proof. Since 7, defines a canonical singularity, each one of I, . are in the same
plane. So by [CLS11, Prop 11.4.17] the toric blow-ups along each I, . defines
a projective crepant birational morphism, and the resulting toric variety will
have at worst terminal singularities. The singularities of X are determined
precisely by its cones of multiplicity strictly greater than 1. Now each one of
these cones is of the form

09300 = C(Easa-1,Lass Iag+1) oF 01200 = C(Er2.041, Lag, Lapt1)-
So the multiplicity is computed by
mult(oa3.0.0) = | det(Eas s2-as Laes Laot1)]
= | det(Eas s12-a) Fozst1—a + €(1,0,—1), Eoz s11-0 + (£ + 1)(1,0, 1))
= | det(Eas s+2-as F2zst1-a + £(1,0,—1), (1,0, —1))]
= | det(Eo3 s42-as F23,s11-a, (1,0, —1))]

Mag — Ny Ma—1 — qNa—1
e\ T )T

1
= Elna—lma - nama—1| =1,
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by Lemma 2.5.2. And the result is analogous for mult(oy24,) = 1. Moreover
the Cartier data of Kx is the same on the blocks Y, in o' as before, this
is due to the collection {I,,}, lies on the same plane of the block ¥,. So
each curve given by a face C(Ea3 5120, Lae) Or C(E12 5110, Lay) is K-trivial,
therefore K is a nef divisor. O

So if we denote by h: X — Y, , — A? the composition of g: X — Y,
given by the refinement, and f:Y,, — A®. Let us denote by ﬁj the strict
transform of the coordinate divisor H; under h. Abusing notation, we also
denote I, to the divisor defined by its correspondent ray generator. Using
Proposition 2.4.8 we get explicitly

s Mo —1 n—1
h*Hl = nDl + Z (maEu’a + Z fla’g> + Z ﬁElgg,
a=1 =1 B=1

h*HQ - TLDQ + Z na<E12,o¢ + ]oz,l + ...+ ]oe,ma—l + E23,a);

a=1
~ s ma—1 n—1
h*H3 = an + Z <naE23,a + Z (na — £>Ia,£> + Z(n — ﬁ)E13,ﬁ~
a=1 /=1 B=1

Moreover, since the resolution X — X* is crepant we have

Kx= WKy, +3 (ma_w - 1) E,,

n
a=1

where
Ea - E12,a + ]a,l + ...+ ]a,ma,1 + E23,s+1—a-

Since the Cartier data of Kx is unchanged, we have
KX E23,s+1fa Ia,l = KX [a,l [a,Q = ... = KX [a,mafl ElZ,a = ka - 27
KX E23,s+27a [a,ﬂ = KX E12,a+1 Ia,é = 0.

4.2.1.2 Casep+qg=n-+1

Consider for 0 < p,q < n the toric variety Y}, , isomorphic to the normaliza-
tion of t" = 2" Py" 9z with (n—p)+ (n—q¢)+1=mn,ie,p+qg=n+1. To
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construct the minimal smooth resolution of o we refine the fan associated in
two steps:

Step 1: Since p+ g = n + 1, it is not difficult to check that v = e; +
es — ez € 0 N N always maximizes the distance from the lattice points of
Conv(co(1) U {0}) to the plane generated by o(1). So as first step, we do a
toric blow up through the ray generated by v, obtaining a refinement ¢* of
o.

@
ney — pes

Figure 4.4: The fan o*

Step 2: Now do toric blow-ups through each wall following the non
singular resolution associated in directions d; to dj where j < k. So we
obtain a refinement of, and denote X the toric variety associated to this fan.
This refinement give us a birational projective morphism g, : X — Y,
which is the minimal resolution of Y, ,. In the following, we prove that X
is a quasi-projective minimal smooth 3-fold over Yj,.. Denote each cone of
(o) by

Ok = C(V, €jka, €jkat1), 0 < a < sj.

We will use the same notation to speak about the pair (mjgq,njka) of a
Hirzebruch-Jung resolution for a 2-face of 0. We also denote each inner wall

by Tik,oe = C(U, eﬂm).
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Figure 4.5: The fan o

Lemma 4.2.4. We have mult(ojo) = 1, and mult(7jia) = 1.

Proof. The first assertion is a direct compute using determinants and prop-
erties of 2.5. O

Each ray generated by some ej;, defines a toric divisor on X given by
Eiko = V(C(€jra)), at the say time we fix notation for j < k by Ejj. :=
Ej; s+1—o. The inner ray generated by v also defines a toric divisor which
we denote by F. Each inner wall 7, defines a closed curve on X given
by Cjra = V(C(Tjka)). Since the refinement ¢* is simplicial with cones of
multiplicity one, X is smooth, and the canonical divisor Kx is a Cartier

divisor. Then we have defined an intersection theory on X.

Lemma 4.2.5. We have

Ejk’ank’ailF =1, Ejzk,OéF = _kjk,ou Ejk,aF2 =0,

D;F2=D;’F=—1, F*=n, KyF’=—(n—3),

_J Ejpa—2 1< a<sy
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where kjio > 2 are the coefficients of the resolution (Mjk o, Njka) defined in
2.5. Then for the inner divisor F' we have

K%F: —ZKchk@ = —Z(kjk,a_2)>
KxF2:3—n

Proof. Using 2.4.11, and noting that each Cj , is defined by a wall between
two cones in (). Since we are over a point, then h*D;F? = 0 by projection
formula. So we have

Sjk
nDiF?+ 3> “mup B + F* = —n+ F* =0,

k a=1

]

Therefore X is a smooth quasi-projective variety with nef canonical di-
visor, i.e., X is minimal. Denote by h: X — Y,, — A? the composition
morphism g o f, from 2.4.8 we can compute

Jk
h*Hj = nDj + Z Z mjk,ank,a + F,

k a=1

Sjk

Kx=¢"Ku, +Y .Y NivaEjra —

j<k a=1

n—3
n

E,

where
Mjka + Njk,a

n

Njk,a = — 1.

4.2.1.3 Casep+qg=n

Since p + q =, 0, we have 71 of type 7, i.e., that wall can be resolved with
just one blow-up. We construct the minimal resolution in the following steps.
Step 1: We blow-up the wall 75 at the ray generator

1 1
€191 = ﬁ(dl +ds) = ﬁ(n,n, —(p+4q)=(1,1,-1).

Indeed this generator is that one minimizes the distance of lattice cone points
with the origin. Thus we do the corresponding toric blow-up at that generator
obtaining a fan ¢* illustrated Section 4.2.1.3.
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€3

®

nep — pes €121 ney — qes

Figure 4.6: The fan o*

The fan ¢* has two 3-cones of multiplicity n, and since the remainder
walls are of multiplicity n, these 3-cones do have not lattice points inside
their parallelepiped associated.

Step 2: Now we blow-up completely the other walls following the Hirzebruch-
Jung process. We get a fan o' illustrated in Section 4.2.1.3.

Denote by X the toric variety defined by o', and h : X — Y, the
projective birational morphism induce by this refinement of o.

Proposition 4.2.6. h: X =Y, , is a resolution of singularities.

Proof. For a pair j,k # 1,2 a cone 0j; o = C(€jk,a, jk, @+ 1,e127) have

1
mult(cjzq) = ﬁ| det(mji,ad; + njkadi, Mjk.at1d; + Njkar1dr, €12,1)]

M. s — M T,
_ Mk Jkaa+1n2 kol Jk’a|\det(dj,dk,€12,1)|
_ | det(d;, di, e12,1)]
n

by Lemma 2.5.2. O

=1

Y
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ney — pes €191 ne; — ges

Figure 4.7: The fan o'

We denote the inner curves on X by
C=V(C(es,e121)), Cira=V(C(ejra),€12,1)-
Proposition 4.2.7. We have
KxC =0,

KX Cjk:,a = Njk,a — 27

where kjio > 2 are the coefficients of the Hirzebruch-Jung resolution of the
wall 7jp,.

Proof. The proof is direct using Corollary 2.4.12, and the relations between
ray generators
e1+ey—e3—epy =0,

€Cika — kjk,aejk,a + €ik,a = 0.
O

Thus as before, for the composed resolution h: X — Y, , — A3 we have
the following pull-backs
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Sjk
WHy=nD;+ > Y mjraBjra+ F,

k oa=1
h n—3

Kx =g Ky, + Z ZNjk,ank,a i F,
i<k a=1
where .
Nijpo 1= —aho T ket _ .

n

4.2.2 Cyclic resolution

From Proposition 2.4.1 we know that every v € P, N N can be written as

v — U1d1 + ’Ugdg + U3d3
n

, v3={pv1 +qua}t, 0<0; <n.

Fix a v, with v1 + v9 + v3 < n and v; > 0.
Step 1: We refine by a star subdivision along v obtaining a fan as illus-
trate Section 4.2.2.

ne; — pes ne; — qes

Figure 4.8: Star subdivision along minimizer v

Step 2: Now we refine each wall by doing toric blow-ups following the
Hirzebruch-Jung algorithm. So we obtain a refinement ¢* and denote by X
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the toric variety associated. This refinement gives us a birational projec-
tive morphism ¢g: X — Y, [CLS11, 11.1.6]. This refinement is sketched in
Figure 4.9. Denote each 3-cone of o* by

nej — pes

e e >
€121 €122 €12,5-1

Figure 4.9: Cyclic local resolution

Tika = C(V, €jkar €jkat1), 0 < a < sjp.

The 2-cones of o* are given in two types. The exterior walls T, = C(€jk,as €jkat1)s
and the inner walls pjr o = C(v, €j;4). For any permutation (v;, vy, v;) with
j < k, using determinants and properties of Section 2.5, we have

mult(ojkq) = v, mult(pjra) = ged(Vin ko —VeMjka,v), mult(r,) = 1.
Lemma 4.2.8. Fach cone oji4 s a cyclic singularity of type

(ijk,a, bjk,aa 1)

» y  Qjka = {mjk,a-i-lvk_njk,a—&-lvj}vp bjk,a = {mjk,avk_njk,avj}vla
1

where {-},, is the residue modulo vy.

Proof. Since 7, o is non-singular, then o} , is semi-unimodular respect to v.
By [Ash15, Prop. 1.2.3| if there is positive integer x,y such that

TEjk o + YCjk,a+1 +v
U

€73,
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then z,y define the type of the cyclic singularity. Since ged(n,v;) = 1, we
can solve the equations modulo v; and the result follows.
]
Denote by h: X — Y, , — A® the composition with the natural projection
to A®. Denote by D; the divisor in A® defined by the coordinate z;. Each
ray on o* generated by d;, €ji o, or v defines a toric divisor on X given by

D; =V(C(d)), Ejra=V(Clejra)), F=V(C()),

where V (-) denotes the orbit closure of a cone [CLS11, p. 121]. At the same
time we fix notation for j < k by Ejj o := Ejk s1-a. Using Proposition 2.4.8
we can compute

Sjk

h*Dj = TLDj + Z Z mjk:,ank,oz + Uij

k a=1

Sjk

KX = g*KYp,q + Z Z Njk,ank,a

j<k a=1

+U1+U2+U3—n
n

F. (41

where N
m; n;
Ny 1= b Tljka
n
It is satisfied the relation kjxoNjka — Njkat+1 = Njka—1 — (kjka — 2), which

J J
gives

Sjk Sjk
> Nikalkjea —2) = =(Njga + Niga) = > (kjra — 2).
a=1 a=1

Proposition 4.2.9. The Q-divisor

n—1 U+ U2+ U3 — 7N
h Dy+ Dy+ D NitoFEirao F,
( —(Di+ Dy + 3))+ZZ ko B

, n
i<k «
is an effective Z-divisor.

Proof. The local pullback h*(D; + Dy + D3) equals

n(Dy + Dy + Ds) + Z (Mg + ko) Ejka + (01 + V2 + U3) Fjgr .

j<k,a
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Thus, h* (®=2(D; + Dy, + D;)) + A equals to

(TL — 1)(D~1 + D~2 + D~3) + Z (mjk@ + Njka — 1) Ejk‘,oc + (Ul + U2 +v3 — 1)F,
i<k,
i.e., an effective Z-divisor. O]

Each inner wall defines a closed curve on X given by
C; =V(C(dj,v)), Cjra=V(C(pjra))-

The refinement ¢* is simplicial with cones of multiplicity one, and the canon-
ical divisor Kx is a Q-Cartier divisor. For any pair v;, v, 7 < k, let v; be
the another coordinate. The following relation among lattices generators,

€ika—1 T (—kjka)€jra +0 v+ €jkar1 =0,

Vy — My 105 — Mk 1Vk

- ) d; + (—=1)v + vgep 1 = 0,

vjerin + (
describe the intersection theory on X. Using Theorem 2.4.11 we have,

mult(p;.qa) kg omult(pjr o)

Ejk,aCjk,ail = ’U—l’ Ejk,acjk,a - - vl ) FCjk,a = 07
. d(v;, a4y — d(v;,
By 0y = 84 o) (0 = mujaty = mueave)) o ed (v, vi)
nv; Vg VU
Ky ()= _ng(Uj, Uk) <vj Fup— 1+ U — M1V — mzk,wk) ,
VU, n
1t(pik o
Kx Cjra = M(/@jk,a —2), 1<a<s;. (4.2)
!
Lemma 4.2.10. We have
o B L
V1U2U3

Proof. The divisor v;F" is Cartier for any j, then from the pullback identities
above we have

3
’U1’U2U3F3 = H (h*Dj — ’I”LDj — Z Z mjkyank@) = h*Dl h*DQ h*Dg =n,

7=1 k a
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where the last is by projection formula. n

As a consequence, using Corollary 2.4.12 we can compute,

KxF?= —F*(D, + Dy + D5+ F)
V1 + U2+ U3 — N

V10203

From the last one, we get

Kx C Kx Cy
KQF:—g _— E & e K F?.
X l ged(vj, vg) mult(p;x.q) X

<K,

The following arithmetic lemma will be useful in Section 4.3.

Lemma 4.2.11. There exists v € P, NN such that vi +v9 +v3 =n, so Kx
has multiplicity zero at F'. Moreover, for n > 0 we can choose v such that
the slopes v; /v, < 3.

Proof. By Proposition 2.4.1 we have vg = {v1p + v2q}n. So vy + vy +v3 = n,
implies that (v, vy) are solutions (z,y) of the Diophantine equation

y=cx modn, c={—(p+1)(g+1)}..

Moreover, for any of those solutions with = +y < n, we have v3 =n —x —y.
A degenerate case is p + ¢ = n — 2, equivalently ¢ = 1, thus the solution
to the equation is the diagonal. Thus, we can choose + = y = |%], and
the result follows for this case. Let us assume that ¢ < n/2, otherwise we
do (z,y) — (—m,y). The integer points in the square [1,n — 1]* solving the
equation distribute in R? along the lines Lg : y = cx — fBn for 0 < g < c—1.
Thus, over each Lg the integer solutions over the line are defined by those

integers in the interval
(]
Ip=||—|,|———1|-
c c

For each 1 < k < [%], we have

ykzy(V—nJ—kk:) =ck —r,
c
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where 0 < r < ¢ is the residue of fn modulo ¢. So, c(k — 1) < yr < ck. Let
us choose # = [451], and k = |£]. In particular |%] € I5. So, as n > 0 we
have y, ~ % By construction, we have x = [’%"J + k. Let 0 < r* <2 the
residue of ¢ — 1 modulo 3, then x; ~ % Since % < % < 1, the result
follows chosing v; = x;, and v, = y;, as n > 0. O
Example 4.2.12. Case {p+q}, = 2: In this case, again vy = vy = 1 defines
a interior lattice point v minimizing vy + ve + v3. In this case, we have
0130 0nd 0234 as non-singular cones. On the other hand, each 0124 is cyclic
singularity of order 2. Thus, they define canonical and terminal singularities.
The first ones achieve a terminal resolution by one blow-up. Moreover,

1
KxC53 =0, Kxc]’G{O,—§}, j=12
so there are p,q with canonical divisor Kx nef. In the worst case, 1i.e.,

KxCj <0 for j = 1,2, we can do toric flips a to get a nef toric variety
giwven whose fan is sketched in Figure 4.10.

Figure 4.10: Flipped fan for {p + ¢}, = 2.

Example 4.2.13. If we drag the lattice point v to one of the generators of
the cone o, we get a degenerated fan as in Figure 4.11. In this case, the
singularities are of order n, and as an advantage, we do not have a divisor

F.

As we see, having v; < 2 gives us good singularities to work. Indeed, if
the v}s are small enough, the singularities are also good in asymptotic terms.
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Figure 4.11: Degenerated cyclic resolution

Step 3 (Optional): Now we can desingularize each non-terminal cyclic
singularity using the Fujiki-Oka algorithm. See [Ash19] for a modern treat-
ment. Denote the complete resolution as X — X — Y,,. Since the cone
of toric cyclic singularities of any type aTb has multiplicity ¢, then there is a
resolution of singularities with length at most c¢. In this case, if we assume
v; bounded by n/¢ with C' > 1, then the lengths on ¢* can be bounded by

Zsjknl/c < 3C'n2/c,
j<k
for another constant C’ > 0 using the result of Girstmair (Theorem 2.7.1).

For C > 2, it is guaranteed that X is a resolution of singularities with good
asymptotical behavior.

4.3 Global resolution

Let {Dy, ..., D,} be an asymptotic arrangement on Z. Thus, for prime num-
bers n > 0 we have multiplicities 0 < v; < n depending on n, with its
respective ¢;r € O,. We have n-th root covers f,: Y, — Z branched at
each D = Zj viD;. Let us fix a n > 0, so we drop the subscript n of the
morphisms, i.e., we are fixing a f: Y, — Z.

For j < k, the singularities of Y,, over curves in D, := D; N Dy, are
locally analytically isomorphic to C,, » X C where C, , is the surface cyclic
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quotient singularity of type %(qjk, 1). For a triple j < k < [, the singularity
of Y, over a point in Dj; := D;N DN D; is locally analytically isomorphic to
the normalization of Spec(c}, N M) where 0y is a cone with walls of types
%(qjk, 1), %(qﬂ, 1), %(Qku 1) as we see in Section 4.2. We will get the cyclic
resolution X,, — Y, via weighted blow-ups in two steps.

Step 1: Since singularities over D;j; are isolated, for each o, we do a
weighted blow-up at a convenient interior lattice point v/*. So, this refine-
ment locally gives a projective morphism which is a blow-up over an isolated
point [CLS11, 11.1.6]. In this case, we get a projective birational morphism
h': X, —Y,. We have exceptional divisors F};; whose components are over
the points of D,j; and they are isomorphic to weighted fake projective planes
[Buc08]. For future computations, we fix the notation of v/*' and Fjj; inde-
pendent of the order of the triple j, k,[. For example, v/* = p*i!,

Step 2: Since the centers of the above blow-ups are points, the sin-
gularity type over intersections Dj, was not affected. For curves in Djy,
locally by SNC property, we can assume that they are supported on a local
equation xy = 0 for local coordinates z,y. Then over such curves, the sin-
gularities on X, are locally analytically isomorphic to C,,, » X C, thus we
use the Hirzebruch-Jung algorithm which is a weighted blow-up to resolve
Cyum- The Hirzebruch-Jung resolution can be realized by a single blow-up
Bln(Cyy,,.) — Cy,. where m is a maximal ideal determined explicitly in co-
ordinates z,y as we see at the end of Section 2.5 (also see [KM92, 10.5]). In
terms of local resolutions, we need to follow an order compatible with the
resolution, i.e., if we locally blow-up a curve in D, then this operation must
be reflected on the other local toric pictures following the centers to blowing-
up. See Figure 4.12. Thus, this construction extends and we have resolved
the curves Dj,. Consequently, we get a projective morphism denoted by
g: X, = X! — Y, and denote by h: X,, — Z the composition. Since X,
was constructed by a sequence of weighted blow-ups with cyclic singularities,
then, X, is an embedded Q-resolution of Y,, [ABMMOG12, 2.1|. As we see
in Proposition 2.3.9, the varieties X,, are irreducible. We summarize this in
the following.

Proposition 4.3.1 (and Definition). There ezists a cyclic partial resolution
g: X, —Y,, i.e. aprojective, surjective, birational morphism such that X,
is 1rreducible and, it has at most isolated cyclic quotient singularities of order
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lower than n.

]

Over each D, = D;Dy, we get exceptional divisors Ej, ., 0 < a < s,

where s, = {(n, g;;) and whose components are over those of Dj,. From the
local computations of the section above, we have

Sjk
h*Dj = TLDj + Z Z mjk’ank@ + Z Fkl,j; (43)
DyD;j#0 a=1 Dy D;#0

where Fy, ; is a divisor whose components are the exceptional divisors over
points in D).

Explicitly, for any triple of positive integers numbers j, k, [, let py(j) €
{1,2,3} the position of j if we order the triple. For example py3(1) = 1,
p57(6) = 2 or ps54(8) = 3. Thus, if Fjy, is the exceptional divisor over a

point p € D; DDy, then
Fjy = Z Firp

PED k1

Fuj= Y pr(i) i (4.4)

PED;K

In terms of intersection theory, we have

n ~ ~
3 A Ao
ijl = mD]kl, DJDk =0.

vy Uy U3

From Theorem 2.3.6 we have Ky, ~g h*(Kz + %=1 >_; Dj) + A where

A= ZEjk + Z Vi Fjn,

<k j<k<l
jkl jkl jkl
v]” vl vl —n
‘/;'kl = n )
sjk

Ej, = E NikaEjka-
a=1
_

The following proposition will be useful in Chapter 5. From Remark 2.1.1,
recall that on a normal variety X, a curve C'is a m-curve if Kx C = m. A
m-curve C'is K-negative, K-positive or K-trivial if m <0, m >0or m =10
respectively.
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Proposition 4.3.2. The Q-divisor h* ("T_l >y Di) + A is an effective Z-
divisor. Thus, if Kz is nef, then the K-negative curves of X,, are contained
in the support of h*D.

Proof. The first assertion is a direct consequence of Proposition 4.2.9. Now
assume that Kz is nef, and let C' be a curve in X. If C' is not contained in
the support of A*D, then

1<
Kchz<h*<KZ+” ) D,-)+A).C>O,
n =1

since h* K 7 is nef (projection formula), and effectiveness of h* ("T_l Yoy Di) +
A. Thus, if C is negative must lie in the support of A*D.

O
Now we describe how the intersection theory on X, behaves under pull-
backs of divisors of Z. In what follows, we set Ej.o = D; and Ejis;, +1 = D.

Proposition 4.3.3. Let G,G" any divisors on Z, then h*GFy; = 0 as 2-
cycle, for any 1 < a < s,

h*Gh*G'Ejiq = 0,
h*GEfm = —kinaGDjr, W GEjpoEjlat1 = GDjy.

Proof. We use the projection formula repeatedly. The first one is given by
the fact that h,Fj;; has codimension 3. Now for a 1 < a < s;;, we have
h«Ej, o supported in codimension 2, thus

h*Gh*G'Ejo = GG'h,Ejj0 = 0.

Finally, for any o we have

* * * 2
h Djh GEjk,a =0=nh G(mjk,aquk,aqEjk,a—l-mjk,aEjk@‘i‘mjk,aﬂEjk,aHEjk,a),

h*th*GEjk,a =0= h*G<njk,a71Ejk,a71Ejk,a"‘”jk,aE]Zk@—i_njk,a#»lEjk,a+1Ejk,a)-

The recursive relations with kji, o give

[ Mika  Mjka+1 } [ h*G(Ejzk,oz + kjk,ank,a—lEjk,a) } _ [ 0 }
Njka  Njka+l h*G(Ejkpz—i-lEjk,a_Ejk,a—lEjk,a) 0"
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From Lemma 2.5.2 we have the determinant mx oM jra+1 — Mjkat+1Mjk,a = 1,
thus
* 2
WG(Ejy o + FikaLjka-1Ejka) =0

h* G( ik, Oz—&-lE’k,Oc - jk,a—lEjk’,a) = 0.
In particular, we have
h*GEjka1Ejna = h*GD;Ejy = GDyy,
and the result follows. O

Corollary 4.3.4. For any divisor G on Z we have

Sk
h*GEijX = —D]kG (( jk,1 +Nk]1 -+ Z ko — 2)> .

a=1

Proof. Since h*G' F vanishes at top-dimensional intersections, and Ejj o, Ejk ., =

0 for |a; — ag| > 1, we have

Sk
WGE; Kx = hVG(E =h'G Z T ]k o T 2NjkaNjkar1EjkaFjk a1
Sk
= DG Y  ~kinaNj o + 2NjkaNikasi
a=1
Sjk
= DG Z NjkaNjkat1 — NigaNjka-1 + Njka(kjga — 2)
a=1
Sjik

— DjkG Z Njk,a(kjk,a - 2)
a=1

Sjk
:_DjkG<( ]k1+Nkj1 +Z jka_2)>-

a=1

where the last identity is by telescoping sum argument. O

Corollary 4.3.5. If C' is a curve on X,, contained in ]:Ij and disjoint to any
exceptional divisor Fj, then

ch -

C
(Dj — ijk,le> .

ik
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Proof. From (4.3) we have
h*D;C = D;h,C = nDj + Z UTRV RO
k

h*DyC = Dyh,C = E;;,,C, Vj #k,
and the result follows. O

4.3.1 Asymptoticity of Kg’(n.

For simplicity, let us denote Kx = Kx,. Let us introduce the following
notation
| Dljk:= [Djl + | Dilj,

where |D;|;, satisty

Y FuiBiaKx = |Djlk(kjke —2).
Dy D;#£0
Remark 4.3.6. Using equations from (/.2), observe that |D;|; depends on
slopes of weights vi™ v vI* of the lattice points vI*. Explicitly, using (/./),

we have
ki

v
_ Pr1(3)
Djli =Y 552 D
IO
We need this to compute the intersection of Kx with the external walls
of the local toric resolution. Recursively we denote,

Tika = KxEijka-1Fjka, 1< a<sj;+1
Yina = KxEZ oy 1< < sjp
Thus, we can write

B D;Ejk o Kx = Mk 0 1Tjk 0 + MjkaYjka + Mikat1Tikart + | Djlk(Kjka — 2)
(4.5)
Using the Q-numerical equivalence of Kx in 2.3.6, we compute

Tik1 = h*DkE]KX = Djk: (K + Zle,lDl> )
I#]

Lik,s+1 = h*D]ﬁkKX = Djk (K + ZNk’l,lDl> .
l#k
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Proposition 4.3.7. We have
1 * *
Tjka = Tjk1 + ﬁ(mjk,a<Djka — |Dylj) = njpo(Dix Dy — | Djlk)),
kita—2
M(njk7a+1(Djij—|Dj|k)—mjk,a+1(Djka—|D,€|j)).

* _ *
Where Mk 0 = Mjka = Mjka—1 = Mjk1 + Mjko and analogous for Nk o

Yika = —KjkaTjkat

Proof. Using the recursion given by the k}k,as, and formulas for h*D; Ejj, o Kx
and h*Dy, Ejj, o Kx of (4.5), we have

(D?Dy — |Djli) (Kjka — 2) _ | Mjka Mjkatr KikaTika + Yjka
(D; D} — | Dgl;) (kjka — 2) Mjka  Mjkatl Tjkatl = Tjka

The determinant m; o1jk.a4+1 — Mjka+1Mjk,a = N, implies second relation for
Yjk,ar and

kita—2
Tikatl = Tika + (jk’—n)<mjk,a(Djka — |Dilj) = njka(Dip Dy — | Djx))

The recurrence for z;; o with a telescopic sum arguments give the result.
O

Theorem 4.3.8. If {Dy,...,D,} is an asymptotic arrangement, then
K% 3
— =~ —¢(Z,D
n 1( ) )7
for prime numbers n > 0.

Proof. We will compute K% using the above numerical equivalence, squaring
we get

2
K ma AT <Z ) CY VAR, 23 B (K > ) '
j<k j<k<l j<k j<k<l

We have explicitly
(WK)?*Kx = (WK)* = nK?>.

Sik Sjk
EjuFjuKx = Dju ) Njta(kjka—2) = —Dju ((Njk,l + Nija) + D (i = 2)) :
a=1

a=1



96 CHAPTER 4. ASYMPTOTICITY OF INVARIANTS

In the rest, we will denote

Sjk

(k=2 =Y (kjka —2).

a=1

Using Corollary 4.3.4 for G = K, we get

K3 =nK?® —2 Z (Dij + Z ijszkz) (Njk,1 + Nija + (K —2) 1)

j<k j<k<l
2
]kl )
+ Z jkl ]kl sz Jkl+KX (E :Ejk) :
j<k<l i<k

Just rest to compute

2 .
Kx (Z Ejk) = Z Z Njk.o(Nika-1Zjka + NjkaYika + Nikat1Zjka+1)-

i<k j<k a=1
From Corollary 4.3.4, we have

Djk(Dj + Dk)(kjk,a — 2) B h*(D] + Dk)Ejk’QKX

n n
ika—1Tjka + NikaYjka + Nikar1Tjk,a+1

(Kjko — 2
n

+ (Tjka + Yjka + Tikat1) + )|D‘jka

So, we have explicitly

i+ Dy) — | D)
o (Z Ej’“) =2 Z Dl D k) DLt Ny i — 2)
i<k 7<k a=1

S]k

_ZZ jka(Tika + Yjka + Tikat1)-

j<k a=1

The first term of the sum contains ) Nk« (kjx — 2), which is asymptotic
respect to n by previous discussion (Section 2.7). Thus, we just have to prove
asymptoticity for

Sk

ZZ 7k,a x]ka+yjka+xjka+l) (46)

j<k a=1
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Proceeding as above, it is not difficult to show the following identity,

Sik Sjik
Dy(D; + Dy) — |D);
Z (D, - ©) — 1Dl (Kjro —2) = Z(Njk,a + 1)(Zjka + Yjka + Tikat)

a=1 a=1

— N1kt — Njk sTjks+1-
So, the asymptoticity of (4.6) depends only on the asymptoticity of

Sjk

Z Z(%’k,a + Yjka + Tjkat1)- (4.7)

Jj<k a=1
By Proposition 4.3.7, Tjk.a + Yjk,a + Tjkat+1 equals to

Ko — 2

———(Mji.a(DjtDk = [Dilj) = 1o (DinDj = | Dile) = nwjua),

where m’;,’;a = Mjka-1 — Mjkatl — Mjko + M1, and analogous for n;*,’ga
Observe that these terms are bounded by Cn for some constant C' > 0. On
the other hand, the terms (D, D;—|D;|x) and (D, Dy —|Dy|;) asymptotically
depend only on the slopes of coordinates of the chosen lattice points v/* on
each intersection Djj;. By Lemma 4.2.11, we can choose lattice points with
slopes asymptotically bounded by 3 as n grows, with Kx having Vj;; = 0 for
all 7 < k <. So, we have

|Dljr <6 Dy
l

Thus, as n grows, all the terms in K% /n vanish except nK?® ~ —né3(Z, D).
O

4.3.2 Asymptoticity of e(X,,).

The topological characteristic can be computed from the topology of (Z, D)
and the exceptional divisors Fji o, Fji. The divisors Fjy = Zpe Dju Fipp
where Fjy, is the corresponding exceptional divisor over a p € Djj;. Thus,
e(Fjp) = Djme(Firp). In the toric picture (Section 4.2) of X,, over p, let
v = v/* the ray generator defining Fj .

Lemma 4.3.9. We have e(Fjgp) = Sji + Sji + Sk + 3.
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Proof. 1t is well-known that Fj; , is the toric variety associated to the star-
fan Star(C'(v)) C (Ny)g, i.e., the induced fan by the lattice quotient N, =
N/vN (Proposition 2.4.6). In this case, the 2-cones of Star(C(v)) are the in-
duced by each C(ejka; €jka+1). Since e(Fjyp) is the sum of its top-dimensional
cones |[CLS11, Thm. 12.3.9], we have the result.
m
The components of divisors Ej;, , are determined locally as exterior divisor
of the toric picture of X,,. They intersect I’ at the rational curves Cjj .
Locally each component of Ej, is isomorphic to A' x P!, this follows for
the star-fan construction. Thus, their closure in X,, are birationally ruled
surfaces over it associated component of Dj, [Har77, Rmk. 2.2.1].

Lemma 4.3.10. If Fj,, = ECEDM Ejia.c 15 the decomposition in com-
ponenets, then we compute

e(Ejra) =4 Y (1= py(0)).

CGDjk

Proof. We have e(Ejio) = Y o e(Ejkac). Since Ejqc is a fibration over
C with fiber F = P!, it is known that e(Ejrac) = e(P')e(C) = 4(1 —
py(C))- O

Lemma 4.3.11. If X is a complex algebraic variety, and A C X is a sub-
variety such that X \ A is smooth, then e(X) = e(X \ A) + e(A).

Proof. See [Ful93, p. 141]. O

Remark 4.3.12. The above lemma implies the exclusion-inclusion principle,

i.e., for subvarieties V,W < X we have e(VUW)+e(VNW) = e(V)+e(W).
Theorem 4.3.13. If {Dy,...,D,} is an asymptotic arrangement, then

e(Xn)

n %53(27D>7

for prime numbers n > 0.

Proof. Denote by R the ramification divisor of h: X,, — Z is a n : 1 mor-
phism which is an isomorphism outside R we have

e(X\ R)=ne(Y\D)=n(e(Y)—e(D)).
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On the other hand, R = |J; D; U Exc(h), where Exc(h) is the exceptional
data of h. Topologically is given by

EXC(h) = U F}kl U U UEkj,Ol'
J<k<l i<k «

By the exclusion-inclusion observe that

e (U Dj> —e <U D, mExc(h)> — ¢(D) — e(Sing(D)).

J

So, we get

e(R) = e(D) — e(Sing(D)) + e(Exc(h)).

On the other hand, the components of Ejj, o Eji o are curves over Dj; isomor-
phic to their respective components. Also, each component of Eji o Fji is a
rational curve over its corresponding point in Dj;. Thus, we have identities,

e(Ejkaljkat1) = e(Djp)
e(Ejkaliju) = 2Dju.

Using repeatedly the exclusion-inclusion principle we we compute

e(Bxp(h) = Y [si8(3 = 4pg(C)) = 1] = > (sjs + 3+ sk — 3) Dy

j<k CE€Dj j<k<l

By the previous discussion in Section 2.7, the lengths s, /n are asymptoti-
cally zero as n grows. Thus, e(X,,) ~ n(e(Z) — e(D)) as n grows. O
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—
5

P>

PP
B>

i

Figure 4.12: Assume r = 4 with Dj;;; = 1, then on Y the singularities over
each D,y can be sketched as in the figure. So the resolution process is in
the following order: First the internals blow-ups, and then the walls in the
following order D19, D13, D14, Dag, Doy, D3y.



Chapter 5

Applications to geography of
3-folds

5.1 Hyperplane sections arrangements.
The above partial resolution can be seen as a resolution of pairs
h: (Xn7 Ered) — (27 Dred)v

where D is the inverse direct image of D. The reduced divisor of D’ is an
SNC divisor. Indeed, in terms of log-resolutions [KM92, p. 5|, we can see
that our partial resolution has a good behavior in logarithmic terms, i.e., they
preserves the log-structure of the variety n-th root cover Y,,. The following
result illustrate this ideas.

Theorem 5.1.1. Let Z be a muinimal non-singular projective 3-fold, and let
{Hi,...,H,} bea collection of hyperplane sections in general position. Then,
for prime numbers n. > 0 there are log-morphisms (X, [?Ted) — (Z, Dyeq) of
degree n such that:

1. X, is of log-general type, i.e., Kx, + D,eq is big and nef,

2. X, has cyclic quotient singularities, and so log-terminal of order lower
than n, and

3. the slopes (—K3/24x,e/24x) of X,, are arbitrarily near to (2,1/3).

101
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Proof. We take D = Z;Zl v;H;, where H; are hyperplane sections on Z
and Z;Zl v; = n an asymptotic partition. Recall that H;H,H; = HJZHk =
deg(Z) for any j < k < [. Take h: X,, — Y,, — Z the asymptotic cyclic
resolution constructed in Theorem 4.3.13. Again for simplicity let us denote
Kx = Kx,. From, the explicit description given in Proposition 4.2.9, we
have

Kx+Dly=Kx+Y Di+ Y Ejpa+t Y Fiu=h"(Kz+ Dreg).

J Jj<k,a j<k<l

First observe that for any curve C' outside the exceptional data of h, we have
(Kx +D;.;)C >0, by projection formula and since K + D,.q is ample. For
every closed curve C' = Cj, o, of C' = C of the local toric picture (Section 4.2)
of the resolution, we have (Kx + D._;) C' = 0. For the remainder curves, we
just need to concern about the positivity of its intersection with Kx. Since
Ky is a nef divisor, by Proposition 4.3.2 we must have any K x-negative
curve contained in the support of A*(D). Thus, the rest of rational curves in

Supp(h*D) are of the following types:
1. Curves defined by the closure of a wall Ej; o—1Ej;q for 1 < o < sj.
2. A curve contained in Ejj o but not in Fjj 41 for 1 < a < sjp.
3. A curve contained in H -

If C is of type (1), from Proposition 4.3.3 we have,

(Kx + D, .))EikaEjkat1 = W (Kz + D)EjgaFEjkat1 = (Kz + Dyea) Hji > 0,

red

for any . If C is of type (2), then C' must be a fiber of the ruled surface
Ejko.ie., is in the class of Cj . But, by (4.1) we have KxC > 0. Finally, if
C is of type (3), we assume that it does not intersect interior divisors Fj.
If does it, then by the toric local description C' must be of the form EijI:[ j
for some k. Again by projection formula, we have (Kx + D! _,)C = (K7 +

red

D)h,C > 0. Then, Kx + D!, is a nef divisor, and moreover (Kyx + D! ;) =
(Kz + D)? > 0.Thus, by [Laz04, Th. 2.2.16.], the divisor Kx + D/, is big.
Now, from Theorem 4.3.13 we know that for n > 0,
K3
X ~-(Z, D)= (Kz+rH)’

= K3 +r*deg(Z) + 3rK,H* + 3K H,
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where H is a generic hyperplane section on Z. Thus, if we choose r depending
on n with r(n)/n — 0 as n grows, then the numbers | D|;;, goes to zero respect
with n. Then, we have K% > 0, so X, is of general type. Moreover, from
Example 2.2.17 we have (—K3/24x,e/24x)(X) arbitrarily near to (2,1/3).

O

5.2 A degenerated situation.
Consider Z < P* of degree d = deg(Z). In this case, we have explicitly
Ky;=(d—5)H|z, c(Z)=(10+d(d—5))H?z,

c3(Z) = —d (d*(d — 5) + 10d — 10) ,

for a generic hyperplane section H. Take 3 hyperplane sections { Hy, Hs, H3}
in general position, and asymptotic partitions vy + v5 + 3 = n. Along
D=> ;viHj ~nH consider the respective n-th root cover Y, — Z. Its sin-
gularities are over d points in H; HyHs. As we see in Section 4.2.1.2, these sin-
gularities admit a locally nef non-singular resolution. Unfortunately, in this
resolution the lattice point v does not satisfy the condition of Lemma 4.2.11,
i.e., the volume K3% will not be completely asymptotic to the logarithmic
Chern number ¢(Z, D). However, since the chosen v satisfy v; = 1. So,
following the methods of Theorem 4.3.13 to compute K%, we get

Tikoo = Ejk,ank,aJrlKX = d(d - 3)> I<a< Sjk-

Now we compute

K3 =d(d—3) (nd2 —3nd+3n—9d+18—32(k3—2)jk> ;
i<k
since 3
n—
Z(ij + Nij1) = —3 )

- n
i<k

Kx (Z Ejk) = —d(d - 3) Z(Njk,l + Njkvs + (k - Q)jk)'

j<k j<k
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In particular for prime numbers n > 0,

K3
7‘){%(Kz+H1+HQ+Hg)3—d:d(d—2)3—d

On the other hand, from Section 4.1 we have

X(Ox) = nX(Z,07) — <o (Ba(n) + Ran) + Ry(n),
where
(7.0, = 2= 5)(1(;: d(d - 5))
Rin) = 2=,
Ro(n) = 3d(d — 5)(n2; DEn—1)  3d((d=5)° + d(d2— 5) + 10)(n — 1)

R3(n) = 6d(d — 2)(d(vy, ve,n) + d(v1,vs3,n) + d(va, v3,m)).

Since, the partition is asymptotic, for n > 0 we have

n o 24

\(Ox) _ dld=2)(d—1)

For n > 0, the topological characteristic behaves as

X
% ~ c3(P3, Dyeq) = —d(d — 5)(d* 4 2d + 6).

Following the proof of Theorem 5.1.1, we get Ky nef for n > 0. As a
consequence of the above computations, we have.

Theorem 5.2.1. For d > 5 and n > 0 there are minimal non-singular
3-folds X of general type having degree n over Z with slopes

¢ (d=2P°-1 c3 _ (d—5)(d*+2d+6)

ey (d=2)(d—=1)2 e (d—2)(d—1)?

In particular, as the degree of Z grows, the slopes have limit point (1,1).
O



Chapter 6

Discussion & Future Work

In this section, we will see the possible future paths in order to extend this
work.

6.1 Asymptoticity through minimal models

One of the main horizons of this research is to achieve the asymptoticity of
invariants through minimal models. This means that, as we see in Theo-
rem 2.7.8, the invariants of X,,, with respect to n, could be asymptotically
equal to the respective invariants of its minimal model. Thus, we will be in a
very nice position to do geography, i.e., the study of arrangements of hyper-
surfaces is identified through the slopes of Chern numbers with a "region" of
minimal projective varieties. As we see in Theorem 5.1.1 and Theorem 5.2.1,
if the basis pair (Z, D) has Z minimal of general type and D composed by
ample divisors, then our constructions preserves important features in terms
of minimal models. However, this in general it is not something easy to work.
For the future of this work 3 aspects are important.

1. Asymptotic study of (partial) desingularization of cyclic quotient sin-
gularities of dimension > 3.

2. Hirzebruch-Riemann-Roch for singular varieties with terminal and log-
terminal singularities with their asymptotic analogs.

3. The behavior of the invariants after applying the MMP to our con-
structed varieties.
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In the next section, we discuss (1). If we achieve our goal we will be,
able to construct good partial resolutions X,, — Y, i.e., the Chern numbers,
with respect to n, are asymptotically equal to the logarithmic Chern numbers
of the basis (Z, D). We expect that we can improve the singularities to the
terminal ones, so we will be able to run the MMP, i.e. we want to construct a
terminal good partial resolution. For (2), we have results of [Rei87] and [BS05]
which are a kind of starting point for future work. These contain versions
of the Hirzebruch-Riemann-Roch theorem for varieties with canonical and
cyclic quotient singularities. For (3), we think that the answer could be
hidden in all the massive previous work done around the minimal model
program [BCHM10], [KM92|. We expect, that the involved invariants do not
suffer dramatic changes after flipping or contractions operations as occur in
the case of surfaces. Then, asymptotically with respect to n, the invariants
remain unchanged. We state the above discussion as conjecture.

Conjecture 6.1.1. Let X,, — Y, — (Z, D) be a terminal good partial res-
olution of singularities of the n-th root cover construction. Assume that
Ky, is nef, and let X] a minimal model of X,,. Then, for any partition
i1+ ...+ 14, =d we have

Ciy -+ -Gy (X;l)

o %éil...éim(Z,D),

for prime numbers n > 0.

6.2 What about the length of resolution of 3-
fold c.q.s

Cyclic quotient singularities of dimension 3 can be desingularized using a
generalization of the Hirzebruch-Jung algorithm, this is the Fujiki-Oka algo-
rithm. See [Ash19| for a modern treatment. After the local cyclic toric reso-
lution of Section 4.2.2, instinctively we want to desingularize each one with
the Fujiki-Oka process. However, since we want asymptoticy of invariants
in our resolutions, so we ask for the topological length and the intersection
number behavior of such an algorithm. For the first, we mean the amount of
new topological data, i.e., how the Betti numbers grow for the chosen resolu-
tions. For last, we mean how the new curves and divisors on the exceptional
data affect the volume K%. As we discussed in Section 2.7, the algorithm
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in dimension 2 has both aspects behaving as ~ /n for a suitable class of
integer numbers.

Let us assume that we choose a partial resolution for the local cyclic
resolution, so the amount of new topological data will behave approximately

as
~ 3\/ﬁ Z 6(’01, Qjk,os bjk,a)a
j<k,a

where ((vy, Gk a,bjk.q) is a length number depending on each cyclic singular-
ities given in Lemma 4.2.8. Thus, asymptotically respect with n, we require
that £(vy, ajk.a, bjka) ~ n!/¢ for ¢ < 1/2. In particular, Fujiki-Oka algorithm
for a cyclic quotient singularity of type %(a, b, 1) contains the processes for
those of dimension two %(a,1) and 1(b,1). Thus, in the best case, we will
have £(vy, @ik os bjka) ~ V. To assure asymptoticity in Theorem 4.3.13 we
must have v; ~ n/3, thus after resolve we lose the asymptoticity on the
topological side. On the other hand, if we admit all vjs small as we see in
Theorem 5.2.1, then after resolve we lose the asymptoticity of the volume.
These observations lead us to a well-known question: the existence of a ter-
minal resolution for cyclic quotient singularities, i.e., having only terminal
singularities.

The terminalization of a toric singularity is a well-known process [CLS11,
Sec. 11.4]. Indeed, assume that our toric singularity has associated cone
o C R%. First, we have to compute the convex hull of 0 NZ? — {0}. This will
give us a refinement of o, which is a canonical resolution, i.e. having at most
canonical singularities with ample canonical bundle. Finally, each canonical
toric singularity defined by a cone can be terminalizated by blowing-up each
lattice point on the plane generated by the primitive generators of the cone.
However, we do not know the growing behavior of this algorithm. In fact, it
is known that the best convex-hull algorithm behaves as ~ nlogn when the
number of lattice points is n [Gre90|. This not seems like a good algorithm
to choose.

Question 6.2.1. How can we construct a terminal algorithm for cyclic quo-
tient singularities with the desired asymptotic properties? Is it possible?

As we see in Section 4.2.1.1, 4.2.1.2 and 4.2.1.3, to achieve a well-behaved
resolution it is probable that we will have to impose different conditions on
the integer a and b.
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6.3 Geography questions

Another of the objectives of this work was to achieve minimal non-singular 3-
folds of general type in the unknown zone of the map in Figure 1.2. Explicitly,
this is the zone over the lines connecting (1/2,5/6) and (1/16,43/8) with
(2,1/3), i.e., the region

1 242 515
R = 2. —r—1>0 —r——>0¢.
{(%y)GQ y+ge Yt 53T 5 }
However, with all our constructions we were unable to establish a point on
that zone. So, we repeat the question asked by Hunt in [Hun89, Ch. 10].

Question 6.3.1. Are there minimal non-singular 3-folds with slopes on the
unknown zone R?

In Theorem 5.1.1 we see that there are 3-folds with cyclic quotient sin-
gularities accumulating in the well-known point of the map (2,1/3). We are
curious if after applying the process proposed in Section 6.1, the minimal
3-folds expected will preserve the accumulating point or they move out.

Finally, the principal motivation for all this work is the profound connec-
tion between arrangements of hypersurfaces and the geography of invariants
of minimal varieties. For us will be interesting to explore the geography
through arbitrary arrangements of planes on P3. We are curious about the
regions that minimal models of n-th root covers could cover in the map of
Figure 1.2 through arrangements. As we see in Proposition 2.7.7, for us the
most important tool is the log-resolution.

Question 6.3.2. What is the region covered by minimal models of n-th root
cover Y, along arrangements of planes in P3?.
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