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ABSTRACT

The simulation of physical problems utilizing mathematical models traditionally leads
to a system of partial differential equations whose solution describes the behavior of the
physical quantities in consideration. Although the underlying mathematical theory pro-
vides results on the existence, uniqueness, and asymptotic behaviors of the solutions, ex-
plicit forms for the latter are known for relatively few cases. For this reason, different

methods of approximation have been developed.

The most conventional methods of approximation consist of using local functions (typ-
ically defined over a mesh) in conjunction with a numerical method. The latter converts
the system of partial differential equations into a linear system, whose solution gives the

values to the local functions for the construction of the approximation.

On the other hand, it is well known that the use of high-order global functions (spec-
tral methods) can approximate the solutions of standard partial differential equations more
efficiently (in terms of accuracy achieved versus the number of degrees of freedom used).
However, their use has traditionally been limited by the difficulties that arise when imple-

menting these methods.

The objective of this thesis is to show that, in certain circumstances, spectral meth-
ods can be implemented efficiently, and we can rigorously show the properties of rapid

convergence.

In particular, we will focus on the Helmholtz equation, which has applications to elec-
tromagnetic and acoustic wave scattering diffraction problems. More in detail, we will con-
sider boundary integral formulations of the Helmholtz equation for three different problem,

which are:

(1) Problems of multiple open arcs in two dimensions.
(i1) Quasi-periodic problems in two dimensions.

(ii1) Problems of open surfaces in three dimensions.

X1il



In each one of these problems we will: adequately describe the corresponding spectral

method, analyze its mathematical properties, and detail how they can be implemented.

Keywords: spectral methods, boundary integral formulations, wave diffraction

problems, open arc, quasi-periodic problems, open surfaces.
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RESUMEN

La simulacién de problemas fisicos por medio de modelos matemadticos, tradicional-
mente, se traduce en un sistema de ecuaciones diferenciales parciales cuya solucion de-
scrive el comportamiento de las cantidades fisicas en consideracidn. Pese a que la teoria
matematica provee resultados sobre la existencia, unicidad, y comportamientos asintoticos
de las soluciones, solo en relativamente pocos casos se cuentan con una foma explicita para

estas ultimas. Por esta razon se han desarrollado diversos metodos de aproximacion.

Los métodos mds convencionales de aproximacién consisten en usar functiones locales
(tipicamente definidas sobre una malla) junto con un método numerico. Este ultimo, con-
verte el sistema de ecuaciones diferenciales parciales en un sistema lineal, culla solucién

da los valores a las functiones locales para construir la aproximacion.

Por otra parte se sabe que la utilizacién de funciones globales de alto orden (méto-
dos espectrales) pueden aproximar las soluciones de las ecuaciones mas rapidamente. Sin
embargo, su uso ha sido tradicionalmente limitado por las dificultades que surgen al imple-

mentar estos métodos.

El objetivo de esta tesis es mostrar que en ciertas circunstancias los métodos espec-
trales pueden ser implementados de manera eficaz y podemos mostrar rigurosamente las

propiedades de convergencia rapida.

En particular nos centraremos en problemas de difraccién de ondas acusticas (o elec-
tromagnéticas en ciertas polarizaciones) los cuales pueden ser modelados utilizando una

formulacién de integrales de frontera. Mds especificamente consideramos tres casos:

(i) Problemas de multiples arcos abiertos en dos dimensiones.
(i) Problemas cuasi-periddicos en dos dimensiones.

(i11) Problemas de superficies abiertas en tres dimensiones.

XV



En cada uno de estos problemas describiremos adecuadamente el método espectral
correspondiente, analizaremos sus propiedades desde un punto de vista mitematico, y de-

tallaremos como pueden ser implementados.

Palabras claves: métodos espectrales, formulacion de integrales de frontera, prob-
lemas de difraccion de ondas, arco abiertos, problemas cuasi-periédicos, superficies

abiertas.
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Chapter 1. GENERAL INTRODUCTION

1.1. Motivation

This thesis has two ideas as main motivation points, consequently, we will present each

of them separately.

First, we will consider a pure mathematical motivation. We explain the principles
behind spectral methods in a general sense and try to convince the reader why, in the right
circumstances, they are an attractive alternative to the more widely used low order methods.
We will also make a brief presentation of the state of the art of spectral methods, especially

those works that are closely related to the topics of this thesis.

In the second part of the motivation, we will present the class of electromagnetic and
acoustic problems that concern us and show the advantages of the spectral methods in this

context.

1.1.1. Mathematical Motivation

Spectral methods, in a nutshell, are methods to approximate a given function by a
linear combination of known functions (belonging to a particular family) that share the
same domain and support of the original function. Different spectral methods differ in the
family of functions used as bases. Examples of non-spectral methods are the approximation

by means of locally supported function, or point-wise approximations.

Lets consider an example of an infinitely smooth function f(z) = 0.28sin(2.8x) +
0.28 sin(7z) + 0.7 with domain in [0, 1], and two approximations. First, by means of piece-
wise constant functions, and secondly, by orthogonal polynomials (spectral approxima-

tion). We will compare them in terms of their L? error, ie.

\/ / (@) — fulo)|2da

where f,, is the approximation (with n € N denoting the number of basis used to construct

the approximation), against the number of basis, n. The results are reported in Figure 1.1.
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FIGURE 1.1. Error of different approximation methods. In red with big circles,
the approximation by piece-wise constant functions, and in green with small circles
the spectral method approximation. The x-axis represents the number of functions
(piece-wise constant or orthogonal polynomials) used to construct the approxima-

tion.

A simple look at the figure shows that with the same number of piece-wise constant func-
tions and orthogonal polynomials, the error in the spectral method is drastically inferior
to the one of the local method. In fact, it can be rigorously proved that, for a class of
smooth functions, the approximation error of the spectral method decays exponentially in
the number of functions used. In contrast, the error for the piece-wise constant approxima-
tion decays as the inverse of the number functions. We refer to (L. Trefethen, 2013) for a

more detailed discussion on the topic.

Generalizing the conclusion of our example, the spectral approximation performs ex-
ponentially better than the local alternative, but it is also more expensive (in terms of the
number of operations) than using local low order functions. However, as we will see
throughout this thesis, in many contexts the cost of the implementation is not extraordi-
narily high, and the benefits of using a small number of functions (which will be explained

in the next section) make up for the more expensive implementation.



For the remainder of this thesis, our focus is to approximate a function which is the
unique solution of a given partial differential equation', shortened as PDE. In this context,
we can classify the spectral methods into two classes. First, and more classical, are the
pseudo-spectral methods, also known as spectral collocation methods, in which the solution
of a given PDE is expanded in terms of a global basis, and a system of equations is obtained
by imposing equality in a grid of points. We refer to (L. N. Trefethen, 2000) and references

therein for more details on this topic.

Secondly are the spectral Galerkin methods, the actual framework of this thesis. In
general terms, the Galerkin methods do not obtain the system of equations by imposing
the equality to hold on a set of points, but instead uses a scalar product and find the ap-
proximation as a projection on a finite-dimensional space. Spectral Galerkin methods use
a finite-dimensional space spanning from the basis of a spectral method and the Galerkin

method to construct the approximation.

While our focus is on the approximation of a solution of a PDE, in many situations
it is convenient to transform the latter into a boundary integral equation (see (Sauter &
Schwab, 2011), (McLean, 2000) for details on the equivalence of the two). More details on
the situations in which this equivalence is convenient will be covered in the next section,
but the premise of this thesis is that we are working on problems where it is convenient to
use boundary integrals equations®. In this context, spectral Galerkin methods (as well as
spectral collocation, low order Galerkin, among others) are employed to approximate the
solution of the associated boundary integral equation, which then yields an approximation
of the solution of the PDE which will inherit the accuracy of the underlying approximation

method.

The advantages of using a spectral Galerkin discretization for the approximation of a
boundary integral equation are inherited from the Galerkin theory and the fast convergence

of the spectral method. To be more precise these include:

"We refer to the classical textbook (Evans, 2010) for a detailed review on the theory of partial differential
equations, and to (Epstein, 2017) for a presentation of the importance of this kind of equations in the con-
structions of mathematical models.

2 Also referenced as the boundary integral formulation.



(1) Error bounds easily obtained using functional analysis tools ( Lax-Milgram Lemma,
or compact perturbation theory).

(i1) Fast convergence whenever the real solution is smooth, which can be assured
using PDE theory.

(i) Smaller linear system compared to low order Galerkin methods.
As for the drawbacks we can enumerate,

(i) More expensive implementation compared to collocation and low order approx-
imations.

(i1) Lack of any fast compression algorithm in comparison to low order Galerkin
method.

(ii1) Their utility is in general restricted to problems with smooth solutions.

This thesis will show how some of the drawbacks can be overcome in different contexts,
but for now, let us present some previous works that have used spectral Galerkin methods

in the context of boundary integral equations.

For two-dimensional problems, the work of (Fang, 1995) uses Fourier bases for the
approximation of scattering problems of closed smooth objects. Same ideas were later
used in (Thierry, Antoine, Chniti, & Alzubaidi, 2015) and in (Henriquez & Jerez-Hanckes,
2018). The method is also explained and analyzed in detail in (Saranen & Vainikko, 2013,
Chaper 9). In the latter, a common feature of spectral methods is explained, that is the
connection between spectral methods and pseudodifferential-operators theory?. The link
between the two consists in that the basis of a given spectral discretization is the truncation
to finite-dimension of the functions in which the action of pseudo-differential operators is

well understood.

3A general class of operator which include integral and differential operators.



While smooth domains with closed boundary the solution of PDEs is known to be
smooth, this does not follow if we consider infinite domains in which an open arc (or sur-
face in three dimensions) is subtracted. For this class of problem, the solution exhibits sin-
gular behavior* near the edges of the arc (or boundary of the surface in three dimensions).
To achieve an efficient approximation, the basis of the spectral method has to explicitly
include the singular behavior. This kind of problem has been studied in (Frenkel, 1983),
and in (K. E. Atkinson & Sloan, 1991).

It is worth mentioning that if the solution is not smooth and this is not reflected by a
special selection of the spectral basis, the spectral method will still converge faster than a
standard local low order alternative, see (E. Stephan & Suri, 1989). In fact, it converges
twice as fast (with respect to the number of functions used to construct the approximation)
in the worst case. However, the difficulties that arise on the implementation overshadow

the benefits for these cases.

In three dimensions, spectral methods are less common. However, for scattering prob-
lems on domains which are smooth deformations of the unitary sphere a spectral method

based on spherical harmonics was implemented and analyzed in (Graham & Sloan, 2002).

Finally, we wish to mention a family of methods that are closely related to the spec-
tral methods, known as hp-methods. The hp-methods are an extension of the low order
methods in which local high order bases are used. While they benefit from the fast con-
vergence of the spectral method and the flexibility of the low-order alternatives, they are
typically restricted to the usage of polynomials only. A subfamily of these methods are the
p-methods, where the supports (h-discretization) are fixed and only the polynomials degree
are increased. When only one support is used, we get a spectral method with a polynomial
basis. The topic is vast, so we include only a few references that explore problems similar

to the ones presented in this thesis.

“the derivative of the solution is not bounded



For three-dimensional open surfaces, the work (Heuer, Maischak, & Stephan, 1999),
shows that similar rates as the one obtained by a pure spectral method are achieved by hp-
methods, but special care has to be taken on the refinement of the discretization near the
boundary of the screens. The p-version was analyzed for 2d-polygons in (Guo & Heuer,

2004), and in (Bespalov & Heuer, 2005) for three-dimensional open surfaces.

1.1.2. Physical motivation

Let us now consider a direct scattering problem. In this problem, a known object is
illuminated by an incident wave®. As a result, part of the wave penetrates the object, and

the remaining part is scattered back to the medium.

The applications of this problem range from the design of electric hardware to medical

imaging, including areas such as military design or cancer treatment.

Consider an open domain © C R?, with d € {2,3} whose boundary is denoted 5.
Under the assumption that the temporal component of the incident and scattered waves is
an oscillatory function with a fixed frequency (time-harmonic), we will name 453, 4" the
spatial component of the scattered and incident wave respectively. With this notations the

PDE model is to find 4** such that

—AU P =0, inRY\ 90
Transmision Conditions(u**, ©'™), on 99

Radiation Condition(u**")

?

where £ € R is the piece-wise constant wave-number function which depends on the ma-
terials, and the frequency of the incident wave. The transmission conditions ensure the
continuity of the total wave across the interface 0S2, while the radiation condition implies
that the scattered wave radiates from the object to the free space and not the other way
around. As in most PDE models, a closed form for the solution is only known for a few

possibilities of (2. Hence, numerical methods are needed to approximate the solution for

SWe will limit ourselves to waves of acoustic or electric nature, but an extension to other cases is possible
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general geometries. We notice that the actual domain of the problem is unbounded, and
so the classical methods such as finite differences, finite elements methods, or pseudo-
spectral methods are unsuited . In contrast, the boundary integral formulation reduces the
PDE model to a system of integral equations defined on €2 (which is finite). Thus the
obtained formulation is especially attractive for the problem under consideration. We again
refer to (Sauter & Schwab, 2011), and (McLean, 2000) for the equivalence of boundary

integral formulations and the presented problem.

As it was mentioned in the previous section, we can use different methods to approxi-
mate the solution of the boundary integral equation. To understand how the spectral method
compares to other discretizations is it important to know how expensive are the implemen-

tations of the methods under consideration.

We will focus only on Galerkin discretizations, in this framework, we recognize two

main stages in the implementation:

(i) First is the assembly process, where the boundary operators are transformed into
finite-dimensional matrices by computing the action of the operators on the dis-
cretization basis. This process is similar to the construction of the matrices of the
finite element method, however, the integrals are now singular and the resulting
matrix is not sparse which leads to a more expensive process .

(i1) Secondly, once the matrices are obtained a linear system needs to be solved.
Since the matrix is not sparse, and for scattering problems is not even positive-

definite, the process is more costly in comparison to other methods 8.

While the drawbacks in the implementation could be discouraging, it is also true that the
involved matrices are much smaller as they only require bases in the boundary 0f? instead

of the domain 2.

6 All these methods could be used if special conditions to create approximations to the radiation condition on
a finite artificial boundary are added.

"What we mean with more expensive is that the number of operations to assembly a matrix coming from
a boundary integral operator, is much greater compared with a matrix of same dimensions coming from a
traditional finite element discretization.

8 Again costly in terms of operations when the dimension is the same.
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In the most classical implementation, the matrices are computed using Gaussian quad-
rature with a special change of variable to take care of the singularities, and the linear
system is solved using an iterative method (typically GMRES, see (Saad, 2003) for de-
tails).

For low order Galerkin methods, if we denote by N the number of functions (and thus
the operator matrices are of dimension N?), and N, the number iterations needed for the
linear system solver (which itself depends on N). The cost, in terms of arithmetic opera-
tions, is dominated by the second stage and is proportional to N2N;. This can be reduced

using compression algorithms (see (Bebendorf, 2008), or (Yijun, 2009)) to NN log V.

While such analysis is not straightforward for spectral Galerkin methods, and no com-
pression algorithms are generally available, the convergence of spectral method suggests
that if for a fixed accuracy NV low order basis are needed, the same accuracy could be
achieved by a number proportional to logN spectral basis, drastically reducing the cost
of the second stage. We again refer to the works presented in the previous section for a

detailed analysis of the cost of specific spectral Galerkin methods.

The question now is how big should N and N, be, for a desire accuracy level. The
answer depends on the geometry and the wave-number k in consideration. While this
is still a topic under active investigation, at least under some assumptions very interesting
results are available. We refer to (Galkowski, Miiller, & Spence, 2016),(Graham, Lohndorf,
Melenk, & Spence, 2014), (Chandler-Wilde, Graham, Langdon, & Spence, 2012) for a

detailed discussion on the topic.

Formally speaking what has been observed, and in some cases rigorously proved, is
that as the frequency increases the number of degrees of freedom and iterations of the
linear solver also increase. The detailed dependency is hard to establish, but for low order,
Galerkin discretizations it is known that for some simple objects (typically called non-
trapping domains) the increase is moderate, and is proportional to a low order power of k.

However, for other domains, the effect could be as bad as exponentially increasing.
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The big potential of spectral methods is that it makes problems of high frequency
treatable, as the involved matrices will be small enough to be stored in current generation
hardware. However, this will only be practical if the cost of the first step (assembly of the

operators’ matrices) is reasonably small.

Finally, to close this section we remark that high-frequency scattering problems are of
practical interest. Applications such as radars and sonars could benefit from the higher
frequency in various situations, see for example (Sukharevsky, Vasilets, Nechitailo, &
Khlopov, 2016; Walsh & Gill, 2000). Similarly, when used in medical-image high fre-
quencies provide greater details that could reveal abnormalities that are not detected with
lower frequencies. For example, in (Bisciotti & Eirale, 2013) the authors report that in

many cases muscle injuries are only detected when high-frequency ultrasound is used.

1.2. Objective and Outline of the thesis

The main objective of this thesis is to show the effectiveness of spectral Galerkin meth-
ods for boundary integral formulations in different contexts. With this in mind, we will

analyze and implement spectral Galerkin methods for three different problems.

Chapter 2 focuses on problems of multiple arcs in two dimensions. While this problem
is the most documented in the literature of boundary spectral Galerkin methods (of the
three in consideration), we generalize the convergence analysis with non-smooth arcs and
also provide a compression algorithm. Technical results of this chapter are relegated to

Appendix A.

Chapter 3 is an extension of the classical spectral methods on closed objects of two
dimensions to periodic gratings. The periodic gratings are relevant structures as they have
many engineering applications (see (E. Loewen & Popov, 1997) and reference therein for
details), hence an accurate and fast solver is of great importance. This chapter is comple-
mented with Appendix B, in which the functional setting for this problem is discussed in

detail.
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Chapter 4 is concerned with the problem of open surfaces in R3, with technical re-
sults relegated to Appendix C. While many ideas could be carried from the two-dimension
presentation in Chapter 2, the implementation is much more complicated and special ef-
forts have to be done to optimize the algorithm. For this reason, the mathematical analysis
performed in this chapter is complemented by Appendix D, which presents some special

considerations for the implementation.

Finally, general conclusions and comparison between Chapters are addressed in Chap-

ter S.
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Chapter 2. HIGH-ORDER GALERKIN METHOD FOR HELMHOLTZ AND

LAPLACE PROBLEMS ON MULTIPLE OPEN ARCS

2.1. Introduction

We present a spectral Galerkin method for solving weakly singular boundary integral
equations (BIEs) arising from Laplace or Helmholtz Dirichlet problems on unbounded do-
mains with boundaries composed of finite collections of disjoints finite open arcs in R2.
Such problems are of particular interest in multiple contexts: in structural and mechanical
engineering, wherein fractures or cracks are represented as slits (Tanaka, Okada, Okazawa,
& Fujikubo, 2013; Tanaka, Suzuki, Ueda, & Sannomaru, 2015; Bittencourt, Wawrzynek,
Ingraffea, & Sousa, 1996; Liew, Cheng, & Kitipornchai, 2007); in the detection of micro-
fractures (Abda, Ameur, & Jaoua, 1999; Andrieux & Abda, 1996) and even for the imaging
of muscular strains due to sport injuries (Verrall, Slavotinek, Barnes, Fon, & Spriggins,
2001). For these applications, one is interested in developing a numerical scheme that can
robustly deal with large numbers of arcs —from tens to thousands— for a broad range of

wavelengths —ranging from zero to several hundred times the length of the arcs.

For a single arc, wellposedness of these problems was studied in (E. P. Stephan &
Wendland, 1984). Here, we only perform minor extensions to ensure uniqueness and ex-
istence of solutions for the multiple arcs case. In particular, volume solutions are shown
to be constructed as superpositions of single layer potentials applied to surface densities
over each arc; these layer densities are derived from solving a system of BIEs. Numerical
approximations of these boundary unknowns are traditionally obtained via either varia-
tional methods such as the boundary element method (BEM) (Sauter & Schwab, 2011) or
Nystrom-type strategies (Bruno & Lintner, 2012; Dominguez, 2003). In this work, we opt

for the former.

Still, for the type of applications considered, several issues hinder the standard low-

order BEM performance. On one hand, solutions at the continuous level are well known
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to exhibit square-root singularities at the arcs’ endpoints (Costabel & Dauge, 2002; Gris-
vard, 2011; Krutitskii, 2000). Consequently, convergence of low-order uniform-mesh dis-
cretizations is suboptimal with improvements relying on either graded (Von Petersdorff &
Stephan, 1990) or adaptive mesh refinement (Feischl, Fiihrer, Heuer, Karkulik, & Praeto-
rius, 2015), or on augmenting the approximation space (E. P. Stephan & Wendland, 1984).
Also, the Galerkin matrices derived from first kind Fredholm formulations are intrinsically
ill-conditioned, thus heavily requiring preconditioning (Hiptmair, Jerez-Hanckes, & Urzua-
Torres, 2014; McLean & Steinbach, 1999). Moreover, the minimal number of unknowns to
ensure asymptotic convergence increases with the wavenumber (Melenk & Sauter, 2011)
while the number of matrix entries grow quadratically with the number of arcs in order
to account for cross-interactions. Hence, for the present problems of interest, one can ex-
pect extremely large numbers of degrees of freedom (dofs) when using mesh-dependent

methods and alternative ones must be sought.

In (K. E. Atkinson & Sloan, 1991; Jerez-Hanckes, Nicaise, & Urzua-Torres, 2018) a
spectral Galerkin-Bubnov discretization for a single arc was shown to greatly reduce the
number of dofs in comparison to the case of locally defined low-order bases. Specifically,
the approximation basis employed is given by weighted first kind Chebyshev polynomials,
where the weight mimics the singular behavior at the endpoints. Our work expands the use
of such bases to multiple arcs and Helmholtz cases providing also a rigorous convergence
analysis. The analysis presented here is based in the asymptotic decay of the Fourier-
Chebyshev expansions coefficients of the solutions. With these tools, one can derive con-
vergence rates for order p polynomial approximations that only depend on smoothness of
the excitations and of the arcs itself, with constants that may depend on the wavenumber.
In particular, one obtains super-algebraic convergence when both arcs and sources can be

represented by analytic functions.

Alternatively, for two-dimensional problems, the BIEs for open arcs can be recasted as
a problem of integral equations on closed boundaries for even functions. This is done using
a cosine change of variables (cf. (K. E. Atkinson & Sloan, 1991) or (Saranen & Vainikko,

2013, Chapter 11)). Using this property along with classical Fourier analysis, we retrieve
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convergence rates given in (K. E. Atkinson & Sloan, 1991) for single arc. Thus, our proof
of convergence can be seen as the Fourier-Chebyshev version of those results, with the

additional extension to the Helmholtz case.

For implementation purposes, we follow the scheme introduced in (Hu, 1994) wherein
all integral kernel singularities are subtracted. This gives rise to smooth functions and sin-
gular functions whose integrals are respectively computed via the Fast Fourier Transform
(FFT) (Jerez-Hanckes, Pinto, & Tournier, 2015) or analytically using a Chebyshev polyno-
mial expansion of the fundamental solution (Frenkel, 1983). Recently, Slevinsky and Olver
(Slevinsky & Olver, 2017) devised a similar construction based on Chebyshev polynomials
for more general integral equations, but limited to line segments and focused exclusively
on the spectral properties of collocation method. Though the authors also provide ideas
on how to extend their method to more general arcs, the focus remains in solving a linear
system. Hewett et al. (Hewett, Langdon, & Chandler-Wilde, 2014) propose a different nu-
merical method for which they also obtain super-convergence. Their discretization basis
captures explicitly the oscillatory behavior on a segment while employing a low polynomial
order adaptive bases for the slow but singular part. Though this splitting leads to impressive
results especially for high-frequency, its use is restricted to collinear segments and not for
general arcs. Still, our approach could be combined with this one but this would require

significant work beyond the scope of the present manuscript.

The structure of a problem with multiple arcs implies that many of the interactions, in
the BIE system, are characterized by a smooth kernel functions. Thus, one can generally
compress these interactions by considering fewer functions than in the self-interaction case.
This hints at a compression algorithm, in the same spirit of (Jiang & Xu, 2010). Here, the
implementation is performed by a bisection algorithm which allows to reuse the integration
routines of self-interactions terms. Moreover, we obtain bounds on how the introduction of

this compression algorithm affects the accuracy of the numerical solution.

It is also well known that first kind formulations for open arc problems suffer from

poor performance when solving the associated linear system via iterative methods. Many
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remedies for this issue have been proposed, among which the construction of precondition-
ers has received attention in recent years (cf. (S. Lintner, 2012; Jerez-Hanckes & Nédélec,
2012; Hiptmair et al., 2014) for detailed reviews). These preconditioning techniques could
be combined with our spectral solver. Indeed, as spectral methods entail significantly fewer
dofs in comparison to low-order methods for a fixed accuracy, it is feasible to invert self-
interaction parts of the matrix using a direct method and, by doing so, obtain a better
preconditioner. Since the multiple scattering problem requires a large amount of memory
to store the problem matrix, direct methods for the full matrix could only be used when
the product of frequency and total length of the arcs is small. Moreover, contrary to what
one could think the direct method also suffers from numerical cancellation/round-off errors
(see Section 2.7.1 for an ilustration). Hence the need of iterative solvers is mandatory, and

to be able to use it effectively we need to accelerate the matrix-vector product.

The paper is organized as follows. Section 2.2 puts forward formal definitions and
properties needed throughout. In Section 2.3, we formulate the problem as a system of
BIEs and show that these are well posed. Section 2.4 gives details on the Galerkin dis-
cretization method; in particular, we establish error convergence rates for the discrete prob-
lem assuming regularity conditions on the data. Employed quadrature schemes are detailed
in Section 2.5. Our proposed compression algorithm is given in Section 2.6. Numerical
results illustrating the accuracy of the method as well as the performance of the compres-
sion algorithm are presented in Section 2.7. Finally, conclusions are drawn along with

appendices for completeness.

2.2. Mathematical tools

2.2.1. General notation

We employ the standard O(-) and o(-) notation for asymptotics. We also use the nota-
tion a,, < b, if there exists a positive constant C' and an integer N > 0 such that a,, < Cb,

foralln > N.
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Vectors are indicated by boldface symbols with Euclidean norm written as || - ||2; other
norms are signaled by subscripts. Quantities defined over volume domains will be written
in capital case whereas those on boundaries in normal one, e.g., U : G — C while u :

0G — C.

Let G C RY, d = 1,2, be an open domain. For k € N U {0}, €*(G) denotes the
set of k-times continuously differentiable functions over G. Compactly supported €*(G)
functions are designated by € (G). Denote by (G) = €°(G) the space of infinitely
differentiable functions with compact support on a open set G. Duals are indicated by
asterisks, e.g., the space of distributions is 2*(G). The class of p-integrable functions
over G is written L”((). Duality pairings and inner products are written as (-, -) and (-, -),

respectively, with subscripts declaring the domain involved, if not clear from the context.

We say that g : (—1,1) — Cisin 6}*(—1,1), if is in €™(—1, 1) and its mth derivative
has bounded variation, i.e. the distributional derivative ¢*") is Lebesgue integrable. No-
tice that €™ (—1,1) C €™(—1,1). Also we say g (a function as before) is p—analytic,
if there exists a Bernstein ellipse of parameter p > 1, such that g can be extended to an
analytic function in the complex ellipse containing the interval (—1,1) (¢f. (L. Trefethen,
2013, Chapter 8)). Lastly, throughout we will claim a sesquilinear form to be coercive
if it is the addition of a positive definite form and a compact one; similarly for induced

operators.

2.2.2. Arcs

We call A C R? a regular Jordan arc of class €™ (resp. €™), for m € N, if there
exists a bijective parametrization denoted by r : (—1,1) — A, such that its components
are € (—1, 1)-functions (resp. €,"(—1, 1)-functions) and inf,c(_1 1) [*(¢)|]2 > 0. Anal-
ogously, we say that A is p—analytic, if there is a corresponding parametrization that is
p—analytic. Henceforth, we assume all arcs to be Jordan arcs of a given regularity and we

will refer to them as open arcs or just arcs.
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ASSUMPTION 2.1. For any A open arc, there exists an extension to A whichis a simple
closed curve containing and having the same regularity of A.

M
i=1°

We consider a finite number M € N of open arcs {I'; };"2,, such that under Assumption

2.1 their extensions {I;}, : T; D T;,i = 1,..., M, are mutually disjoint. We define
M
M=Jr; and Q:=R>\T.
i=1

ASSUMPTION 2.2. There are M domains ); whose boundaries are given by 0S); = fi,

fori=1,..., M, and their closures Q; are disjoint.

For m € N, we say that the family of arcs I is of class €™ (resp. €,"), if each arc I';
is of class €™ (resp. €,"), and write ' € €™ (resp. I' € €,"); similarly for p—analytic
arcs. Denote by r; a parametrization of the corresponding regularity mapping (—1, 1) to an
arc I';,i € {1,..., M}. For a vector function g = (g, ..., gy ) such that g; : T'; — C, for
i € {l,..., M}, we state that g is of class €"(I") (resp. €."(I")), if g; or; € €™ (—1,1)
(resp. gior; € €)"(—1,1)),fori € {1... M}, and denote g € €™(I") (resp. g € 6."(I")),

and again the p—analytic case is defined analogously.

Finally, we will identify every open arc with a given parametrization so that for exam-
ple Ay := {(t3,1), t € (—=1,1)} and Ay := {(t,1), t € (—1,1)} are different arcs, even if

they are the same set of points in R?. We will frequently refer to the canonical open arc:
f = {(tv O)a te (_L 1)}

2.2.3. Sobolev spaces and trace operators

Let G C R% d = 1,2, be an open domain. For s € R, we denote by H*(G) the
standard Sobolev spaces in L?*(G) and by H; (G) their locally integrable counterparts
(Sauter & Schwab, 2011, Section 2.3). We also use the following Hilbert space:

U(x)

: S
V14 x[31og(2 + [1x]13)

W(G) := {U e 2*(G) L*(G), VU € L2<G)} :
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which is a subspace of H}. (G). Under Assumption 2.1 for an open arc A, we define

H¥(A) :={ue D*(A):ue H(A)}, s>0,

wherein u denotes the extension by zero of u to A. For s > 0, we can identify

H™(A) = (H*(A))* and  H*(A) = (H*(A))".
We will also need the family of mean-zero Sobolev spaces:
Hiy(A) = {u€ H*(A): (u,1) =0}, seR.

The following result will be used to establish convergence rates and error computations in

our numerical experiments (cf. Section 2.7) with proof given in Appendix A.2.

LEMMA 22.1. Let ¢ € H2(T;), v € H 2(T;), and x; : (—1,1) — Ty, the parametri-
zation of I';. Then, we have the norm equivalences:
Nl < 10Tl < C el e
Nl gy < 0o rilloy gy < C Il og

where the pullbacks for negative order are defined by duality, with generic positive con-

stants c and C' depending on T';.

For the finite union of disjoint open arcs I', we define piecewise spaces as
H*(T) := H*(T'y) x H*(Ty) x --- x H*(T'y).

Norms and dual products are naturally extended by the previous identification, similarly for

spaces H*(I") and ]IT]I?0>

For U € () (resp. U € €= (R?\ €);)), we can set the interior (-) (resp. exterior

A~ ~

(T"), while H?*(I") is understood as the Cartesian product Hf\il H* ().

(+) ) Dirichlet traces:

VEU(x) = hf(r)l Ux+ten;) Vxe Iy,
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where n; denotes the unitary normal vector with direction of (1 ,, =7 ,). If 37U = ~; U,
we denote ;U := 7 U. These definitions can be extended to more general Sobolev spaces

by density, in particular, we have that v;* : H} (Q) — H'Y*(T;), as a bounded linear

loc
operator (see (McLean, 2000, Theorem 3.37)). Neumann traces can be defined for smooth
functions U as

%fiiU = leifgl n,-VU(x+en;), VxeTl,
In contrast to the Dirichlet trace, the extension to Sobolev spaces is carried out using
Green’s formula in €); along with the restriction operator. For U € H} (;) and AU €
L2.(S), then vy,U € H-'*(T;) (¢f. (McLean, 2000, Lemma 4.3)). Finally, traces taken

with respect to the domains €2, € {1,..., M} will be denoted 7" and %\jii respectively.

2.3. Boundary integral problem formulation

As explained, we are interested in solving the families of boundary value problems in

() via suitable integral representations with unknown densities over the boundaries I".

PROBLEM 2.3.1 (Volume Problem). Let g = (g1, ..., ¢gy) € H2(I') and consider a

real wavenumber x > 0. We seek U € H,. (2) such that

loc

—AU - kU =0 in €, (2.1)
viiU =g fort=1,..., M, (2.2)
condition at infinity(x). (2.3)

The case x = 0 corresponds to the Laplace operator whereas x > 0 to the Helmholtz
one. The behavior at infinity (2.3) depends on « in the following way: if k > 0, we employ
the classical Sommerfeld condition:

lim
R=00 J)ix|l=R

If kK = 0, we seek solutions U € W (). For k > 0 the existence and uniqueness of

Problem 2.3.1 can be obtained from (E. P. Stephan & Wendland, 1984, Lemma 1.2), while
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for k = 0 although very similar to (E. P. Stephan & Wendland, 1984, Lemma 1.1), the
result is sightly different as we need to use the space W (£2). For sake of completeness,
uniqueness is addressed in Appendix A.1. We can express the volume solution U as

U(x) =Y (SLi[s]A)(x), VxeQ, (2.4)

where
SLIFA) = [ Gule NN ()

denotes the single layer potential generated at a curve ['; with fundamental solution:

-1
2—long—YH2 k=0,
Gu(x,y) =< 7 (2.5)

7

;LH&(RHX—YHz) k> 0.
Here, H;(-) denotes the zeroth-order first kind Hankel function (Abramowitz & Stegun,
1965, Chapter 9). From the properties of the single layer potential on closed domains

(McLean, 2000, Chapter 7) and the completion fl for each arc, one can see that
SLZ[FL] : H71/2(Fi) — Hlloc(R2)7

as a bounded linear map. Moreover, if U is expressed as in (2.4), then it solves (2.1). By
(McLean, 2000, Theorem 9.6) for x > 0, the representation (2.4) satisfies the Sommerfeld

condition. The case x = 0 is given by the following result.

LEMMA 2.3.2. The single layer potential SL;[0] is a bounded linear map between the
~_1 —
spaces H o2 (T';) and W (R? \ T;).

~ 1 ~ 1
PROOF. As H #(I';) C H™2(I';) we have that SL;[0] : H

(0

~ vl

(T';) — H._(R?). Hence,
we only need to verify the conditions:

(SLi[0}u)(x)

2 2
V1 x5 1og(2 + [[x]3)

€ L*(R*\T;), and V (SL;[0]u) € L*(R*\ Ty).
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-1
2

For every u € H () (T';). From (McLean, 2000, Corollary 8.11), we know that the asymp-

totic behavior of the single layer potential for large arguments is

1 )
(SLif0]u)(x) = —5— (u, 1) log [l + o(|Ixl;"), for |jx||, = oo.
Thus, if u € H g} (I',) then
(SLi[0Ju) (x) = O(|[x]l; "), for [|x[l, — oc. (2.6)

Using polar coordinates and the above bound, we can verify that the first condition. The
proof of that the gradient is in L?(R \ T;) is obtained by using the Taylor expansion of the

gradient of the logarithmic term. 0

In order to find the boundary unknowns \;, we take Dirichlet traces of the single lay-
ers potentials and impose (2.2). This induces the definition of weakly singular boundary

integral operators (BIOs) as

Ziilk] == = (7t SL;[k] 4+ 7, SL;[K]) = iSLy[x],

N —

the last equation resulting from the continuity properties of the SL; across I'; for each

i=1,...,M.

PROBLEM 2.3.3. For k > 0 and g € Hz(T'), we seek A = (Ar,..., Ay) € H™

N

()
such that
LKA = g,

or equivalently,

(ZIEIN, @) = (8, d)p. Ve H (D),

where

311[1{] 312[/?] Ce glM[/f]
321[1%] 322 [/ﬁl] Ce gQM[KZ] =

R
=
Il
&

(') — Hz(T).

_ng[li] gMg[lf] gMM[H]
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In the case Kk = 0, we need g € (IHI<0

(0

~ ol
~ ol

(I'))* and restrict A to H2 (I").

REMARK 2.3.4. Problem 2.3.3 can be recast in the reference space H-: (T') or H

for kK = 0 so as to find X such that

—

ZKA =8,

wherein g; := g;or;, S?ij are the BIOs defined over the reference arc I’ with integral kernel

G(r:(t), 1;(s)) and the unknowns \; := (; o r;)/[[t}]|2.

REMARK 2.3.5. Later on we will use the operator &;;[x| for the choice I'; = f,
which we denote by Z[x]. The difference with respect to Z;;[x] relies on the absence of
parametrizations r; involved in the kernel. In the case of a single open arc with parametriza-
tion r, we will write §[f<;] = §“[/§] In this case, and for x = 0, one can deduce that the
kernel function of the integral operator Z[0] — &z [0] is given by

1 r(t) —r(s
ST B (LORLLTEY

for which we have the following result.

LEMMA 2.3.6. Let m € N and A be a single €."-arc. Then the function E.(t,s) is
a B"(—1, 1)-function in each of its components. If I is a p—analytic arc, E.(t,s) is a

bivariate p-analytic function.

PROOF. By performing a Taylor expansion in ¢, we can write

r(t) —r(s T2 (¢ — s) (s t(t — gymp(m)
@r(t,s);_%_zﬂ >j! ()His/(t rE) g

This function admits m continuous derivatives in the ¢ variable. As mentioned at the be-
ginning of Section 2.2.2, open arc parametrizations are injective, and thus, the function can
only be zero if t = s. However, as ¢ approaches s, the above function behaves as r'(s),
which is not zero. Hence, O,(t, s) does not vanish and so E,(t, s) is the composition of
€,"-functions, despite there being an absolute value. The p—analytic case follows from the

same argument. 0
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REMARK 2.3.7. One should fully understand the differences between the cases x = 0
and x > 0. The first one is posed over the smaller space ]ITI[ZO% (I"), and the right-hand side
must be in the dual of this space, which is bigger than Hz (I") under the identification of
L*(T) with its own dual. However, one has to be careful with the identifications that occur

as many elements of Hz (I') are identifiable with one element of (]HI<0>5 (I'))*: for example,

all constants are equivalent to the zero function. A more general formulation for the k = 0

case can be found in (E. P. Stephan & Wendland, 1984).

Now, we show that Problem 2.3.3 is well posed. First, we prove that the diagonal
operators Z;;[k] are coercive and use ideas from (E. P. Stephan & Wendland, 1984) to

transform the problem into a closed domain one.

LEMMA 2.3.8. Fori € {1,..., M}, k > 0, there exist a constant c.; such that

o if k =0, it holds

2 rr—1/2
(ZalOw )y, > celull}yy ) Yu € H (T

e if k> 0, then there are compact BIOs Fy[k] : H™2(;) — H=(T;), such that
(Ziils) + Hals)u, wy, > cellullyy ). Yu€ H2(I).

PROOF. Given v and v in H~/ 2(T;), consider their respective zero extension u and
v to 012;. Denote by 7;;[k] the weakly singular integral operator given by taking the trace

over 0€); of the single layer potential in 0€2;. Then, we have that
(Ziilklu, u)p, = (ZiilK]u, Wag, -
The results then follows from the closed curves case (cf. (Costabel, 1988, Theorem 2)). [

REMARK 2.3.9. Continuity of operators &;;, i, € {1,..., M}, can be proved by

using the same arguments as those for Lemma 2.3.8. Then, one can easily show that

Lyl - HVA(T)) > HYA(T)
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as a bounded operator. Moreover, if ¢ # j the operator is compact as the kernel function is

at least €' in each component.

THEOREM 2.3.10. For k > 0, Problem 2.3.3 has a unique solution A € ]IT]I*%(F),
1
whereas for k. = 0 a unique solution exists in the subspace A € H <0>2 (T"). Also, we have the

continuity estimate

PROOF. By compactness of the cross-interaction BIOs and the coercivity result of
Lemma 2.3.8, the Fredholm alternative (McLean, 2000, Theorem 2.33) indicates that we
only need to prove injectivity to ensure existence. First, consider the case M = 1: for
k = 0, the result is obtained from Lax-Milgram lemma while for x > 0, we obtain the

result from (E. P. Stephan & Wendland, 1984, Theorem 1.7).

Now, we focus in the case M > 1. Let A = (A1, ..., Aps) be such that
M
Y Zylkl\ =0 Vi=1,... M.
j=1

Forj € {1,..., M}, letus define volume potentials U; := SL;[k]\;, solutions of individual
homogenous Helmholtz problems over R? \fj as well as the superposition U, := Zj\il U;

defined over 2. Then, it holds
M M
7ZUUZVZZU]:Z*$]U€])V:07 VZ:L,M
j=1 i=1

However, U, is also the solution of Problem 2.3.1, with zero Dirichlet boundary condition.

Hence, as this problem has at most one solution we conclude that

M
U, =) SLj[k]A; =0,
j=1
and consequently, for all 2 = 1,..., M, it holds

U; = SLi[k]Ai = = > SLy[K]A;. (2.7)
J#
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Let us now consider the closed curve fz = 0f);, and denote by S\i c H 3 (T';) the extension

by zero of \;. It holds,

Us(x) = SLi[k](x)\i = SLz [K](x)\; Vx € Q,

[

where the last potential is defined on the closed curve fz If we take normal jumps, defined

as [yvU] = vU — yyU, by (Sauter & Schwab, 2011, Theorem 3.3.1), we obtain
WN,iUi]fi - [’AY/NJSLE [k]:\z]ﬂ = —)\i.

Using (2.7) in the expression above yields

I;

WN,z‘Ui]fi == [:?N,i Z SL; [k])‘j] =0

i#i

where the last equality comes from the smoothness of the integral kernel since fz N fj =
(), for j # i. Thus, we can conclude that A; = 0 and the same follows for the other

components. U

REMARK 2.3.11. Much of the ideas presented in this section can be used in a more
general context. In a more abstract setting the notion of open arcs I'; has to be changed
by a proper connected Lipschitz subsets of the boundary of a domain €; € R¢, for d =
2,3, and whose normal vector is continuous. Define €2 as the exterior of a finite set of
generalized open arcs ['. As in (McLean, 2000, Chapter 4), consider any strongly elliptic
second-order self-adjoint partial differential operator, denoted by &, with smooth C™-
valued vector fields coefficients. Thus, for a given Dirichlet or Neumann datum, g €

[H%(F)]m orh e []I-]I*% (T)]™, respectively, we seek for U € [H]. _(Q)]™ such that,

loc
PU=0 1inQ,
YU=g or B,U=h onT,

with the conormal trace B,, defined as in (McLean, 2000, Chapter 4). The following points

are needed in order to establish the existence and uniqueness of an equivalent boundary

integral formulation for Cauchy data.
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(1) An adequate condition at infinity that ensures the uniqueness of the boundary
value problem.

(ii) A fundamental solution G(x,y) , such that G (x,y) = 0x_yl, where | is the
identity operator in R"”*".

(iii) Layer potentials:

(SLiA)(x) := /G(x,y))\(y)dl“i(y) (Dirichlet trace),
r;

(DLA)(x) = /Bn(y)G(x,y))\(y)dFi(y) (conormal trace),
r;

that display the adequate behavior at infinity specified by the first point in the
trace spaces. Specifically, A € [IF]I‘%(F)} for the Dirichlet problem and A €

[]IT]I% (I‘)] for the conormal trace case.

With the above, the integral equation is constructed by imposing the boundary condi-

tion to the following representations:

M
U = Z SL;A; (Dirichlet trace),
i=1
M
U = Z DL;A; (conormal trace).
i=1
If the previously stated conditions are satisfied, then the construction of the arising
BIEs as well as their wellposedness proof is done as in the cases that we presented in

detail. It is worth noticing that the 2D-Laplace case is slightly different as the condition at

infinity of the potential only holds in a subspace.

2.4. Numerical Analysis

We now describe a spectral Galerkin numerical scheme for solving Problem 2.3.3 and

establish specific convergence rates.
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2.4.1. Approximation Spaces

Our aim is to construct a dense conforming discretization of the spaces HY 2(Ty)
and H <6>1 / ?(T;), fori € {1,..., M?}. Certainly, one could use traditional low-order bases
built on arc meshes for which approximation properties are well known. However, this
would imply large numbers of dofs to solve problems with many arcs and/or large values
of k. Thus, we opt for high-order global polynomial bases such as weighted Chebyshev

polynomials per arc.

2.4.1.1. Single Arc Approximation

We denote by {7}, }_ the set of first N + 1 first-kind Chebyshev polynomials, orthog-
onal under the weight w~' with w(t) := /1 — t2. Consider the elements p} = T,, or; '

over each arc I';, the space they span is denoted Ty (I';), and define the normalized space:

(]

Tn(I3) == {ﬁ cCm): pi=—"

/ -1 ’
Hrz‘orz‘ Hz

p' e ’H‘N(Fi)} :
We account for edge singularities by multiplying by a suitable weight:

Qun(Ty) = {¢" ==w;'p': p' € Tn(I)},

N

n—o> and

wherein w; := wor; '. The corresponding bases for Qy (I';) will be denoted {q’,
are characterized by ¢/, = w; !||r} o r; |57}, o r; !. By Chebyshev orthogonality, we can

easily define the mean-zero subspace:

@N,<0>(Fi) = Qn(I)/Qo(I),

spanned by {¢¢})_,. Basic approximation properties of the spaces Q(I;) are detailed in

Appendix A.3.

2.4.1.2. Multiple Arcs Approximation

Let us define the approximation product spaces:

M

M
HY := [JQn(T), HE) =[] Qu (T
=1

i=1
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With the previously defined discrete spaces, we can find an approximation to the solu-

tion of Problem 2.3.3 by solving the following linear system.

PROBLEM 2.4.1 (Linear System). Let m, N € N,I' € €™, x > 0, and g € Hz (),

we seek coefficients u = (uy,...,1y,) € CYWV+D guch that
Likju =g,

wherein we have defined the Galerkin matrix L[x] € CMW+D>xMV+1) with matrix blocks

L;; € CV+DXIN+1) whose entries are
(Lij[KDim = (ZyjlRldh @), Vi,j=1,...,M, andVI,m=0,....N.  (2.8)

The right-hand g = (g1, ..., gar) € CY™*V has components (g:); = (i, ¢])r,-

For k = 0 we impose g € (]HIE(F))*, and the spaces Qx(I';) have to be changed to
Qw0 (15)-

Approximations to solutions of Problem 2.3.3 are constructed using the solution u of

Problem 2.4.1 as follows

N
(An)i =Y (w)g inT;, forallie{1,...,M}.

=0

Observe that the sum starts with [ = 1 if s = 0.

REMARK 2.4.2. By performing a change of variables, we can recast Problem 2.4.1 on
T with matrix terms given by
(Lij [k = <§Uw*1Tm,w*1Tl>A, Vi j=1,... M, andVi,m=0,... N,
r
with w(t) = /1 — 2, and the right hand side g = (g1,...,0y) € CY®*+D with com-
ponents (g;); = (gor;, w_lTl>f. We have the corresponding approximation of the pulled

back solution X:

~

N
(Aw)i =Y _(@)w Ty inT, forallie{1,..., M}

=0
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The following result is a direct consequence of the coercivity of & x| and the basic ap-
proximation properties presented in Appendix A.3 (see (Sauter & Schwab, 2011, Theorem
4.29) for a detailed proof).

THEOREM 2.4.3. For k > 0, given g € H%(F), there exist Ny € N, and C' > 0, both
depending of I, g, and k such that for any N € N : N > N, there exist only one solution

w of Problem 2.4.1. Moreover; for the approximation Ay € HY we can bound the error as

For k= 0 we need to take g € (H,
hold.

~ N|=

(I')*, and H%) as the discrete space, for the result to

2.4.2. Convergence Results

The density of the family of spaces {H } yen in H~2 (T') (resp. {H) }ven in H 7 (1))
shown in Appendix A.3 combined with Theorem 2.4.3 allows to conclude that when N
goes to infinity convergence occurs in the general context. However, this does not provide

any insight on convergence rates.

In this section, we will bound the error in terms of the dimension NV, the degree of
polynomials used in each arc. Explicit convergence rates with respect to  are not analyzed
and we leave this as future work. Similar bounds for error convergence rates were estab-
lished in (Jerez-Hanckes et al., 2018) (for x = 0 on an interval) and in (K. E. Atkinson
& Sloan, 1991) . This last work while only shows the Laplace case for one arc, could be
extended for multiple arcs easily. The authors also consider the error introduced by the
quadrature scheme. However, the extension to Helmholtz does not appear to be straightfor-
ward, as it is hard to argue data regularity is preserved. In fact, proving this last point takes
significant effort. The effect of numeric integration will not be considered here but one can
easily show that it introduces an extra error which decays as fast as the Fourier-Chebyshev

coefficients of the (regular) right-hand side and the geometry (cf. Section 2.5).
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Before carrying on, we review the general idea presented in this section. In Sections
2.4.2.1, and 2.4.2.2 we characterize the decay of Chebyshev coefficients {\, },,cy appearing
in the solution of the single scatter problem. This is done in a constructive way: we start
with the most simple case (v = 0,I' = f) Lemma 2.4.5, and finalize with a general
arc for non-zero frequency in Lemma 2.4.16 (Lemmas 2.4.9, and 2.4.13 are intermediate
results). Once the coefficients’ decay is characterized, we use it in conjunction with the
quasi-optimality result to establish the error convergence of a single arc problem (Theorem
2.4.17). Finally, in Section 2.4.2.4 we generalize the results for multiple arcs. For this, we
first establish the decay of the coefficients (Lemma 2.4.20) and conclude, as in the single
arc case, in Theorem 2.4.21 which gives the rate of convergence for general multiple arcs

and xk > 0.

We start by analyzing the most simple problem —x = 0 and a single interval—, and from
there we gradually consider more generalities until we arrive to the most complex case
(x > 0 for multiple arcs). Every function XNin H™2 (f), can be expressed as a convergent

series:

As) =w™ Y N Tu(s), s € (-1,1).

Furthermore, we have an explicit expression for the 3 (I')-norm when such representa-

tion is used
2

=D A, (2.9)
H 2() s

where dy = 1, and d,, = n~! for n > 0 (Jerez-Hanckes & Nédélec, 2011, proof of Propo-

R

sition 3.5).
2.4.2.1. Chebyshev Coefficients Behavior: Laplace Case

We recall operators Z[0] and Z[0] defined over I' (cf. Remark 2.3.5). In this section,
we consider the pullback problem:

PROBLEM 2.4.4. Form € Ngiven' € €™, and g € €™(I') N (H

~_1

\e H;Of(l“) such that

©

~ vl

(T")*, we seek

Z0]x=3 onT,
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which is equivalent to Problem 2.3.3 with x = 0 and M = 1.

We aim to characterize the mapping properties of these weakly singular BIOs (defined

as in Section 2.3) acting on weighted Chebyshev polynomials.

LEMMA 2.4.5. Fornand ! in N, it holds

. T s
(202 2y - T,

PROOF. Direct consequence of the kernel expansion ((Jerez-Hanckes & Nédélec, 2012,
Theorem 4.4)):

1 1 1
GO(X’ Y) = _% 1Og |t - S| = % 10g2 + Z %Tn(t)Tn(‘S% Vs 7£ 2

n>1

and the orthogonality property of Chebyshev polynomials. UJ

One can interpret this result as follows: given an element in NeH (f), its image by
Z[0] is a function whose Chebyshev coefficients decay as @(n ). The rest of this section

extends this idea to more general arcs.

LEMMA 2.4.6. For m € N, let h : [—1,1]> — C be such that h(t,-) and h(-, s) are

G (—1, 1)-functions as functions of s and t, respectively. Thus, we can write h as

-3 S )

n=0 k=0

with coefficients decaying as follows:
b = O (min{n’m’l, k’m’l}) .
If h is p—analytic in both variables
boi = O (p™™ 77

PROOF. This is just the bivariate version of (L. Trefethen, 2013, Theorem 7.1) and
(L. Trefethen, 2013, Theorem 8.1) (see Appendix A.2 for a detailed proof). [
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LEMMA 2.4.7. Let m € Nand h : [-1,1]* — C be a €™ (-1, 1)-function in both

arguments. Consider the integral operator taking as kernel the bivariate function h:

r

(9 f)(s) = / Bt ) ()dt,

Let f € ﬁ_l/Q(f), then for e € R such that 0 < € < 1, we have that the Fourier-Chebyshev
coefficients of Z f, denoted {v;}en,, decay as

v =0 (179
Moreover, if the kernel is p—analytic we have that
vy =0 (p’l) .
PROOF. See Appendix A.2. 0

REMARK 2.4.8. The previous result is by no means sharp. In the context of pseudo-
differential operators using Fourier expansion for the norms one could obtain better bounds,
see for example (Saranen & Vainikko, 2013, Chapter 7). Results for open arcs in terms of

Fourier-Chebyshev expansions can be obtained using the cosine change of variables.

We continue by estimating bounds for the Chebyshev coefficients of solutions of the

BIE associated to the Laplace problem for any sufficiently smooth single arc.

~ _1 ~
LEMMA 2.4.9. Let A € H *(I') be the unique solution of Problem 2.4.4, with m = 2.

If we expand \ as

o0
A=w ! E a, T,
n=1

we obtain the following coefficient asymptotic behaviors:
a, =0 (n*m) )
Moreover, if I is a p—analytic arc and g is also p—analytic, we obtain

a, =0 (np’") :
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PROOF. Since g = g or, we can expand it as a Fourier-Chebyshev series with coeffi-
cients g; leading to

~

(Z[0JN) =g, VIeN.

The coefficients of the left-hand side of the latter equation can be computed by adding and
subtracting the term S”[O]X By doing so and combining Lemmas 2.4.5, 2.4.6, 2.4.7 and

2.3.6, we obtain the following expression:

T ay ~
—— = VieN
41 + vy gi, < )

-~ ~

where the coefficient v; corresponds to that in the expansion of (Z[0] — Z[0])A. By the
regularity conditions, it holds g; = 6(I~™1), and therefore,

%all_l —f- v = @ (l_m_l) .

Hence, there are two alternatives: either (i) ¢; = O(I™™) and v; = O (I"™1), or (ii) both
have the same decay order. As the first implies the result directly, we assume the second

alternative in what follows.

Let 2 < m < oo. By Lemma 2.4.7 (i), we have that v; = 0 (l(*lJre/)m), and under our

current assumption, this implies that
4 =0 (l(—1+a)m> .

Since m > 2, we can choose € such that Zzozl a,, 1s finite and a new estimate for v; holds

[eS)
v= bua, ST
n=1

Here, b,,; are the coefficients detailed in Lemma 2.4.6 for the function E, defined in Re-
mark 2.3.5 This last equality implies the result directly. The case m = 2 is slightly
more complicated as one can not directly ensure that the coefficients a; are summable.
However, by Lemma 2.4.7, for a small § > 0, then v; = O (I72*?), which implies that
@ = O (I7'°). By re-estimating bounds on v;, we now obtain that v, = 0 (I7372),

Hence, a; = 0 (l_2+25) which are summable from where one can argue as before. For the
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p—analytic, the result is direct as the v; already has a decay that implies the corresponding

behavior of the coefficients q;. ]

2.4.2.2. Chebyshev Coefficients Behavior: Helmholtz Case

We now consider the following single arc problem:

PROBLEM 2.4.10. Form € N, k > 0, given I' € €)', and g € €)"(I'), we seek
\e f[&f (T') such that

~

LKA =7 onT, (2.10)

which is equivalent to Problem 2.3.3 with x > 0 and M = 1.

One could see the Helmholtz case as a perturbation of the previous one, but this per-
turbation is not smooth as the operator difference Z[x] — £[0] (cf. Remark 2.3.5) only has
a ©!-kernel, even for smooth arcs. Thus, we can not replicate the previous arguments and

need to examine in depth & (k] — £][0] in terms of Chebyshev coefficients.

Using (Abramowitz & Stegun, 1965, Formula 9.1.13), the kernel of Z [k], given in

(2.5), can be also be written as

Gilt,s) = ZHl (k ||x(t) = 2 Ry(t,s)|t — s log [t — s| + ¥a(t, 5),

p=0

whereinr : (—1,1) — T is a suitable parametrization,

2p 1= %(—1)17 (g) ’ (ph)~2, (2.11)
Ry(t,s) = (W) N 2.12)

and 1 is C™(—1,1)-regular in each component. Notice that the term |t — s|?” log |t — s|

is a €%*~1(—1, 1)-function in each component.

We begin by analyzing the Helmholtz case for r following similar techniques to those

in (Frenkel, 1983). To simplify notation, we define kernels ai(t, s) == z,R,(t, s)|t —
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s|*log |t — s| and their corresponding BIOs:

LIRS = /_ GP(t, s)f(t)dt.

1

Extensive use will be given to the following lemma:

LEMMA 2.4.11. For p € Ny, we have

where

0 any other case.

PROOF. We proceed by induction. As the case p = 0 was proven in Lemma 2.4.5, we

start by setting p = 1. By Lemma A.4.2, it holds

t—sPloglt —s[ = ) E:ﬁ] ) T2 (8)-

Moreover, bounds for coefficients Bﬁj ) are found by using Lemma A.4.2. Since in this case

an == b = O(2) (¢f. Lemma 2.4.5), we obtain the stated result.

Assuming now that the result holds for p > 2, we prove it for p + 1. Indeed,

[t = sP(1t = s log|t = s) = [t = s> Y > brTul(t)

n=0 [=0
=lt—s > ZBU () Tinto s ) (8)
je{-1,0,1}» n=0
and we proceed as in the proof of Lemma A.4.2 to obtain the expansion. The asymptotic

behavior is obtained by a direct computation using expressions of Lemma A.4.2. 0J

LEMMA 2.4.12. Let A € H~3(T') with expansion

[o.¢]
A=w ! E an Ty,
n=0
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Then, the Fourier-Chebyshev coefficients of £* [li]/)\\, denoted {v} }en,, are given by

o

p __

Uy = %p E :bzzam
n=0

where the coefficients VY, are given by Lemma 2.4.11, and terms z, are defined in (2.11).

Moreover, it holds

o =017 3).

PROOF. The representation is a direct consequence of the Fourier-Chebyshev expan-
sion of \ and the kernel function given by Lemma 2.4.11. The asymptotic behavior is

deduced as follows

o0 [e.9] %
N — —9op_1
|U§)| ~ Zbﬁla” < H)\Hﬁ*%(f) Z(b]rjzl)anl Y 2 %
n=0 n=0

with d,, coming from (2.9) and where the last inequality is obtained using Lemma 2.4.11.

O

With the above results, we can estimate the asymptotic order of the Chebyshev coef-
ficients of Z[k] — Z[0], where Z[x] is the weakly singular Helmholtz operator for the
special case [' = T. This bound turns out to be crucial in proving the convergence of the

proposed method.

LEMMA 2.4.13. Let A € H~2(T) be the only solution of Problem 2.4.10, withT =T,

and expand it as
o
A=w! Z a, T,
n=0

Then, the coeficients a,, decay as

a, =0(n"™).

Moreover, if g is p—analytic, we have that

a, = O0(np™").
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PROOF. By the regularity of g, we have

(ZIsN =g =0("").
On the other hand, using the integral kernel expansion and Lemma 2.4.5, for any () € N,

with () > 1, we derive

L C”+Zvl+vl ,

J R(Q)

where coefficients v; are given by Lemma 2.4.12 and v, is the remainder of order

O (l _QQ_%>. Thus, if we choose @ as the upper integer part of !, we have that

7TCL[ QZ —m—l)‘

From the latter equation we need to deduce the behavior of the coefficients a; given the

value of m. We proceed by induction, if m = 1 we have that
o),

which directly implies ¢; = O(I™'). For the induction hypothesis we denote Q(r) the
corresponding value of () given a natural number » < m. Then, the induction hypothesis

reads as: if

ml + Z v =007, (2.13)

then a; = O(I™"). Now, we prove for r + 1, since we do not assume that r is even or odd
we have two options: Q(r + 1) = Q(r) or Q(r + 1) = Q(r) + 1. If the latter is true, there

is a new term of order —r — 1. Thus, without loss of generality we can assume that

Q(r)—1

T Z v =0 (7).
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By the induction hypothesis, a; = O(I""). Then, by definition of coefficients v{ as in

Lemma 2.4.12, and Lemma 2.4.11 one has

vll = 0 (l_’"_g)
1112 = 0 (l_’"_5)
le(n)—l - 0 (l—r—l—Q(Q(T)—l)) ’

and so from (2.13) we obtain the correct order for q;.

The p—analytic case employs the same argument. As ¢;/~! and Z]oil vlj cannot have

the same decay order, the only option is for both terms to decay geometrically. U

To end this section, we consider the Helmholtz case for general arcs. Our main in-
gredients here are the bounds for Chebyshev coefficients of the product of two functions.
For one-dimensional & -functions, this can be done easily: let f(t) = >, .y, fxTx(t) and

9(t) = > ien, 'Ti(t). One can write

1
T,(t
F9) = 3 eneaTult), whereen = [ g2
n&€Np -1 w(t)
and ¢y = 771, ¢, = 2r~ %, for n > 0. By replacing the series expansion for f above, we
derive

en=Y I /19(t)Tk(t)Tn—(t)dt,

keNp w(t)

Using now Lemma A.4.1 and Chebyshev orthogonality, it holds

N e /11 g(t)TkJrn(t) + Te-ni(t) 3 fe (g,ﬂ . gk—_n) |

2w(t) = 2 \Chpn  Cli—n|

Consequently, we can estimate the decay of e, by the properties of f, and g,. In two

dimensions we have a similar result.
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LEMMA 2.4.14. Letm € N, p € N, and recall the definition of R,(t, s) given in (2.12).

Then, the series

R,(t,s)|t — s|*log |t — s| = ZZC”T ), V(t,s)e[-1,172

=0 7=0

holds, with coefficients
o0 o0 bp
P _ !
Ch=D_ D (Pavids  Tncilimjl + Tl + Tinmili=31)

with coefficients bY, being those of Lemma 2.4.11 and r; ; the Chebyshev coefficients of

R,(t,s). Moreover, the following asymptotic behavior hold
Cp — @(min{i—min(m—&—l,Qp—f—l)’j—min(m+1,2p+1)}).
If we consider a p—analytic arc we have
P _ o r—(2p+1) —(2p+1)
Cf; = O(min{i™ 77, j7H ).

PROOF. See Appendix A.2. 0J

LEMMA 2.4.15. Form € N, let" € € and \ € H~2(T') have the representation:

o0
A=w! E an Ty,
n=0

Then, the Fourier-Chebyshev coefficients of £7 [li]/)\\, denoted {v} }ien,, satisfy

Ul _ZPE zam

where the coefficients C*, are given in Lemma 2.4.14, z, are defined in (2.11), and the

asymptotic behaviors hold

(i) If m < 2p and for ¢ € R suchthat) < e <1 — ﬁ, v = O(]~mHmEe)

(ii) If m > 2p and for € € Rsuch that 0 < e < 1 — 35, vf = O(172+pH1)e),
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PROOF. The proof follows the steps of Lemma 2.4.7 but by using Lemma 2.4.14 in-
stead of Lemma 2.4.11. UJ

LEMMA 2.4.16. Form € Nwithm > 2, let A € H~2(T) be the unique solution of
Problem 2.4.10. Then, if the solution is expanded as N = oo g anw T, the following

asymptotic behaviors for coefficients a,, holds

a, =0(n"™).
Moreover, if I" and g are p—analytic

an, =0(np™").

PROOF. We follow similar steps of those for Lemmas 2.4.13 and 2.4.9, the integral

equation reads as

(LKA M’+Zvl+vl = o™,

where v‘lj are defined as in Lemma 2.4.15, and () is fixed such that the remainder is given
by a €;'(—1,1)-function. Thus, for e € (0,1 — —15), v* = 6(I""* (m+1)¢) " Moreover,
we can assume that, for 6 € (0,1 — %), by Lemma 2.4.15, it holds vf = O~ ¥+EH+D9),
forall j = 1,..., Q. The rest of the proof is the same as in Lemma 2.4.9, as standard, the

p—analytic case follows the same arguments. U

2.4.2.3. Convergence rates for a single arc

From the decay properties of Chebyshev coefficients, we can obtain bounds for the
approximation error. First, notice that, by norm equivalences (c¢f. Lemma 2.2.1), we can
do all the estimates in I and transform \ — X On the other hand, we have the quasi-
optimality result (cf. Theorem 2.4.3): there exists Ny > 0 and a constant C'(I', k) > 0, such
that for all N > Ny:

IA = Allgor2y < C(T,x)  inf H)\ —av .

an€QN (T
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For \ we have an expansion of the form A = > a,w™'T,,. Hence, we can choose

qN = Zn< N a,w~'T,, and use the norm representation to estimate the error as

—~ 2 |a |2
A N H - n ’
H w H-1/2(T) 7;\[ n

Finally, using the bounds from Lemmas 2.4.16, and 2.4.9 for the behavior of coefficients

a,, we can establish convergence rates.

THEOREM 2.4.17. Let k > 0, m € Nwithm > 2, ' € €. For g € €."(I), let X be
the unique solution of Problem 2.3.3, and )\ the approximation obtained from the solution
of 2.4.1, with N > Ny according to Theorem 2.4.3. Then there is a constant C(I', k), such
that

IA = Axllg-1/2() < CT, R)NT™,

Moreover, if I' and g are p—analytic we have that

IA = Anll =172y < C(T, R)p NV,

If k = 0 we need also that g € (f]@;ﬂ(f‘))*,for the result to hold true.

a2 where th
s W ere the

PROOF. Following the above discussion, we have to estimate Zn> N
ay, are characterized in Lemmas 2.4.9 and 2.4.16. Since these are decreasing, the results
follows from the following elementary estimation:
2 00 2
a a
3 |an| < / () de.
n>N n N S

where a(&) is a monotonously continuous decreasing function such that a(n) = |a,|. O

REMARK 2.4.18. Even though Ny and C(I', k) depend on the geometry and wave-

number ~, the decay rates do not depend on any of these two.
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2.4.2.4. Multiple arcs approximation

Since the existence of more than one arc translates into perturbations of the Chebyshev
coefficients with decay rates given by arc regularity, convergence rates for the case of mul-
tiple arcs are given by those of the single arc case. To see this, let us recall Problem 2.3.3
for the case of two €"-arcs pullbacked onto I for g1, 92 € C’;”(f), find Xl, Xo € H 3 (f)
such that

5?11[%]/):1 + §12[l€]:\\2 =01,

5?21[“]/):1 + 322[@:\\2 = Go.

By Assumption 2.2, the arcs cannot touch nor intersect. Hence, there is always d > 0 such

that for all (x,y) € I'y x I's, ||x — y||2 > d. This leads to the next result.

LEMMA 2.4.19. Let m € N consider two open G,"-arcs fulfilling Assumption 2.2.

Then, if we write the pulled back solutions as

~ T
)\i - . _n7
>ty
for i # 7, it holds
(ZslkIN) = buan,

with asymptotic decay rate:
b = O(min{n~""1 71},
Moreover, if the arcs 'y, 'y and g are p—analytics we have that
bt = 6 (pmn=m1

PROOF. As the distance between two disjoint arcs is strictly positive, the kernel G, (r;(t), r;(s))

belongs to €, and the proof follows verbatim that of Lemma 2.4.6.
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LEMMA 2.4.20. Let m € N with m > 2, and X be the only solution of Problem 2.3.3,

whose pullback is expanded as anNO alwT,, it holds
al = 0(n™™).
Moreover, for the p—analytic case we have that

al = 0(np™).

n

PROOF. The proof is similar to that of Lemma 2.4.16, now taking care of cross-

interaction terms by Lemma 2.4.19 and using the same arguments from Lemma 2.4.9. [J

THEOREM 2.4.21. Letm € Nwithm > 2, k> 0, € €, g € €*(I'), X the only

solution of Problem 2.3.3 and Ay approximation constructed from 2.4.1, then we have the

A=Al g < OO RN,

1
“2(I)

and for the p—analytic case

A= Anlz g, < O, R0 V2V,

For k = 0 we need to impose the condition g € (H ©

~ ol

()"

PROOF. The proof follows that of Theorem 2.4.17 as the H-2 (I')-norm is equivalent
to the Cartesian product of M times the space H2 (f) with corresponding bounds for the

coefficients established in Lemma 2.4.20. [l

2.5. Matrix computations

We now explicitly describe numerically how to solve Problem 2.4.1 using the discrete

spaces defined in Section 2.4.1. By definition (2.8), the matrix entries are

(Lij [HDln = <$L] [H]Q% q;>pi :
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In Remark 2.4.2, we showed that this can be computed as
(Lij[rDim = <52“[H]w_1Tn, w_sz>A.
T

First, we review how the integrals involving the functions w~'7), can be approximated.

2.5.1. Fourier-Chebyshev expansions

Every function in €'([—1,1]) can be expanded as a Chebyshev series (cf. (L. Tre-
fethen, 2013, Theorem 3.1)),

f(s) = ifnTn(s), Vse[-1,1] with f,:=c,(f,w ' Th)z,

with ¢ = 7 and ¢, = w/2 for n > 0. For a given N € N, the Fourier-Chebyshev

coefficients { f,, }nen, can be approximated using the FFT as follows:

(i) Construct a vector v € CN*! with entries f(sY), forn = 0,..., N, and where
the s = cos(nm/N) correspond to the Chebyshev points of order N.

(ii) Apply the FFT to a periodic extension of the vector f*,
N = FFET(XN, 0N . ol ol ol oo o).

(iii) Define the approximations as

1

—_— 1/-\/ —_—
fr]LV::anv TL:L...,N—L féV:§fN0’ f]]\\;:ngN

REMARK 2.5.1. Notice that Fourier-Chebyshev expansions correspond to the expan-

sions of even functions in Fourier basis under a cosine change of variable.

Using aliasing properties of Chebyshev series, one can easily see that for f € €!"(—1, 1),
[fo = fa'] = O(N""1),
while for p—analytic functions, it holds

|fn - fé\f’ = @(pr)'
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For more details see (L. Trefethen, 2013, Chapter 4).

2.5.2. Kernel expansion

An expansion similar to the one above holds for the fundamental solution G(x,y)
when x = 0 over I'. Specifically, for collinear vectors, i.c. x = (£,0) and y = (s,0),
(s,t) € [—1,1]? itholds (cf. (Reade, 1979) and (Jerez-Hanckes & Nédélec, 2012, Theorem
4.4)):

1 1 1
Golx,y) = =5 logt = s| = —log2 + > —T,(t)Tu(s), Vs #t. (2.14)

n>1
This series expansion converges point-wise for ¢ # s as the fundamental solution is then

smooth.

2.5.3. Computations for ¢ # j

We consider cross-interactions given by blocks L;;[x]. The associated kernel is smooth,
and consequently, we can expand it as a Chebyshev series using the FFT. To this end, we

consider a bivariate version of the procedure presented in Section 2.5.1 :

(i) Evaluate the function F'(¢,s) := G,(r;(t),r;(s)) in a grid of Chebyshev points
(tY, s), obtaining a matrix F € CV+Ux(N+1),
(i1) For each row, we follow steps (i) and (ii) of the one-dimensional procedure de-
tailed in Section 2.5.1. This leads to the following expansion:
F(t,s) = Z an(8)Tn(t),
n>0
where the coefficients of the matrix are approximations at the Chebyshev points,
ie Fj, = an(z)),n=0,...,N.
(ii1)) We repeat the last step but with the columns of the new matrix F, i.e. the same

one-dimensional procedure for the functions a,,(s), n = 0, ..., N. The matrix F
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is updated such that F;,, =~ a;,,, where

F(t,s) =YY aiTi(s)Tu(t).

1>0 n>0

Notice that this procedure requires 2(N + 1) FFTs. Once the expansion is obtained,
the integrals are computed directly using the orthogonality property of Chebyshev polyno-
mials.

2.5.4. Computations for : = j

In this setting, we extract singularities by subtracting the purely logarithmic term:
; 1
Ri,(t, s) := = log |t = s[Jo(# [[rs(t) —ri(s)ll,),

and obtain two families of integrals:
1,1 A
I}, = / / (Gr(rs(t),ri(s)) — Ri(t, 8))w T, (t)w ' Ti(s)dtds,
—1J-1

1 1
2 / / R (. 8)w Ty (H)w~"Ty(s)dtds.
—1J1

Using the expansion (Abramowitz & Stegun, 1965, 9.1.13), we find that G, (r;(t), r;(s)) —
R (t, s) has the same regularity of r;, and thus, we can compute [}, as in the case i # j.
For I}, we notice that R; (¢, s) is a product of two functions: —5- log |t — s|, with known
Chebyshev expansion (2.14) and Jy(k ||r;(t) — r;(s)]|,), which by (Abramowitz & Stegun,
1965, 9.1.12) has the same regularity of r;. Consequently, its Chebyshev expansion can be
computed using the FFT. Finally, the Chebyshev expansion of R% (¢, s) is computed using

the technique shown in Lemma 2.4.14.

REMARK 2.5.2. The evaluation of the Chebyshev expansion of R (¢, s) can be accel-

erated by extrapolation techniques like de-aliasing (Hu, 1994).
2.6. Compression Algorithm

While the presented spectral algorithm reduces the number of dofs needed to obtain

a desired accuracy with respect the most common low order A-refinement schemes, we
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lack any form of matrix compression such as Fast Multipole Method or Hierarchical Ma-
trices (Sauter & Schwab, 2011, Chapter 7). In what follows, we present a compression
algorithm specially designed for problems with multiples arcs. The key idea is to recog-
nize that the entries of the matrix L|x] correspond to Fourier-Chebyshev coefficients of the
kernel function. Hence, for smooth kernels, we observe fast decaying entries, and thus it
can be approximated by just considering the first coefficients and setting others to zero.

Specifically, the kernel function is smooth when we compute cross-interactions blocks.

Let the routine Quadrature(l,m) compute the term ([, m) of this interaction matrix
using a two-dimensional Gauss-Chebyshev quadrature '. Given a tolerance ¢, we reduce

the amount of computations needed by performing the following binary search:

ALGORITHM 2.6.1 (H). 1: INPUT: Tolerance ¢, Max Level of search L.,

2: OUTPUT: Number of columns to use N,

3: INITIALIZE: N.,;s = N, level =0,a=0,b=N

4: while level < L,,,, do

5: m = (a+b)/2

6: Tiepr = m — 1

7: Teenter =M

8: Tright = m+1

9: Viet = abs(Quadrature(0,T}.f.))
10: Veenter = abs(Quadrature(0,1 cpter))
11: Vright = abs(Quadrature(0,T;gn:))
12: if {V3ight&Veenter < 0.5 % €} or {Vies1&Veenter < 0.5 x €} then
13: b=m

14: else

15: a=m

16: end if

'We  make  the  following  approximation Jo Jr Gu(x,y)dl, (x)q] (y)dxdy ~

Z;V:ql Zi\]:ql wpwr Gy (ri(zp), v (27)) T (zr)T1(xp), Where wp,x, denote the Gauss-Chebyshev quad-
rature weights and points respectively, and IV, is the number of points to use.
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17: level + +
18: end while
19: Nogis = b

The algorithm returns the minimum number of columns N, to be used, by searching
in the first row the minimum index such that the absolute value of the matrix entries is lower
than e. The binary search is restricted to a depth L., € N. The same procedure is used to
estimate the number of rows, V..., by executing a binary search in the first column. Once
Neois and N5 are selected, we define N, := max{N,ows, Neois} and compute the block

of size N, X N, as in the full implementation.

Matrix compression also induces an extra error as it perturbs the original linear system
in Problem 2.4.1. We can bound this error using the standard theory of perturbed linear
systems, to that end denote by L.[«| the matrix generated by the compression algorithm
with tolerance ¢, and define the matrix difference AL.[x| := Lx] — L[x]. We seek to

control the solution u¢ = u + Au of
(L[x] + AL [k])u" = g,

where u and g are the same as in Problem 2.4.1. In order to bound this error, we will

assume that, for every pair of indices (7, j) in the matrix L[], we have,
|(ALE[/£])”| < €. (2.15)

THEOREM 2.6.2. Let N € N be such there is only one solution of Problem 2.4.1. Then,

there is a constant C(I', k) > 0 such that

| Aul], ‘ Ne
ul, — |C(x,I') — Ne

PROOF. By (Saad, 1996, Section 1.13.2) we have that

[Aufl, _ [AL[x]l
lll, = NCLIED =, = AL,
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and thus, we need to estimate ||AL[x]||, and ||(L[x])*||,. The bound for the first term can

be obtained as

<ZN (ZN AL [H]‘w)Q)l/Q
|AL[~]|| :supM: i=0\£aj=0 el
2 xr0 Xl x40 I,
1/2
()
= Sup < c.
X0 [

To estimate || (L[«])~"||,, we have on one hand the classical result || (L[«]) ||, > ||(L[&])||; "

On the other hand, by the operator continuity it is easy to see that
(LD, < (s, T),

the results follows directly from the latter estimation. For x = 0, the proof is analogous

with the corresponding change in the spaces. 0

We can also estimate the error introduced by the compression algorithm in terms of

N
m=0

the energy norm. In order to do so, define (AS); := > _ (uS),.q., in [';. By the same

arguments in the above proof, we obtain

€N3/2

— X l- 1 < LN ™ AT
[An ANHIHT?(F) < (s, T) HgHH(Fﬁ C(k,T') —eN’

where g is the same that in Problem 2.3.3, (] is the constant of Theorem 2.4.3, and an extra

factor N'/2 appears as |[uf, < N2 | Ay]| ) S CLNY2 g

~_ 1 1 .
H™2(T H2 ()

REMARK 2.6.3. We can use the compression algorithm to make a fast version of the
matrix-vector product, by splitting the product into blocks, and using the sparse represen-

tation for the cross interaction blocks.

REMARK 2.6.4. For the Laplace case x = 0, it is also possible to obtain sparse ap-
proximations of the self-interaction blocks. We refer to (Jiang & Xu, 2010), for details, and

also for a more complete analysis of similar the compression algorithm.
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Error

10°

= @ = p-3, M=-3.0343]
e | p=5, M=-5.0333
1@ p=7, m=-7.0305
=0 p=2
(a) Laplace (b) Helmholtz < = 10
FIGURE 2.1.  H~2(T) errors, for g(t) = [t[’. Values m are slopes of

log,o(Error) with respect to log;, N. Errors are computed with respect to an
overkill solution with N = 440.

2.7. Numerical Results

2.7.1. Convergence Results

In what follows, we show experimental results confirming the convergence rates proven
in Theorem 2.4.21. Let us first consider the case of a single arc T and an excitation g with
limited regularity. Figure 2.1 presents convergence results for different excitation func-

tions. The first three are of the form ¢(t) = |¢|P, with p = 3,5, 7. For these, g is in €7 (I").

Hence, by Theorem 2.4.21, we should observe the following error bounds:

%(f) = @(pr).

Error = ||A = Ay ;-
Thus, we have that the error as a function of N has a slope of —p in logarithmic scale.
The fourth case has as right-hand side g(¢) = t2, and, being an entire function, we observe
the corresponding super-algebraic convergence. Figure 2.2 shows convergence results for
geometries with limited regularity and smooth excitation. Just as in the case of source terms
of limited regularity, we obtain the convergence rates stated in Theorem 2.4.21. Lastly, we

consider the case of multiple arcs and where the excitation function and the geometry are

smooth (see Figure 2.3). We observe exponential error convergence in the polynomial
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Error
Error

3, m=-3.1709
5, m=-5.079
7, m=-7.6106
2

(a) Laplace (b) Helmholtz x = 10

FIGURE2.2. [ 2 (') errors, for ' given by r(t) = (¢, |t|P) and g(t) = t*. Values
m are slopes of log;,(Error) with respect to log;, N. Errors are computed with
respect to an overkill solution with N = 440.

degree, which is the same for each arc, as predicted. We also observe that, as a function of
K, the errors are increasingly bounded by below. Our experiments shows that this effect is
caused by errors in the solution of the linear system, which is currently solved by a direct
method (the residual ||L[x]\ — b||> dominates the convergence error, see Figure 2.3(C)).
For the sake of brevity, we will not attempt to solve this anomaly, as it is a common issue
when computing waves scattered by disjoint domains (cf. (Ganesh & Hawkins, 2011)). We

remark that the #~'/2 norms are computed using expression (2.9).

2.7.2. Compression Results

We considered the test cases presented in Figure 2.3. Tables 2.1, 2.2 showcase different
measurements of the performance of the compression algorithm. We denote by: % NNZ,
the percentage of non zero entries of the compressed matrix; Rel. Error, to the maximum
absolute value between of the difference of uncompressed and compressed matrices; GM-
RES Full, the time (in seconds) that takes to solve the full linear system using GMRES with
a tolerance of 1e — 8; and, GMRES Sparse, same as last but with compressed matrix and
an optimized version of the matrix vector product. For the sake of completeness, we have

also included the assembly times (in seconds) for the full matrix (Full Assembly), and the
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FIGURE 2.3. In (a), a smooth geometry with M = 28 open arcs, each with a
parametrization (at,csin(bt)) + d, where a € [0.45,0.50], b € [1.0,1.5], ¢ €
[1.0,1.3], d € [2,3.5] x [11,25] ,and ¢ € [—1,1]. In (b), convergence for the
corresponding geometry and different wavenumbers using as right-hand side the
trace of g(x) = exp(—ikx - y), where & = s for k > 0,0 = 5,y = (cos a, sin ),
and o = 7/4. The x-axis denotes the number of polynomials used per arc. Errors
are computed with respect to an overkill solution with N = 500 per arc. The
mean arc lengths in terms of the wavelength are 8\, 16, 32\ for x = 25, 50, 100
respectively. In (c) the error in the solution of the linear system for the different
cases, and in (d) the corresponding conditioning number (in norm 2) for the linear
systems.

compressed one (Sparse Assembly), and observe that they do not differ much as the most
expensive part for this relative small problems is the computation of the self-interaction

matrices.
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TABLE 2.1. Compression performance € = le — 10, k = 100

Order % NNZ Rel. Error GMRES Full GMRES Sparse Full Assembly Sparse Assembly

Lmam =1
250 24 le-10 25 12 109 96
300 24 le-10 37 15 163 148
350 24 le-10 48 19 215 198
400 24 le-10 62 23 309 294
Lmaa: =2
250 6 le-10 25 8 109 95
300 6 le-10 37 10 163 147
350 6 le-10 48 12 215 198
400 6 le-10 62 13 309 285
Lmax =3
250 5 le-10 25 7 109 95
300 3 le-10 37 9 163 147
350 2 le-10 48 9 215 196
400 1.7 le-10 62 11 309 286

2.8. Concluding remarks

The present work presents a high-order discretization method for the wave scatter-
ing by multiple disjoint arcs based on weighted polynomials bases with proven conver-
gence rates similar to the classical interpolation theory of smooth functions. As an efficient
solver for the forward problem, our method could be easily used for solving optimization
or inverse problems, tasks which are currently under development. Still, for increasing fre-
quencies and numbers of arcs, we remark that the solution of the resulting linear system

can become a bottleneck, thus requiring further improvements.
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TABLE 2.2. Compression performance € = le — 14, k = 100

Order % NNZ Rel. Error GMRES Full GMRES Sparse Full Assembly Sparse Assembly

Lmam =1
250 24 le-14 25 12 109 96
300 24 le-14 37 16 163 149
350 25 le-14 48 20 215 199
400 25 le-14 62 24 309 294
Lmaa: =2
250 6 le-14 25 8 109 96
300 6 le-14 37 10 163 147
350 7 le-14 48 12 215 199
400 7 le-14 62 14 309 284
Lmax =3
250 5 le-14 25 8 109 96
300 4 le-14 37 10 163 148
350 5 le-14 48 11 215 196
400 4 le-14 62 12 309 283
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Chapter 3. FAST SOLVER FOR QUASI-PERIODIC 2D-HELMHOLTZ SCATTER-

ING IN LAYERED MEDIA

3.1. Introduction

A vast number of scientific and engineering applications rely on harnessing acoustic
and electromagnetic wave diffraction by periodic and/or multilayered domains. Current
highly demanding operation conditions for such devices require solving thousands of spe-
cific settings for design optimization or the quantification of shape or parameter uncer-
tainties in the relevant quantities of interest, challenging the scientific computing commu-
nity to continuously develop ever more efficient, fast and robust solvers (cf. (Bao, 2004;
Y.-B. Chen & Zhang, 2007; E. G. Loewen & Popov, 2018; Silva-Oelker, Aylwin, Jerez-
Hanckes, & Fay, 2018; Silva, Jerez-Hanckes, & Fay, 2019) and references therein). As-
suming impinging time-harmonic plane waves, scattered and transmitted fields have been
solved by a myriad of mathematical formulations and associated solution schemes. These
range from volume variational formulations to various boundary integral representations
and equations (cf. (Ammari, 1998; Ammari & Nédélec, 2001; Bao & Dobson, 2000; Bar-
nett & Greengard, 2011; Dobson & Friedman, 1992; Nakata & Koshiba, 1990)), pure or
coupled implementations of finite and boundary element methods (cf. (Ammari & Bao,
2008; Ammari & Nédélec, 2001; Elschner & Schmidt, 1998; Nédélec & Starling, 1991;
Silva-Oelker, Aylwin, et al., 2018) or (Popov, 2012, Chapter 5)) and Nystrém methods
(Bruno & Haslam, 2009; Bruno, Shipman, Turc, & Venakides, 2016; Cho & Barnett, 2015;
Greengard, Ho, & Lee, 2014; Liu & Barnett, 2016).

In this work, we build upon our theoretical review given in (Aylwin, Jerez-Hanckes, &
Pinto, 2020) and present a spectral Galerkin method for solving second-kind direct bound-
ary integral equations (BIEs) for the Helmholtz transmission problem for two-dimensional,
periodic multi-layered gratings with smooth interfaces. Contrary to the low-order local ba-
sis functions used in the standard boundary element method, spectral bases are composed
of high-order polynomials whose support lie on the whole scatterer boundary or on large

portions of it. Successfully employed on two- and three-dimensional scattering problems
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(Jerez-Hanckes & Pinto, 2018; Hu, 1995; Graham & Sloan, 2002), the main advantage of a
spectral discretization is the ability to converge at a super-algebraic rate whenever solutions
are smooth enough. Hence, our proposed method can in practice compete with Nystrom
methods while simultaneously inheriting all of the theoretical aspects of classical Galerkin

methods.

In two dimensions, spectral methods are closely related to the theory of periodic
pseudo-differential operators (Saranen & Vainikko, 2013), since the discretization through
spectral elements can be interpreted as a truncation of the associated Fourier series where
the action of the operators is well understood. We show that wave scattering by periodic
domains is closely connected to the bounded domain case, making it possible to reuse al-
most all the pseudo-differential operator theory for our analysis. Key to our analysis are
the results in (Nédélec & Starling, 1991; Starling & Bonnet-Bendhia, 1994; Elschner &
Schmidt, 1998) regarding the unique solvability and eigenvalues of the associated volume
problem. From here, we deduce that our BIE is uniquely solvable except at a countable set
of wavenumbers composed of Rayleigh-Wood frequencies—wavenumbers for which the
sum defining the quasi-periodic Green’s function is not convergent—and of eigenvalues of
the Helmholtz transmission problem. Mindless of the several remedies developed to tackle
Rayleigh-Wood anomalies through BIEs (Cho & Barnett, 2015; Bruno & Delourme, 2014;
Bruno, Shipman, Turc, & Stephanos, 2017; Bruno & Fernandez-Lado, 2017), we choose
to avoid them as they are not captured by our previous analysis in (Aylwin, Jerez-Hanckes,

& Pinto, 2020).

Our discretization method employs a quasi-periodic basis so that techniques forcing the
quasi-periodicity of the discrete solutions are not necessary (cf. (Greengard et al., 2014;
Y. Zhang & Gillman, 2019)). Instead, an accurate approximation of the quasi-periodic
Green’s function is required in order to extract its Fourier coefficients through the fast
Fourier transform (FFT). Moreover, we prove that the chosen discretization basis enjoys
a super-algebraic convergence rate on the degrees of freedom, which we then confirm
through numerical experiments. In (Nguyen, 2012), a similar quasi-periodic exponential

basis was employed to approximate solutions of a volume integral formulation.
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The article is structured as follows. Section 3.2 presents the notation used throughout
as well as the required quasi-periodic Sobolev spaces setting following (Aylwin, Jerez-
Hanckes, & Pinto, 2020). In Section 3.3 we state the Helmholtz transmission problem
for a multi-layered grating and study its solvability. Section 3.4 is concerned with the
properties of quasi-periodic boundary integral operators (BIOs) along with an existence
and uniqueness result for our BIEs. Section 3.5 provides rigorous error convergence rates
of the spectral method and briefly describes the numerical algorithm used to compute the
matrix entries associated with each integral operator. Numerical results are discussed in

Section 3.6, followed by concluding remarks on Section B.5.

3.2. Notation and Functional Space Setting

3.2.1. General Notation

We denote the imaginary unit 2. Boldface symbols will denote vectorial quantities
and will use greek and roman letters for data over boundaries and volume, respectively.
Canonical vectors in R? are denoted ey, e, respectively. Also, we make use of the symbols

<, 2 and 2 to avoid specifying constants irrelevant for the corresponding analysis.

~ ~

Let H be a given Banach space. We shall denote its norm as ||-||; and its dual space
by H' (set of antilinear functionals over H) with dual product denoted by (-,-). If H is
a Hilbert space, the inner product between two of its elements, x and y, is denoted as
(z,y) . Moreover, if H is a Hilbert space over the complex field, the inner product will be

understood in the anti-linear sense.

For an open domain QCR?, its boundary shall be denoted as 9€2. Moreover, for any
OCR? such that Q C 0, we introduce the closure of € relative to O as 5@ = QN O and
the boundary of ) relative to © as 9°€) := Q’ \ Q.

For n € Ny := N U {0}, we denote by €"(2) the set of scalar functions over €2
with complex values and continuous derivatives up to order n. €°(2) refers to the space

of functions with infinite continuous derivatives over 2. We shall also make use of the
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following subset of €>°(2):
D(Q) :={ueE(Q) : suppu CC N}.

The space of p-integrable functions (for p > 1) with complex values over 2 is denoted as

LP(Q).

We say that a one-dimensional Jordan curve I is of class "1, forr € Ny, if it may be
parametrized by a function z : (0,27) — I which has r Lipschitz-continuous derivatives
and a non-vanishing tangential vector. The first derivative of the parametrization is denoted
as 2. Moreover, we say I is of class € if it is of class C™! for every r € Ny (we will also

use the notation €>! to refer to the same class).

Throughout the following sections, we will consider periodic geometries along e; with
a fixed period of 27. Moreover, we say that a continuous function f is a #-quasi-periodic

function if,
f(x+2me)) = e*™ f(x) Vax € R?

where the quasi-periodic shift § is always assumed to be in [0, 1). Finally, we define the

canonic periodic cell on R? as @ := (0, 27) x R.

3.2.2. Quasi-periodic Sobolev Spaces

We denote by P, (R?) the space of #-quasi-periodic functions in €*°(RR?) that vanish
for large | x|, and denote by 9;(IR?) the space of f-quasi-periodic distributions, which can
be seen as the dual space of Py(IR?) (cf. (Aylwin, Jerez-Hanckes, & Pinto, 2020, Proposi-
tion 2.4)). For € as before, we introduce 9,(¥) the space of restrictions to & of elements
in P(R?). Moreover, for any open domain ) C & we define P,(12) as the set of ele-
ments of Py(€) with compact support on §2 and D (£2) as the space of elements of (%)
restricted to Py (€2). In what follows, for all j € Z we define jy := j + 0.
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PROPOSITION 3.2.1 (Proposition 2.6 in (Aylwin, Jerez-Hanckes, & Pinto, 2020)). Ev-

eryu € 99(R2) can be represented as a Fourier series, i.e.

. 1 [
u(x) = Zuj(xg)e”‘m with  uj(xg) = 2—/ e %y (x) dry,
JET TJo
so that u; € D(R). On the other hand, every element F' € D;(R?) can be identified with a
formal Fourier series given by
. 9(R) —C
> Fpedom with = ,
jEL v > F(v(xq)e o)

where F; € 2'(R) forall j € Z and F(u) = Y, F;(u;).

JET

Let s € R. We define the #-quasi-periodic Sobolev space of order s on & as follows,

3 / (1+ 72+ Py

JEZ

HS(%) = {F € 2,(R?)

F}(é)(z & < oo},

wherein F\j is the Fourier transform (in distributional sense (Steinbach, 2007, Section 2.4))
of F}, defined as in Proposition 3.2.1. Additionally, we introduce the common notation
L3(%) := H)(Z) and note that, as in the standard case, H;(¥) is a Hilbert space (Aylwin,
Jerez-Hanckes, & Pinto, 2020, Proposition 2.8). Furthermore, for an open proper subset
2 of &, we define H;(2) as the Hilbert space of restrictions to 2 of elements of H; (%)
(see (Aylwin, Jerez-Hanckes, & Pinto, 2020, Section 2) and (McLean, 2000, Chapter 3.6)).

Finally, local Sobolev spaces on (2 are defined as

Hp1oo() i ={ue 2y(Q) : uc Hy(QN{x @ : |13 <R}) VR>0}.

3.2.3. Quasi-periodic Sobolev Spaces on Boundaries and Traces

We begin by considering spaces of periodic functions over R. As in (Kress, 2014,

Definition 8.1), (Saranen & Vainikko, 2013, Section 5.3), we define Sobolev spaces on
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[0, 27] of order s > 0 as follows,

1[0, 2] 1= {¢ e L2((0,2m) + (1452 Il < oo},

JEZ
where {¢,} ;ez are the Fourier coefficients of ¢. Quasi-periodic spaces of order s > 0 over

(0, 27) are defined from H*[0, 27| straightforwardly, i.e.,
Hj[0,27] == {¢ € L*((0,27)) : e ""¢(t) € H[0,2n]}.

Both H*[0, 27| and H}[0, 27| are Hilbert spaces, as are their respective dual spaces, denoted
respectively H*[0, 27| and H, °[0,27] (see (Kress, 2014, Theorem 8.10) and (Aylwin,
Jerez-Hanckes, & Pinto, 2020, Theorem 2.20)). Moreover, for s € R, the inner product

and norm of H;[0, 27| are given by:

1
o -2\ s — o 2
(u, U)Hg[ozﬂ] = 2;1 +J§)ujovie and  |u| Hgl0,2x] * = (u, u)fqg[ogﬂ ’
je
wherein, for positive s, we define
e i( (t) Zjet)
Ui == 5 N €70 ) pa((0,2m) -

and the product is extended through duality to negative s (cf. (Aylwin, Jerez-Hanckes, &
Pinto, 2020, Theorems 2.16 and 2.20)).

We continue by considering boundaries which are constructed as the single period of a
x1—periodic Jordan curve of class C*. Let I" be one of such curves and let z : (0,27) — I’
be a parametrization of I'. Then, for any s > 0, we define the #-quasi-periodic Sobolev

space of order s on I" as
Hi(T) :={ue Ly(D) | (uoz)(t) € Hj[0,27]} .
We define H, *(T") as the completion of L3(I") under the norm given by

||U||H;S(r) = H(U 0 2) |||z HHQ—S[O,%}-



62

Norms and inner products for these spaces are given through their respective pullbacks to
H;[0,2n] and H, [0, 27]. Moreover, H, °(T") is identified with the dual space of Hj(I")
(Aylwin, Jerez-Hanckes, & Pinto, 2020, Theorem 2.26) where the duality is given by the

extension of the following anti-linear form:
A=Ay, ADE Li(T). (3.1)

We also define the following space of smooth functions over I,

Dy(T') := {gb I'—=C ‘ (poz)(t) = Z ¢;e’?" for some n € N},

j=—n
which is dense in Hj(I") for any s € R. Finally, we introduce trace operators acting on
quasi-periodic Sobolev spaces. Let €2 be a proper open subset of & such that 9¥Q = I", we

define the following operators for s > %:
s s—3 e s oY s—3
ot Hy(Q) = Hy *(I'), ~p: Hg(@\ Q) = Hy *(T),

that extend the notion of the restriction operator u — u|r to quasi-periodic Sobolev spaces
(Aylwin, Jerez-Hanckes, & Pinto, 2020, Theorem 2.29). In this context, vp and ~{, are,
respectively, the interior and exterior Dirichlet traces. Analogously, for s > %, we denote

the interior and exterior Neumann traces on €2 as
s s—3 e s re\d s—35
o Hy(Q)— H, *(I), ~y:Hi(€\Q)—H, *(I),

extending the normal derivative u — Vu|r - n, where n is—for both traces—the unitary
normal exterior to 2. Moreover, introducing the subspace of elements of Hj(Q) with

integrable Laplacian,
HiA(Q) :={ue Hy(Q) : Aue Lj(Q)},
the Neumann trace may be extended as

_1 e — _1
v Hya(Q) = Hy *(D), 9 - Hya(9\Q7) = Hy *(ID),
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through integration by parts (cf. (Aylwin, Jerez-Hanckes, & Pinto, 2020, Section 2)). All
the previous results concerning trace operators follow analogously (with obvious modifi-
cations) for both local spaces—in the case that {2 is unbounded—and if €2 is the bounded
space between two non-intersecting periodic curves I'; and I's. Finally, we denote the

following vector operators

yu = (ypu,yvu)'s  Yu = (Ypu,yiu)’ and  [yulr = you — yu,

as the interior, exterior and jump trace vectors on I', respectively.

3.3. Helmholtz problem in periodic layered media

3.3.1. Geometric Setting

We seek to establish a boundary integral representation for scattered and transmitted
acoustic or electromagnetic fields resulting from plane waves impinging a multi-layered
grating. The domain is described by M & N finite non-intersecting periodic surfaces
{T:}}, —ordered downwards—separating M + 1 periodic domains {;}22, such that for
0 < 7 < M it holds aﬁi = fz U fiﬂ, 6@0 = fl and 8§M = fM (see Figure 3.1).
Moreover, while all domains {ﬁi}fﬁo are unbounded along e;—due to their periodicity—
only two of them, namely Qo and (2, are unbounded in the second spatial dimension
(along es). The restrictions of the aforementioned domains and surfaces to the periodic

cell € are denoted by:
0, :=0N% Vie{o,.... M}, T,:=0I,n% Vje{l,... M}
Additionally, we fix H > 0 so that
Mol
U@ c{ze@: |z <H}
i=1

holds. We will assume that the interfaces I'; , i € {1, ..., M} are all Jordan curves of class

%°°. Furthermore, for each ¢ € {1,..., M}, the exterior and interior trace operators on I';
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FIGURE 3.1. Example of a multi-layered grating. & is highlighted and the dotted
lines represent its boundaries at O and 27.

are understood as
1 1
v Hy(Qier) = Hy (T3),  p = Hy(Q) — Hy (1),

_1 _1
Tt Hoa(Qimr) — Hy *(T3) and oy = Hy o () — Hy * (1),

and the normal vector on I'; is chosen to point towards €2; ;.

3.3.2. Helmholtz transmission problem on periodic media

For a time-dependence e~ for some frequency w > 0, let the grating described in the

previous subsection be illuminated by an incident plane wave,

u(inc)($) — eZkO'ﬂc — 61(k0,1x1+ko,2x2)’

where ko = (ko 1, ko2) € R?. Furthermore, we denote ko := |Kko|.

Forv =0, ..., M, the material filling each domain §2; is assumed to be homogeneous
and isotropic with refraction index 7; —~we assume 7y = 1— and wavenumber k; := wc; ' =

n:ko, where ¢; is the wave speed in €2;. Throughout this section, we fix # as the unique real
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in [0, 1) such that @ = ko ; + n for some integer n and, for all j € Z, we define

5(0)._ \/H if kg — j§ = 0 B(M)__ m if ki —j5 >0 (3.2)
J .

pr 9 .] D )
w/jg—kE ifkE—j2<0 w/jg — k3, ifk3, — 42 <0

where as before jy = j + 6. With these definitions, we can state our volume problem as

follows.

PROBLEM 3.3.1 (Helmholtz transmission problem). We seek vV defined as

(inc) ;
L - Wt o infly,
U; inQ; fori e {1,..., M},
where ug € Hgo (), unr € Hg () and u; € Hy(Q;) forall 1 <4 < M — 1, such
that

—(A+ENY =0 inN{xc@ : || <H}, Vic{0,...,M}, (3.3a)

[yu'], =0 only, Vie{l,...,M}, (3.3b)
Zu(’) (B @t tiom) oS H, (3.3¢)
JEZ

(M)

(et Hiom1) o Ty < —H. (3.3d)

ZU/M) 1

JEZ

Equation (3.3b) represents the continuity of Dirichlet and Neumann traces across each
interface. This condition can be generalized to include different transmission coefficients
without much effort. The last two conditions, namely (3.3c) and (3.3d), correspond to radi-
ation conditions for w1 and u,,, also known as the Rayleigh-Bloch expansions (cf. (Nédélec
& Starling, 1991) for a detailed discussion), where {u§0) }jez and {ug.M)}jeZ are the corre-

sponding Rayleigh coefficients.
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Through an analogous analysis to that presented in (Elschner & Schmidt, 1998, Section
3), one finds that—for a fixed choice of geometries {I";}£, and refraction indices {n; } 1, —
Problem 3.3.1 has a unique solution for all but a countable number of wavenumbers k; as

all wavenumbers k; for i € {1,..., M} depend on ky.

ASSUMPTION 3.1. The wavenumber k is such that Problem 3.3.1 has a unique solu-

tion.

We shall make no further analysis of the volume problem as stated above, and limit
ourselves to (Bao, 1997; Bao, Dobson, & Cox, 1995; Kirsch, 1993; Nédélec & Starling,
1991; Starling & Bonnet-Bendhia, 1994; B. Zhang & Chandler-Wilde, 1998; Elschner &
Schmidt, 1998) and references therein for more detailed analyses of the radiation condition

of similar problems.

3.4. Boundary integral equations

Following our previous work (Aylwin, Jerez-Hanckes, & Pinto, 2020), we introduce
the quasi-periodic Green’s function and recall some relevant properties. We then define
the quasi-periodic single and double layer potentials and BIOs spanning from taking their
respective traces on the periodic boundaries {I';},. To conclude this section, we present
an integral representation for the fields {u;}%, and a proof of unisolvency for the corre-

sponding BIE. As before, 6 will denote the quasi-periodic shift, which is assumed to be in

0,1).

3.4.1. Quasi-Periodic Fundamental Solution

Consider a positive wavenumber £ € R, we recall the definition of the Rayleigh-Wood

frequencies.

DEFINITION 3.4.1. We say £ > 0 is a Rayleigh-Wood frequency, if there is j € Z,

such that

|7+ 6] =k, (3.4)
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where 6 is the previously fixed quasi-periodic shift.

These frequencies correspond to values where the quasi-periodic Green’s function can
not be represented in a traditional manner. While a number of alternatives have been devel-
oped to circumvent this issue (e.g., (Bruno & Fernandez-Lado, 2017; Bruno et al., 2017;
Cho & Barnett, 2015)) their analysis is out of the scope of our current work. Hence, in

what follows, we will work under the following assumption over the wavenumber k.

ASSUMPTION 3.2. The wavenumber k > 0 is not a Rayleigh-Wood frequency for the

given € [0,1).

Under Assumption 3.2 we can define the §-quasi-periodic Green’s function as (cf. (Nédélec
& Starling, 1991; Linton, 1998) and references therein)
Gi(x,y) == lim Z e OGR4 21ney, y), (3.5)

mM—00
n=—m

for all «, y in R? such that £ — y # 2mne; for all n € Z, wherein G*(x,y) is the

fundamental solution for the Helmholtz equation with wavenumber k, namely,
k e
G'@,y) = [Hy (klz - yllz2),

where Hél)(-) denotes the zeroth-order first kind Hankel function. Moreover, the quasi-
periodic Green’s function is a fundamental solution of the Helmholtz equation in the fol-

lowing sense:
—(Ay+E) G, y) =) d(x + 2mne; )™
neL

for all x € R? and satisfies the radiation condition specified in the preceding section

(cf. (Nédélec & Starling, 1991, Proposition 3.1)).

REMARK 3.4.2. If Assumption 3.2 is not met, the sum in (3.5) fails to converge for

any pair of z, y € R?.
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3.4.2. Layer Potentials and Boundary Integral Operators
In this section, we will assume a given boundary [ satisfying the following assumption.
ASSUMPTION 3.3. Givenr € [0, 00|, the interface T is a Jordan curve of class €™

Moreover, given Gamma as before, we denote by € the part of & below I (see Figure

3.1). For ¢ € Py(I") we define the single and double layer potentials as

SLy rd(x) = / Gi(z,y)o(y) &y, DLj d(z) = / Ty Gh(T,y)o(y) dy,  (3.6)

where v, ,, denotes the interior (with respect to {2) Neumann trace operator acting on func-

tions with argument y.

LEMMA 3.4.3 (Theorems 4.7 and 4.10 in (Aylwin, Jerez-Hanckes, & Pinto, 2020)).
Let k and T be as in Assumptions 3.2 and 3.3 with r > 0, respectively. Then, the single and
double layer potentials can be extended as continuous operators acting on Sobolev spaces
as follows,

s—1 sl 1
SLyp: Hy *(I) — H; (%) and DLy : H9+2(F) — HyTW(G\T), forls| < 3

We then define BIOs by taking traces of the layer potentials as follows

1
Vir:=7pSLer  Kip :=nSLor + §I,

1
Wg,l“ = _'VNDLH,F Kl&p = ’)/DDLQI — §|.

(3.7)

Moreover, due to the jump properties of the layer potentials (Aylwin, Jerez-Hanckes, &
Pinto, 2020, Lemma 4.11), the following relations hold:

1
Vir=75Slar,  Kip =75SLler — 3
(3.8)

1
Wi = —4Dlar, Kir=75DLor + 51
REMARK 3.4.4. When considering interior and exterior traces acting on layer poten-
tials, note that the normal vector on I' is to be fixed so that the only difference between

exterior and interior traces is the direction from which we approach I'. Additionally, note
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that, having fixed the normal vector to I, the choice of trace taken in the definition of W’g}r

is arbitrary and makes no difference.

LEMMA 3.4.5 (Theorem 4.10 in (Aylwin, Jerez-Hanckes, & Pinto, 2020)). Let k and

[ be as in Assumptions 3.2 and 3.3 with r > 0, respectively, and let |s| < % Then, the

BIOs satisfy the following continuity conditions

1
S+§

=3 st3 s—3
Vg,r 1 Hy (') — Hy *(T), ng,r tHy 2 () — Hy *(T),

S_% 5_% S+% s—i—%
Klelfr 1 Hy *(I) — Hy (), Kg,r tHy 2 () — Hy 2 ().

3.4.2.1. Compacteness Properties

Until this point, we have established continuity properties of the four BIOs defined
in (3.7). However, the BIEs we consider in the coming section require the subtraction of
two instances of the same BIO with different wavenumbers. This will require a number of
results from pseudo-differential operator theory (Saranen & Vainikko, 2013) as well as a
version of the Rellich theorem on quasi-periodic Sobolev spaces on boundaries. After our
analysis, we will see that the difference between any two of the operators in (3.7)—with

different wavenumbers—will result in a compact operator.

THEOREM 3.4.6 (Rellich Theorem for quasi-periodic Sobolev spaces). Let sy, sy be
real numbers such that s; < sy and 6 € [0,1). Then, Hy*(') is compactly embedded in
H2(T).

PROOF. Follows directly from the definition of the quasi-periodic spaces and the result
for standard Sobolev spaces (see (Kress, 2014, Theorem 8.3)). [

REMARK 3.4.7. No smoothness assumptions are needed for the proof of the previous
theorem. Thus, it can be extended to Lipchitz boundaries for any pair of real numbers s,

s9 < 1, and potentially less regular cases if we restrict s, so to be non-negative.

THEOREM 3.4.8 (Theorem 6.1.1 in (Saranen & Vainikko, 2013)). Leta : R x R — C

be a bi-periodic function of class € and S be a 2w —periodic distribution in R. Consider
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the following formal operator acting on a periodic smooth function u € €°(R):
2T
Au(s) = / S(s —t)a(s,t)u(t)dt Vs eR, (3.9)
0

where integration is to be understood as a duality pairing. Furthermore, let us assume the

Fourier coefficients of S to behave as
[Sn] < nl?,

for some p € R. Then, for any s € R, A in (3.9) may be continuously extended as an

operator mapping from H*[0, 27| to H*7?|0, 27], i.e.,

A H?[0,27] — H*7?[0,27].

We also recall a classical result from Fourier analysis (c.f. (Taibleson, 1967)).

LEMMA 34.9. Let m € N, f : R — C be a periodic €™ -class function such that its
distributional derivative of order m+1 belongs to L'((0, 27)). Then, its Fourier coefficients
{fn}nez are such that

[fal S Inf7"7

In order to employ Theorem 3.4.8 we will need to express the quasi-periodic BIOs in
a convenient way: with periodic functions as kernels. Let k£ and I" be as in Assumptions
3.2 and 3.3, respectively. We begin by considering a periodic version of the fundamental

solution in (B.26) and its derivatives on I as
Gh(s,t) = e 0GE(2(s), z(1)), (3.10)
which may be expressed as

Gi(s,t) = S(t — s)J5(s,1) + Rf(s,1), (3.11)
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with

S(t) :=—— log |2|

5 (3.12)

2sin

JE(s,1) := 700D Z Jo(k||z(s) + 2mjer — z(t)]))e 2™ x (s — t + 27)),

j=—o00
where Jy(-) is the zeroth-first kind Bessel function, ¢ € (0,27) and x.(-) is a smooth

function satisfying

1
Xe(s) =0 if |s|>e and x.(s)=1 if |s|< &

and
RE(s,t) = Gh(s,t) — S(t — s)JE (s, 1).

Using known expansions of the Hankel functions (see (Abramowitz & Stegun, 1965, 9.1.12-
9.1.13)) one can check that R belongs to € (R x R).

Before we proceed any further, it is necessary to introduce a second wavenumber.
We will denote k& > 0 a wavenumber (not necessarily different from k) that also satisfies

Assumption 3.2.

PROPOSITION 3.4.10. Let k and k satisfy Assumption 3.2, and let I satisfy Assumption
3.3 with r = oo. Consider V% and Vg the weakly singular BIOs on ' defined in (3.7) and
where we have dropped the 1" subscript for brevity. Both operators may be considered as

pseudo-differential operators of order —1, whence
Vi Hy(D) = Hy™Y(D),  V§: Hy(D) — Hy 7).
Moreover, the operator VS’E = Vh — v§ can be extended to
Vi H(T) — Hy(T),

as a bounded linear operator for every s € R.
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PROOF. That V& (and v§) may be extended as claimed follows directly from Theorem
3.4.8, the kernel representation (3.11) and the decay of the Fourier coefficients of S(t) in
(3.12) (cf. (Saranen & Vainikko, 2013, Example 5.6.1)). Take y1 € Dy(I"), we have that

~ 2, -
(VE* () 0 2) (5) = ™ / (Ghis,t) = Ghis.)) e " (o 2)(8)12'() |t
as a Lebesgue integral. Moreover,

Employing Lemma 3.4.9, Theorem 3.4.8 and (Abramowitz & Stegun, 1965, Equation
9.1.13) we see that the second term of the right-hand side of (3.13) gives rise to a bounded
operator from H*[0, 27| to H*™?[0, 2| for any p > 0. On the other hand, the first term in

the right-hand side of (3.13) may be decomposed as

S(t - s) <J§(s,t) -~ Jﬁ(s,t)) = (lsin(t — 5)[> S(t — s)) (Je( 1) = Jg( J)) '

|sin(t — s)|°

One can see (cf. (Abramowitz & Stegun, 1965, Equation 9.1.12)) that the term
(5 (5,8) = Jp (s,1)) [sin(t — 5)|

belongs to (R x R), whereas the term |sin(t — s)|* S(t — s) give rise to an operator of

order —3. In fact, its Fourier transform is

1 27
e"dt =

t
2sin —
sm2

- in(t)?1
o, sin(t)“ log

t
2sin — (ez("H)t + (=2t _ 261(")t)dt =0(n?),

1 2
—— / log
2 Jo

where the last equality follows from (Saranen & Vainikko, 2013, Example 5.6.1). Finally,
define

ViE()(s) = e ViF () o 2(s).
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Then,

Ve ()| w32 = |IV5" (1)(5)]

~ I\ kK
iy = Ve (1) o 2|

He[0,27]- (3.14)

We may now bound the last term in (3.14) by Theorem 3.4.8:

Gk, k
Vo™ (1) 430,20 S M 14]

Hg(T)-

The proof is completed by the density of D, (I") in the corresponding Sobolev space. [

For the hyper-singular BIO, a similar result requires a technical lemma. To this end,

let us define the tangential curl operator:

1 d
[2(0)]z &

for any ¢ € Py(I") and where z is a suitable (arbitrary) parametrization of I'.

5 ¥ e)).

curlp p :=

LEMMA 3.4.11. Let k and T satisfy Assumptions 3.2 and 3.3 for r = 0, respectively,
and let A and ¢ belong to Dy(T"). Then,

(WEN), @) = (VE(curlp A), curly 9)p + (VE(A), @)r,

where (-, -)r represents the duality product between Hj(I") and H, °(T') for any s > 0 and

\7’; is the extension by density of the operator given by

W), == [ [ ni@) - nlw)Gha. v\ w7 dy
PROOF. Notice that for A, ¢ in Dy(I"), it holds that
(curlp A\, p)r = i WCI()\OT%)@)(gpoz)(t)dt:— i 7rW()\oz)(ﬂ d,

where the border terms cancel each other out due to the quasi-periodicity of A\ and .
Hence, the result for quasi-periodic functions follows verbatim from the standard case (see,

for instance, (Steinbach, 2007, Theorem 6.15)). [
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COROLLARY 3.4.12. Under the assumptions of Proposition 3.4.10, consider W, and
Wg, the hyper-singular operators defined as in (3.7) and where we drop the 1" subscript.

The operator WS’E =Wk — Wg can be extended to
Wy Hj (D) — Hy™ (D),

as a bounded linear operator for every s € R.

PROOF. Let A, ¢ in Zy(I"). By Lemma 3.4.11, we have that

(W5 (V). ) = (Vg™ (curle A), curlr @) + (V5 = V) (V). ).
Using Proposition 3.4.10, one obtains

Wy (N), ¢)r| < |l curlp A

H;*(r)H curlp 90||H;5*2(r) + ||l H;(F)HSO”H;S*(F)-

Where the inequality for the second term of the right-hand side is obtained using that
both (\7’57 \75) are operators of order —1 (this follow from Theorem 3.4.8 and (Saranen &
Vainikko, 2013, Example 5.6.1). Then, since the curly operator is a first-order differential

operator, it holds that

[(Wg " (V) @)rl S I

HS(F)HSDHH;S—I(F)v

and the result follows by a duality argument and recalling the density of Zy(I") in our

quasi-periodic Sobolev spaces. 0

We now consider the Dirichlet traces of the double layer potential and its adjoint,

defined in Section B.4 as the principal value integrals,

(K (1) o r)(s) = ]g (s (o )W) &,

(Ks(A) o7)(s) = i " Do W] &,
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for which we have dropped the I' index momentarily, and where the kernels are given by

(Bruno & Delourme, 2014, Section 3):

btk o~ (HV(E|2(s) + 2mjer — 2(0)]]) s
Tol i m Ty 2 ( l2) +2mjes 2]
(2(s) + 2mjes — 2(1)) - n<z<s>>> ,
ootk o= (HD(K|2(s) + 2mjer — 2(O]]) _onis
H (5:1) = ZJ_Z_:OO ( |z(s) + 2mje; — z(t)|| c .

(z(s) 4+ 2mjer — 2(t)) - n(z(t)))

where 1 denotes the unitary normal vector exterior to {2 (recall I ;== 9“2). These can be
written as (Abramowitz & Stegun, 1965, Equation 9.1.11)
H'5(s,) = Si(t — ) J55(s,1) + RE (s, 1)

(3.15)
Hy(s,t) = Sy (t — S)J§9(S t) + 329(3 t),

wherein

Si(t—s) = —ilog <2 sin (l\t - s|)) |sin(t — s)|?,

Folst) e ok 3 (L kllz(s) + 2mjer = 2()]) im0

X
2\ T2 + 2mjes — 2]

z(s) + 2mje; — z(t)) - n(z(s))
| sin(t — s)|?

Byt ek 3 <J1<k||z<s> + 2mjer = 2(0)]) iz

12(s) + 2mjer — z(1)]|

Xe(t —2mj — 3)) )

j=—o00

(2(s) + 2mjes — z(1)) - n(2(1))
| sin(t — s)|?

Xe(t —2m) — s)),
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and

le,0<57t) = ‘%/5(87t) - Sl(t - S)Jﬁe(sv t)?

Rg,(a(S’t) = %ek(sa t) — Si(t — S)J;@(s,t).

As in the proof of Proposition 3.4.10, we have that |S;,,| < n™3, whence, arguing as in

Proposition 3.4.10, we have the following result.

PROPOSITION 3.4.13. For k and I as in Assumptions 3.2 and 3.3 with r = oo, respec-

tively, and for any s € R, it holds that
Ky : H(T) — Hy (), Kg: Hy(T) — Hy (D),

are bounded and linear operators.

As in the case of the weakly and hyper-singular operator, we define:
kk ek rk kE .k k
Finally, we obtain our compactness result.

PROPOSITION 3.4.14. Let k and k satisfy Assumption 3.2, let I' be as in Assumption

3.3 with r = oo. Then, for s € R, the following operators

Vi (D) = D), W s H(T) — Hy (D),

KG" s H (D) — HE™e(T), KR Hy(D) = (D),
are compact for every € > (.

PROOF. The result is direct from the mapping properties shown and Theorem 3.4.6.
O

Lastly, we require the compactness of the operator resulting from taking traces of the

single and double layer operators acting on densities lying on a boundary I'; over another
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xp-periodic curve, say 'y, that does not intersect with I';. Let us denote by 73, 72 Dirich-
let and Neumann traces over Iy, respectively. Then, by an application of Lemma 3.4.9,

Theorem 3.4.6 and Theorem 3.4.8, we obtain the following result.

PROPOSITION 3.4.15. Let k satisfy Assumption 3.2. If I'y and 'y are x-periodic €*°-

Jordan curves then the application of the following traces to the layer potentials:

¥bSLor, + Hy' (1) — Hy?*(Ta),  3SLgr, : Hy'(I1) — Hy* (L),

¥pDLor, « Hy' (1) — Hg*(T2),  A}Dlgy, « Hy' (T1) — Hy? (),

are compact operators for any choice of s1, ss € R. The result holds regardless of the

direction from which the traces are taken.

REMARK 3.4.16. For the main results in this section, we have assumed the interfaces
to be of class €°°. While this simplifies the analysis, we could obtain similar results with
less stringent regularity requirements. Consider £ and k satisfying Assumption 3.2 and I
as in Assumption 3.3 with r € [1,00), and the weakly-singular operator V) (where we
have omitted the I' sub-index momentarily). The expression in (3.11) still holds for the
kernel of V,\, but R} and J§ would be only of class €', instead of arbitrarily smooth.
Corollary 6.1.1 and Lemma 6.1.3 in (Saranen & Vainikko, 2013) imply the same results of
Propositions 3.4.10 and 3.4.14 for s in a range limited by r.

REMARK 3.4.17. As previously mentioned, we have limited ourselves to extend the
classical mapping results of the boundary integral operators to the context of quasi-periodic
spaces. For the classical result see, for example, (Boubendir, Dominguez, & Turc, 2014,

Theorem 2.1).

3.4.3. Boundary Integral Formulation

We recall the notation and geometry configuration introduced in Section 3.3, that is:

1) 1) denotes a plane incident wave with wavenumber k(, which is assumed to

be quasi-periodic with shift 6 € [0, 1).
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(i) {I;}M, denotes a set of M € N non-intersecting €"'-Jordan curves, with r €
[1, o0], ordered downwards.
(iii) {Q;}M, denotes a set of M + 1 open domains, ordered downwards with bound-

aries
90y =T, 00 =T, Ul Yie{l,...,M—1}, °Qu =T

(v) {n:}M, denotes a parameter set such that the wavenumber in ©; is given by

ki:mkoforie {1,,M}

ASSUMPTION 3.4. For the given shift, 0, the wavenumber ko and the parameters
{n}M, are such that neither ko nor the wavenumbers k; = n;ky are Rayleigh-Wood fre-

quencies.

Following the notation of Problem 3.3.1, the scattered field—defined as the total field

©°) minus the incident field ©(")—is written as
u® =w; inQy, fori € {0,..., M}.
Under Assumption 3.4, we make the following representation Ansatz for the scattered field:

SL% (1) — DLE% (A1) in Q.
SLyir, (1) — DLgir, (M) +
SL];fFi-H (piv1) — DL]achiH (Nig1)

| SLEY. () — DLEY. (M) ingQ,.

u® = inQ, fori e {1,...,M — 1},

where, for each ¢ € {1,..., M}, the boundary data \; and p; are assumed to belong to
H§(T';) for some possibly different values of s € R, i.e., s may be different for each
boundary datum. SLSfFi and DngfFi are, respectively, the single and double layer potentials

of wavenumber k; on I';.

As shorthand, in what follows, we denote, for each ¢ € {1,..., M},

Ai = (N mi)', Lyp A= SLyp () — DLg 1 (M), (3.16)
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where \; and p; are defined over I';. For s1, s € R, we define the Cartesian product spaces:
M
Vo™ = Hy'(Ty) x Hp?(T;) fori=0,....M and 73" := ][] 78>,
i=1
where all of these spaces are equipped with their natural graph inner products. For each

i€{1,..., M} let us define the following operators:

ki 1k ki1 ks
=Ky, () + Vin, 7 ()

AN, =
L k‘i—l,ki ki—lvki
Woy'r " (Ai) + K (ki)

: (3.17)

corresponding to self-interactions between the potentials defined over each I'; with them-

selves. Analogously, for i, j € {1,..., M}, we define the following operators:
i DLkmin{i,j} ()\) + i SLkmin{i,j}( )
ToPlor; 7) T TD2bo 1, Hj ifi— =1
— ) kmin i,J 7 krr;in 1,7
BijAj = § \ —ADLE " (A) + 74 SLyT " (1) (3.18)
0 a.o.c.

corresponding to interactions between potentials defined over I'; with those defined over

T

je

PROPOSITION 3.4.18. Let Assumption 3.4 hold and let interfaces {T';}, be of class

G°. Then, the self-interaction operators defined in (3.17)
AT S T

are compact operators for any si, S5 € R with s < s1 < s9 + 2. Furthermore, the

cross-interaction operators (3.18)
. 81,82 51,52
Bimj '%,F]‘ — %,FZ )

are compact for any choice of sy, sy € R.

PROOF. The first result is directly found using Proposition 3.4.14, whereas the second

one follows from Proposition 3.4.15. ([
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With the above definitions and using the jump properties of the BIOs, it holds that
[VU(SC)}H =Bii1Aic1 + (A — )A; — By A, (3.19)

for each i € {1,..., M}, where |; corresponds to the identity map over %‘};_SQ, with sy,

s3 € R. We now introduce the following operator matrix over 77;""*?,

Al—l, —Bis 0 0 0 . 0
Boy As—ly —Boy 0 0 . 0
M = : : : : : : : . (3.20)
0 0 oo 0 By—iv—2 Ay —ly—1 Buoim
0 0 ... 0 0 Buare:  Aw — L

Imposing the boundary conditions of Problem 3.3.1 to u®® leads to the following system

of BIEs.

PROBLEM 3.4.19. Let Assumption 3.4 hold and let s € R. Define s; := s + % and
S 1= 8§ — % We seek A € 77;"** such that

where J corresponds to the operator matrix in (3.20) and v*! corresponds to the exterior

trace vector on I'y.

In order to ensure the well-posedness of Problem 3.4.19, we introduce the following

set of auxiliary problems.
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PROBLEM 3.4.20 (Auxiliary problems). We seek {v;};7, such that v; € Hy,,.(¥ \T})
2

— (A + k7 )vi(x) =0 1nQU<UQ )ﬂ{wé?: |zo] < HY,

Jj=i+1

[Yvilr, =0 onl;, (3.21)

4 ©) . -
vi(T) = ZUJ(»Z)eZ(’BJ (@2mH)+iom)  por a1y x9 > H,

jez
) (M) .
vi(T) = Zv§l)el<ﬁj (@t H)4iom)  for iy 1y < —H,
jez
foreachi € {1,..., M}, where H > 0is as in Section 3.3.1, and {k; } £, are the wavenum-

bers in each {;},, as introduced in Section 3.3.

By the same analysis as that presented in (Starling & Bonnet-Bendhia, 1994, Section
3.4), each interface I';, i € {1,..., M}, potentially adds a countable set of wavenumbers,
ko, such that Problem 3.4.20 is unsolvable. This justifies the following Assumption (recall
k; = niko foralli € {1,..., M}).

ASSUMPTION 3.5. Given {n;}}4,, the wavenumber ky is such that the auxiliary Prob-

lem 3.4.20 has only one solution {v;}, given by v; := 0 foralli € {1,..., M}.

Assumption 3.5 will force us to discard yet more wavenumbers, but the set of wavenum-

bers neglected by Assumptions 3.1 and 3.5 is still countable.

THEOREM 3.4.21. Let the parameters ko and {n;}}1, satisfy Assumption 3.4 and let
the interfaces {T';}, be € periodic Jordan arcs. Further assume Assumptions 3.1 and

3.5 to be satisfied. Then, Problem 3.4.19 is well posed for any s € R.
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PROOF. Note that the operator matrix «# may be written as

A, —Bi, 0 0 ... 0 L 0 0 0 ... 0
By Ay —Bys 0 ... 0 0l 00 ... 0
P . L B . . .
0 0 ... 0 Ay Byiu 00 ... 0 Iyyq O
0 0 ... 0 0 Buywmi Ay 00 ...0 0 Iy

Then, by the Fredhom alternative, we need only show uniqueness of Problem 3.4.19, as the
above tridiagonal block is compact by Proposition 3.4.18. The proof is very similar to that
for the classical scattering problem of a bounded object in free space (cf. (Colton & Kress,

2013, Theorem 3.41)).

Let A € 7%, withs; = s + % and sy = s — %, be such that #£A = 0. We define

() = (Ly, (A1) (@) Vaoeg\Ty,
() = (L, (A)) (@) + (Lyip, (A1) (®) Ve e @\ (T UTy), Vie{l,...,M -1},
U() = (L’;%m(/\m)> () Vae @\,
where the representation L is defined as in (3.16). We further define
u(x) :=u(x) VYeeQ;, Vie{0,...,M},

which is well defined in each (2;, but could potentially have non-zero jumps across each
interface I';. Moreover, u solves the Helmholtz equation with wavenumber k; in each
(2; and satisfies the appropriate radiation conditions at infinity (Aylwin, Jerez-Hanckes, &
Pinto, 2020, Section 4). Hence, u solves Problem 3.3.1, and Assumption 3.1 implies u = 0.

We continue by defining the following auxiliary functions

u;(x) Ve e Q,_; U <1U2 Q_]?>
vi(x) ==

_ﬂi_1<93) Vo € Ql U ( 6 Q.
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It is clear from this definition that
i—2 .
(—A—kf)vz(a}) :O7 in Qi,1U (U Qj ) s
=0

(—A — k2 )vi(®) =0, in QU ( 6 sTﬁ) .

j=i+1
Furthermore, each v; satisfies the appropriate radiation conditions at infinity. Using the
jump relationships of BIOs (see (Aylwin, Jerez-Hanckes, & Pinto, 2020, Lemma 4.11)),

we have that
Yo =y = Ai, AU+ = A (3.22)
Since © = 0, we have that

[yvilr, = 77°v — Y = 770 — YU — (YU + y'y;) = 0,

from where it follows that {v;}}, solves Problem 3.4.20. Assumption 3.5 implies that
v; =0, forall 7in {1,..., M}. Finally, (3.22) implies A = 0 as stated. O

REMARK 3.4.22. Theorem 3.4.21 states that if all the interfaces are of arbitrary smooth-
ness, the solution A is also arbitrarily smooth. This result can be generalized to geometries
of limited regularity by following the ideas presented in Remark 3.4.16, obtaining a solu-

tion which is also of limited regularity.

3.5. Spectral Galerkin Method

We now provide a numerical method to approximate solutions of Problem 3.4.19, along
with its corresponding error estimates. We restrict ourselves to cases where the interfaces
{T;}M, are €>-Jordan curves. By Theorem 3.4.21, the solution is of arbitrary smoothness,
and a spectral method should converge at a super-algebraic rate (cf. (Saranen & Vainikko,

2013, Chapter 9) and (Hu, 1995; Jerez-Hanckes & Pinto, 2018)).
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3.5.1. Discrete Spaces

Let us define a suitable family of finite dimensional subspaces of Z";""*>. From the
definition of quasi-periodic Sobolev spaces, it is natural to consider the following finite

dimensional functional spaces over (0, 27)
&V = span{e}(t) := " . pe {=N,... N}}.

It is clear that ¥ < &V*! for all N € N and that | & is dense in H}[0, 2n] for any

s € R. Denoting z; : (0,27) — I'; a parametrization of I';, we define

&%, = span{F; =g ozt s ne{-N,....N}}, (3.23)
&\ = span{ep, == ||zioz Y| ne{-N,...,N}}. (3.24)

We can see that %0]?]& is the space spanned by finite Fourier basis parametrized on I'; and
that %éYFi is constructed from the previous space by dividing the basis by the norm of the
tangential vector of the corresponding interface. As before, it is clear that both oy %(,NF
and J yen %é}i are dense subspaces of Hj(I';) for s € R. Finally, we define the Cartesian

product of discrete spaces
N ._ N N
ge,ri T ge,ri X %efi’

whose infinite union on /N forms a dense subspace of 7;’** for any pair 51, s, € R.

3.5.2. Discrete Problem

We now consider the Galerkin discretization of Problem 3.4.19 on the finite dimen-

sional product space
M
B =] &) c 7 for N={N}1 CN, s,s€R
i=1

PROBLEM 3.5.1 (Discrete BIEs). Let the parameters ko and {n;}}, satisfy Assump-

tion 3.4 and let the interfaces {I';}}£, be of class €. For some N = {N;}}1, C N, we
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seek AN € EY such that
(MAN 2NV = (0,EN)p, VEN cEN, (3.25)

where the duality product

M
(U, )= (0, E)y, V¥ P
i=1
1 1
denotes the sum of two standard duality pairings in H (I';) and H, *(I';), and o accounts

for the right-hand side of Problem 3.4.19.

Since this is a second-kind BIE, we can deduce a quasi-optimality approximation result
for the Galerkin discretization (cf. (Sauter & Schwab, 2011, Theorem 4.2.9)), i.e. there
exists N* = {N7}M, such that for all N = {N;}M, such that N; > N} for all i €
{1,..., M}, it holds that

[A = AN er.es gaggévHA—ENH%;W. (3.26)
From (3.26) we see that, in order to establish error convergence rates for the discrete solu-
tion, we need to bound those of the best approximation. From the definition of our discrete
and continuous spaces, the problem of bounding the best approximation on Z","* is equiv-
alent to that of establishing bounds for the best approximation of an element of H*[0, 27|
when approximated by elements of %év with § = 0. This issue was already addressed,
for example, in (Saranen & Vainikko, 2013, Theorem 8.2.1). Specifically, for any pair 71,
ro € Rwithry > ry and f € H™[0, 27], there holds

inf || f —qllampzx S N2 fllmr210,20- (3.27)
qeggl\’

THEOREM 3.5.2. Let the parameters ko and {n;}}, satisfy Assumption 3.4 and let the
interfaces {T';} M, be of class €. Further assume Assumptions 3.1 and 3.5 to be satisfied

andlet s > 0, s; = s+ % and sy = s — % Then, there exists N* = {N*}M, C N such that

(2



86

forany N = {N;}M, C Nwith N; > N} foralli € {1,..., M}, it holds

1 S (ie{r{}?(M}Nis) HQH%?’SZ’?

where A and AN are the solutions to Problems 3.4.19 and 3.5.1, respectively.

PROOF. For any EV € EY, we denote =i = (¢ (V) forall i € {1,..., M}, so

that

2

N; |2
Hg%(ri)—}_H'ui_Ci H, 2(Iy) "

M
A== = 3 In -
i=1

By definition of our continuous and discrete spaces together with (3.27), we see that for all

ie{l,..., M}, one deduces

2 9 2 9
by SN ol = Gl ey S N N

HZ (T)

[\ =&

z )

2 2
+l —_
72 (1) H, 2(T)

where the unspecified constant depends only on I';. Hence,

A== 0 5 (s, N0 ) DAL

(ST

Since the problem is well posed, we obtain

A =="ps 5 (o, 50 lell

where the unspecified constant now also depends on the wavenumbers {k; } 2. O

REMARK 3.5.3. Theorem 3.5.2 states that the proposed spectral Galerkin method
has a similar performance to the Nystrom method, since if interfaces belong to € then
one obtains super-algebraic convergence (commonly observed with the Nystrom method
(Y. Zhang & Gillman, 2019)). The super-algebraic convergence rate of the Nystrom method
for the transmission problem on a bounded object in two dimension was rigorously proved
in (Boubendir et al., 2014). Similar convergence results for quasi-periodic problems using

the Nystrom scheme are, to the best of our knowledge, not available.
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REMARK 3.5.4. It follows from Remark 3.4.22 that we can obtain convergence of

limited order if the interfaces are of class "' with r € [1, 00).

3.5.3. Implementation

We continue with an overview of the procedure employed to compute the approxima-

tion AN. For a given N € Nand [, m € Z such that —N < |I|,|m| < N, integrals

I = " fe™ & and I}, = / " / " F(s,t)e e ¢ ds, (3.28)
0 o Jo

where f and F' are smooth periodic and bi-periodic functions, respectively, can be com-
puted to exponential accuracy through the FFT to construct trigonometric interpolations
of the corresponding functions (cf. (Saranen & Vainikko, 2013, Theorem 8.4.1)). Since
the associated kernels correspond to smooth bi-periodic functions, the computation of the

block matrices B; ; on (3.20) is performed in this way.

In terms of computational cost, the set of integrals {}'} , involves 2N + 1 evalua-
tions of the function f and one FFT aplication to a vector of length 2N + 1, whence the total
computational costis O ((2N + 1) log(2N + 1))! arithmetic operations —plus 2N + 1 func-
tion evaluations— to compute the 2V + 1 integrals. For the set of integrals {7 }% __y.
we require (2N + 1)? evaluations of the function F, and 2(2N + 1) FFTs for vectors of
length 2N + 1, yielding a cost of O (2(2N + 1) log(2N + 1)) arithmetic operations (plus

(2N + 1)? function evaluations).

On the other hand, the block matrices A; in (3.20) consist of differences of the self-
interaction operators on I'; for the four BIOs. While the difference of two operators is
compact—the resulting kernel is smoother than that associated to a single evaluation of the
same operator—the kernel is not arbitrarily smooth, even if the geometry is. Consequently,
a deeper analysis is required before applying classical algorithms for the computation of

Fourier transforms.

IThis is the classical estimation of the computational cost for the FFT.
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Let us consider, as an illustrative example, the weakly singular operator. We are re-

quired to compute integrals such as

2m 2m
/ / Gh(s,t)e " e™ & ds,
o Jo

where @’g is as in (3.10). Decomposing @’(3 as shown in (3.11), we obtain two integrals,

2 I 2 2
[fm = / / S(t — S)Jg(s’t)e—zlselmt & d97 Il],%m = / / R’g(s’t)e—zlsezmt d& ds.
0 0 0 0

Since RE(s,t) is smooth and periodic (see Section 3.4.2.1), I, fm may be computed via the

FFT. To compute

l,m>

we use the expansion (c.f. (Hu, 1995, Equation 12)):

o0

S(t—s)= ) ﬁem(“s).
o
Thus,
00 1 21 2w
I3, = Z)O y— /0 /0 JE (s, t)e HFmsemtnt ¢ g, (3.29)
s

Since J(s,t) is smooth and periodic, each of the integrals of the right-hand side is easy
to compute. Moreover, the terms in the series in (3.29) decay exponentially and the series
may be truncated at the cost of a small approximation error. Furthermore, the sum in (3.29)
may be understood as a discrete convolution, allowing it to be computed by multiplying the

corresponding Fourier transforms (see (Hu, 1995) for details).

The computational cost of computing {I;% } __ and {I? }}} __ is dominated
by the latter set of integrals, since it involves 2(N + 1)? evaluations of the quasi-periodic
Green’s function, which is done following (Bruno & Delourme, 2014). The evaluation
cost of the quasi-periodic Green’s function corresponds to (2N + 1)%(2N’ + 1) evaluations
of the Hankel function, with N’ > N is a truncation parameter for the series in (B.26).
Meanwhile, the total cost for I is proportional to (2N + 1) log(2N + 1).

, M

2The value of N’ has to be chosen depending of kg, but typically one can assume that it need not be greater
than 2N, for N large enough to ensure convergence.
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For the operators K& and K, a similar technique can be applied using (3.15). The
integrals corresponding to the hyper-singular BIO are approximated by first using the
integration-by-parts formula in Lemma 3.4.11, reducing it to two different integrals which

are then approximated as those corresponding to the weakly-singular BIO.

Considering M > 1 interfaces, 2N + 1 degrees of freedom on each interface and
N’ proportional to /N the total cost of the matrix assembly process can be estimated as
O(N3M) Hankel function evaluations and O(M N? log N) arithmetic operations. We point
out that the cost could be reduced drastically by constructing an accurate algorithm to

approximate the Hankel functions by pre-computing some values.

REMARK 3.5.5. We have restricted ourselves to the analysis of the semi-discrete case,
that is, we do not take into consideration the error coming from the approximation of the
integrals for the error bound in Theorem 3.5.2. However, it is not difficult to incorporate
it. Assuming that the parametrizations {z;}, correspond to Jordan curves of class C>
and using the aliasing proprieties of the Fourier basis (L. N. Trefethen, 2000, Chapter 4)
and Lemma 3.4.9 we have that the approximation error for the computation of the required
integrals is O(N 1), with 2N + 1 being the number of degrees of freedom per interface
and ¢ an arbitrarily large integer. Then, the fully discrete error can be obtained by an appli-
cation of Strang’s lemma (Sauter & Schwab, 2011, Section 4.2.4), from where it follows
that the behaviour of the fully discrete error, with respect to [V, is the same as in Theorem

3.5.2.

3.6. Numerical Examples

We now showcase computational experiments verifying the convergence estimates
found in Theorem 3.5.2. The implementation of the aforementioned algorithms was car-
ried through a C++ cpu-only library. All the experiments ran on a Intel 17-4770@3.4GHZ

processor with 8 threads. The code was compiled with gcc 4.9.4, openmp and O2 flags on.
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3.6.1. Code Validation

We begin by considering the simple case of a grating with two media separated by a
single horizontal line segment acting as its layer. Hence, using the following expansion of

the Green’s function (Aylwin, Jerez-Hanckes, & Pinto, 2020, Proposition 4.2):

Gk (z,y) Z eWBilr2—y2|=vje(y1—21) for a1 T, Y < RQ?

VE =G5 ik =g >0
/6] = )
iJjs—k* ifk*— 3 <0
it is possible to assemble the matrix analytically. The matrix  is then composed of only
block diagonal terms. Since the right-hand side only has two non-null components?, only

the corresponding components for the solution are non-zero, yielding a closed form for the

solution.

In order to test the implementation, we consider an artificial (harder) problem by in-
cluding ghost domains, i.e., we add extra smooth (ghost) layers that separate domains with
the same refraction index. Hence, the solution is the same as if these additional domains
did not exist and has a closed form, as before. The results for different ghost layers are

reported in Figure 3.2.

We also display the convergence behaviour of the method for interfaces with limited
regularity by repeating the previous experiment (same incident field) with one ghost domain

and an interface given by
23(t) = (t, al sin(t)[” + b),

where a, b are real numbers that scale the interface, and p is an odd integer that determines
the smoothness degree of the interface. In particular, z3 is in €72 or, more precisely,

&P~1 with an integrable p-th derivative. Results are reported in Figure 3.3.

30ne for the Dirichlet trace of the incident wave and another for the Neumann trace.
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FIGURE 3.2. Subfigure (a) shows the problem geometry. Subfigure (b) shows the
11

error in the 777" * norm with respect to the analytic solution. We have included

results for different numbers ghost layers (1,2 and 3, respectively), i.e., the first

experiment considers only the first 3 layers (counting downwards), the second one

considers the first 4 layers and the third considers all 5 layers.

For all experiments in this section, the frequency is chosen as ky = 1 and the incidence

angle is 0.47 radians.

3.6.2. Convergence results

We now consider a smooth geometry composed of the 12 layers and varying refraction
indices. Two different scenarios for the choice of indices are employed, reported in Table
3.1 (! and n? for the first and second cases, respectively). We also consider three different
wavenumbers for the incident wave, ky = 2.8, 14 and 28. Convergence results in the
energy norm for the solution of Problem 3.5.1 for the different cases of parameters and
wavenumbers are reported in Figure 3.4, where exponential convergence is observed for
all considered scenarios, as expected. All errors were computed with respect to an overkill
solution, with approximately 50 more bases per interface than the last plotted point for each
curve. The incidence angle is, again, 0.47 radians. While is not an easy task to establish
the number of basis needed, for a desire accuracy, in terms of the frequency k and the
refraction indices 7;, it seems from the presented experiments that they should be chosed

proportional to the maximum value k; = n;ko.
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‘ 1 2 3 4 5 6 7 & 9 10 11 12
ni |47 42 48 3.6 1.1 44 47 37 40 39 2.6 3.6
n? |47 84 48 72 1.1 88 47 74 40 78 2.6 72

TABLE 3.1. Value of the refraction indices {n}}}2, and {n?}12, (corresponding
to the two considered cases) for the grating in Figure 3.5 (counting downwards).

Finally, in Figure 3.5 we present an illustration of the total field corresponding to the

refraction indices given in Table 3.1.

3.7. Conclusions

We have proposed a fast spectral method for the efficient representation, through sur-
face potentials based on the quasi-periodic Green’s function, for the solution of the Helmholtz
equation with transmission boundary conditions on a periodic domain. In Theorem 3.5.2,
we obtained convergence estimates for the discrete approximation of the corresponding
boundary data, and found that discrete solutions converge at a super-algebraic rate to con-

tinuous solutions of the considered boundary integral equation. Though, we focused on the

10°
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FIGURE 3.3. Errorinthe 77;" * norm with respect to the analytic solution. The

legend indicates an estimate of the slope of the error convergence curves for differ-
ent values of p (degrees of smoothness). Classically, error convergence estimates
for spectral methods indicate the slope to be at least equal to p. We also consider
the case p = 2, where the extra layer is €°° and the super-algebraic convergence
rate is observed.
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Helmholtz transmission problem, our approximation results and convergence estimates can
be easily extended to other boundary integral equations on quasi-periodic Sobolev spaces
whenever the formulation is well posed. We avoided Rayleigh-Wood anomalies from our

analysis since the series in (B.26) fails to converge for said frequencies and, for the same

1021
_/_\/_ mﬂg O - -3 Case 1
—_— N R G Case 2
th N
= 100 ®\
~N————NNN\NN\NN S * \
B N N
V\/\/\/v A El \\
S 102 AN »
S = g Q
5] N Mg
2 \ N
= N ~
<X 104 N N
D —— - \\ Q
’\/\/\_’.\/\’ JNQ 8, >
100+ \‘\ AN
o ©
N 108 . . . . . )
_d/'\-/’_ 0 10 20 30 40 50 60 70 80 9 100 110
N
(a) Geometry (b) kg = 2.8
10% O
% @: 13994 O, -3 Casel ) @6
H 10 mmﬁﬁmo@%o ~09
\ Q - Case 2 \®
w100 ® \‘ = \ Y
' Q g T Q
= \ =)
= = AN = B Q
L 02 \ \ L w0?f \ \
= o % = o} \
g . Q g . o
o \ N Q 10 W o)
<C 10 Q \ < . \
i \\ ®\ TS q ®\
i \ \ . \
Q
~ gt 8 e} ~ \ Q
\ \ 10°® )
b \ &
o e °
1050 % 100 150 200 250 300 10400 %0 100 150 200 250 300 350 400 450 500 550
N N
() ko = 14 (d) ko = 28

FIGURE 3.4. Subfigure (a) shows the problem geometry (with 12 layers). Subfig-
ures (b), (c) and (d) display the errors (in the corresponding energy norm) for the
different values of ko, i.e., 2.8, 14 and 28, respectively. Each of these subfigures
present error convergence curves for the two scenarios of refraction indices con-
sidered and specified in Table 3.1. Notice that the curves in red—corresponding
to parameters 77 in Table 3.1, with higher discrepancy between layers—display
a longer preasymptotic regime before convergence is observed for all considered
values of k.
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reason, our previous results from (Aylwin, Jerez-Hanckes, & Pinto, 2020) exclude them as

well.

Though similar numerical results are known for the Nystrom Method, theoretical re-
sults confirming the observed convergence rates are scarce (Boubendir et al., 2014), which
is an advantage of Galerkin discretizations such as that presented in this article. Moreover,
the convergence rate for the proposed discretization is equal to that expected of Nystrom
methods, so that it is numerically competitive with them while inheriting the theoretical

benefits of a Galerkin discretization.

Future work considers: (i) including Rayleigh-Wood anomalies to our analysis, (ii) ex-
tending our results to three dimensional Helmholtz equations and Maxwell’s equations on
periodic domains and (iii) applications in uncertainty quantification (Silva-Oelker, Aylwin,

et al., 2018) and shape optimization (Aylwin, Silva-Oelker, Jerez-Hanckes, & Fay, 2020).
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FIGURE 3.5. Real part of the total wave (u? = 49 + (")) for each different
value of kg, namely 2.8, 14 and 28. The refraction indices on each layer are those
indicated on Table 3.1. The incidence angle is again 0.47.
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Chapter 4. FAST GALERKIN METHOD FOR SOLVING HELMHOLTZ BOUND-

ARY INTEGRAL EQUATIONS ON SCREENS
4.1. Introduction

We study the solution of the Helmoltz and Laplace problems with Dirichlet or Neu-
mann conditions posed on an open orientable bounded surface I' C R3. These can be

summarized as follows:

PROBLEM 4.1. Let k > 0, find u defined in R3, such that

—Au—ku=0, onR*\T,
u=gqy or Oyu=g, inl,
condition at infinity(k),
where O,u is the normal derivative of u with the normal defined via the parametrization

used', g, and g, are suitable Dirichlet and Neumann data, respectively, and the condition

at infinity reads

im0 (X[ (O — iku) =0, & >0,

u(x) = O(|[x[|7"), as [|x]| = 00, k=0,

For a detailed discussion of these conditions see (McLean, 2000, Chap. 8 and 9). The

Laplace case occurs when k = 0.

Problem 4.1 and associated boundary integral equations (BIEs) have been extensively
studied (E. P. Stephan, 1987, 1986; Costabel & Dauge, 2002; Ha-Duong, 1990; Hipt-
mair, Jerez-Hanckes, & Urzua-Torres, 2018; S. K. Lintner & Bruno, 2015; Ramaciotti &
Nédélec, 2017; Hiptmair, Jerez-Hanckes, & Urzda-Torres, 2020). Indeed, BIEs rigorously

recast the volume problem onto the screen while taking into account the corresponding

A fixed orientation for the normal vector is required, and one can choose either of the two orientations that
yield continuous normal vectors without loss of generality.
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condition at infinity. By meshing the open surface I', standard local low-order approxima-
tions can be built and solved by today’s compression algorithms (Bebendorf, 2008; Yijun,
2009) to accelerate computations. However, solving Problem 4.1 remains far from trivial
as standard boundary element implementations converge at the worst rate possible due to
the solution’s singular behavior near the screen boundary. Thus, one has to resort to special
meshing techniques (von Petersdorff & Stephan, 1990; Heuer et al., 1999) or to increase
the polynomial degree of the underlying discretization in a suitable manner (Heuer, Mel-
lado, & Stephan, 2002; Bespalov & Heuer, 2007) so as to recover better error convergence
rates. This however is a tedious procedure when solving for multiple configurations as in

uncertainty quantification or inverse problems.

In two-dimensional space, i.e. when I' is an open arc, an alternative discretization of
BIEs can be performed by means of weighted Chebyshev polynomials (spectral discretiza-
tion), which explicitly capture the edge singularity and allow for super-algebraic conver-
gence whenever g, and g,, are smooth functions (Saranen & Vainikko, 2013; Jerez-Hanckes
& Nédélec, 2012; Jerez-Hanckes & Pinto, 2020). Opposingly, for screens in R?, to the best
of our knowledge, no such equivalent discretization exists. Moreover, though for closed
surfaces a spectral BIE method was presented by Sloan et al. (Graham & Sloan, 2002), the
presence of extra singularities around the surface edges and the structure of the underly-
ing fundamental solution renders impossible the extension of this method to the context of

open surfaces directly.

Our main contribution is the derivation and analysis of spectral Galerkin-Bubnov meth-
ods to tackle Laplace and Helmholtz BIEs on open surfaces in three-dimensional space. In
contrast to the Nystrom approach (Bruno & Lintner, 2013), our spectral Galerkin method
preserves all the theoretical properties of a Galerkin method and its implementation relies
on suitable quadrature rules and change of variables without the need of special window
functions, while maintaining the convergence rate for smooth geometries. On the other
hand, while special p- and hp-discretizations (see (Heuer et al., 1999, 2002; Bespalov &
Heuer, 2007)) could also achieve super-algebraic convergence rates, and being more flex-

ible for non-smooths geometries, they need a mesh which in practice could slowdown the
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implementation when solutions for different geometries are needed as in uncertainty quan-

tification or inverse problem (Kress, 1995).

Our work is structured as follows. In Section 4.2.3 we define a family of finite-
dimensional functional spaces by projecting the spherical harmonics into the unitary disk
and consider their linear span. We then define the trial and test spaces for the Galerkin
method by mapping the functions to the screen in consideration. From the definition of our
trial space, we construct adequate auxiliary functional spaces which allow for the associ-
ated error analysis, and we describe how theses spaces are related to the standard Sobolev
one. This fact, in conjunction with standard Galerkin properties for the variational versions
of the BIEs (Section 4.3.1), lead to a semi-discrete a priori error bound in Theorem 4.3.
Then, in Section 4.5.1, we detail the quadrature procedure used to approximate the action
of the weakly- and hyper-singular boundary integral operators (BIOs) on the trial space,
and provide a full error analysis which incorporate the quadrature error. Finally, in Sec-
tion 4.6 we show some numerical examples that exhibit the super-algebraic convergence

method.

4.2. Mathematical Tools

This section introduces general definitions needed for the analysis of Problem 4.1 and

of the proposed Galerkin spectral method.

Given x,x’ € C4, d € N, the standard dot product is denoted by x - x' = Ejzl

2.7,
and the Euclidean norm satisfies ||x||*> = x-x. For d = 3 and real vectors, we denote x X x’
the cross-product —vectorial product. For a,b € R we will make use of the notation a < b
whenever there is a positive number C' such that a < Cb, typically C' is a constant not
relevant for the underlying analysis. Also, we will denote by L?(A) the classical Lebesgue

space of square-integrable functions over a measurable set A C R?, d = 2, 3.
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4.2.1. Geometry

Throughout, we denote I' C R? a smooth orientable connected surface with boundary,
also called smooth screen or simply screen. We assume that the screen is contained on a
smooth orientable closed surface which will be denoted I'. The canonical disk and spheres

are given, respectively, by
D:={xecR*: x| <1}, S:={xecR®:|x||=1}.

On S, we will often consider spherical coordinates characterized by two angles (0, ¢) €
[0,27] x [0, 7] . We will always assume that § corresponds to the polar angle of a given
point when projected to the x3 = 0 plane, and ¢ denotes the angle measured from the

7).

r3—axis. Similarly, in D we use polar coordinates (r, ) € [0,1] x [-7,

For any given screen, we assume that there is a parametrization r : ) — I, being
a smooth injective function such that in every argument and coordinate can be extended
to an analytic function on a Bernstein ellipse in the complex plane of parameter® p > 1.
The class of functions portraying the regularity previously described are referred to as
p—analytic. Furthermore, we impose that the gradients of r (as a matrix) have full rank for

any point, and the Jacobian, J.(x) = ||0,r X Opr|| is such that J,(x)/||x|| is bounded and

nowhere null.

The direction of the unitary normal vector of I" is selected to be equal to 9,1 x Jyr. This
imply that, rigorously speaking, a screen is characterized by the particular parametrization

r and no by the set of points that represent the physical domain I'.

4.2.2. Classical Functional Spaces

Given a set O C R?, d € {2,3}, we denote by P(0) the space of smooth functions
with compact support in ©® with topological dual 2(0)'. If O is open then & (0) are smooth
functions whose extension by zero is also smooth. If O is compact then Z(0) are the set

of infinity differentiable functions. We will require Sobolev spaces defined on open and

2Given and interval [a, b] C R, the Bernstein ellipse of parameter p, corresponds to an ellipse on the complex

(b—=a)(p+p~") (b=a)(p—p~")
4 4 :

plane with foci at a, b, semi-major axis , and semi-minor axis
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closed surfaces. For I' an open surface, the Sobolev spaces H*(I'), s € R, are defined
by using local parametrizations and a partition of unity (McLean, 2000, Chap. 2). Spaces
H*(T'), and H*(T') , with s € R, are also standard and can be defined as

HT) = {fue D'(0):3U € HD), u="Ul},

H*T) := {u e H*T) : supp(u) C T},
where the support and restriction have to be understood in the context of distributions. One
can identify the dual space of H*(I") with H~*(I), the corresponding duality product is
denoted (-, -)p. The duality product is an extension of the L*(T") inner product as we work
under the identification, H°(I') = H(I") = L%(I'). The following Lemma is useful to

retain control over the norms of functions defined on an arbitrary screen.

Lemma 4.1 (Theorem 3.23 in (McLean, 2000)). Let s € R, if u € H*(I"), we can

define an equivalent norm as

|lwor| sy = ||ull s ry,

where the unspecified constant depends on I' only. The same result holds true when we

change H*(T) for H*(T') and H*(D) for H*(D), accordingly.

REMARK 4.1. Lemma 4.1 can be generalized to screens of restricted regularity by
limiting the range of s depending on the regularity (cf. (McLean, 2000, Theorem 3.2.3) for

details).

Customarily, we extend the definitions of restrictions and normal derivatives over I’
to linear bounded maps in appropriate Sobolev spaces. In particular, following (McLean,
2000, Chapter 2), we define the Dirichlet traces as the maps %}t c H5(R3\ f) — H% 12 ()
that extend the following operator:

ru(x) = hfél u(x £en(x)), xeT,
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for s > %, and where n denotes the unitary normal vector whose direction depends on the
parametrization r of I'. The Neumann trace -, is defined as the extension of the normal
derivative:

YEu(x) = ligl Vu(x £en(x)) -n(x), xel,

where the extension can be done from H*(R*\T) — H*~3(T') for s > 2, or from H'(R?\
') — H—2(I) for functions such that Aw is locally in L2(R3\ I') (McLean, 2000, Chapter
4). Whenever v; = v, (resp. v;= = v,7) we denote v4 = 75 (resp. 7, = 7).

4.2.3. Spherical Harmonics and Projected Basis

The standard spherical harmonics functions consist of a family of smooth functions

defined in S given by

! ._ U+ 1)1 —|m|)!, im
46,9 .—cm\/ S Phmeos )™,

where ¢,, = (—1)™ if m < 0 or ¢,, = 1 otherwise, with (0, ¢) € [0,27] x [0, 7| are the
spherical coordinates on S, Pﬁn denotes the associated Legendre function, and the indices
l € N,m € Z : |m|] < 1. We will write Y/! (x) to denote the corresponding spherical
harmonic evaluated at a point x € S. The spherical harmonics form an orthonormal basis

of L2(S) (¢f. (MacRobert, 1948) for more details).

Functions Y, can be projected onto I, this fact being key ingredient of our approxi-

mation basis. Let us start by defining two lifting operators on 2 (D), the first is the even
lifting
Le:2(D) — 2(S),
L(f)(x) = f(x1,25), x€SCR?
using polar-spherical coordinates we see that L.(g)(0,¢) = g(sin ¢, ), where the argu-

ments of g are the distance to the origin and the polar angle on the plane z3 = 0. The odd

lifting has to be defined on P (D) the space of smooth functions on D which vanish on the
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unitary circle in the plane x5 = 0.
L, : 2¢(D) — 2(S),

Lo(f)(x) = flonz) 2520 ., xeSCR?

—f(x1,29) 23<0

Notice that every function in the image of L. (resp. L,) is a even (resp. odd) function on
the x5 variable. In particular, the spherical harmonic Y, is even (resp. odd) when m + [ is
even (resp. odd). The definition of the lifting operators can be extended to distributions by

duality. In parallel, one can define a projection operator as

s : D(S) —» 2(D),

Os(f)(x) := f (X,\/l—x%—xg) x € D C R?,

which is the inverse L. (resp. L,) when restricted to the functions with the correspond-
ing symmetries on S. Finally, following (Wolfe, 1971; Ramaciotti Morales, 2016), the

projected basis are defined as

P () = VAT (YA) (), () e — L)

VI=x[

where x € D. From the orthogonality property of spherical harmonics, it holds that

/plm(x)qgl, (X)dx = Oy Op1r- 4.1)
D

From the recurrence relations of the associated Legendre functions it can be shown that if
m + [ is even, then plm is a smooth function, while, if m + [ is odd, then qﬁn 1s smooth, we

refer to (Arfken, Weber, & Harris, 2013, Chapter 15), for details.

An explicit formula for the projected basis is given by:

Pin(1,0) = Co Pl (V1 = 12)e™, (4.2)
where C?, = \/CEHED if m > 0 and €Y, = (—=1)"CL,, if m < 0.
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To simplify notations, we sporadically use only one sub-index for the projected basis.

For m + [ even, we can reorder the basis with a one-dimensional index defined as

UL+ 1)+ (1 +m)

I.(l,m) = 5
The even function indexed in this way will be denoted pf. (Lm) (resp. q7.q ) whereas for
m + [ odd, we set

L(Im) = (-Dl+m+1-1

2 Y

with functions denoted pg , .\ (resp. ¢7  .,\). For example, this leads to

P5 =Dy, 5 =p, PS5 =1, PS5 =p,,
@ = q @ =q @ =q @ =q,.

Lemma 4.2 (Proposition 2.1.20 in (Urzda-Torres, 2018)). The following inclusions are

dense in the corresponding Sobolev spaces:

span{p{ hen € H2(D), span{p{}en C H? (D),

span{qf }iexn C H 2(D), span{¢{}ien C H~ 2 (D).

4.2.4. Auxiliary Functional Spaces

Classically, Sobolev spaces on S can be defined in terms of functions expressed as an
expansion of spherical harmonics in the following way (cf. (Pham, Tran, & Chernov, 2011)

or (K. Atkinson & Han, 2001, Chapter 7)):

%MS);:ZHNSZMYZ } seR,
=0

m=—1

H*(S) = {u e D'(S) : ||u

where (u, Y1) is the extension by duality of the L?(S)-inner product. From this definition,
given u € H*(S) and N € N, we can define a finite-dimensional projection of u as

N l

HNU—ZZ (u, Y)Y

=0 m=—1
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and using elementary properties we can bound the error of this projection as:

lu —unll ) < (N + 1) ullars),

for any reals s, such that s < r. The space HZ(S) (resp. H:(S)) is defined as the
completion of the even (resp. odd) functions in the z3 variable in Z(S), with the same
norm. For these cases, the norms can be written as

l

%IS Z l+1 Z |<U7Y7£L>’27
=0

[[ul
m=-—I
m-+1 even
[ l
[l s s) = Z(l +1)* Z [(u, Y12,
= i odd

We will also consider the special function ws := /1 — 2% — 23 defined in S. In spherical

coordinates can be written as ws = | cos ¢|.

REMARK 4.2. As the function ws do not depend on the x3 coordinate, it holds that
wsLe(u) = Le(wpu), wsLy(u) = L,(wpu),

where wp(x) = /1 — ||x||% for x € D.

Let us introduce two families of auxiliary spaces on D associated with even functions:

P’D):={ue2'(D): L.(u) € H}(S)}

e

Q:(D) :={u € P'(D) : wsLe(u) € H:(S)},
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with norms given by:

=

l

| wee = | Y U+D* > [l |
=0

ps) = || Le(u)]

m=—I
m-+l even
1
00 l ?
lullgzm) = llwsLe(Wllaze = | D+ Y [upl )l
=0 i Teven

Odd function spaces P (D), Q3(D) are defined in a similar fashion. While the connection
with standard spaces is not as direct as the definition suggests, the next Lemma will be

useful.’

Lemma 4.3. The following relations between auxiliary and classical spaces on D

holds:

P)(D) = L3, (D) {Q/—ﬁ<m} (4.3)
Q: (D) c H (D) Q. (D) (4.4)
PZ(D) c H¥(D) c P} (D). 4.5)

with continuous inclusions.

Corollary 4.1. The following inclusions are continuous:

1

Q. (D) € H™3(D) C Q. *(D) (4.6)
P

l\)\»—a

(D) C H(D) C PA(D). @4.7)

PROOF. Both results are immediate consequences of the duality relation between clas-

sical Sobolev spaces and Lemma 4.3. ([

3The proof is given in Appendix C.1.
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By definition of the auxiliary spaces as well the projector 11, we can introduce four

projectors onto the disk. Namely,
o0 I(N) 00 I(N)
o3y Zulpf — Z wpf, TIYF: Zulpf’ o Z wpy,
1=0 1=0 1=0 1=0

o 1(N) o0 I(N)
Iy Zulqle — Z waqy, TV : Zulqlo — Z wqy,
I=0 1=0 1=0 1=0

where I(N) = I.(N,N) = w + N. Using the norm definitions on the corresponding

spaces, it holds that

[T u — ull sy < (N + 1) Jull pry, (4.8)
ITIY u — ul|psy < (N 4+ 1) ||ul| prmy, (4.9)
I u — ullgaoy < (N 4+ 1) [ullgrm), (4.10)
[T w — ullgs@) < (N 4+ 1) [lullgrm), (4.11)

for any reals s, 7 such that s < r.

4.3. Boundary Integral Formulation

We now reduce the original problem to the screen.

4.3.1. Boundary Integral Operators

Let us recall the definitions of the single and double layer potentials:

(&m»@y5/@@$m@wa x € RI\T,

r

(Drlklv)(x) = /F%,x/Gk(x,x’)l/(X')dx/, x € R¥\ T,

respectively, where
eika—x’ I

Gr(x,x)

" dr|x — x|
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denotes the Helmholtz fundamental solution and ,, x» corresponds to the Neumann trace in

the specified variable.

Following the classical formulation of Dirichlet (resp. Neumann) problems, we seek
for solutions of the form u(x) = (St[k]A)(x) (resp. u(x) = (Dr[k|v)(x)), where A
(resp. v) is an unknown density defined on I'. By taking traces, one naturally defines the

weakly- and hyper-singular boundary integral operators (BIOs),

(VRlkIN) () = va(SEIRIN) () = / Gr(x, X)AX)dx, e,

r

(Welk]v) (%) = =3 (@rlk]V) (x) = =7 / e G, X (x)dx, w €T,

where first BIO is defined as a Lebesgue integral, while the second one is understood as a

principal value (McLean, 2000, Chapter 5).

4.3.2. Boundary Integral Equations

With the above definitions, Problem 4.1 can be reduced to
PROBLEM 4.2 (BIEs). Fork > 0, find \,v € H-Y/*(T') x HY*(T') such that

Vr[k|\ = ga, (Dirichlet BIE), (4.12)

Wrlklv = gn, (Neumann BIE). (4.13)

The equivalence between these BIEs and their corresponding original problems is es-

tablished in (E. P. Stephan, 1987).

Theorem 4.1 (Theorem 2.7, Lemma 2.8, in (E. P. Stephan, 1987), Theorem 2.1.60 in
(Sauter & Schwab, 2011)). Forany k > 0, g4 € H%(F) (resp. gn € H™2(I)), there exists
one solution \ € H~2(T) (resp. v € Hz(T")) for Problem 4.2. Moreover, the solution

operators are bounded.:

with unspecified constants depending on I' and k.
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Theorem 4.2 (Corollary A.4 in (Costabel, Dauge, & Duduchava, 2003)). Given g4, g,
smooth functions on I, the pulled-back solutions multiplied by the corresponding weight

functions, (A or)wp and (v o r)(wp) ™}, are as smooth as g4 o r, and g,, o r, respectively.

REMARK 4.3. The last theorem is far from trivial. In the two-dimensional case —open
arcs— solutions are also singular at the arc endpoints, which is proven straightforwardly
for any k and arc as a perturbation of the simpler case k = 0, ' = (—1,1) x {0}. On the
other hand, for screens in three-dimensional space a careful analysis of the BIO symbols

is needed (cf. (Costabel et al., 2003) and references therein).

4.4. Spectral Discretizations

From the definition of auxiliary spaces Lemma 4.2, it is natural to consider a collection
of finite-dimensional spaces spanned by elements ¢; (resp. p7) for the discretization of the

Dirichlet (resp. Neumann) BIEs.

For N € N, we set the following spaces defined over the disk:

N
QY (D) = span{g},ly) = qu: u=3 ¥ udh, uw, €Cy C H2(D),
\ m+1 even )

N+1 l

S>> ulpl, ul, €CH C H (D),

=0 m=-I
\ m-+1 odd J

PY(D) := span{plo}l]gg) =u: u

— NN+
2

where again [(N) = -+ N. For an arbitrary smooth screen, we define corresponding

spaces through pullbacks as follows

(vor H|r |

Jyor~l

Q) = {ui - ve@m}ciim,

PY(T) = {u:=vor™!, wvePY(D)}c H3T).
where the inclusions can be easily shown. These spaces are spanned by the basis functions:

er . (QZ © ril)”ril” po,r N po o r—l
" Joopr—t 7 Amomoom ’
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respectively, and where n = 0,..., (V).

4.4.1. Discrete Problem

Before we introduce discrete versions of Problem 4.2, we set forth the following no-
tation. Given N € N, vectors on C/(™*! are written in bold symbols and superindex N.
Associated to every vector, there are two functions which are denoted with the same symbol
(not in bold) and superindex /V, and an extra sub-index e if the function is to be understood
in QY (T"), and o if in PYY(T"). For example, given AN € C/™)+1 one can write

I(N)

I(N)
A=A A=
m=0 m=0
Given N € N, the Galerkin discretization of the BIE formulation (4.12) reads as

PROBLEM 4.3. Seek AN € C'MN+! (resp. N € CINHL) such that

VNKIAYN =g, (discrete Dirichlet BIE).

WX klvN =g”,  (discrete Neumann BIE),
where the respective discretization matrices elements are defined as
(Ve [kDm = (Velklan a")r, (W (kDo = (Welklph!, o7 ),

and the corresponding discrete right-hand sides are, for [,m =0, ..., I(N),
(92 = (ga: @), (g0 )1 = (g, 2" )r-

The discrete approximations for \, v (solutions of Problem 4.2) are \Y, Y respec-

e’”o

tively. From standard Galerkin properties we have the following result:

Lemma 4.4 (Theorem 4.29 in (Sauter & Schwab, 2011)). There exists Ny € Ny —
potentially different for the weakly- and hyper-singular BIEs— such that, for any N € N

with N > N, the solutions AN, and v~ of Problem 4.3 exist, are unique and also we
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obtain quasi-optimality:

— A\ < — v~ — N < — vl -
||)\ Ae ||H—%(F)N e(l@ef ||A UH 7 ||V V ”H%(F)NUG%PI;Lf(F)HV U“H%(F)

From these last estimates we obtain the rate of convergence.

1

Theorem 4.3. Given ¢y, g, € D(I), then for any regularity indices sq > —%1, Sn > 5

it holds that

A=Ay SNTE Ao
2

de (]D))’ (4.14)

) ~

b=y SN |lyor]

Pgn (]D)) (4.15)

(D)

PROOF. We prove only the Dirichlet case as the Neumann follows similar arguments.

Denote by R a smooth non-zero function R(x) := By using Lemmas 4.1 and 4.4

Jr(X)
one finds that
A=Ay S ok A= vl S int ] hor = Bolly

We can use the relation between Sobolev and auxiliary spaces (Lemma 4.3) to obtain

A
— =0

1A — )\N||~" < mf ||)\or—Rv|| < inf
™) IDJ) veQS, (D)

_1 :
Qe * (D)
Since R~ is smooth, the results follow by selecting v = H?\}q% and estimation (4.10) with

s=—1/4,1 = s4. O

REMARK 4.4. Notice that the right-hand side in (4.14) is indeed finite for any sq >

i, Sp > % This follows from the norm definitions as

INor|

Qe (D) — | Le(wpA o 1) || roas)

and by Theorem 4.2, which ensures that wp\ o r is smooth. Thus, implying a smooth lifting
to the sphere. Using definitions of the Sobolev spaces (McLean, 2000, Chapter 2), any

Sobolev norm is finite. The same is true for the Neumann case.
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One concludes from Theorem 4.3 that the spectral method converges super algebraically,

i.e. faster than any fixed negative power of V.

4.4.2. Matrix Computation

We now describe how matrix entries are computed. We start by detailing the approxi-

mation of weakly-singular integrals that appear in the corresponding matrix, namely

Vimlk] = (VelklaS, ¢ )r.

Then, we briefly discuss how integrals for the hyper-singular BIO are obtained using the
same techniques, and also how regular entries are computed. Before we proceed, we recall

some notions of numerical quadrature and convergence.
4.4.2.1. Numerical Quadrature

Let a < b two real numbers, and f : (a,b) — C. The Gauss-Legendre quadrature rule
approximate the integral of f as a weighted sum of point evaluations of f, the approxima-

tion is constructed as
b Ny
[t~y wksiah)
a =1

where N, is the order of the quadrature, and ({wEyNe {xE}Ne ) are the weights and points
4 of the quadrature respectively. When f is smooth, the quadrature converges with a rate
bounded as a function of N,. In particular, by using the fact that the quadrature rule is
constructed to be exact for every polynomial up to some degree and classical bounds for
polynomial interpolation (L. Trefethen, 2013, Chap. 7 and 8), one can establish that for f

with (m + 1) continuous derivatives’:
b Ny
[ r@e =3 ukpah| s N
a i=1

“Notice that the points and weights depend on a, b, but once given for a fixed interval they can be translated
using a linear change of variable. Consequently, we omit this dependence in notation.

Better convergence rates can be achieved for Gaussian quadrature rules (Stoer & Bulirsch, 1980, Theorem
3.6.24).
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Moreover, if f admits an analytic extension to a Bernstein ellipse of parameter p in the

complex plane, one can show® that

b Ny
[ #ardn =S wbsah)| s o
a i=1

Whenever an integral of a function can be approximated with the same rates as the last
two, we say that the approximation is optimal. In particular, Gauss-Legendre quadrature
rules are optimal for any smooth function integral. Jacobi quadrature rules are built as an

approximation of the following family of integrals:
b Ng
[ r@)e =0t - 0P~ Y wt (e,
a i=1

where, again, N, is the quadrature order, ({w®”}1%, ,{z®"} ) are the pair of weights and
points, and «, 8 > —1. This rule is also optimal, i.e. that the rate of convergence is again

N, ™ when f has (m + 1) continuous derivative and p~Na when f is p—analytic.

4.4.2.2. Approximation of weakly-singular integrals

Given a screen I' para-metrized by a function r, we consider the computation of inte-

grals of the form:

p— / —_—
[m,l[k] — \/F/F COS(kHX X H)q’rer,l’r’(xl)qle,’l‘(x)dxdxl.

Ar||x — x'||
These integrals are associated with the real part of the weakly-singular BIO. Its imaginary
part is regular since the function sin(k||x — x’||)/||x — x'|| is smooth. Moreover, the cosine
factor is smooth so from here onwards, we assume that £ = 0 and denote ,,,[0], as I, .

By performing a change of variable, this integral becomes

! ¢ (x')qf (x)dxdx’
tns = ] el e T

bsee (L. Trefethen, 2013, Chapter 8)
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g
\_/

FIGURE 4.1. Polar change of variables performed in (4.16).

The first step is to take care of the kernel singularity, i.e. when x = x’. To this end, we

make the following parametrization:
x=reg, X =x+ NA(r,5)eqsss, (4.16)

where

ep = (cos®,sinf), A(r,3) :=1/1—1r2sin* B — rcos 3, 4.17)

the latter represents the length of the segment whose direction is 6 + (3, and goes from point

x to the boundary of the disk (see Figure 4.4.2.2). The integral can be expressed as

3m
2

Im,l:/_ﬂ/ // Ga (6,7, X, B)dAdBdrd,

AA*(r, B) TP ()P} (X)
Ar(x) — r(x + AA(7, B)ears)ll V1 —12/1 — [[x + MA(r, B)eas 5]

Gm,l<97 r, )\7 6) =

Since r is smooth, injective and its gradient has full rank, the factor

AA2(r, B)
dm[r(x) = r(x+ AA(r, B)egp)||”

is at least bounded. The term (1 — 7“2)*% while singular can be tackled with the Jacobi

rule. However, this is not enough since A(r, 3) and\/1 — ||x + AA(r, B)eg, 4||* also have
singularities that prevent an optimal rate of convergence. The following results characterize

the behavior of these functions.

Lemma 4.5. The function A : [0,1] x [, 28] — [0, 2] has the following properties:
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(i) A(r,8) > 0.
(ii) Partial derivatives discontinuities of A(r, 3) are located at {r = 1, 3 = EREL 3 1

2
(iii) For |3] < 5, A(r,f)cos B <1 —r.

PROOF. The first item is immediate by definition. For the second one, notice that the

discontinuities occur when the square-root parts vanish, i.e.
(1 —7%) +7r*cos® B = 0.

As a sum of two non negative terms, the singularities occurs when both terms vanish, thus

leading to our result directly. The last item is obtained by direct evaluation at extreme

OA(r, B) cos B
op

elementary geometrical proprieties. 0

points 8 = 47 and critical values of 3 such that = 0, or by directly using

Lemma 4.6. Discontinuities of any partial derivative of the term

V1= %+ AA(r, B)eg sl

occurat{\=1}U{r=1,A=0}U{r=1,=47,%

27 271

PROOF. Again, critical points occur only when the term inside the square-root van-

ishes. This term can be expressed as
1— |lx 4+ AA(r, B)egss|® = (1 = A) [(1+ XN)(1 —r?) — 2Arcos(B)A(r, B)] . (4.18)
for which all previously listed points are critical. Hence, we are left to check that no other

critical points exist.

First, let us consider the case § < 8 < 37” so that —2\r cos BA(r, 3) > 0. Thus, the
singularities are characterized by A = 1 —because of the first factor—, and also the points
where

(1+X(1 -7 =0,

2\r cos BA(r, B) = 0.
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From this condition and Lemma 4.5 it is easy to see that no further critical points take place.

Now, if |3| < 7, by the third item of Lemma 4.5 we have that
(T +X)(1—7%) —2Arcos BA(r, B)) > (1 + A)(1 —7%) — 2\r(1 — 1)),

which implies that the singularities can only occur if A\ = 1 —because of the first term—, or

r = 1, and the result follows. N

Based on the above considerations, we split the integrals /,,,; according to the singu-
larities and critical points as follows. The detailed analysis for the last three types is given

in the Appendix C.2.

(a) The first type is

Ig, —// // G0, 7, X, B)dNdBdrdo,

for which only a singularity of the form (1 — )\)_% occurs. This can numerically
be treated using the corresponding Jacobi rule when integrating in \ and Gauss-
Legendre for the integrals in 6, r, (3, resulting in an optimal approximation.

(b) The second type is

3 el 1
I, = / / Gma(0,7, )\, B)d\dBdrdo,
R 1

373 2
which has singularities of the form (1 —7)~2, and (1 — \)~2, so we use a Jacobi

rule in these two variables and Gauss-Legendre for # and .

(c) The third one has critical points occurring as a combination of variables:

1

/ * Goa(0,7, ), B)dNdBdrds,  (4.19)
) Jo

SN WEX
Here, critical points lie in (A, 7, 5) = (0,1, 5), and (A, 7, 5) = (A, 1, 50), Bo €

{£3, 37”} To tackle this, we will use two polar change of variables (see C.2.2).
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(d) The fourth one is of the form
1
I, = / /f S /O " G0, 7, ), B)dANdBdrdd, (4.20)
being sightly simpler that the previous case and only requiring one polar change
of variable in A and r variables.

(e) Finally, the last integral type is given by

/g /f /ﬂ,; 2, 5u(%

2

1
/ Gua(0,7, ), B)dNdBdrdo,  (4.21)

2

¥

O C )

which needs one polar change of variable in (r, cos ) and application of a Jacobi

rule for the integral in the A variable.

4.4.2.3. Approximation of smooth integrals

Smooth integrals can be of two forms:

- / / oo (5,35 ()T (!, I, = / 9T (X dx,
T

where G4, and g are smooth functions. The former comes from the imaginary part of the

fundamental solution, whereas the latter from testing the right-hand side. We focus only in
the second case, as the first one is just a tensorisation. By using the screen parametrization,

we obtain

17, = /_ N /0 1 g(r(x»%mrde

where x = rey. Using the Gauss-Legendre rule when integrating in 6 and Jacobi for r we

obtain optimal rates of convergence.

4.4.2.4. Approximation of hyper-singular Integrals

As it was pointed out, the discretization basis for the hyper-singular operator BIO (p¢:")
vanishes on the boundary 0T, and consequently, the entries of the corresponding matrix can

be computed using the integration-by-parts formula (Sauter & Schwab, 2011, Corollary
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3.3.24):

zk||x x/
(Wrlklpy™, o // curlpp "(x) - curlpp]” (x)dx'dx

47r||x—

/ / i A(X)'ﬁ(X’)pZ{(x’)mdx’dx,

4rr||x — X’||

(4.22)

where n denote the unitary normal vector to I' (with a fixed orientation) and curlyf =
n x V[, whenever f can be extended to a neighborhood of I'. We start by considering the

second integral on the right-hand side, we reduce the computations to D and obtain

Je(%) Je(x')
B3I

zkHr(X) r(x)] N . / 0 0 x X ax,
g //MH n(r(x)) - n(r(x’))p, (x')pf (x) dxd

—r(x')]
Since functions p; can be characterized as the product between a smooth function and the
weight function wp the same change of variables used for the weakly-singular case works
for this integral’. For the first integral in the right-hand side in (4.22), we compute the

surface curl operators. Using the parametrization of I, the explicit expression

1

(curlp f)(r) = A (02 x0p, (f01) — 02, v0py (f o 1))

arises, where 0,,, 0., denote the partial derivatives with respect to the arguments of the
parametrization r. In our implementation, r is given in polar coordinates and so x; and
x4 are the radial and angular variables, respectively. The function f o r corresponds to p?,
for some m,and thus, we require their partial derivatives. Moreover, using the two-indices
representation we can write p°, = p’, , for a pair of integers ¢, 7z such that 7z + ¢ is odd.

The angular derivative is given by
Oop’,, = Oy (C”f P|m‘(\/1 — r2)eim9> = imC’ P|m|( 1 —12)e™? = imyp’,,

where the first equality is the explicit definition of the projected basis (4.2). We can express

this in terms of the basis used for the discretization of the weakly-singular BIO as we have

"It is necessary to change the parameters of the Jacobi quadrature rule, as now the singularity is of the form

V1 — 22, instead of 1/v/1 — 2.
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the following recursive relation (see (Arfken et al., 2013, 15.87)):

B

P’i@) - 2mx

(Prosa(2) + (€ +m) (€ —m +1)P,_y(x)), 7 #0

so we conclude that

—ir
0oy, = =5 (001 + 000 1) (4.23)

where

(

£ — 4 1 >0
W VD@ m D, wa

\—\/(f%— 7)) (¢ — |m| +1), 7 <0

, C+|\m\)(& —|m|+1), >0
L | VTl .
—\/ — )€ + |m|+ 1), m <0

Notice that, for 7z = 0, the derivative is zero and this is also true for expression (4.23).
Since 7z + ¢ is odd, we have that ¢/, ,, and ¢%,_, are even functions. For the derivative
with respect to 7, we need the derivative of the associated Legendre functions, given by the

following recursion (see (Arfken et al., 2013, 15.91)):
dpl, (z) 1

dz 2V 1 — 22 (

Hence, we obtain

Pl 1 (2) + (€ 4+ m)(€ —m + 1)P,,_(x)),

1
a’r’piz = 5 (a’rizqu—&-l bmqm l)

fbf

) T

where a are defined as in (4.24). Again, we have expressed the derivative in terms of
the basis of the weakly-singular case. We conclude that for the computation of the hyper-
singular BIO only minor modifications respect to the weakly-singular one are needed.
These modifications are the change of the parameter of the respective Jacobi rule, the in-
clusion of the product of the normal vectors, and the extra smooth factors e** Oy,T &T;r
(7,7 = 1,2) that have to be included in the kernel function. We have omitted the details

of smooth integrals associated with the hyper-singular BIO as they do no present any extra

challenge.
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4.4.3. Numerical Implementation

Throughout this section we denote by N=1I (N)+1=N+ w + 1, the number
of degrees of freedom when using the spaces QY (T"), PY(T") for the discretization of the
underlying integral equations. Every integral needed to assembly the matrix discretization
of the weakly-singular BIO (/¢, I°, I¢, I¢, I¢, I/ ) is a four-dimensional integral. The
total number of these integral computations can be reduced using the matrix symmetries®.
Consequently, only m combinations are needed instead of N2. Furthermore, since
P, = (- 1)mp_fn the actual number of interactions needed to compute the weakly-singular
BIO is i (Kf + %) (%]\Af — %) assuming N even’.

A four-dimensional integral computed by tensorized 1D-quadrature rules, with param-
eters N, , N7, N2, N, has a computational cost of O(IT}_, N7) operations and evaluations.
To compute integrals arising from the weakly singular BIO /%, o € {b, ¢, d, e}, we denote
by N, g the number of points for the # variable, and N;* the number of points for the other

three variables depending on o. For o« = a, we use N, qe for variables 6 and (3, and N for

the rest. For the hyper-singular case, same rules apply.

For the smooth integrals a € {f, g} we could use N{ for the 6 and ¢’ variables, and
N a € {f, g} for r, and r’. However, in practice it is better to reformulate the integrals
onto the sphere, where the basis correspond to spherical harmonics, and approximate the
integrals using the spherical harmonics transforms. In particular we use the implementation

detailed in (Schaeffer, 2013).

4.5. Full Discretizaton Error Analysis

The rate of convergence of the spectral Galerkin discretization method was already
established in Theorem 4.3. Yet, this does not illustrate the performance of the fully discrete
method as extra error terms appears as consequence of the quadrature approximation of

8The matrix associated with the real part of the fundamental solution (1%, «« € {a, b, c,d,e}) is Hermitian,
while the imaginary one (17) is anti-Hermitian.

9If N is odd, the computational cost is % (]/\7 + %) (%f\?’ — ¥>
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integral terms. Thus, we first measure the perturbation in error convergence rates due to

quadrature error.

4.5.1. Quadrature Error

For the sake of brevity, we denote ()® the quadrature approximation of /¢, o €
{a,b,c,d,e, f, g}, defined in Section 4.4.2.2. Since we assume that the screen is parametrized

by a p—analytic function, and the approximation is optimal, we have that
1= Q| S p N N, (4.26)

While this bound is precise in terms of how the quadrature error decreases with increasing
number of quadrature points, the unspecified constant depends on the trial and test basis
indices. Hence, since the rate of convergence depends on the number of trial functions, we
need a more detailed quadrature error analysis considering the exact index of the trial and

test basis. For this, let us consider the canonical integral

/ / x)rdfdr,

where x = rey, g is p—analytic in (r,0) and [ + m is even. It is enough to consider this
case, as all integrals discussed in Section 4.4.2.2 can be reduced to this form by means
of analytic change of variables to tensorization of integral. Denote by Q' the quadrature
approximation of !, obtained by a Gauss-Legendre rule in both variables, with N qg points

in the 0 variable, and [V, points in the 7 variable.

We denote by &,[a, b] the region enclosed by the Bernstein ellipse in the complex plane
with foci in a, b and parameter p. Now, we recall the classical error bound for analytic

integrands.

Theorem 4.4 (Theorem 5.3.13 in (Sauter & Schwab, 2011)). If m + [ is even, for g

_T

p-analytic in [0, 1] in the radial variable and p-analytic in [—%, 7] for the angular one, it



121

holds that
— Q< (20)7N max max|g(r, 2)pl,(r,2)|
r€[0,1] 208, [, 2F

+(2p)"*Y max  max z,0)p (2,0
) e ez 0k (. 0)|

where the unspecified constant does not depend on the integrand of 1! .

Since g is assumed to be known, we can further simplify the error bound as

1, = QLI S (20) 7N max  max _|ph,(r,2)|
r€l0,1] ze08,[=F, 28

) —2Ny4 l 0
+(2p) b [P (2, 0)),

with a constant that now depends on g.

Corollary 4.2. Under hypothesis of Theorem 4.4, for the integral

/ / x)rdodr,

11, — QLI S (207 max  max |pl,(r,2)]
r€[0,1] z€08, [, 38

w\:u

it holds that
+(2p)"* max  max |pl (z,0)],
(2p) pele. 2] <0801 [P (2, 0)]

where @lm denotes the quadrature approximation using a Gauss-Legendre rule with N

points in 0, and a Jacobi rule with N, points in the r variable.

We now proceed to estimate maxima of analytic extensions for the functions p;,,. Re-

member that the explicit definition (4.2) (see Section 4.2.3):

ot (r,0) = C" P‘m‘(\/ 1 —7r2)e™?,
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where |C! | = %, with P (v/1 —r?) smooth in the 7 variable. By using

(Lohofer, 1991, Theorem 3), one deduces that

max  max  |pL (r,2)| S V20 + L5 <\l 1elm,

r€[0,1] 208, [~ ,3F
where the last inequality follows for [m| < [ and p > 1. On the other hand, the second
term can be bounded as

max max |p\ (2,0)] <|C.| max |me|(\/l — 22)|.

0c[=F,32] 2€08,[0,1] 2€0%,[0,1]

We can use the Rodriguez formula to express the associated Legendre function in terms of

Legendre polynomials:

[Pl (V1 = 22)] = |2

Y

dm
(dx—mPl(I)> | omyize?

where P! denotes the /th Legendre polynomial. Obviously, |z| < 252 = , for every z €

2
08,0, 1]. Moreover,
(dme (m)) (dme (I))

where A, is the image of 0%),[0, 1] under the transformation (1 — 22)z, where the square

max
2€0%,(0,1]

= max
2€A,

)

z=v1-22

T=Z

root has to be understood as the pre-image of the square function. Since P! are polynomials

and using the maximum modulus principle, there exists p > 1 such that

(Ero)l.)=.om (o)

Furthermore, using the Cauchy integral formula we have that

< max
2€0€5(—1,1]

max
z€A,

r=z r=z

am ! p!
—Pl(2) = ﬂ/ idi& Vz € 085—1,1],c > 1.
dzm 8%.5[—1,1] (2

- 2im — g)m+l
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Hence, by using (Wang & Zhang, 2018)[Theorem 4.1] we have

(@) e < G L@l P (257 )

1
where L(0&,;(—1,1]) is the length of the corresponding ellipse, and as such, it can be

max
ZE@gﬁ[fl,l]

max —————, > 1
2€d8,5-1,1] |z — z|mt

~N —

estimated as L(0&;[—1,1]) < (¢p + (¢p)~!). Also, notice that the minimum distance

~

between 9&,;(—1, 1] and 9&5(—1, 1] is larger'® than $(c — 1) (p — 4 ) Thus, one has

cp

(@) ) o] <

i) () P (TS

max
zea%ﬁ[—l,l]

2
" (<c G- ()

wherein the last inequality follows for [ is large as the polynomial is dominated by the

) @ ey

monomial of greatest degree. Using some basic bound, selecting ¢ < p and also that [ is

large enough we can write the previous equation as

dm 92 m+1
pl <l A—m
(') b gt (7).

Finally we redefine p, (based in the last expression) such that,

max
zeag,;[—l,l]

max max |p) (z,0)] < |C’|lm|\m!ﬁl <V20+ 17,
0e[=5F, 28] 2€0%),[0,1]

and the quadrature error is then bounded as
1L, = Qb S VALHT[(29) N6 4 (20)7 2407
This bound be further simplified to

1L = Qb S VAHT[(20)72 + (20) 7] §f

10This can be shown using elementary geometrical computations.
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where p > 1. We can summarize quadrature error bound in the following result:

Lemma 4.7. There is N and

g :10,1] x [5F, 22] — C p—analytic in both variables. For the mtegral

/ / x)rdfdr,

1L, = Qb S VAT ((20)72% + (29)720)

we have the error bound

where Q! denotes the approximation by Gauss-Legendre of order N, N, g , for both vari-

ables accordingly, p > 1, and the unspecified constant does not depend on [, m.

Corollary 4.3. Under the hypothesis and notations of Lemma 4.7, given another pair

of integers ', m' such that |m/| < ' and I > Ny, and G(x,x') : ([0,1] x [5F, 37”])2 - C,

for the integral

r ,.—/ / / / (x, x)p!, (x)ph (X )rr' dOdrdd i
3 3

it holds that

e = Qe S VR DRTET) ((29)72 4 (20)%) 5"

where QY | denotes the Gauss-Legendre quadrature of orders N, in r.v" and N for 0 0,
m,m g q q b q )l

p > land p' > 1, and the unspecified constant does not depend of |, m, ', m’

4.5.2. Fully Discrete Error Analysis:

Recall Problem 4.3, where the unknowns are vectors of dimension I(N) = w +

N. Let us now consider the same problem where the corresponding matrices and right-hand

sides are approximated with the quadrature method detailed in Section 4.4.2.
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PROBLEM 4.4. Find AN4, vV € CIWN* gych that

VNaEIANG = g2 (Fully discrete Dirichlet BIE), 4.27)

WAkl = g4 (Fully discrete Neumann BIE), (4.28)

where VN4[k] (resp. WN4[E], g)9, gN9) is the quadrature approximation to VN [k] (resp. WV k],

gll, g) constructed as described in Section 4.4.2.

The approximations obtained from the fully discrete problems are written

I(N) I(N)
Ng _ E N,q_ e,r Nyg _ N,q,0,r
)\e - )\m qm ) Vo - Vm pm .
m=0 m=0

We refer to Problem 4.4 as fully discrete problems. For their analysis, we detail the Dirich-
let case as the Neumann case follows similar ideas. Results for both cases are reported at

the end of the section.

We first estimate the quadrature error between matrices V™ [k] — V™4[k]. Recall the
notation introduced at beginning of Section 4.4.1. For simplicity, the number of quadrature
points is determined by only two variables N, g and V,. Following the notation in Section
4.4.3, this corresponds to the simpler case N = N, for every a € {a,b,c,d,e, f}. For
different values of N/, the results are essentially the similar but we forgo this analysis for

the sake of brevity.

Lemma 4.8. There is Ny € N, such that for N > Ny, given vectors u", ¥~ ¢

CIM*L e have that
_ _ 0
[ - (VIR = VYR | S 5N |(20)720  (2) 72

where, as before, p > 1,p > 1.
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PROOF. Expanding matrix products yields

™ - (VY[k] = VIILR]) ] =

Z Z Wi l’m’)z Z (VNA] VN’q[k])le(zf,m'),lﬁ(l,m) /‘g(l,m)’

=0 m/=-U =0 m=-1
m/+1’ even m-+1 even

where the index I.(I,m) = w was defined in Section 4.2.3. Now, V¥ [k] (see Sec-
tion 4.4.1) is a matrix whose entries can be written as the sum of integrals 1%, I°, ¢, 14 I¢ I/,
and V' ™+4[k] is the sum corresponding to quadratures approximations Q%, Q°, Q¢, Q¢, Q¢, Q'

as described in Section 4.4.2.2. By construction, we can use!' Corollary 4.3 and obtain

[ (VYR = VlR) ] S (2007 o (20)70)

N 4 N l .

Z 3 Z S° VD@D (5F) O e
=0 m/==U 1=0 m=-I
m/ 41’ even m-+l even

Redefining p := max{y’, p} leads to

[ (VY[R = VYR ] S Y| (20)72 4 (20) 72|

N v N !
Z Z Z Z \/(QZ +1EI+ 1)wg(l’,m’)ug(l,m) .
=0

=’ =0 m=-I
m +l even m-+1 even

Applying the Cauchy-Schwartz inequality one obtains
—_9N? —
[ - (VYR = VYR ] S Y| (20)72 4 (20) 2]
3
v )2
¢Ie Um/ ) Nle(lm
Z 2 i >y 1

=0 m=-I
m +l’ even m+1 even

N

"Each of the integrals 1%, € {a,b,c,d, e, f} have different integration domain but they could be fixed
using smooth window functions that extend the integrands to the required domain to apply the Corollary
directly.
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and by the auxiliary spaces norms definitions, it holds that
- (VYT = VYR ]S 7Y [(20)72 o (20) 72|
4y1,,N N
X N¥|4p™ o FHQQ%(D)HM o 1“||Qg%(m-

The results follows directly from Lemmas 4.3 and 4.1. ([l

We notice that for any fixed value of NV the error term

Y |(20)72 4 (2p)72N0) | N

goes to zero as the quadrature order increases. Thus, we can use the standard Strang’s

Lemma to bound the fully discrete error.

Theorem 4.5 (Theorem 4.2.11 in (Sauter & Schwab, 2011)). There exists Ny > 0 such
that for every N > Ny, there is a N, that depends on N such that, if qu, N, are both
greater than N, the fully discrete Dirichlet problem 4.4 has a unique solution, and the

. . 1.
Jfollowing error estimate follows for s > —7.

A=A < NTi|[Aor]
H™2(I) ~

Q:(D)
+ [0 4+ @) Ny, 429)
+ 7" [(20)72 4 (20)72) | N2

where \ denotes the continuous solution of the Dirichlet BIE (4.12).

PROOF. Existence and uniqueness are obtained following (Sauter & Schwab, 2011,

Theorem 4.2.11). Moreover from the same reference, it holds that

=AYl 5 <w—vNHﬁ-<>+c<NmN>Hv Ii-sin)

() ™ uNeg, (1)

N N,q
+ sup (gd g4 )

UNEQ?V(F) ||,UN||IT17§(F) 7
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where ¢(N,, N):=p*V [(2/))’2]\7'19 + (2p)_2N‘1)} N*. The second term on the right-hand

side can be estimated following the same ideas of Lemma 4.8, and we obtain:

oV - (g — gl

~ _ 0 _
sup ~ S [(20) N 4 (2p) 2Nq)] N?.
UNGQ?V(F) HU ||f1_%(r)
With this, the result is obtained following Theorem 4.3. O

REMARK 4.5. In the right-hand side of (4.29), the last term grows as p™* N? due a to
single numeric quadrature whereas the second term does at rate of p* N* as it arises from

the tensorization of two quadrature rules.

In a similar fashion, we obtain the equivalent result for the Neumann problem.

Theorem 4.6. There exists Ny > 0 such that for every N > Ny, there is a N, that
depends on N such that, if N?, N, are both greater than N, the fully discrete Neumann

Problem 4.4 has a unique solution, and the following error estimate follows for s > %

N

1_, _aN® _
v = V30 oy S NE 0 xllmgimy + 72 [(20)29 o+ (20) 72| N2l

+p" [(2/))‘”3 + (2/))‘2%)} N.
(4.30)

REMARK 4.6. The differences between the second (resp. third) terms in the right hand-

sides of (4.29) and (4.30) are caused by the norm used to measure the error in each case.

REMARK 4.7. From the fully discrete error analysis, one concludes that the number
of quadrature points should be a linear function of the parameter N so as to obtain good

approximations of the BIOs.

4.6. Numerical Results

In what follows, we conduct a series of numerical experiments to verify our claims,
showcase insights and show limitations of the provided results. These computational results

were carried out on a desktop PC 17-4790k with 8Gb of RAM.
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*lQa— lal
- |Qb : Ib|
1Q°%-1°

Error

10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Quadrature Order Quadrature Order

(@) I*,1°,1° (b) I, I¢

FIGURE 4.2. Quadrature errors for £ = 2.8, computed against an overkill with
N, = 76. The error is computed by taking the 2-norm (|| A[|2 = sup,,, ﬁ) we
fix N = 8§, (45 degrees of freedom).

4.6.1. Quadrature Results

Before studying the accuracy of the full spectral Galerkin method, we consider the per-
formance of the quadrature procedure detailed in Section 4.4.2.2. To this end, we consider

the screen I' given by the following parametrization:
r(r,0) = r(cosd,2.8sin 6, —0.56r7).

We compute the integrals /%, o € {a,b,c,d, e} for an increasing number of quadrature
points. In particular, we only select the variable N and fix N(f = Ng + 12. Results
reported in Figure 4.2 show that quadrature errors decay linearly in the log-linear scale

—exponential decay— as described in (4.26).

As a second test, we consider the same screen and wavenumber for an increasing
number of functions and quadrature points. As before, we only modify the variable N,
a € a,b, c d, e, fandfix qu = N, +12. The results are presented in Table 4.1. In contrast
to the previous experiment, we show the error for the consolidated variable V2V [k] — VN9[k]
and observe that the quadrature error is almost constant when the quadrature points increase

linearly with V as stated in Remark 4.7.
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TABLE 4.1. Quadrature error for the weakly-singular operator with & = 2.8 com-
puted against an overkill with N, = 92, N = 24. The rule for increasing the
quadrature points with N is Ny(NN) = 1.75N + 50. The error again is computed
as the 2-norm of the approximation of the weakly-singular operator matrix.

N 2 6 14 16 18 20
N, 18 25 39 42 46 49
Error | 6.20e-15 4.89e-15 8.88e-15 9.60e-15 7.14e-15 8.39e-15

4.6.2. Code Validation

We now show that our method is correctly implemented for the case of the Laplace
Dirichlet and Neumann problem for the disk D. Recall the closed form of the matrix entries

in (C.2). We consider g, (resp. g,,) as the Dirichlet (resp. Neumann) traces of a plane wave:
exp(tkox - d)
where d is an unitary vector which can be characterized in terms of two angles:
d = (cos by cos vy, sin by cos @, sin ¢y ),

and kg is the wavenumber of the plane wave. In Figure 4.3 we show the error of the
approximated solution with respect to the semi-analytic solution —the one obtained using
(C.2) for the matrix computations and a fixed value of N. Notice that the super-algebraic

convergence rate is achieved, i.e. linear behavior in log-linear scale.

As in the two-dimensional case (Jerez-Hanckes & Pinto, 2020), Figure 4.3 suggests
that one could deduce the decaying behavior of solution coefficients from the right-hand
side coefficients. For the Laplace case on a disk, this comes directly from (C.2) but for
more general cases, to the best of our knowledge, this has not been done. One could prove
results in this context by establishing a complete theory of pseudo-differential operators on
screens acting in the auxiliary spaces, in a similar fashion to (Alouges & Averseng, 2019)

presented for the two-dimensional case.
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100080 ¢ Dirichlet Q'e1 ’2(F)-Norm 10
2
(

% Neumann P” )-Norm 107
o

zo
z

(a) I'y (b) right hand-side

FIGURE 4.3. (a) Convergence curves for the Laplace problems on the disk. Pa-
rameters for the plane wave are kg = 2.8, g = 7/3, ¢o = §. Running times for
N = 14 are 181s, 730s for Dirichlet and Neumann cases, respectively. (b) Max-
imum of the absolute values in the right-hand side for each of the corresponding
levels N, i.e. for N = 4 are the maximum value between the terms m =
—4,-2.0,2,4.

4.6.3. More complex screens

We fix the wave-numbers £ = 2.8, and for right-hand side we use a plane wave with
ko =k, 0o = 5, po = 7. Let us first consider two distinct geometries: I'y an elliptic screen
given by

ri(r,0) = r(cosf,2.8sin6,0)

and I'5 a truncated paraboloid,

ro(r,0) = r(cosf,2.8sinf, —0.567).

Results for I'y, I'y are presented in Figure 4.4, wherein we obtain super-algebraic con-

vergence —linear convergence in log-linear scale— as stated in Theorems 4.5, 4.6.

Next, we show the impact of critical points through the following screens. I's, de-
scribed by
r3(r,0) = r(1 — 0.2r° cos(36))(cos #,sin 6, 0),

and Iy, with parametrization

r4(r,0) = r(1 — 0.3r° cos(36))(cos #,sin 6, 0).
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e ¢ Dirichlet o‘e” 2(r)-Norm 101?""’\ ¢ Dirichlet O:/Z(F)—Norm

2 & Neumann P1/2(F)-Norm
o

5 & Neumann P’ (F)-Norm 10
~ o

~

(@ Iy (b) I'y

_1 1
FIGURE 4.4. Error in the . ?-Norm for the Dirichlet problems, and P;} for the
Neumann problems. Overkill solutions are computed using N = 20. Run times for
Dirichlet and Neumann problems (with N = 20) are 749s, 2087s respectively.

graphical presentations of these two screens are presented in Figure 4.5. The case k = 2.8
is depicted in Figure 4.6. While these last two screens are similar, one can see that the error
convergence for I'y is worse than for the other cases. This is explained by the Jacobians’

behavior: for I's, one has

[7(1 — 0.2r* cos(36))(1 — 0.87% cos §)],
which is no-where null, whereas for I',

[7(1 — 0.3r° cos(36))(1 — 1.2r" cos §)],

is zero on the curve 1 — 1.2r3 cos 6 = 0.

Finally, and for illustration purposes, we consider a highly complex screen, I'5, along
with error convergence and volume solution plots (see Figures 4.7(a)—(d)). The screen is

given by the parametrization:

Is (Ta 9) = (1‘5(7“, 9)7 y5(’l“, 9)7 25 (T7 9))a
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(@) I's (b) I'y
FIGURE 4.5. Geometry of I's, and I'y.
10! 102
X, ¢ Dirichlet @ 2(T)-Norm ¢ Dirichlet @ ""2(M)-Norm
0L = e y e
’ % Neumann P; 2(F)—Norm 101‘ < Neumann Pl/Z(F)-Norm
10 k“g
T =0t -p- g
w2t 10°% e R G
s 5 B
i} fin}
10° - Wtk
10°
102
10-5 L
10® 10 ‘
5 10 15 20 25 5 10 15 20 25
N N
(@) I's (b) I'y

_1 1
FIGURE 4.6. Error in the ). ?-Norm for the Dirichlet problems, and P; for the
Neumann. Overkill solutions are computed using N = 28. Run times for Dirichlet
and Neumann problem (with N = 28) are 2800s, 6198s respectively.

where (z5(r,0),ys(r,0)) := r(1—0.2r> cos(360))(cos 8, sin #) and z5(r, 0) := 0.2r cos(Tys(r, 0)).

4.7. Concluding Remarks

The present work presents a high-order discretization method for open screens based

on weighted projections of the spherical harmonics functions. We have proved that the
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(a) ['; () I's

¢ Dirichlet @ ""2(1)-Norm
e

10 & Neumann Pllz(l’)-Norm

5 10 15 20 25
N

(c) Convergence (d) Volume solution

FIGURE 4.7. (a)-(b) Screen I'5 profiles. (c) Convergence plots for Dirichlet and
Neumann problems computed against an overkill solution computed with N = 28,
for k = 2.8, ko = k, 6y = 5, and ¢9 = 0. (d) Plot of the volume solution for the
Dirichlet problem.

method converges super-algebraically and also described implementation details. As an ef-
ficient solver for the forward problem, future efforts are directed towards using our method

to solve shape optimization or inverse problems.

While the analysis presented here describes how approximation errors behave as a
function of the number of degrees of freedom, it does not provide any insight on how to
choose this number in terms of the problem parameters, in particular, the wavenumber k.
We refer to (Chandler-Wilde et al., 2012) for a general review on this topic and (Chandler-

Wilde & Hewett, 2015) for results related to screens.
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Chapter 5. FINAL CONCLUSIONS

Throughout this thesis, we have presented and analyzed Galerkin-Spectral methods
for three different boundary-integral formulations. For each of these situations, adequate
spectral bases have been selected. These bases reflect any special characteristic of the un-
derlying solution, hence they are well suited to approximate the aforementioned solutions.

In particular, the special features for the different problems are,

(i) For problems presented in Chapters 2, 4 the solution exhibit singular behavior
near the edges of the geometry.

(i1) For Chapter 3 the solution is quasi-periodic.

In all the presented cases we have rigorously proved that in terms of rate of convergence
the corresponding methods are at least super-algebraically convergent whenever the data is
smooth enough. In contrast, commonly used low-order discretization methods converge as

a low power of the characteristic size of the underlying mesh.

We notice that for two-dimensional problems the convergence is super-algebraic in
terms of the number of functions used (or low power when low-order local bases are used).
However, for three-dimensional problems, the convergence is with respect to the maximum
levels of functions used, which is a quadratic function of the number of functions used.
While this could suggest that for higher dimension spectral method perform comparatively
worse than low-order alternatives, if fact low order methods suffer from the same phenom-
ena as the characteristic size of the associated mesh, in three-dimensions, is a quadratic
function of the number of functions used, in three dimensions (boundaries of two dimen-

sions).

We have detailed efficient implementations for all of the three cases. We put special
care in the handling of the kernel singularity reducing the integration of singular functions
to the integration of analytic functions that converge exponentially respect to the corre-

sponding quadrature parameters.
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An important conclusion that arises when we compare the integration procedure, is that
while for two-dimensional problems (Chapter 2, 3) the kernel singularity can be completely
subtracted by using a singular function (which are independent of the geometry that is then
integrated using analytic expressions). For the three-dimensional problem presented in
Chapter 4 the kernel singularity could not be subtracted and an adequate change of variables

had to be used.

It is not clear for us at the moment if this would hold true for other problems in three
dimensions. For example for problems arising from smooth deformation of the sphere, as
are presented in (Graham & Sloan, 2002), a procedure that resembles the two-dimensional

singularity extraction is possible.

Finally, we want to remark once again that spectral methods are specialty attractive for
situations in which many direct problems defined on different but smooth geometries have
to be solved. This situation is fairly common in optimization procedures where each itera-
tion of the optimization method implies the solution of a direct problem, inverse problemes
where a non-linear equation has to be solved and again these are done using an iterative
method, in which each iteration implies a solution of the direct problem, or in uncertainty-

quantification problems where a realization also implies the solution of a direct problem.
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APPENDIX A. TECHNICAL RESULTS FOR MULTIPLE OPEN ARCS PROB-

LEMS.
A.1. Laplace Uniqueness Result
We define the energy space of homogeneous boundary condition as
Wo(Q) :={UeW(Q):4U=0, fori=1,...,M}.

We also will need the traces over the complementary arcs ' := 0€2; \ T; that we denote
them as %:.'E and 7?\:17@‘6 respectively. The following technical results will be needed, we omit

the proofs as they can be found in the given references.

LEMMA A.1.1 (Lemma 2.2, (Jerez-Hanckes & Nédélec, 2012)). The semi-norm |U|w (q) :

VUl 2y bounds the W (2)-norm for functions in Wo(2), i.e. there exists a constant
¢ > 0 such that
1Ullw oy < ¢lUlwy, YU & Wo(Q).

LEMMA A.1.2 (Proposition 2.6, (Jerez-Hanckes & Nédélec, 2012)). Let U belong to
W (Q) such that —AU € L2, (). For R > 0, denote the ball of radius R centered at the

loc

origin by Br := {x € R? : ||x||, < R}. Then,
Jim (v gU VRV pp, =0, YV EW(Q),

where vy, and vy,  denote interior Dirichlet and Neumann traces on OBy, respectively, the

latter being equivalent to the radial derivative on the boundary.

LEMMA A.1.3 (Theorem 1.7.1, (Grisvard, 2011)). Let V' € Wy(Q2). Then it holds

VEV =~V {1, M}

Hence, we can denote indistinctly by ;. the trace defined over I'¢ on Wy (€2).

LEMMA A.1.4 (Section 2.6.1, (Jerez-Hanckes & Nédélec, 2012)). Let a function U €
Wo(Q) such that =AU = 0 in Q. Then, the normal jump on T is null, i.e. vy .U —
Yn,ieU = 0.
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LEMMA A.1.5. IfU € Wy(Q), is such that AU = 0, then U = 0.

PROOF. Let (), := U]Nil (2;, where the collection is disjoint by Assumption 2.2, and
choose R > 0 such that Q. C Bg. Set Qy(R) := Br N ﬁi We have that VU, VV €
L?(Bg) (as they are in L*(f)), hence

M
(VU,VV)p, => (VU VV)q + (VU VV)qg -

i=1
Using the Green formulas, and the null condition of V' in I' we obtain that
(VU,VV)q, = (=AU, V)g + (78U, %V )
M

(VU,VV ) gy = (=AU V) gy + (U 78V Do, = D (ivie Us eV )

i=1
Finally adding the two terms and using Lemma A.1.4, and the condition —AU = 0 in

we have that

(VU,VV) g, = (0 rU, ARV ) o,

The results follows directly from this last equation, and Lemmas A.1.1 and A.1.2. U

A.2. Technical Lemmas

A.2.1. Proof of Lemma 2.2.1

We only prove for H'/? as the H~Y/2 case is obtained by duality arguments. By defi-

nition, it holds

o or;(s)|?
[0 ri“H?(F / [Cor(t |dt+/ / cor: |t—§’2 r(s)l dtds. (A.1)
-1

For the first integral on the right-hand side, we deduce
t 2
[ contora= [ icorplilea = [T
~1 r <t>|| IVILVECR H2
< Jleter1;

-1 9
dr;.
s / «

(A.2)
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Similarly, by changing variables, the second term in (A.1) becomes

/ /|<<x>—c<y>|2< Ix — yl; ) T, (x)dT (y) |
o =yl \ e — e o)) liebor Golly Ik v )],

Using the mean value theorem for r;” 1 we arrive at

/1 /1 |Cori(t)—Co ri(S)pdtdS < Cz‘/ / Mdfi(x)dfi(y), (A.3)
_1J-1 r JTy ||X_y|2

|t = s|? |

where

Ci:‘

/ —1)-1
||ri°rz' Hz

Lee(Iy)

Using (A.2), and (A.3) to define C' we obtain the following inequality

The second equivalence inequality is obtained using the same arguments.

A.2.2. Proof of Lemma 2.4.6

For any s € [—1, 1], we can write the univariate Fourier-Chebyshev expansion in :

h(t,s) = ian(s)Tn(t), Vtel-1,1].

In fact, the regularity of h(¢,-) implies that the functions a,(s) belong to €™ (—1,1), and

consequently, one can write down expansions:
an(s) = anka(s), Vsel[-1,1], VneN,.
k=0

If m < oo, by (L. Trefethen, 2013, Theorem 7.1), we have that b, < k=", where the
constant depends on the m-th derivative of a,,(s), which is bounded by the m-th derivative

of hin s.



159

For the p—analytic case we have by (L. Trefethen, 2013, Theorem 8.1) that b, < p,, k.

with p,, > 1. However, the coefficients a,(s) are given by
1
on(s) = [ hit.s)u OT (0
—1
where ¢g = 771, and ¢, = 277!, for n € N. Hence, since h(t,-) is p—analytic, we have
that, for every z in the corresponding ellipse we can write
1
o) = [ A T 0
p>0 771

where A,(t) are the coefficients of the power series of h(t,-). From this last expression,
we have that a,, is analytic in the ellipse of parameter p for every n, and thus, we can take

pn = p for every n € NU{0}.

The final result is obtained by repeating the above arguments inverting the roles of n

and k.

A.2.3. Proof of Lemma 2.4.7

Consider f = Y - a,w™'T,(t), by Lemma 2.4.6, we expand h(t, s) as the series
Yoo 0> neo bk Tn(t)Tx(s). Hence, by the Chebyshev polynomials’ orthogonality prop-

erty, we can write

7T2 > 7T2
v = Z nz:lbnlan + 7[?01&0, Vi>0.

Thus, by definition of constants d,, (2.9) and the series expression for H-Y 2(f)—norm, we

obtain the following bound:

00
’UZ|2 5 Hf”%—lm(f) Z ‘bnl‘zdﬁl-
n=0

From here the result is direct if A is bivariate p—analytic function. For m € N, using

Lemma 2.4.6, it holds

‘bnl‘z S 172(m+1)un72(m+1)(17u)7 V[L € (0’ 1)'
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With the above bound and the estimate d,, ~ n~!, we arrive to
[oe)
2 2(m+1)p —2(m+1)(1—p)+1
0l S Iy 2jagy 203 2 0m

by choosing = 1 — ——= — ¢, the series in the right-hand side converges and we get the

+1
stated result.

A.3. Basic Approximation properties

LEMMA A.3.1. The discretization is conforming, i.e. Qu(I';) C H™2(T;)
(resp. Qo) (1) C H@E(Fi)).

PROOF. For any (¢ € Qu(T;) the representation:
~ -1
i por;
¢ =
w; [[rf o x|,
holds, where p is a polynomial in (—1, 1). By definition of dual norms, one can write
i <Ci’19>H%(Fi)
veH 2 () H2(Ty)
At the same time, it holds

(¢ 0y = / \/_ (9 or;)(t)dt < ||Pll oo (1.1 /lw;_](f;;(t)dt

< 1Pl oo 21y Hw_lHﬁf%(f) 19 oxil 3

where w(t) := /1 — t2. Applying Lemma 2.2.1, we only need to check that the H: (f)—
norm of w ™! is finite, which was already proved in (Jerez-Hanckes, 2008, Lemma 6.1.19).
The inclusion for the mean-zero spaces is immediate from the Chebyshev polynomials’

orthogonality property. 0

LEMMA A.3.2. The family {Qn(I';)} yop i dense in H~2(T;), while the family {Qu ) (T
is dense in }NI&»E (Ty).

i)}NeN

[
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PROOF. We only need to prove that there is a fixed constant C' such that, for a given

e >0and ¢ € D(T;), there exists (' € Qn(T;) satisfying

ng - gb”ﬁ*%(ri) < Ce.

By (Jerez-Hanckes, 2008, Lemma 6.1.20), there exists a polynomial p € Py (—1, 1) satis-
fying
1~

por;

Let ¢ = . Again, we take the dual norm

wi|[ri o],

<CZ - (ba 19>F1

I¢ = ollg-g ey = 50—
DEH 2 (T;) HZ(T;)

We can write

(¢ =00y, = [ (= )90 x)

A

= [ @m0 - Il (06 o) (0) 0 o).

1

By Lemma 2.2.1, there exists a constant C' independent of e such that

("= 6 0), < NNy lo™'P = il (Do) | 5oy ) < Cell9l

and thus ||¢" — ¢|

o1 < Ce as stated.

For the family {Q N7<0>(Fi)} vene DY the previous result, we observe that, given ¢ €
(T';) and € > 0. there exists N € N and ¢’ € Qn(T;), such that

Hy,

[N

”CZ - ngﬁ*%(ri) <e

Thus, by the definition of the norm in H 2 (T';), it holds

(D), ==, < I =ll5-y )
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Hence, we can define ¢§ := " — [I';| =" ((*, 1), , where |T';] is the length of the arc I';. Now,
it is direct that ¢ € Qo) (I';) and

HCé - ngﬁ*%(ri) < 2¢,

which gives the desired density. 0J

A.3.1. Proof of Lemma 2.4.14

We proceed as in the one-dimensional case and assume, for simplicity, that the Cheby-
shev polynomials are normalized, thus omitting constants ¢,,. The coefficients C’ij are given

by

bt Ti(t) T;
c? :/ / R,(t,s)|t — s|*log |t — 3| i) J(S)dtds
-1J=

Y 1 w(t) w(s)
. b 1 Tpi(t) + T () Ty (5) + Ty
—ZZ%/ / Ry(t, )3 Lot 4 Tincl!) T () + Ty ()
=0 =0 —1J-1 4 w(t) w(s)
= Z Z Z(Tn—&-i,l—&-j + T fi—j) F Tin—il g + Tin—ili—j1)-
n=0 [=0

Now, we have to find the decay order for the different terms. Define the index set I,,(1) :=

{l,l £2,14+4,...,1+2p}. By Lemma 2.4.11, we have the estimate:
Ol Y Y U iy + Trgigigl + Tncitirg + Tcitfig)- (A4
I=1 nel,(l)

By Lemma 2.4.6, it holds
Ty =0 (min{l/_m_l, ,u_m_l}) , forv,u €N,

and we can estimate each term in Cf’j as follows, we provide details for the first two.

Define Ky == 372,37, c; iy {7 Tnipeg. Assume that mp045 = O((L+ 7)™ 1),
then

Ky S2p) 177 45" =0,

=1
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Alternatively, we can use that 7,4, = O((n + i)~ !) so that

Ky ) ) i)y =06,

I=1 nel,(l)

Thus, we then conclude that
K, =0 (min{i*mfl,j*mfl})

Now set KQ = Z?il Znelp(l) l_2p_lrn+i,\l—j|~ Let Tn+ill—j| = @((‘l - j’ + 1)—m—1), we

obtain .
Ky Y (1= g+ 1),
=1

where we added one to avoid infinity. Thus, we can split this last sum into two terms

i/2
Koy Sy UG =0t Y o (=gl + 1)
=1 1>5/2
The first one is bounded as
i/2 i/2
Z l_2p_1(j o l)—m—l 5 j—m—l Zl—Qp—l 5 j—m—l7
=0 =0

whereas the second one

S0 =g+ ) S
1>5/2

Hence, we have
K2 _ @(j—m—l) + @(j—Qp—l) =0 (j—min{m,2p+1}) )

If alternatively we use 7,1, —;) = O((n +i)~™"'), then

Ky ) U Y nti)y ™t =03,

=0

Combining both results yields

Ky =0 (min{i—m—17j—min{m+1,2p+1}) '
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TABLE A.1. Coefficients used in Lemma A.4.1.

5(_1) (0)

n n

n=>0 %ag ap — %al

n=1 —ap+ }lal —ag + gal — Llay
n=2 Lay— %al + %ag —Lay 4+ ay — 503

1

1 1 1
n>3 fan-2— 50,1+ 14n —50n-1+ Ay — FAn41

The remaining two terms in (A.4) are bounded in a similar manner so that

Ky = Z Z l72p71r|n7i|,l+j -0 (mm{jfmq’Z'fmin{m+1,2p+1})
1=0 nel,y(l)

K, = Z Z 172p71r|n—i|,\l—j| -0 (min{jfmin{m+l,2p+l}’2~f min{m+1,2p+1})
1=0 nely(l)

Finally, considering all the bounds yields the stated result. The p—analytic case follows

from the same arguments.

A.4. Some properties of Chebyshev polynomials

The next two identities follow directly from the explicit definition of Chebyshev poly-

nomials as T,(t) = cos(n arccos(t)).

LEMMA A4.1. For n,k € Ny, let T,, and T}, denote two Chebyshev polynomials of
first kind. Then,

1

Moreover, for (t,s) € [—1,1]? it holds

t =5 =14 5 (To() + Tols)) — 2T2(1)Ti ).

LEMMA A.4.2. Consider a function of the form:

Ut s) =Y anTu(t)Tjnk(s):

n=0
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Then,
t=sPUEs) = > D B Ta ks (s),
je{~1,0,1} n=0
wherein
1 1 1
B?ng) = Zan - §Gn+1 + Zan-&-%

and coefficients Bﬁfl) and 5,2“) are given in Table A.1 for n € N.

PROOF. Using Lemma A.4.1, we have that

[t = sPPU(t5) = Y an(Tu(t)Tjnk(s) + iTmz(f)Tn—m(S) + i in—2/(£) Tn—r|(5)

%Tn(t)Tnn—ka + iTn(t)Tm—k—m
5T (8) + Tt (] T (8 + Toa)

Observe that, for i € {1, 2}, the index sums

ki In—k+i| n>k, = k| —i] = In—k—i|l n>k,

In—Fk—i| n<k, In—k+i n<k.

Employing this in writing |t — s|>U(t, s) as a series expansion, we find expressions for
different u,,(s):

Qo a Qo aq (05}

Uo = kt2(s) + (ao — é) Tix(s) + (Z D) + Z) Tii—2/(s)

a 5a a a a a

a a, a a a
= (3 =5+ 7)) — (5 — e+ 3) Tia) + (5 -5 +5) Tiea(s)

Ay a,
) Ttcai(s) + (=75 0 = 55 T

Qp, Qp41 Ap+2
(3 =75+ ) Trowea9)

for n > 3, yielding the stated result. 0J
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APPENDIX B. ON THE PROPERTIES OF QUASI-PERIODIC BOUNDARY IN-

TEGRAL OPERATORS FOR THE HELMHOLTZ EQUATION

The following Annex is a transcription of a publication with the same title which is
refereed in Chapter 3. It is not included in the body of the thesis as some polices of the

school prevent a publication to appear in two different thesis.

B.1. Introduction

Due to its multiple applications in engineering and technology, considerable attention
has been devoted to the mathematical modeling and computational simulation of acoustic
and electromagnetic wave diffraction by periodic or bi-periodic structures in unbounded
domains (¢f. (Bao, 2004; Lechleiter & Zhang, 2016; Pestourie et al., 2018; Oughstun,
1982; Shiraishi, Higuchi, Muraki, & Yoda, 2016; Silva-Oelker, Aylwin, et al., 2018; Silva-
Oelker, Jerez-Hanckes, & Fay, 2018) and references therein). Among the various numerical
methods devised to tackle the forward problem of finding the scattered field, one finds (i)
homogenization techniques for periodic gratings with periods much smaller than the in-
coming wave’s wavelength (Ammari & He, 1997); (ii) volume formulations in truncated
domains with Dirichlet-to-Neumann (DtN) maps imposing suitable radiation conditions at
infinity (Bao & Dobson, 2000; Bao et al., 1995; Dobson, 1994; Starling & Bonnet-Bendhia,
1994); (111) boundary integral methods based on the integral representation formula to con-
dense the problem to the grating surface (Barnett & Greengard, 2011; Cho & Barnett,
2015; Dobson & Cox, 1991; Dobson & Friedman, 1992; Liu & Barnett, 2016; Nédélec
& Starling, 1991); and, (iv) hybrid methods coupling finite and boundary element methods
(Ammari & Bao, 2008; Ammari & Nédélec, 2001). In this note, we are primarily concerned
with theoretical aspects linked to the last two techniques as these hinge on the properties
of the boundary integral operators (BIOs) built upon the quasi-periodic Green’s function
(Bruno & Fernandez-Lado, 2017; X. Chen & Friedman, 1991; Cho & Barnett, 2015; Lin-
ton, 1998; Nédélec & Starling, 1991). We will not consider the case of Rayleigh-Wood

frequencies —frequencies for which the sum defining the quasi-periodic Green’s function
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ceases to converge— since their analysis lies beyond the scope of this article and several of

the aforementioned references address this case.

Classically, the unique solvability of boundary integral equations (BIEs) for the two-
dimensional scattering of time-harmonic waves by periodic structures is commonly estab-
lished via Fredholm operator theory. This is achieved by acknowledging that the quasi-
periodic Green’s function and the fundamental solution for the Helmholtz operator have
the same singularity order. However, this approach requires the scatterer surface to be
at least twice continuously differentiable, which makes the strategy inadequate for Lips-
chitz continuous scatterers (see, for example, the geometric restrictions enforced to derive
existence and uniqueness results in (Bruno & Fernandez-Lado, 2017; Lai, Kobayashi, &
Barnett, 2015; Nédélec & Starling, 1991; Schmidt, 2009, 2011)). In this work, we present
an alternative strategy based on the mapping properties of BIOs, which relies on suitable
definitions of quasi-periodic Sobolev spaces for arbitrary order s € R. This allows for
an analysis similar to that presented by Costabel (Costabel, 1988) in the case of bounded
obstacles. An equivalent space definition was already introduced in (Alber, 1979; Nédélec
& Starling, 1991; Starling & Bonnet-Bendhia, 1994) for the particular case of s = 1.
Moreover, we study properties of quasi-periodic BIOs that have, to our knowledge, not
been presented before, such as the coercivity of the weakly-singular and hyper-singular

quasi-periodic BIOs.

Existence and uniqueness results will play a critical role in our analysis, since the gen-
eral definition of BIOs require the use of the so-called solution operators that map boundary
conditions to the solution of the scattering problem. Dirichlet, Neumann and transmission
problems are known to possess unique solutions for all but a countable set of wavenum-
bers (Elschner & Schmidt, 1998; Nédélec & Starling, 1991; Starling & Bonnet-Bendhia,
1994) and, under more stringent geometrical assumptions, uniqueness is ensured for all
wavenumbers for the Dirichlet problem (Alber, 1979; Kirsch, 1993, 1994). We could not
find similar results for the Neumann problem. Thus, our main contributions are the deriva-
tion of continuity and coercivity results for the relevant quasi-periodic BIOs (Theorems

B.12 and B.13), as well as existence and uniqueness results for first-kind BIEs (Theorems
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B.14 and B.15). In particular, we rigorously extend the Dirichlet trace to quasi-periodic
Sobolev spaces of order s > % thereby improving the proof in (Nédélec & Starling, 1991;
Starling & Bonnet-Bendhia, 1994) holding only for s = 1.

This article is structured as follows. In Section B.2 we introduce conventions used
throughout as well as the definition of quasi-periodic Sobolev spaces. Section B.3 is de-
voted to the analysis of the volume problem following (Bao, 1995; Elschner & Schmidt,
1998; Nédélec & Starling, 1991; Starling & Bonnet-Bendhia, 1994) in order to build ap-
propriate radiation conditions to guarantee well-posedness. Novel properties of the arising
quasi-periodic BIOs are provided in Section B.4 and are deduced after generalizing tools
given in (Costabel, 1988; Kress, 2014) to the quasi-periodic setting. Finally, concluding

remarks are found in Section B.5 along with appendices containing technical results.

B.2. Functional space framework

B.2.1. General notation

Let B be a Banach space. We denote its norm as ||-|| ; and its dual space by B’, where
we consider elements of B’ as antilinear rather than linear forms over B. If B is Hilbert,
we shall denote the inner product between two elements =,y € B as (z,y) 5, unless stated
otherwise. For the special case B = R? or C?, we write the inner product between x, y € B

as x - y, where the bar represents complex conjugation.

Ford = 1,2, let @ C R be an open domain and denote its boundary 9€). For any
T C R such that Q C T, we define 1 == QN YT and §7Q == Q" \ Q. We denote the set

of continuous scalar functions in €2 with complex values as & (€2) and define, for n € Ny,
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the following spaces of continuous functions:

E"(Q) ={ucB)|uecE )V pecN, with |5 <n},
Gy () :={u e E€"(Q)|suppu CC N},
€= (Q) :={uecE(Q)|°uec C(Q)VpeN},

D) :={u e E>(Q) |suppu CC N},

where the multi-index 8 = (31, 52) € N? with || = 31 + [3».

We say that a one-dimensional curve I' is of class €"!, for r € Ny, if it may be
parametrized by a continuous function z : (0, 27) — I' so that z has continuous derivatives

up to order r and its derivatives of order r are Lipschitz continuous.

The space of antilinear distributions on €2 is referred to as 2'({2), and its duality pairing

with 9 (2) is written as

f(u) = (f,u)a,

forany f € 2'(Q) and u € P(Q). As usual, we can identify f € L] _(R?) with an element
of &'(RY), denoted f, as:

(frure = | f(@)u(@) dv, ue DR).

For s > 0 and p > 1, W*?(Q)) denotes standard Sobolev spaces on €2 (McLean, 2000,
Chapter 3.5). For s € R, we also introduce the spaces H*(2), H§(2) and H*(Q) as the
second family of Sobolev spaces of order s defined in (McLean, 2000, Chapter 3.6). Recall
the equivalence W*2(Q) = H*(Q) (assuming (2 is a Lipschitz domain). We shall also
make use of the Sobolev space H*[0, 27| given in (Kress, 2014, Chapter 8).

Finally, we shall use the symbols <, 2, and = to avoid specifying constants, which do

~2 A~

not depend on values relevant to the corresponding analysis.
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B.2.2. Quasi-periodic functions and distributions

The definitions and results in the present subsection extend the notions presented in
(Saranen & Vainikko, 2013, Chapter 5.2), dealing with periodic distributions, to the quasi-
periodic setting. Set {e;}2_; as the canonical orthonormal basis of R%. Let § > 0 and

¢ > 0.

Definition B.1 (Quasi-periodic function). A function ¢ : R?> — C is said to be quasi-

periodic with shift 0 and period { if

U(x + ley) = Y(x) VaeR

For any n € Z and for all € R?, it holds
U(x + nley) = emnw(w),

and e~ 2%))(x) is x,-periodic with period ¢. Following (Alber, 1979; Nédélec & Starling,
1991), we define Dy ((IR?) as the set of €>°(R?)-functions vanishing for large |z2| and that
are quasi-periodic with shift # and period / in the direction of e;. In order to properly define

quasi-periodic distributions, we introduce the next operator.

Definition B.2 (Translation operator). Let s € R, 7 € N. We define the translation

operator:

P(R?*) — D(R?)

@) @+ ser)

It follows that 7,, © Ty, = Ty 4s,. Letnow n € Z and ¢ € P(R?). We say that
f € Ll _(R?)is quasi-periodic with shift 6 and period ¢ if, for all n € Z,

loc

@@ &= | f@—nte)i@) de = | f(2)i(@) do

RQ
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Definition B.3 (Quasi-periodic distribution). We say that a distribution f € 2'(R?) is
quasi-periodic with shift 0 and period { if, for all n € 7 and 1) € D(R?), there holds

<f7 Tn€¢>R2 = 6_mw<f7 ¢>R2'

We write 9, ,(IR?) for the space of quasi-periodic distributions with shift 6 and period

(. Their action on elements of Py ¢(IR?) is understood as
(u, U>9,g = <U, @gU)Rz, Vuée gé’g(RQ) Voe @97[<R2>,

where O, € Z(R) is a one-dimensional periodic function such that (¢f. (Jerez-Hanckes,

2008, Section 3.2.1) or (Saranen & Vainikko, 2013, Equation 5.11))
Z@g($1+]€):1, vV €R.
JEZ

Furthermore, one can check that 9 ,(IR?) is indeed the dual space of Py (R?).

PROPOSITION B.1. Let T be an element of the dual space of Dy ((R?), then the distri-
bution Fr defined, for all ¢ in D(R?), as

(Fr,¢)re =T (Z exp (—Zejg)w(b) ,
JEL

is such that Fy € 9y ,(R?) and (Fp, @)oc = T() for all ¢ € Dy ((R?).

PROOF. Given ¢ € 9 ,(R?), it is easy to see that
> exp (—1j0)7ie (Ou(a1)p(@)) = (),
jEZ
so that (F'r, p)g ¢ = T(¢). For any element ¢ € Z(R?) and m € Z, we have

(Fr, Tmep)rz =T <Z exp (—Zejg)T(jer)e(b)

JEZ

=T <e’6m£ Z exp (—z@jﬁ)Tij) = e " Er, ).

jJET
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Thus, Fr € 9 ,(R?) by Definition B.3. O

Equivalent results hold for spaces defined over open bounded and unbounded subsets
of R%, d = 1, 2. We also introduce the quasi-periodic train of §-distributions as it will be of

later use.

Definition B.4 (Quasi-periodic train of d-distributions). We define the quasi-periodic
train of §-distributions, gg}g as:
ggx = Z d (x + jley) exp (1050), (B.1)
JEL

which converges in @'(R?) and belongs to Jy ,(R?).

For the remainder of this article, we restrict ourselves to quasi-periodic functions with
period 27 in 21, which shall be henceforth referred to simply as quasi-periodic with shift
6, or H-quasi-periodic. Thus, we employ the equivalences Dp(R?) = Dy o, (R?) as well as
(-,)g = (*+)g o, Furthermore, it is clear that elements of both Z,(R?) and Z;(R?) may

formally be written as Fourier series.

PROPOSITION B.2 (Fourier expansion). Let jy := j + 0 for all j € Z. Every u €

26(R?) and F € P))(R?) may be represented as a Fourier series, i.e.
u(z1,v2) = Zuj(xz)e”"“, F(xy,20) = Z Fj()e 0™
JEL JEZ

where the coefficients u; and F; belong to 2(R) and 2'(R), respectively.

PROOF. Letu € 94(R?), F € P)(R?) and define, for j € Z,

1

u;(z2) == Py <e’j9('),u(-,a:2)>9

1

“or

2 ]
/ e 0"y (xq, x9) dry.
0

Consequently, u; € 2(R). Then, it holds

u(@) = ui(w)e?™,  (Fiu)g =Y (Fuj(ws)e?™),.

JEZ JET.
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For each j € Z, let us introduce

9R) —C
v > (F ()€1,

Clearly, F; € 9'(R) and (F,u)p = >, (F}, uj)r, from where F' may be represented as
F(z1,22) = 37 cp Fy(wa)eoo. O

To avoid redundancies, we limit the range of 6 to [0, 1). Indeed, notice that ¢ and 6 +n

define the same quasi-periodic spaces for any integer n.

B.2.3. Quasi-periodic Sobolev spaces

Let & := {x € R? |0 < x; < 27} (see Figure B.3). We define 94(¥) as the set of
restrictions to & of elements of Py(IR?). For any open set ® C ¥, we say that u € Z(0)
if u = Ulp for some U € Py(Z) such that Wg C 0. We define the restriction of
F € Z)(R?) to 0, denoted F|p, as an antilinear map acting on u € Pp(0) in the following

manner
(F’@,UM,@ = <F, U>97

where U is an extension by zero of u to &, which may then be easily extended to an element

of Py(IR?). Furthermore, we introduce Zj,(0) as the space of these restrictions.

Definition B.5 (Quasi-periodic Sobolev spaces). Set s € R and let j9 := j + 0 for all
J € Z. Recall that u; denotes the j-th Fourier coefficient of u (cf. Proposition B.2). Let us

introduce the quasi-periodic Bessel potential

Fo (u)(&1,62) = Z(l + 5 +16l?) U (&)e Y, VLG ET,

jez
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wherein u; (&) are the Fourier transforms of uj(xs) in distributional sense. We define the

quasi-periodic Sobolev space Hj(Z) as

Hy(%) = {u € Dp(R?) 1 u = Zujem“, u; € H*(R) and %y (u) € Lg(?)} :

jez
with
I3(9) = H)(%) = {u e ZHRY) ;Y sl < oo} -
jez

Furthermore, we shall identify elements of H;(¥) with their restrictions to &. Notice

that L3(¥%) is a Hilbert space with inner product given by

(4,0) 129y = Y (U550 2w

JET

It is natural, then, to consider the following norm on #, 5(?):

[l H (%) "= ||J¢(95(U>||L§(z) , Vue Hy(9),

from where it follows directly that the quasi-periodic Bessel potential, as an operator 7’ :
H; (%) — L3(%) is an isometric isomorphism. This last statement can be verified by
proceeding analogously to the construction of the usual Sobolev spaces H*(R") forn € N
(McLean, 2000, Chapter 3.6). The same is true for the following proposition and we omit

its proof.

PROPOSITION B.3. Let s € R. Then, 2¢(€) is dense in H3 (%) and H;(Z) is a Hilbert

space with inner product and norm respectively defined as

1
(u, )y (2) = (j65u7j65U)L§(‘§)7 [[ul Hy (%) = (u7u)[2{g(y)'

From the density of trigonometric polynomials in L*([0, 27]), itholds L3(%) = L*(%),
so that we can identify the dual space of L3(%) with itself. Then, we can characterize the
dual of Hj(€) by an isometric isomorphic space to H, °(¥) and introduce the Gelfand
triple H3;(%) C L3(¥) C H,*(¥) for positive s € R. Proposition B.3 and its form for
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H;(0) may be proved using analogous arguments as for the construction of usual Sobolev

spaces of order s € R (McLean, 2000, Chapter 3).

One can easily check that the spaces defined as the closure of 2y(¥) for positive
s € 7Z,1.e. m”-”m@), introduced in (Alber, 1979) and revisited in (Ammari & Bao,
2008; Nédélec & Starling, 1991; Starling & Bonnet-Bendhia, 1994), are equivalent to the
spaces Hj(%) in Definition B.5. For spaces of non-integer order, the result follows by

direct application of interpolation theory.

Theorem B.1. For any 0 < s < oo, the norms ||-|

13 (%) and -]

Hj(%). Hence, H; () may be equivalently defined as MH'HHS(Z).

Hs (%) are eqmvalent mn

PROOF. Take s € Ny, then H*(%Z) = W*%(€). For u € P(¥) and for a multi-index
o = (a1, a0) € N3, it holds

2 o 2
ull e = D I1Dull 7o = >

2

DY uj(zg)et

la|<s la|<s JEZ L2(%)
2
« s \a1 ,1JeT
= E E D*u(xq)(2jg)* €0™
a1+a<s || JEZ

L*(9)

20 « 2
= Z Z]g HID 2“]’(952)”L2(R)

a1+ae<s jEZ

DR DR il (e ] e

JEZ a1+aa<s

=3 ) S0 e

JEZ a1+az<s

= 3|+ 33 + )3 |2y = Ilull;

Hy (%) -
JEZ

The extension to u € Hj(Z) follows by a density argument. An interpolation argument via
the K -method yields the same result for positive s € R (see (McLean, 2000, Appendix B)
or (Tartar, 2007)). [
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Definition B.6. Let s € R. For open subsets of €, i.e. O C &, we define Hj(O) as

restrictions of elements of Hj(Z) to O, i.e.

H;(0) :={ue€ PDy(0) : u=Ul|lqgand U € H;(%)}.

As in the standard case, we may construct a unitary isomorphism P, mapping a
closed subspace of H;(€) onto H;(0), whereby an inner product may be defined on H;(0)

as
— (p— -1
(u, U)Hg(@) = (Ps,el,@(“)> Ps,e,@(v))Hg(?) .
Moreover, the same isomorphism allows us to verify that H;(0) is a Hilbert space with

the aforementioned inner product. The complete argument is the same than for classical

Sobolev spaces (see (McLean, 2000, Chapter 3.6)).

Let © C & be open and s € R. That H;(0) is a Hilbert space is easily verified through
the same procedure as in (McLean, 2000, Chapter 3.6) for the usual Sobolev spaces of

order s € R.

Corollary B.1. Let O be an open set such that 6 C &, then

H;(0) = H*(6) VseR.

PROOF. Notice that D(0) = D4(%)|s. Then, the result follows from the equivalence

of norms given in Theorem B.1 and corresponding densities of Z(0) in H*(0) (McLean,

2000, Chapter 3), and 24(Z)|s in H;(0). O

Definition B.7. We introduce the Sobolev space of quasi-periodic functions

ﬁg(@) — mll'l\}zg(z).

Just as with classical Sobolev spaces, it is possible to show that (H;(0))" and H 0 (0)
are isometric and isomorphic under some assumptions on the regularity of ©. We shall also
introduce local Sobolev spaces of quasi-periodic functions as they play a key role in the

formulation of problems in unbounded domains. Let the #-quasi-periodic local Sobolev
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space of order s € R be defined as follows
H;10e(0) == {u € 24(0) | u € Hj(O")V R > 0}, (B.2)
where 6" := 0 N {|z,| < R}. An operator with range in Hj,,.(0) is said to be bounded if

it is bounded on Hj(0™) for all R > 0.

We now characterize quasi-periodic Sobolev spaces on one-dimensional boundaries to

be used when introducing trace spaces.

Definition B.8 (Definition 8.1 in (Kress, 2014)). Let 0 < s < oo. We define H*|0, 2]

as

Y1+ el < OO} :

JEZ.

H*[0,27] := {gp € L?((0,27))

where {,}jcz, are the Fourier coefficients for ¢ € L*((0,2)).

Though we choose to follow the presentation in (Kress, 2014, Chapters 8.1 and 8.2)
throughout this subsection, similar results for 7°[0, 27| may be found in (Saranen & Vainikko,

2013, Chapter 5.3), including a definition analogous to Definition B.8.

Theorem B.2 (Theorem 8.2 in (Kress, 2014)). For 0 < s < oo, H*|0, 27] is a Hilbert

space with inner product and induced norm given by

1
He[0,27] = (u7u)12{~§[0,27r]'

(0 p02m) = D_(1+ %) 05, ]
jez
Definition B.9. Let 0 < s < co. We define Hj|0, 27| as
H;[0,27] := {@ € L*((0,2)) | e p(z) € H*[0,2n]}.

Theorem B.3. For 0 < s < oo, Hj[0, 27| is a Hilbert space with inner product and

induced norm given by

1
— 2
Hglo,2n] *— (u, U)Hg[o,%}’

(, ) mg0.2m) = > _(1+53) w0050, lul
JEZ
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respectively, wherein

1 27

o = 5o i e 9Ty (2) dr.

PROOF. Let
H;[0,2n] — H*|[0,27]
U — e 0Ty

Then, H;[0, 27] equipped with the product and norm

(u, )i == (U, i) gsj0n, |ull; == [liu] H#[0,27] »

is a Hilbert space. Itis easy to see that (-, -) rs(0,2+] is an inner product on H[0, 27] and that,

therefore,

H3[0,27] is a norm. Completeness follows from noticing that, since 6 € [0, 1),
(1+72)=(1+72+20+6%) < (1+20)(1+j°),

so that, for all u € H}|0, 2], it holds

2 s [, 112
[u] H3[0,27] < (14 20)" [[ully -

Similarly,
(14 5%) = (L + 4§ + 6% — 20p) < (14 jg + 6 + 26 |js|)
2 jg 0 2
<147 6+ 26 <|(14+2—— ) (147
S A o e (R )
so that
9 S
2 2
ol < (14+2025) Tl
Hence, both norms are equivalent and the statement holds. O

Definition B.10 (Definition 8.9 in (Kress, 2014)). For0 < s < oo, we define H*|0, 27]
as the dual space of H*|0, 27].
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Theorem B.4 (Theorem 8.10 in (Kress, 2014)). For 0 < s < oo, the norm and product
for F, L € H*|0, 27| are given by

_ 1
(F,L)g—sp,27) := Z(l + ) FL;, 1E | gr-sp0,.20) = (B F) f-s10.2m)5

JEZL
where F; := %F(e’jx) and analogously for L;.
Definition B.11. For 0 < s < oo, H, *[0, 2] is the dual space of H[0, 27].

Theorem B.5. For 0 < s < oo, H,*(0,2n] is isomorphic to H™*(0, 2r|. Moreover,

F € H,?°|0, 27| may be represented as

F =" Fjpe ",

jez
. 1 , . . L
with Fj g = Q—F(e””), and its action on u € H}|0, 2| is given by
T

F(u) =) Folijg.

jez

Also, H,*|0, 2] is a Hilbert space when equipped with inner product and norm

N 1
(£, L)H(;S[OQW] = Z(l +jg)_s i0Ljo; ||F||H;°‘[0,27r] = (F, F)?_IQ*S[O,QW}’
JEZ

with L € H,*[0, 27].

PROOF. Follows arguments similar to those of the proof of Theorem B.3. 0

ASSUMPTION B.1. Henceforth, we assume I' C & to be a single period of a periodic

curve parametrized by a Lipschitz continuous function z so that
[:={z(t), t € (0,2m)},
where z may be continuously extended to all R, with
z(t) = (z1(t), 22(1)), 21t 4+ 2mn) = z1(t) + 2mn,  29(t + 27n) = 23(¢),

foralln € Zandt € [0, 27).
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G:=(0,21) xR

FIGURE B.1. Sinusoidal grating

G =(0,2m) x R

FIGURE B.2. Square grating

FIGURE B.3. Example of possible curves. Dotted lines represent periodic boundaries.
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Definition B.12. For any periodic curve I', Consider an open neighborhood O of T,

we define Dy (1) as the restictions to I of functions in Dy(0).

We introduce quasi-periodic Sobolev spaces on arbitrary curves as in (Kress, 2014,

Chapter 8.2).

Definition B.13. Let 0 < s < r, with r € N such that I is a periodic curve of class

&1L, We define the quasi-periodic Sobolev space of order s over I as
H;(T) := {u € L*(T) | (wo 2)(t) € Hy[0,27]},
and equip it with the inner product
(u, U)Hg(r) = (uoz,vo Z)Hg[ogﬂ,

where z : (0,27) — T is a parametrization of T.

The following result follows easily from (Kress, 2014, Chapter 8.2).

PROPOSITION B.4. Let 0 < s < oo. The space Hj(I'), along with the inner product
(,)uz(r) is a Hilbert space. Moreover, Dy(T') is dense in Hg(I') and these spaces are

independent of the chosen parametrization of I'.

Definition B.14. For 0 < s < oo, we define H, *(T) as the completion of H)(T') =

L3(T') with respect to the norm:

lull ==y = | (w0 2) 1 2llga || m7+(0.241,
with 2(t) := (21(t), 22(t)) and z as in Assumption B.1.

Theorem B.6. For 0 < s < oo, H,*(T") is a realization of the dual space of H;(I).
Furthermore, 2y(I") is dense in H, *(T').

PROOF. Follows directly from the definition of standard Sobolev spaces over closed

curves (cf. (Kress, 2014, Chapter 8.2) and (McLean, 2000, Chapter 3.11)) and the duality
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between Hj[0, 27| and H, *[0, 27| (c¢f. Definition B.11) is understood as in Theorem B.5.
U

For all h € R, we set I'" := {x € & | 2o = h}. Quasi-periodic Sobolev spaces
on boundaries have already been considered for straight segments such as I'* but only for
s = i% (cf. (Ammari, 1998; Ammari & Bao, 2008; Nédélec & Starling, 1991; Starling &

Bonnet-Bendhia, 1994) and references therein).

Lemma B.1. Let h € R and u € Dy(Z). Then, the restriction operator
u(x) — u(x, h)
can be extended uniquely to a continuous functional (Dirichlet trace)
2 Hj() — H, (),
for all % < § < 00, with continuous right-inverse
mes Hy () = H;(9)

PROOF. The proof is very similar to that of (McLean, 2000, Lemma 3.35). We focus

on the special case h = 0, since the generalization to h # 0 is trivial. Let u € 9y(€), then
u(x) = Zuj(@)e_”@“,
jJEL
and its restriction to o = 0 is
u(z1,0) = Zuj(())e_”@“.
JEL
For j € N, we bound each coefficient u;(0) as follows. If %, denotes the Fourier transform

of u;, then

wle) = [ € aa w0 = 50 &
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Then, it holds

o [ e
“J(O)‘/Ruﬂzﬂsr i () &

<N+ 55+ 1EPY2 T oy 1L+ 55 + 1€1°) 72 ] oy - (B.3)
The second term in (B.3) becomes
1 1
, &:(1+j2)_s/ﬁd£
/Ru + 3+ [Py Tk )
+Jg
= (1+ '2)5—5/ L4 (B.4)
78 g (1+12)° 7 ’
where the integral in (B.4) is finite for s > % Setting C's := H (1+1t?) "H 2R and
considering both (B.3) and (B.4), leads to
i (0)* < C2(1+53) 2 [|(1 + i + |7 HL2

9\s—1 EIPN
(14 75)°"2 Juy (0)]* < C2{|(1 + jg + €1%) 24 )HLQ(R)
Taking the sum over 7 € Z yields

[u(1,0)]

< Cs [lu(z)]

o) ;%)
With this, the proof follows from the density of Zy(¥) in Hj(Z) (cf. Proposition B.3). For
the inverse operator, we consider ¢ € 2(R) such that ¢(0) = 1. Hence, for w(z;) =

> ez wie?""t, we define

now(x Z wih(rs)e’?™  Va e R

JEZL
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It is clear that y}now = w. Moreover,

[[mow] ?{s(z

=3 [ g el [0
JGZZ/ 7 ‘

—§]w\/1+@+mr do[ «
JEZ

=Syt [aeutrae]o (ot o

JEZ

9

<Oy fwl (1+55)72 = CI!WII

, T (Th)
JEZ

where C' depends only on ¢ and s (c¢f. (McLean, 2000, Lemma 3.36)). 0

REMARK B.1. A proof for the case s = 1 is given in (Nédélec & Starling, 1991,

Section 2.2). However, the strategy does not admit a generalization to arbitrary s > %
since it relies on properties specific to H}(%).

Theorem B.7. For % < s < r, the restriction operator u +— ulr can be extended

uniquely to a continuous functional (Dirichlet trace):
s 1
Y0 ¢ Hy(@) — Hy (D),

which may also be extended to subsets O of € such that ' C O. In both cases, the operator

has a continuous right-inverse, denoted L

PROOF. Take u € Jy(¥). Since by Assumption B.1 there is a real function z €
(€™~ 11(0, 27)]? such that it holds T = {x | ¢ = 2(t), t € (0,2m)}, there exists a periodic
isomorphism R € [¢"11(Z)]? satisfying

R:%—%, R((0,2r)x{0})=T, supp(R-1)cCcCg,

where | is the R? identity operator, i.e. |(x) = @. Then, ur(x) = u o R(x) is at least
& 1! and remains quasi-periodic and compactly supported in €. From Theorem B.1 and

the invariance of regular Sobolev spaces of order 1 — r < s < r (McLean, 2000, Theorem
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3.23), it follows that

<
HS 2 (02n] = Cs l[u]

fulrl] -3 g, = o RC.0) i) = Co gz

for a positive constant C; depending on s. The density of Dy(¥) in H;(Z) (cf. Proposition
B.3) yields the first result. The case for O follows directly from considering extensions
in H;(Z) of elements of H;(0). The inverse is constructed using the isomorphism R and

Lemma B.1. U

As in the non-periodic case, it is possible to extend the regularity range of the Dirichlet
trace on Lipschitz domains to % <s< % The result follows from modifying the proof of
(Costabel, 1988, Lemma 3.6) —also available in (McLean, 2000, Theorem 3.38)— similarly
to how the proof for Lemma B.1 was adapted from (McLean, 2000, Lemma 3.35).

s—1 .
Lemma B.2. For 3 < s < 3, the Dirichlet trace operator ~y, : H3(&) — H, *(T) is
bounded.

Let © C € be the open subset above I, so that 090 = I'. We define interior and
exterior Dirichlet trace operators for % < s < r,and % <s < % for r = 1, respectively

denoted
i s s—3 e s =d s—3
G H3(0) = Hy *(T), 5 H ($\0") — Hy * (I).

Both operators can be built by observing that the elements of the corresponding Sobolev
spaces are restrictions of elements of H;j(%). Moreover, by construction, these operators

also have right-inverses denoted (73) and (7§) ™!, respectively.

We also require an operator that extends the notion of normal derivative on the bound-
ary. This operator (Neumann trace) may be seen as an extension of the mapping u >
Vu|r - n, where n denotes the unit normal exterior to © —the open domain above or be-

low I'. Then, for u € Hg(@) with s > % we define interior and exterior Neumann trace
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operators:

% =70(Ve) m, A =95(Va) - n.

From the mapping properties of the Dirichlet trace (Theorem B.7), we obtain continuity of

the Neumann traces

i s s—3 e s i s—3
71 Hy(0) = Hy *(1), ~i:Hg(@\0")— Hy *(D),
for s > % By the use of integration-by-parts formulas, the Neumann trace may also be
defined on a subspace of Hy(0). With this, we state Green’s formulas for quasi-periodic
smooth functions, which we shall later extend to Sobolev spaces (cf. (Nédélec & Starling,

1991; Starling & Bonnet-Bendhia, 1994)).

Lemma B.3. Consider © C € an open subset whose boundary 9% O is a finite number
of periodic curves of class €% and set m its unit exterior normal. If u,v € Dy(Z), the

following formulas hold:
/ (Au(w)@ + Vu(x) - Vv(m)) dr = /(p (Vu(z) - n(x))v(zx) dS,, (B.5)
6 “0

/ (Au(m)@ — u(w)m) dr =
6 (B.6)

/MWU(CB) -n(@))o(@) dSe — [ (Vo(x) - n(@))u(@) dSs.

90
PROOF. Take uand v in 2,(Z). If O is bounded then, by the classical Green’s formula,

we obtain

/@(Au(w)@+vu(m).vv(m)> o —

/ (V) - n())o(@) dS, + / (Vu(z) - n(x))o(@) oSS,
90% 96\50%

where the last term is null by the quasi-periodicity of the functions. If O is unbounded, then
the statement still holds, upon noticing that both v and v have bounded support. Finally,
(B.6) follows trivially from (B.5). 0
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By using (B.5), we can extend the definition of the Neumann trace. For s € R, let
HiA(0) == {u € H3(0) : Au € Lj(0)}.

Then, for u € H 917 A(0), we define the functional vju as

(i, ole)ave = / Au(@)(73) " (v]r) (@)dz (B.7)

+ / Vu(z) - V()L (v]r) ()de, (B.8)

where v € Py(&). Clearly, the functional continuously depends only on the boundary
values of v, and thus it is well defined. Using the density of Py(¥) in H}(0) and since
the Dirichlet trace has a continuous right-inverse, we can define the Neumann trace as an
element of H, : (I'). Analogously, we can define the exterior Neumann trace, denoted 75,
by integrating over & \ G° as follows

(vw, vle)r = - - Au(z)(15) 7" (v]r) () de (B.9)

— o Vu(z) - V(§) " (v|r)(x) de. (B.10)

From their definitions, it is clear that these operators extend the normal derivative to f, 5, A(0).

REMARK B.2. We consider the definition of ~{ with a sign difference with respect
to that of v to ensure (7] — ¥{)u = 0 for u € Hy A(O) for a bounded neighborhood
containing the boundary I'. Furthermore, these operators can be extended to local Sobolev

spaces (B.2) since their definitions depend only on the behavior of u near the boundary I'.

Now, one can extend Green’s formulas to quasi-periodic Sobolev spaces.

Lemma B.4. Consider © C € as an open subset whose boundary 0%0 is a finite
number of periodic curves of class €% and set n its unit exterior normal. If u € H;’A(@)

andv € Hy(0), then

/@ (Au(w)mﬂL Vu(x) - Vv(a:)) de = (yiu, 7v)ose- (B.11)
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Ifuand v € Hy 5(O), then

/@ (Au(m)M - u(:c)Av(:c)) de = (Viu, 7i0)ro — (Viv, Yiw)aeo (B.12)

also holds.

PROOF. Follows from the density of @(0) on H,(0), Lemma B.3 and continuity of
Dirichlet and Neumann traces (c¢f. Lemma B.1, (B.7) and (B.10)). [

B.3. Time-Harmonic wave scattering by periodic surfaces in R?

We focus now on finding the field scattered by a grating described by an infinite surface
I,with =I'NE satisfying Assumption B.1. Following (Elschner & Schmidt, 1998;
Nédélec & Starling, 1991; Starling & Bonnet-Bendhia, 1994), this leads to quasi-periodic
BIOs. We begin by introducing the Helmholtz equation in periodic domains, stating the
appropriate radiation conditions at infinity for such a problem, and finish with an existence

and uniqueness result previously found.

We shall only concern ourselves with the half-space above the infinite grating, denoted
Q). We also introduce the periodic cell €2 := QN g, with boundary I' = 909Q). Let H € R

be such that H > maxycpo 2] |22(t)

, where z is as in Assumption B.1, and let

Qf ={xcQlas<H}, TH ={xc@|x,=H}.

B.3.1. Unbounded wave scattering

We consider the scattering induced by an incident plane wave:
wl) () = ygelFrertherz) g0 e C, (B.13)

by a grating described by T, where the material above the grating is assumed to be homo-

geneous and isotropic with wavenumber k = (k¥ + k%)% > (. Here, we have assumed a
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0\ f

FIGURE B.4. Periodic cell. Dotted and dashed lines represent periodic and fic-
titious boundaries I' and ', respectively. €2z is domain enclosed by I" and I'gy
whereas (2 lies above T'.

time dependence as e~** for some frequency w > 0, where k := wc™! and c is the wave

speed in the medium above the grating surface.

In this setting, we consider two different sets of scalar boundary value problems:

(—A — k2)ul®d = 0 on
(TM) (B.14)

Yu'™ =0 onT.

(—A — k2)ut = 0 on Q,
(TE) B (B.15)
Yiu =0 onT.
In both (B.14) and (B.15), the total wave is split by linearity into incident and scattered
waves, i.e. u® = 309 4 ¢ In electromagnetics, they correspond to transverse mag-

netic (TM) and transverse electric (TE) modes, whereas in acoustics they model sound-soft

and -hard problems, respectively.

B.3.2. Quasi-periodicity of the solution and radiation condition

Throughout this section, we fix ¢ as the only number in [0, 1) such that (¢f. (Starling &
Bonnet-Bendhia, 1994))
0 = ki + n, for somen € 7Z.
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By a translation argument, solutions of (B.14) and (B.15) are not unique. Indeed, if

u € H}

1c(€2) is the scattered solution of either (B.14) or (B.15), then we can consider

the following modification:
u(x) == e " u(x 4 2me,)

and build a new solution for either (B.14) or (B.15). In order to ensure uniqueness, we

search only for #-quasi-periodic solutions of (B.14) and (B.15), so that
u(x + 2me;) = e*u(x). (B.16)

We proceed by studying the behaviour of u®®) for 2, > H. The following analysis is
performed also in (Bao, 1997; Nédélec & Starling, 1991; Starling & Bonnet-Bendhia,

1994), among others. For u®9 € Hel,bc(Q) and x, > H, we may write
ul (x) = Zugsc) ()€ 071, (B.17)
jez

where each coefficient ugsc) € Hi .((H,0)) solves

loc

82 SC . sC .
_@ug N@s) — (K = 33) ul(@s) =0, Yay>H, VjeL (B.18)
2

Since each one of these equations has two independent solutions, we are forced to choose

between them as follows:
() if (k* — j2) < 0, we select the decaying solution:
ug'SC) (z2) = US‘SC)(H)G_ Vg kA (ze—H)
(i) if (k* — j3) = 0, we opt for the constant:
o (w2) = ()

(iii) if (k? — j2) > 0, one chooses the solution corresponding to an outgoing wave:

ul (2g) = ul (H)e VR —dilea= D),



191

Then, the scattered field has the following form for o > H

ub () =YWl (H et o (B.19)

JET
wherein

VE —jg5 itk =i >0

Bj = : (B.20)

W Jjs —k* ifk*— 3 <0
REMARK B.3. Analogous conditions may be constructed as ro — —oo if we were
considering transmission conditions at the boundary 1" and the wave transmitted into the

grating were non-trivial.

Inspired by the previous analysis, we are now able to introduce an appropriate radiation
condition to be satisfied by the scattered field (c¢f. (Bao et al., 1995; Kirsch, 1993; B. Zhang
& Chandler-Wilde, 1998) and references therein).

Definition B.15 (Radiation Condition). We say that uw € H, (}7 (%) satisfies radiation

loc
conditions at infinity if there exists h > 0 large enough such that, for all |xs| > h, there
holds

X e e Nenn ifa, >,

u(“)(az) =
Y jep g €P et ifpy < —h,

with uj and u; € C forall j € Z and B; as in (B.20).
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We may now state the TM and TE equations —including radiation and quasi-periodicity

conditions— over the periodic cell:
(

(—A — E*)u™ = 0 on Q,

Yeu =0 on T,
(TMpy) (B.21)

1) is #-quasi-periodic,

1) satisfies radiation conditions at infinity.

(—A = k*)u = 0 on €,

yiutY =0 on T,

(TEp) (B.22)
1) is f-quasi-periodic,

u*)satisfies radiation conditions at infinity.

We can now state both problems on local Sobolev spaces:

PROBLEM B.3.1 (Unbounded TM problem). Find v € Hy, () such that u®
satisfies (B.21).

PROBLEM B.3.2 (Unbounded TE problem). Find u? € Hy, .(Q) such that u** sat-
isfies (B.22).

We also introduce an adjoint radiation condition as it will be useful to establish prop-

erties of the resulting BIOs later on.

Definition B.16 (Adjoint Radiation Condition). We say that u € Hy ) (%) satisfies
adjoint radiation conditions at infinity if there exists h > 0 large enough such that, for all
|zo| > h, there holds

> + 1B (12—h) pijoT1 ; > h
. u, e’ (& yxr
u(sc)(m) JEL 7] ) f 2= 1h ’

- 7,,5' zo+h) Jijex1 H _
djen e i(@2th)gijort if g0 < —h,
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with u;“ and u; € Cforall j € Z and

Bj = (B.23)

wJjs—k*  ifk*— 52 <0.
This condition will only be used in the proofs found in Section B.7. In fact, given the
time dependence e, the adjoint radiation condition corresponds to admitting incoming

waves from infinity rather than outgoing waves, as with the radiation condition in Definition

B.15.

B.3.3. Dirichlet-to-Neumann (DtN) maps

The standard procedure to solve Problems B.3.1 and B.3.2 requires the use of an ap-
propriate DtN operator at the fictitious boundary I'* (¢f. (Ammari & Bao, 2008; Nédélec
& Starling, 1991; Starling & Bonnet-Bendhia, 1994)).

Definition B.17. Taking the cue from the radiation condition from Definition B.15, we
define the DtN operator T (k, 0) as

H

D ol

(1) — Hy * (1)

T (k,0) = |
ZJEZ v;(H)eo™ Ejez 1Bvi(H)ee™

Definitions of H}(I') and H, *(I'*") are given in Section B.2.3.

Lemma B.5. The operator T (k,0) : H, (FH ) — H, (FH ) is continuous.

PROOF. By straightforward computation, it holds

!B \
1T (k, 6)v]* ey —E (145272 18] o] <sup = |l ||
JEZL
2 2 ] - 2
: k2 — 52— 20 — 0
By definition of 3;, 1@?2 _ =g : H;; | s bounded in ], O

Lemma B.6 (Proposition 3.1 in (Starling & Bonnet-Bendhia, 1994)). If u is a solution

of either Problem B.3.1 or B.3.2, then the following are equivalent:
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(i) u satisfies (B.19) (radiation condition at infinity),
(ii) viu = T (k,0)yiu on T

PROOF. (i) = (i1) can be proved directly from (B.19) considering that the normal
derivative in I'? is the derivative in 5. Conversely, if u is a solution of any of the Helmholtz
problems (TM) or (TE), by (B.18) we have that the coefficients u; have, for zo > H, the

general expression:
uj(w9) = ey @) oy hilwaH),

with §; as in (B.20). By incorporating (ii) as a boundary condition we have that c; = 0,

C1 :UJ<H) O

Then, we consider the following modified versions of (TEy) and (TMj):

(—A = k?)u™ = 0 on Q|

i,,(tot) __
Yut” =0onl,
amiH (B.24)

i) = T (ky, k)yiut) on T,

1) is -quasi-periodic.

\
(

(—A — EH)u™ = 0 on Q7

i,,(tot) __
yiu'” =0onT,
(TEH) ' (B.25)

Vi) = T (ky, k)yiut) on TH,

1) is #-quasi-periodic.
\

PROBLEM B.3.3 (Bounded TM problem). Find u®? € Hj(Q) such that u®® satisfies
(B.24).

PROBLEM B.3.4 (Bounded TE problem). Find u®® € H}(Q) such that u®® satisfies
(B.25).
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By Lemma B.6, Problems B.3.3 and B.3.4 are equivalent to Problems B.3.1 and B.3.2,
respectively. Lastly, we conclude this chapter by stating an existence and uniqueness result
for Problems B.3.3 and B.3.4 proved in (Nédélec & Starling, 1991; Starling & Bonnet-
Bendhia, 1994).

Let Ks(lng ) and Ksﬁf ) be countable sets of wavenumbers (growing towards infin-
ity) for which non-unique solutions for Problems B.3.3 and B.3.4 may exist, respectively

(cf. (Starling & Bonnet-Bendhia, 1994, Section 3.4) and references therein).

Theorem B.8 (Theorems 3.3 and 3.4 in (Starling & Bonnet-Bendhia, 1994) and The-
orem 3.3 in (Elschner & Schmidt, 1998)). There exist solutions for Problems B.3.3 and
B.3.4 for every real wavenumber k. However, these may not be unique for k € KS(ZgE) or

ke KM respectively.

sing

Actually, a uniqueness result for the Dirichlet problem is available in (Kirsch, 1993)
when the grating surface I' is of class &2 for all wavenumbers k& € R. Also see (Alber,
1979; Kirsch, 1993, 1994) and references therein. Moreover, the results in (Elschner &
Schmidt, 1998) include the more general transmission problem and a more detailed de-
scription of the sets K s(f,ff ) and Ks(ifg ) in terms of the frequency and incidence angle. We
also highlight Theorem 3.2 in (Elschner & Schmidt, 1998), which gives a uniqueness result
for any small enough frequency w. The authors are not aware of similar uniqueness results

for the Neumann problem, or for the Dirichlet problem under weaker assumptions such as

Lipschitz regularity.

B.4. Boundary integral operators

We now establish the properties of BIOs acting on quasi-periodic Sobolev spaces. We
begin by introducing an appropriate Green’s function and follow by defining the corre-
sponding operators that arise from it. We shall resume the notation used in Section B.2 for
the quasi-periodic shift, i.e. 8 € [0,1). Recall that fixing 6 as the unique real number in
[0, 1) such that

0 = ki + n, for somen € Z,
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will yield BIOs corresponding to the problems considered in the previous section.

Definition B.18 (Quasi-periodic Green’s function). Let 0 € [0,1), k > 0 such that
|j + 0| # k, for all j € Z, and denote by G*(x,y) the fundamental solution for the
two-dimensional Helmholtz equation with wavenumber k. For x and y on o = {x,y €
R? | ¢ — y # 27ney, ¥V n € Z}, we define the O-quasi-periodic Green’s function for the
Helmholtz problem on a periodic surface as (cf. (Cho & Barnett, 2015; Nédélec & Starling,
1991; Linton, 1998; Liu & Barnett, 2016)):

Go(m,y) = lim > e *™Gl(x,y), V(zy)ed, (B.26)

n=—m

where G* (x,y) denotes the displaced kernel function:
GF(x,y) := G*(x + 2mne,, y).

We make a special mention to the work of C. M. Linton (Linton, 1998), focused on the
description of several analytic techniques that allow for a more efficient computation of the
quasi-periodic Green’s function in comparison to truncating the series in (B.26). Moreover,

the series in (B.26) does not converge absolutely but rather as an alternating series.

For the remainder of the article, we assume that |j + 6| # k for all j € Z. Otherwise,
we would be unable to build the #-quasi-periodic Green’s function, as the sum in (B.26)
fails to converge (Nédélec & Starling, 1991). Values of k such that |j + 6| = k for some
integer 7 are known as Rayleigh-Wood frequencies and, while different strategies have
been developed to circumvent this issue (e.g. (Bruno & Fernandez-Lado, 2017; Bruno
et al., 2017; Cho & Barnett, 2015)), we shall simply avoid them as their treatment lies
beyond the scope of this article. We emphasize that Rayleigh-Wood frequencies are not to

be mistaken with singular values of Problems B.3.3 and B.3.4.

PROPOSITION B.5. The following relations hold:

_47r

(i) (—Ay — k)G (@, y) = dorp(x — y) in D)(R2) for & € R,

(i) G’g(m) y) . Z]EZ %jezﬁj|1'27y2|72j9(ylfxl)for all €, y ln R2)
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(iii) (=, — k2)GE(z,y) = d(x — y) in D)(%) forx € &,
(iv) GE(x,y) is C* in A, and
(v) G¥(x,y) is O-quasi-periodic in x, (1 — 0)-quasi-periodic in y and satisfies the

radiation condition in Definition B.15 on both variables.

PROOF. Item (i) is proved in (X. Chen & Friedman, 1991, Section 3). The rest follow
from (i) and (Nédélec & Starling, 1991, Proposition 3.1). 0

We now introduce the quasi-periodic Newton potential for f € Z,(0).

Definition B.19. Fora given f € 2y(%), we define its quasi-periodic Newton potential
NE(f)(z), forallz € €, as

HEF) () = / Gl 9)f (y) dy.

Theorem B.9. The quasi-periodic Newton potential may be extended to a continuous

operator from H3(Z) to Hngc(f‘ﬁ),for s e R
PROOF. See Section B.6. U

We point out that the proof of Theorem B.9 is nothing but the characterization of the
Newton potential order when considered as a pseudo-differential operator on the previ-
ously defined Sobolev spaces. This result was also previously established in (Lechleiter &

Nguyen, 2013, Proposition 4).

Corollary B.2. Let © C &. The mapping N} : H3(0) — H;12(%) is bounded.

3 (%), Where [ is the extension

PROOF. Let f € H;(0). By definition, ||| fiso) = I1f]
by zero of f (cf. Definition B.7). The results follows directly from Theorem B.9. 0

From the integration-by-parts formula (B.12) and the series representation in Proposi-

tion B.5, one can show that, for f € H,'(0), the quasi-periodic Newton potential 4 f ()
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satisfies
(—A — )N} f=Ffing, (B.27)

where (B.27) is to be understood in the sense of H,'(%). Similarly, one can see that
N f satisfies the appropriate radiation condition at infinity specified in Definition B.15
as |z3] — oo. Indeed, consider H so that supp f C [0,2n] x [—H, H] and  such that
x9 > H. Then,
(@) = [ Gle.) 1) = Gl v)f(v) &y
0

O N supp f

2 O eBilra—ya| p—rie(y1—z1)
Bi
. X eBi(wa—H) o1 (H—y2) p—1jo (y1—21)

Bi

f(y) dy

4 O N supp f j=—00

f(y) dy

4m O N supp f j=—00
2 elﬁj (xQ_H)erle

_ 1B (H—y2) ,—1joy1 f( )
= € € y) dy.
4 Bj /@

j=—o00

Integration is to be understood as a duality pairing since we consider f € H 5(0). We recall
that I' is assumed to be a periodic curve of class €" 1! for some r € N (¢f. Assumption

B.1) and (2 is the open set above I" (Figure B.4).
Definition B.20 (Single layer potential). We define the single layer potential on I' as
SLb = A 0 (30)

where (7)) denotes the adjoint operator of ~} such that, for % < s <oou€ HiQ) and
et
ve H, ()

<’78U, U>s—%71“ = <U, (78),1})879'

Therein (-,-),_1 p denotes the duality between H, *(T) and H(;SJFE(F), and (-,-)s.q de-
notes the duality between H3(QY) and H,*(1).
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Theorem B.10. Let I be of class €" 1! withr € N and s € R be such that

ol—r<s<%ifr>10r
o [s|<iifr=1

s—1

Then, it holds SL - H, *(T) — H;’Ii(?), is a continuous operator. Moreover, for

f € Dy(I") we have the representation:

SLE(f) () = / Gi(w,9)f(y) dy, Vo eF\T. (B.28)

PROOF. The continuity of the single layer potential follows by Definition B.20 as both
the Newton potential and the Dirichlet trace are themselves continuous (cf. Corollary B.2,
Theorem B.7 and Lemma B.2). For the representation (B.28), we refer to (McLean, 2000,
Section 6.3), specifically to (6.16). ]
Definition B.21 (Double layer potential). We define the double layer potential on I as

DLj := Ay o (1),

where (V)" denotes the interior adjoint of the Neumann trace.

If f € 9y(I'), we have the representation
DL(N@) = [ ,Colev)f ) b, Vo T T,
wherein vf,y refers to the interior Neumann trace +i acting on G§(x,y) as a function of y,
for fixed x. Further properties of Dng will be studied in the following section.
Theorem B.11 (Integral representation formula). Let f satisfy
flo € HyQ),  flygr € Hy 9\ D),

- € H) (% \ﬁg) and

Also, let u € Lj ), (€) be such that ulg € Hg (%), ul g\

(-A—kKHu=fing\T,
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along with the radiation condition (B.19). Then, the following representation formula holds
u(x) = A5 (f)(z) + DLg([oulr)(2) — SLg([nulr)(x), Ve e @\T,

with [yulr := v'u — yu for any of the trace operators.

PROOF. The proof resembles that for the standard representation formula (c¢f. (McLean,
2000, Chapter 7) and (Nédélec & Starling, 1991, Section 3.2)). The proof follows from
Proposition B.5, the integration-by-parts formulas in Lemma B.4 and the density of 2,(¥%)

in the considered Sobolev spaces. 0

1
In particular, for any given g € Hj (I') consider u € Hy,,(€2) such that
(—A = k?)u=0o0nQ,
you=gonT,
u satisfies radiation conditions at infinity,

and its extension by zero to the exterior of €2 as

B u(zx) ifx e,
() = .
0 ifreg\Q .
By Theorem B.11, we obtain
DLsg = SLs~iu —u, on (.

Hence, by the Fredholm alternative and the continuities of the single layer potential and of

the interior Neumann trace, one derives

HDLI@CQHH;(QH) < C(H) ||9||H9%(F) )

for all H > 0, where Q7 := {x € Q| z, < H}. Thus,

DL]g : HH%(F) - Hﬁl,loc(Q)v
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is continuous.
Theorem B.12 (Properties of the BIOs). Let I be a €™ -periodic curve withr € N,
Then, the layer potentials
SLy : Hy *(T) = Hj1.(9),
s+%

DLy : Hy > (T) = Hyo(9\T),

as well as the BIOs

Jun

s s+%

Vi = qiSLE - Hy (1) — H, (D),

Wj = {DL} B, *(T) — H; *(T),

Kg :=7SLg : Hy * (1) — Hy (D),
s+%

KL :=4iDLE : H, "2 (D) — H, (T,

are continuous for |s| < 3 if r =1 and for1 —r < s < i forr e N\ {1}.

PROOF. See Section B.7. The proof follows by adapting the procedure in (McLean,
2000, Chapters 4 and 6) to the periodic setting. 0

Notice that in the above definitions, trace operators may be taken from either side of
' giving rise to interior and exterior BIOs in contrast to the standard definitions (McLean,
2000). By Theorem B.12 and their equivalents in (Costabel, 1988), one can show the next

results.

Lemma B.7. Let ¢ € HQ% (') and ¢y € H, %(F). Then, the following relations hold
[oSLeYIr =0, [nSLglr = ¢, [DLgdlr = ¢,  [1DLGeIr = 0.

Theorem B.13. The BIOs Vi and W% are coercive on H, ?(T) and HZ (T), respec-

tively.
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The coercivity of V5 was already established in (Ammari & Bao, 2008) for the three
dimensional (3D) case. However, the proof presented depends on the smoothness proper-
ties of G5 — G and, as such, requires the boundary T to be of class €2. A proof for the
two dimensional case for Lipschitz curves is, to our knowledge, new. Similarly, the map-
ping properties of the BIOs were studied in (Schmidt, 2009, 2011), arriving at very similar
results to those in Theorem B.12 in the cases that: (i) I' be infinitely smooth or (ii) I' be
@>-piecewise and such that the angles between adjacent tangents at its corners are strictly

between 0 and 27.

We finish this section by stating uniqueness and existence results for variational prob-

lems on the boundary I' when formulated using BIEs.

Theorem B.14. Let k € R and consider the following set of equations:
(

(—A —k*)u=00nQ,

A B)u=00ng\Q’,
( Ju=0on g} (B.29)

Yu=vu=0o0nT,

u satisfies radiation conditions at infinity,
\

where interior traces are considered from within () and exterior traces from G \ﬁg. Then,
1 _1
for any given g € Hj (I'), there exists a unique ) € H, *(I") such that
Viy =g,
if and only if the only u € Hg,,.( \ T) that satisfies the system (B.29) is u = 0. Further-
more, it holds
(—=A — k?)SLisp = 0 on Q,
(—A —k2)SLEy =00n g\ O,
SLs = 1§SLey = gon T,

SL’;¢ satisfies radiation conditions at infinity.
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Theorem B.15. Let k € R and consider the following set of equations:
(

(A — k> )u=00nQ,

A )u=00ng\Q,
( Ju=00onF} (B.30)

Yiu=~u=0o0nT,

u satisfies radiation conditions at infinity,

\

where interior traces are considered from within §) and exterior traces from G \ ). Then,

1 1
for any given q € H, * (1), there exists a unique ¢ € Hj; (') such that
W56 = q,

if and only if the only u € H, 91,10C<? \ I') satisfying the system (B.30) is uw = 0. Furthermore,

(

(—=A — k*)DLEy = 0 0n 9,
(—A — k2)DLEyY = 00n 9\ O,

¥iDLyy = DLy = gonT,

DL]gw satisfies radiation conditions at infinity.
\

The proofs of Theorems B.14 and B.15 follow from considering the jump relations of
the respective layer potentials, as well as the uniqueness and existence of the volume prob-
lems. We emphasize that the equivalence between volume problems and boundary integral
equations only hold while assuming that the wavenumber £ is not a singular frequency for

the volume problem formulated on either domain, 2 or & \ Q’.

B.5. Concluding remarks

The previous results allow for an analogous extension of the classical theory of BIOs
on bounded domains to periodic ones, acting on quasi-periodic Sobolev spaces. It is quite

noteworthy that most of the results follow from the definition of the quasi-periodic Sobolev
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spaces, the trace theorem for these spaces, and by directly modifying previously estab-
lished results for the classical integral operators (Costabel, 1988; McLean, 2000; Stein-
bach, 2007). Future work includes extensions to three dimensional (3D) geometries as
well as numerical implementations and analysis of Galerkin low and high order boundary

element methods for BIEs as those in Theorems B.14 and B.15.

B.6. Proof of Theorem B.9

In order to prove the boundedness of the quasi-periodic Newton potential, we shall

make use of the following lemma.

Lemma B.8. Let g € D(R), and £ € R, || > 0. Then, for some C > 0, it holds that
1 1
< O < CW (B.31)

PROOF. Let R > 0 be so that the support of g(z) is contained in [— R, R]. Then,

[t [+ (s
AL L)

e () ms)

YR

1
<% (|g< )+ B e /0 )

Also, the second inequality follows by integration-by-parts:

/000 g(x)sin ({x)dx

/OOO g(x) cos (§x)dx

&l

/0 " gl sin (€2)d

/OOO g(x) cos (§x)dx = g(x)sin (x| 5/ )sin (€x)d
1 oo

=—= g'(x)sin (£x)d. O
€ Jo

We now prove Theorem B.9 by adapting a strategy similar to that used in (Steinbach,

2007, Theorem 6.1).
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PROOF OF THEOREM B.9. First, consider f € (&) for which the expression
f(@) =) filws)e
jEL
holds. Since f has compact support in the xo-direction, there exists some positive r € R
such that f;(z9) = 01if |29 > r, forall j € Z. Fix R > 0 and set u := 4} f. Then, u is
a quasi-periodic function on € by the quasi-periodicity of the Green’s function. Consider

€ D(R) such that p(t) = 1, forall t € [0,r + R]. We define a modified version of u as

(1) = / Gl (e, w2 — o) ().

Notice that for z € &% := & N {|zs] < R}, u,(x) = u(x). Hence, u,, is an extension of u

and, from the norm definition for H; (%), we find that ||u|

Hy(gR) < l|wul Hy (%) We now

prove the boundedness of ||u,,|

Hy (9)" Since u,, is also #-quasi-periodic, it holds

2
Uy (72) :/ uy, (71, v2)e” 0" dry,
0
27 )
u,,,5(§) :/6_227@5/ Uy, (21, v2)e” 70" drydry
R

0
2T 21
= / / / / G—ZQWIQEB—UGMG,g(w, y),u(|x2 — y2|)f(y) dyldyg(h‘l(h?g.
rJo JrJo
Since ;1 and f have compact support, we can exchange the integration order so as to write
a/w' (f)

2T 21 _

= / / / e 12mT2E 10T Glg(a:’ y),u(lffz — y2|)f(y) dvy deody; dys
rJo JrJo

27 27r—y1 -
:// // e—z27r(zz+y2)§€—w9(Z1+y1)G];(Z,0)u(|22|)f(y) dzy dzodyy dys
R JO R

—Y1

2 27
:// // 6—1,27r(zz+y2)£€fwe(z1+y1)G’g(Z,O)M(]zQ])f(y) ey deodyr dya,
rRJo JrJo
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and where we used the periodicity of e~%*1G%(z,0). Then, replacing G% by its expansion
(Proposition B.5) yields

~ 1

8(6) = HO) / e~ Bl | 1) ey,

Observe that

1 2
Zﬂj Z/Bj

and consider jy such that 8; € R, i.e. j7 < k?. From Lemma B.8, we get

/ e 282 (| 2,]) ey / €972 1(29) cos (2mE2y) dey
R 0

2 o
2 [ etttz cos (2n6)
1B; Jo

Furthermore, since f3; is real for a finite number of j, depending only on £ and 6, then for

1
< Cp—5—.
€]"+1

all j € Z such that jy < k?, yields
2

Zﬁj

Now, let us take j3 > k? so that 3; is imaginary and el decays as |z, increases. Since

d <€zﬂjz2 § sin (§22) + 135 cos (§22)
dzy £+ 5]2

1
1+ |82+ 42

/ e’BJ"Z?l,u(Zz) Ccos (27T£Z2) )
0

< Chy

> = e"Pi%2 cos (2m€ ),

integration-by-parts gives

2

—/ €372 11 (2y) cos (2m€ ) dey
Wi Jo

_ 2 18,2 § 51 (§22) +03; cos (€22) | |
R (“(22)6 &1 ) '

2 [, 1852 § 81 (E22) + 0B cos (§22)
- %/0 M (’22)6 52 +6]2

2 1 = / 10522 :
= 527@]2 (1 - E/o 1 (z9)e%2 (€ sin (£29) + 1B cos (£22)) d22> .

By Lemma B.8, we deduce that

dz,

1

E /Ooo [1,/(22)67'5j22 (&sin (E2) + 18, cos (E22)) dzo
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is bounded for all £ € R, 5 € Z. Hence,

2

m (B.32)

(1 - /00 1 (z9)e"72 (€ sin (£22) +13; cos (E22)) dz2>
0

1 1
<C 2 2 ZSC 2 27
|1€]° + 42 — k2| 1+ [€]° + 43

(B.33)

where C' depends only on & and p. Thus, there exists C' > 0 depending only on k, k;, and
w1 such that for all s € R,

(1+ 53 + 1€ 31,5 (€)] < CIFHEI + 53 + €72 (B.34)

Taking the squared L?-norm of both sides of (B.34) and adding over j € Z, we obtain

2
sy < C1If]

2

Since P (%) is dense in H; (%) (cf. Proposition B.3), the result is proven. O

B.7. Regularity of solutions and continuity of BIOs

We extend the main results in (McLean, 2000, Chapter 4), introduced by Necas (Necas,
2011), to the periodic case. We highlight changes needed to replicate the arguments. Our
starting point is the result presented in Section B.3. Recall that # € [0,1), I" a periodic

curve in & := [0, 27] x R and € as the open domain above I" (see Figure B.4).

Lemma B.9 (Lemma 2.3 in (Nédélec & Starling, 1991), and 3.2 in (Starling & Bon-
net-Bendhia, 1994)). Let u € H}(QH) be such that
(—A — k*)u = 00n QH,
vou=0o0r~viu=0o0nT,
Yiu =T (ky, k)vyu, on TH,

with T (ky, k) being the DtN operator from Definition B.17. Then, the Fourier coefficients
uj =0 forall jinJ, = {j€Z|k*> j}.
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PROOF. We proceed as in (Nédélec & Starling, 1991, Lemma 2.3),

0= / (Aut — uAu) de = (Yiu You — viu ypu) dS,.
OH

T'ul'y

The integral over I" vanishes due to either condition: 7ju = 0 or vju = 0. Hence, we only

need to consider the integration on I'f,

0= / (viuyiu — viuygu) dSy
e
= / (T (ky, k)vgu ~vou — T (ky, k)vdu vu) dSg. (B.35)
Iy

Recall the Fourier series for u and the DtN operator,

uw(zy, H Zuj Yeort F (ky, k)u(x, H) = Zzﬁjuj(H)e’j"“.
JEZ JEZ
Hence,
[ (kg 65, = S8y s ED)
T JEL
and (B.35) becomes,
/ (T (kv k)vgu vgu — T (ks k)vgu vou) dSe = Y (185 = 1;) lu(H)[* = 0.
'y JEZ
Forj & J, , wehave3; € R and 13; — 13; = 0. Thus,
0= Z (Zﬁ] Zﬁj |u; (H Z 203 lu;(H
jeT,

Since 3; > 0 forall j € J_, |u;(H)| =0, forall j € J_. O

PROPOSITION B.6. Letk > O and f € f[(,_l(Q) with compact support.
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(i)Letg€H2( )andkgéK

szng

Then, there is a unique u € Hy) () that
satisfies

(—A = F)u(z) = f(x) on Q,

Yeu=gonT,

u satisfies radiation conditions at infinity.

Moreover, the solution depends continuously on the data

iy omy S 1610000+ gl -

(ii) Let w € H; () and k ¢ K" Then, there is a unique u € Hj oo (Q) that

sing*

satisfies
(—A = k)u(z) = f(x) on Q,
Yiu=wonT,
u satisfies radiation conditions at infinity.

Also, it holds

ull gy my S i) + HwHH;%(F) :

(iii) Let g € H (T and k ¢ K M) " Then, there is a unique u € Hj . (Q) that

sing *
satisfies

(—A = F)u(z) = f(x) on ©Q,

You=gonT,

u satisfies the adjoint radiation condition at infinity.
The next bound holds

[ull gy my S I iz + ||9HH§(P) :
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(iv) Letw € H, 2(T). If k ¢ K5 there is a unique u € Hj 1,0 () that satisfies

sing’

(—A = F)u(z) = f(x) on ©,
Yiu=wonT,
u satisfies the adjoint radiation condition at infinity.

Moreover, the solution is bounded by the data

||U||H01(QR) S ||f||1§9—1(9) + ||wHH;1(F) :

PROOF. For the standard radiation condition (Definition B.15), items (i) and (ii) follow
from the Fredholm alternative and Theorem B.8 (see (Starling & Bonnet-Bendhia, 1994,
Theorems 3.3 and 3.4)). The same strategy holds if the adjoint radiation condition (see
Definition B.16) is used: we just need to show that the equations in items (iii) and (iv) have
the same eigenvalues as those in (i) and (ii), which follows from noticing that one can build

solutions of the equations with one radiation condition from the other. U

The last proposition motivates the definition of solution operators. We consider two

1
different cases. Let k ¢ K ™) and g € H; (I'), we set

sing

D ol

H(T) — H} (Q
%k — ( ) 9,100( ) 7
q = U

where u is the only element in Hy,,.(€) that satisfies
(—A — k?)u(x) = 0on 0,

You=gonT,

u satisfies radiation conditions at infinity.
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The corresponding adjoint version is

D ol

H(T) — H} (Q
%:: ( ) 9,100( )’

q = v

where v is the only element in Hj ) .(€) that satisfies

loc

(—A = k*)v(x) = 0on Q,
v =gonT,
v satisfies the adjoint radiation condition at infinity.

We also consider Steklov-Poincaré operators defined as

1

, 1 _1 . 1 _1
ViU, H; (') - H, *(I'), W% :H; (') — H,*(T).

For a given domain ® C &, k > 0 and a pair of functions u,v € Hel(@), we define the

following sesquilinear form:

O (u,v) == /(Vu(:v) - Vo(z) — k*u(x)v(x)) de. (B.36)
0
Lemma B.10. For gy, g» € H@% (T") we have that

(%%91,92>r = <91,Vi%92>r-

PROOF. From the radiation conditions, there is an & > 0 such that for x5 > R, it holds

U1 (:B) = Z ajezﬁ,i(:vz—R)eij(am, %g2(m) _ Z bjez/;’j(:vg—R)ez‘j@gcl7

JEL JEZ
with 3; and Ej as in (B.20) and (B.23), respectively. Using Lemma B.4 and the definitions
of % ;. and 7}, leads to

O (Ungr, Vig2) = (Vi%Ug1, % Vig2)rur=,

O r (Ungr, Th92) = (VoUrg1, 11 7rg2)rurr,
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with ®F , as in (B.36) and I'"" := {x € ¥ | z5 = R}. Subtracting these last equations, we

get

(MUrgr, g2)r = (91, ZhG2)r + (Vo Ukg1, ViThg2)rr — (ViUkgr, Y Vig2)rr.

In I'® we can use the expansions given by the radiation conditions:

(% g1, M 7hg2)rr — (V1%kg1, %7 ga)rr = — Z @jb_j(lﬁj +1;).
JEZ
Then, for j such that 3, is a real number we have that Ej = —f;. Hence, (1@ +18;) =
1(—pB; + B;) = 0. On the other hand, if ; is pure imaginary we have that Bj = f3; and
(18 i +153;) = «(—=p; + ;) = 0. Thus, the duality products over I'* cancel each other out,
yielding

(ViUrg1, g2)r = (91: Vi T092)Ts  (Vi%g1, 92)rr = (91,71 Zhgo)rr. O

Following (McLean, 2000, Chapter 4), we now focus on establishing regularity prop-
erties of solutions in (2. If u is a #-quasi-periodic function defined in €2, we denote by u?
its #-quasi-periodic extension. For h € R with |h| < 7, we define the following estimators

for the partial derivatives
Aju(x) == b~ (uP(x + hey) — uP(x)), Aju(x) == h ™" (u(x + hes) — u(x)) .

The properties of A%L are established in (McLean, 2000, Lemmas 4.13 to 4.15), where
Ly(R%)™ and D(RY)™ have to be replaced by L2(%), and Py(%), respectively. There are,
however, slight differences in the proofs for A}, which are exposed when proving Lemmas

B.11 and B.12.

Lemma B.11 (Lemma 4.13 in (McLean, 2000)). For 6 € [0,1), let u be a 0-quasi-
periodic function. Then, for i = 1,2, it holds
(a) If O;u € Li(Z), then ||A§Lu||L§(g) < [0sull 135 and | ALy — Ol gy — 0 as
h — 0.
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(b) If there is a constant M such that || A} u||Lg(?) < M, then, for h small, we have
that O;u € L3(Z), and ||0; ullpa) < M.

PROOF. The proof for (b) follows Lemma 4.13 in (McLean, 2000). Similarly for (a)

for ¢« = 2 whereas for « = 1, we observe that
9 1
Alu(e)]? < / 01 (@ + they)|® &,
0

Integrating over & yields,

1
HAllzu<w>H2LQ(?) S/ </ [Oru? (a + the)[* df) de
¢ \Jo
1
< |0y uP ( w+thel)\ dr:) ck:/ (/ lalup(y)IQ dy) &
0 ?+61(th)
( (/) o)l -+ [ o) &) @
(G+ei(th)}NE (Gter(th)\g

/ 0vu(y)|? dy + / 0vu(y)|’ dy) d (B.37)
{Z+e1 (th)INg E\{T+e1(th)}

—/ (/ 01u(y)|? dy) & = w72
0 g

where (B.37) follows from the periodicity of |0,u(y)|. O

Lemma B.12 (Lemma 4.15 in (McLean, 2000)). Let u and v belong to L3(%), h € R
such that |h| < . Moreover, let k > 0 and © C & be an open bounded set whose boundary
is given by two disjoint periodic curves. Assume further that suppu C O N (O — hey) and
suppv C O N (O + hey). Then,

(a) ifu,v € L3(0), then (AZu,v)Lg(@) = — (u, Ai_hv)Lg(@), i=1,2.

(b) ifu,v € Hy(0), then % (Aju,v) = - (u, A" v), i = 1,2,

PROOF. For i = 2 the result follows verbatim from (McLean, 2000) whereas for: = 1,

this is deduced directly from the definition of A} and the quasi-periodicity property. UJ

Theorem B.16 (Thm. 4.16 in (McLean, 2000)). Let © C €2 be a bounded open set,

whose boundary is given by two periodic curves and such that 6’ C Q. Forr > 0 and
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k>0, let f € Hyj(Q) and u € Hy, () be such that
(—A - E)u= finQ.
Then, u € Hg”(@) and for any R > 0 such that 6’ C OF we have that
HUHHg“(@) S lullagny + 1 f gy @)-

PROOF. We take similar steps to those in the proof of Theorem 4.16 in (McLean,
2000). Set r = 0 and consider a function y € Py(Q2) such that x = 1 in 0. Define

fri=(=A = k) (xuw).

By direct computation, we obtain that |[fill;2qr) S llullgyory + [flz20n) s0 fi €

L5(QF). Letv € Hg,,.(€2) with null trace in 0% Q*. Using (B.11), we have that

q)gR (xu,v) = (f1, U)Lg(QR)-

Also, by Lemma B.12, we have that for i = 1,2, if Supp 79 C Qf and h is sufficiently

small, it holds
| @G (A (xu), )] = [Dgr (xu, AL, v)].
Hence,
[P (A, (xu), v)| = [(fi, AL,v)].
By Lemma B.11 and norm definitions, we have that
|P6R(A,(xw), )] S I fillzom ol om)- (B.38)

On the other hand, by the coercivity of the Helmholtz operator, we get

8 0y S 15000y + P ), A ).
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Taking v = A! (xu) in (B.38) leads to
1A% )l ) S 1850720y + 1l zzam 185 (xw) |y m)-
Here, we use the inequality ab < %(ea + e_lbz) for a small € to obtain
1AL O By amy S 18500 2 ) + 1l qm-

Again, by Lemma B.11, [|A! (xu) ||L§(QR) < ||u||H91(QR) and, by the bound for the norm of

f1, we retrieve
i 2 2 2
||Ah(Xu)||H91(QR) S HUHH;(QR) + HfHLg(QR) :
Finally, by recalling the norm definition on a subset © C ¥ and Lemma B.11, it holds
2 2 2
a0y Nl gamy + 15 my -

The proof is then achieved by induction, analogously to that of Theorem 4.16 in (McLean,

2000). 0J

Now, we establish regularity results up to the boundary.

Theorem B.17 (Thm. 4.18 (McLean, 2000)). Assume ) to be a €™~ “'-domain, with

r > 2. Let O C () be a bounded subset whose boundary is composed of two periodic
curves, one of them being I' = 0%). Moreover, let the wavenumber k > 0, f € Hg_2(Q)
and v € Hg,, () be such that

(—A — E*)u = fon Q.

Then, the following bounds hold

. 1
(i) If vyu € Hy *(I), then uw € H;(0) and

el g 0y < Nullymy + [0 -y oy T IF =2 -

T_
H, 2(
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. ,_3
(ii) If viu € Hy *(I), then w € H;(0O) and

[ull 0y S Mleell 3 oy + [ 7iul R ) + 11l amy -

forall R > 0 such that 6 C QF.

PROOF. We bound the derivative 0;u as in Theorem B.16 while bounds for d,u may

be obtained from the boundary value problem:
—02u = [+ K*u + 0%u.

The remainder of the proof follows that of (McLean, 2000, Theorem 4.18), requiring only

minor modifications to the periodic setting. 0

Corollary B.3 (Thm. 4.21 (McLean, 2000)). Assume that Q) is a €"~''-domain and
r > 2. Then, for k ¢ K s(i%), we have that

(i) For0 <s<r-—1,
U Hy * (D) — HyTL(Q), % Hy * (D) — HytL(Q).

(ii) For —-r+1<s<r—1,

1

. s+ 1 g— 1L . s+1 s—
v, Hy 2(T) — H, *(T), ~%:H, *()— H, *(T).

PROOF. We begin by proving (i). The case s = 0 is direct from Proposition B.6, while
the result for s = r + 1 follows from Theorem B.17. For 0 < s < r — 1, the result
is derived by interpolation (McLean, 2000, Appendix B) —interpolation of quasi-periodic
spaces in the boundary I" follows from their definition, inducing an isomorphism to regular
Sobolev spaces on closed boundaries (Kress, 2014, Chapter 8)). For (ii), the result for
positive s is deduced by similar arguments as those used for (i) whereas the result for s < 0

is due to the duality pairing in Lemma B.10. ([l
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Theorem B.18 (Theorem 4.24 in (McLean, 2000)). Assume 2 to be Lipschitz. Let
k>0, fe L) andu € Hy), () such that

(—A —E*)u = fon Q.
If viu € H}(T) then ~iu € L2(T') and, for R such that T’ C %, we have that
||7iu||L§(r) N ||78u||H91(r) + ||uHH91(QR) + ||f”Lg(Q)-

PROOF. First, we assume that v € Hg’loc(Q) and, following the proof for (McLean,
2000, Theorem 4.24), it can be shown that

||7§“||Lg(rurR) N ||76u||H91(ruFR) + HUHH;(QR) + ||f||L§(Q)-

Now consider a bounded open set ® C QF such that 6’ QFf, with 9% © composed of two
periodic curves, one of them being I''*. By Theorem B.7 and the definition of the Neumann

trace for smooth functions, we have that

||73U||H91(FR) S ||U||H6g < ||u||Hg(@),

(©)

and, for 0 < e < %, it holds

Iulzges < 1l g S el g ) < Tl

Then, by Theorem B.16, we derive
HUHHg(@) N ”UHH;(QR) + HfHLg(Q)-

We now take v € Hg, () and assume that I can be parametrized as (z,((x)) with

x € (0,27). Consider a sequence of smooth functions {(, },en such that

G — Cin L®((0,2m)), V¢, — V(in LP((0,27)) for 1 < p < o0,

V¢, is uniformly bounded, (,(z) > ((z) for z € (0, 27).
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Then, 2 = {x € € | x5 > ((x)}. Define
Q, = {m €Y | Ty > Cn(xl)}a Ly = {33 €y | T2 = Cn(xl)} = aan

Following the proof of (McLean, 2000, Theorem 4.24), let us define g(x) := vhu(z1, (1)),
where the trace is taken over I'. Finally, we consider A > k%, R > O such that " C € and

a sequence {u, },en Where each u,, € Hj(€,) satisfies

(—A = k2 + Nu, = f + Auon QF
/VSUJTL = %Yog On Fm

e, = you on I'E,

The elements of the sequence {u, }ncy are well defined in H}(QF) since the domain is
bounded and the associated operator is elliptic. Since I';, is smooth, by Theorem B.17, we
have that each u,, belongs to H7 () for all n € N. Hence, we can use the result for ele-
ments of H, gvloc(Q). To conclude, we need to show that a proper extension of u,, converges
to w in H(}(QR), which is done in (McLean, 2000, Theorem 4.24) for regular Sobolev

spaces and extended to quasi-periodic Sobolev spaces with only minor modifications. [

Corollary B.4 (Theorem 4.25 in (McLean, 2000)). Assume €) to be Lipschitz. Let
k ¢ K™ For |s| < 1, it holds

sing *
, sl 51 , sl a1
v, Hy 2(T) — H, *(T), ~%:H, *()— H, *(T).

PROOF. The case s = 0 is given by Proposition B.6, s = % is given by Theorem B.18,
and s = —% is obtained by the duality relation in Lemma B.10. For all other |s| < 2, the

result follows by interpolation. U

In order to prove the mapping properties of the double layer potential, we need one
more auxiliary result. For £ > 0, we denote by %, the solution operator in )~ := & \ﬁg,

and %, := %) Given A € R such that k* — X > 0, we set %, := % .
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Lemma B.13. Let ) be Lipschitz and set k > 0. Then, there exists A € R such that
k* = X\ > 0and U, as well as Uy, are well defined in H (T'). For |s| < 1, we also have

that

s+ s
%,;; :Hy *(T) — HGI}C(Q).

PROOF. Since the eigenvalues of the problem in {2 and 2~ are numerable we can find
A such that 2 — X\ > 0 and |0 + j| # k2 — ), for every j € Z. Then, the following sets
of equations

r
(—A—k*+Nu=0o0nQ,

vu=gonT,

& satisfies radiation conditions at infinity,

7

(—A—k*+XNu=00nQ",

Yu=gonT,

& satisfies radiation conditions at infinity,

are satisfied by only one element of Hy,,.(Q2) and Hj,,.(27), respectively. Then, consider

w defined as

Ut \gonQ,
w = ’

U, \gon Q).
Thanks to the properties of the solution operators, we have
u}|Q € Hel,loc(Q>7 w’Q_ € Hel,loc(Qix w e Lg,loc<<§)'
By Theorem B.11, it holds

w=—SL" (),
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with [y, w] := yiw—~fw. Then, by the continuity of the single layer potential and Corollary
B.4, it holds

“SLé/m[Wlw]‘

< <
TS [ [y1w]| wdey ||9HH;+%(F)-

Thus, we can conclude that

||%1j,,\9|

HyTHQR) — ||w\ HyTH(QR) S Hg||H;+%

T’

from where the result follows. O

We define operators %f)\ in a similar fashion to %,f/\ by using the adjoint radiation
condition (cf. Definition B.16) and repeating the steps presented above. It is easy to check

that both operators have the same properties.

PROOF OF THEOREM B.12. Results for SL; and V5 can be established directly from
their definitions and Theorems B.7 and B.10. Now, consider 7, i € Py(I") and let A € R
be such that k2 — X\ > 0 and %j\ is well defined. By the mapping properties of SL’;, we
have that

((=A = K>+ N)SLgn, 7 51) = (ASLgn, 7 h )

L2(QR) L2(QR)

Applying Lemma B.4 leads to

QD*/’“T (SLgn, % ) = (MSLen, 17, AM)FUFR + (ASLHW’ /\“)Lg(QR) '

On the other hand, since (—A — k2 + /\)“ka;u = 0 in QF, Green’s formula yields
YR TN SLE, Ziha) = (aSLEn T i rore.

As the single layer potential satisfies the radiation condition in Definition B.15 (cf. Propo-

sition B.5) and W 1 the adjoint version (Definition B.16), we get

(ViSLEn, % rr = (VSLEN, A7) rm
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by the same arguments as in the proof of Lemma B.10. Then,

(VSLEm, % Zahmr = (WoSLem, NZhmr — (ASLED, 745 1) 130 -

The first term in the right-hand side can be bounded as

| (v6SLEn, V7 hmdr| < IvdSLgnl [REvzavl

13 (m) R )

<
~ ||T]||H;7%(F) ||ILL||H75+%(F)’
where the last inequality follows from the continuity of yéSng = V¥ and Corollaries B.4 or

B.3 depending on whether I" is Lipschitz or smoother, respectively. For the second term, it

holds

(ASLg, mM)L2 QR) HSL 77HL2(QR) H% MHLQ (QR)

by 0

where the last inequality is due to the continuity of SL’; , and Lemma B.13. Mapping prop-

erties for fy{SLk = K’gl are obtained by density arguments.

For the double layer potential and its traces, pick g € Dy(I") and use the representation

formula in Theorem B.11 —with CZZ,:“ , g extended by zero to {2™— to obtain
DLgg = %59 + SLs(M%\g) — Ny (=AU \9).
Thus, we obtain the estimate

IDLyg|

Hs+1(QR)

S %l

He+1(QR) T HSLQC(’Y%%;AQ)\ He+1(QR) T H/Vek(%IAg)HHz(QR)-
By Lemma B.13, the mapping properties of SL’; and Theorem B.9, we obtain

IDLgg]

ig/+
%(F) + % :

+
w + 1%, 59 2 )
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Finally, by using Corollary B.4, we have that

IDLg|

Hs+1(QR) N ||9HH;+$(F)-

Bounds for the norms in ?\ﬁg are derived by using %, , and repeating the same procedure.
The continuity of yéDLZ = K& is direct from the trace continuity in Theorem B.7. The

Neumann trace can be estimated as follows

|1DLgg]

s 1
Hy 2(D)

S Mgl 1, + ISL (1 %09)]

i 1k (gy+

H;_ H;_%(F) + nyl‘/VG (%kv)‘g)HLg(F) .

The first term on the right-hand side is bounded by Corollary B.4 whereas the second one
is bounded by the continuity of K’g’. The last term is bounded by the continuity of the

Neumann trace, that of the Newton potential and Corollary B.4. O



223
APPENDIX C. TECHNICAL RESULTS FOR 3D-SCREEN PROBLEMS.

C.1. Proof of Lemma 4.3

Recall the weakly- and hyper-singular BIOs defined in Section 4.3.1. For £ = 0 and

I' = D, we write

Voul) i= | .

dArlx — x|
1

/d/
T — ] "

WDU(X) = _’Yn,x/ﬁ)/n,x/
D

These operators have two key properties. First, they are continuous and elliptic so they can
be used to define equivalent norms. In fact, by (Sauter & Schwab, 2011, Theorem 3.5.9)

we have that

= <W]D)U,U>D. (Cl)

lll_y = (Vou,ulp, [l

(D) 3 ()

Secondly, we have a characterization of the eigenvalues of these two operators':

1
Vo, = ZAl,mpina [ +meven, Wppl, = [ +m odd, (C.2)

1 l
Al,m m:

where

I+|m|+1 l—|m|+1
o M) r(es)
bm = r <l+|m|+2) r (l7|m|+2> ’
2 2
here I' denotes the Gamma function and not an screen. Using Gautschi’s inequality (Gautschi,

1959), it holds that

LSAzmS 1

[+1 ’ VIFT

With these elements, we proceed with the proof of Lemma 4.3. Pick any smooth

(C.3)

function v on D and consider its even lifting to S. Since spherical harmonics are dense on
smooth functions defined on the sphere, we can approximate the lifting « by even spherical

ISee (Wolfe, 1971) for the original proof of the weakly-singular BIO and (Ramaciotti & Nédélec, 2017,
Theorem 2.7.1) for the hyper-singular case
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harmonics. Thus, u can be expanded as

) l
wu=y > (g,
=0 m=-I
m+1 even
now (4.3) follows from the orthogonality relation (4.1). To prove (4.4), we use the density
of functions ¢f in H2(D), ie.
[e's) l
W= D Ut

=0 m=-I
m-+l even

wherein, by orthogonality it holds that !, = (u,p! ). Hence, computing the norm of u

using the equivalence (C.1), the relation (C.2) and the estimate (C.3) yields

[ I

( o o)’

which implies the result. Similar ideas are used to show (4.5). [

C.2. Singular Integrals Analysis

We consider the integrals I¢, I, I¢ defined in Section 4.4.2.2. These integrals have in
common that the singularities occur in specifics points in three- or two-dimensional spaces,
1.e. when three or two variables take a specific value. In contrast, /%, [ b, singularities occur

when one variable takes a specific value regardless of the other.

C.2.1. General idea

Let us start with the simpler case of an integral which has a singularity in 2D:

1 1
1
I:—// dydzx,
o Jo VT+Uy

the integrand has a singularity at (x,y) = (0,0). Performing the polar change of variables

xr = pcosa, y = psina, we have that

s 1 s 1

T [Cosa 2 [&na
I:/ / VP dpda+/ / VP dpda
0 0 v/ COS v + sin « = Jo v/ COS &x + sin«




225

Moreover, one can fix the integration domain for the p variable by doing a linear change of

variable

T 1 7
I= /4 / Vi ——dtdo+
o Jo (cosa)3/2y/cosa + sina

/ : / 1 Vi dtdo.

= Jo (sin@)3/2y/cosa +sina

These last two integrals can be straightforwardly computed by using a Jacobi rule in ¢
and Gauss-Legendre in «, resulting in an optimal convergence rate —exponential in this
particular case. The idea is in fact very simple: use polar coordinates with the origin in
the point where the singularity occurs, transferring the multidimensional singularity to the
radial coordinate only. The rest of this section gives the detail on each change of variable

that is needed and also proving that the resulting integrals are computed with optimal rates.

C.2.2. Integral /¢

Consider the integral of the form

L AA(r, B)
1= /f / / 47[[e(x) — r(x + AA(r, Besss)|

rd\dfBdr
V1—12/1—[x+ AA(r, 5)ee+ﬁ||27

where in comparison to (4.19), we restrict to the first interval for the (5 variable as the other

(C.4)

cases follows similarly, and we have omitted the integral in the # variable as it is not relevant
to the singularity analysis and can be treated with Gauss-Legendre quadrature having not
effect on the rate of convergence. Since trial and test polynomials are smooth functions
they have also been neglected in the ensuing singularity analysis. Consider the following
change of variables: u? = 1 —r?, cos § = v. Define d := 47 ||r(x) —r(x+ AA(r, B)eqs)||

and use expansion (4.18) so that (C.4) becomes

e / : / : /5 A~ A2dudvd)
0 Jo JO /1T - A1 —712\/u2(1 +A) =221 —u?vA
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wherein by definition of A(r, 3) (see (4.17)), we have that

(\/u2 (1 —u?)v —\/1—u21j>.

Apply the first polar change of variables © = p cos o, v = psin « so that

A=p <\/1 — p2cos? asin® a — sin /1 — p? cos? a) =: pg,

and we obtain two integrals

cos o (1-— Lp?2d=t A%dpdad \
JE e / / /2 p?sin® )~ pda . ©s)
V=2 \/C082 (T4 X)) —2X\/1 — p?cos? asinaA
Sy =

/ / /2sma (1 — p?sin® o)L p2d L A2dpdevd ) (6
V1—A \/C082 (14+ X)) —2X\/1 — p?cos? asin A
We apply a linear change of variables to fix the integration domain of the p variable. For

the first integral, it holds that

/ / / t2d~1 A2 cos o 3dtdad \
V1—A V1 — 2 tan? a\/cos2 (14+X) —2\V/1 —tQSanAA
wherein A = ( V1 —t2sin® a — sinay/1 — t2>. One can see that this integral converges

at the optimal rate when we use the Gauss-Legendre rule for all the variables as neither of
the terms inside the square roots vanish in the integration domain. For the second integral

we have
/ / / £2d-1 A% sin o 3dtdad)
V19— V1—1t2 \/COS2 1+ A) —2X\V/1 — 2 cot? asin aA

and where A = <\/ 1 — t? cos? a — sinav/1 — t2 cot? v ). In contrast to J, one can easily

verify that the integrated has one singularity in (A, a) = (0, §), so further transformations
are needed. In particular, we use z = cos o, 22 = \. Thus, we have that

e /Vf /Vf / 2d1A%(1 — 22)2dtdzda
2 = e =
o VI=atoo o T [2(1402) - 202VT— 2 — P24
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V1 — 2% —22%) . Once again we make a polar change of vari-

with A = (V1 — 227 —
o cos(¢), z = osin(¢), and we obtain two integrals

2(0 cos ¢)32d " A%(1 — (0 sin ¢)?) 2

R

. dodedt
\/sin2 d(1 + (ocos¢)?) — 2cos? py/1 — (o sin d)2(1 + 152)121J

ables x =

3 /1/(‘/§Si“¢) 2(0 cos ¢)3t%d 1121‘2(1 — (o sin¢)?)~2

1
-y
»2 o Jz Jo V1 — (0cos )21 —¢2

. dodadt
\/sin2 P(1+ (0 cos 9)?) — 2cos? /1 — (osin¢)2(1 + t2)g,

— /1 — (osing)2(1 + t2)>. Finally, we take the corre-

where A = <\/1 — t?(o sin ¢)?

sponding change of variables needed to fix the integration domain for the o variable, and

we obtain
1/v2 233t2d*1g2(1 — (stan ¢)?) 2

e 2 [1
21 /0 /0 /0 cos V1 — s24/1 — 2

) dsdodt
\/sin2 d(1 + s2) —2cos? py/1 — (stan? ¢)(1 + t2)zzf7

— /1 — (stan¢)2(1 + t2)> . It is easy to see that the in-

with A = (\/1 — t?(stan¢))?
tegrand has not singularities and as so it can be integrated with optimum rate using a ten-

sorization of the Gauss-Legendre rule. For the second integral we have

(s cot ¢)32d 1 A2(1 — 2)72

J§2—/ / /1M sin /1 — (5 cot ¢)2/1 —

dsdodt

X
\/Sln2¢(1+(scotqb —2cos? pr/1 — s2(1 + t2) A

where A (\/ 1—12s2 — /1 —s2(1 + t2)>. Once again the integrand does not has sin-

gularities and the optimum rate of convergence is retrieved
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C.2.3. Integral /¢

As in the previous case we simplify the Integral 7¢ in (4.20) to the following integral

/ / / /\AQ( 3) (1_r2)—%rd/\dﬁdr
V3 Ar|lr(x) — r(x + AA(r, B)esss) || /1 — [[x + NA(r, B)egr s

(C.7)

where we have only take the first interval for the 3 variable as the other case is similar. We
have to make a transformation in A, r: start by fixing the singularity (A, ) = (0, 1) to the

origin of the new variables 2 = 1 — 42, v = ), by doing so we obtain

/ / /“f 203d~1 A2dvdBdr
= V1 112\/ 1+ v2) — 2v2y/1 — u2 cos BA

where A = \/u?+ (1 — u?) cos? B — v/1 — u?cos 3. Now, we make the polar change of

variables u = pcos a, v = psin «, which leads to

arctan(v/2) /(2 cos @) d- 12(p sin 04)3A2
N
! = — (psina)?

dpdadﬁ

\/(3082 a(l + (psina)?) — 2sin? a+/1 — (pcosa)? cos BA

J / / / 2smoc 12(/)81110()3142
2 arctan (p sin Oé)

dpdozdﬁ
\/COS2 a(l + (psina)?) — 2sin® a4 /1 — (pcosa)? cos BA

with A = \/(pcosa)? + (1 — (pcosa)?) cos? B — /1 — (pcos )2 cos B.

X

X




229

Finally we apply the corresponding linear transformation to fix the p integration do-

main,

i / /t V2 d~'2(t tan o)’ A2
b —n cosa\/l— ttana

dtdodp
\/C082 a(l + (ttan a)?) — 2sin® ay/1 — t2 cos BA

X

where A = /12 + (1 — 2) cos? B—+/1 — {2 cos 3. This integrand is smooth: only possible
singularities can occur when p = 0 but are eliminated by the numerator, and so the rate of

convergence is optimal. Similarly for the second part as

UVEigp A2
o
? = Jarctan(v/2) sin a 1—t2

dpdadf
\/COS2 a(l +12) — 2sin® ay/1 — (tcot a)? cos BA

where the new change of variables leads to

X

A= +/(tcota)? + (1 — (tcota)?)cos? B — /1 — (tcota)? cos B.

Once again the integrand is smooth and the optimal convergence rate is retrieved.

C.2.4. Integral /¢

Finally, we consider the simplification of /¢ defined as in (4.21):

NA%(r, B) rdAdSdr
/f/ /; drm|r(x) — r(x + AA(r, B)eots)ll V1 —12,/1 — [x + MA(r, B)egr s
we have again fixed the value of /3 to the first interval as other cases are similar. The
analysis here follows that of the first part of J; (up until the first polar change of variables).
We obtain two integrals, the first one being
/ / / t2d~ A% cos ™ adtdad)
VI=A \/m\/cos2 14+ A) —2\/1 — £2sin aA
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with A = <\/ 1—2sina —sinayv1 — t2) , and the second one

wl

/% #2d1 A2 sin a~3dtdad\
o V11— tQ\/cos2 a1+ X) — 221 — 2 cot? asin A

where A = <\/ 1 —t2cos?a — sinay/1 — 2 cot? a). Contrary to the first case, these inte-

grands are not smooth due to the term (1 — \)~'. However, by using a Jacobi rule in \ one

Lo
J§ =
2 /;Vl—Azz

recovers the optimal convergence rate.
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APPENDIX D. IMPLEMENTATION DETAILS FOR 3D SPECTRAL SCREEN

SOLVER

We have already described a basic implementation of the spectral algorithm for 3d
screens explained in Section 4.4.2. However many details were left off and will be ex-
plained in the present Appendix. In particular, we will explain some optimizations that
were used, and also the overall structure of the associated computer library. This section
complements the general description of the algorithm given in Section 4.4.2, is not intended
to be self-contained as no details of the underlying mathematical algorithm are explained

here.

The implementation was done in c++, the target machines were desktop x64 pcs. In
more detail, we will consider that we have at our disposal a multicore processor (CPU),
with three cache levels of memory typically around 32kb (L1, per core), 256kb (L2, per
core), and 8Mb (L3 shared), working memory (ram) between 8 and 32Gb, and a graphical
processor (GPU) with dedicated memory between 1 and 4Gb. We have explicitly detailed
the memory available as it is a restriction to our algorithm . We have also considered the
option of using single or double-precision arithmetic, as more operations can be carried in
parallel in single-precision mode, at cost of lower accuracy.

Now we proceed to detail the main sections of the library, they are described as separate

classes of c++.

D.0.1. Screen Class

This class describes the geometry of the problem as a surface parametrized by polar
coordinates r € [0,1], # € [0,2x]. The main method returns the coordinates (in three-
dimensional space) of the corresponding point given its r, f-parameters. This method is
callable from the CPU and GPU.

Also included in this class are auxiliary functions that are used for the computation of the
hyper-singular operator.

'TIf we have more memory available, we could in theory reduce the number of computations by storing results
and re-use them. However, this will obviously reduce the size of the problems that can be solved.
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D.0.2. Green Function Class

This class implements the Helmholtz fundamental solution (G (x,y)). For the weakly-

singular operator, the function is separated into a regular part (Ry(x,y)), and a singular part

(Sk(x,y)), which are defined as

_ skl —yl)

oY) =
_ conlhx—yl)

V) = Ty

Gr(x,y) = Ri(x,y) + iSk(x,y).

For the hyper-singular operator, the same functions are used, but they are multiplied by
extra factors coming from the expression of the derivatives of the trial and test functions.

As the screen class this one can also be instantiated from the cpu or gpu.

D.0.3. Disk Function Class

The Disk Function class is tasked to compute the functions pf, p;, ¢, ¢f defined in
4.2.3. The main part of these functions can be characterized in polar coordinates as the

following product

Pl (VI= ),

where mel are the associated Legendre functions. The implementation of the latter is

based on the code of the Wigner identities by Hidekazu Ikeno (Ikeno, 2016), which use a

two-term recursion formula for the computation.

It is important to mention that the evaluation of the Legendre functions by the recursive
formula could potentially lead to overflows. To deal with this, a small factor can be used
to scale the terms, then make an iteration of the recursion, and finally re-scale the result.
While for our ranges we do not observe this behavior we have included the scale factor

(their current value is 1, but commented is the small factor in the case is needed).
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As in the geometry and fundamental solution class, the disk functions can be instanti-

ated from the CPU and GPU.

To increase the performance of the evaluation, since the square root of the first few
integer values is repetitively used. We have declared a static variable that stores the square

root of the first 259 integer values.

D.0.4. Quadratures

The Quadrature file contains a set of auxiliary functions that compute the weights and
points of various Gaussian quadratures. The implementations are just an adaptation of John

Burkardt codes (Burkardt, 2010).

D.0.5. Integration and Inside Integrator Class

Now we will explain how the integral operators are implemented using the tools pro-
vided by the classes that we previously presented. We will focus in the implementation of
the weakly-singular operator, as for the hyper-singular only minor modifications are needed
(see Section 4.4.2.4 for details). There are two groups of integrals that need to be computed

for the implementation of the weakly-singular namely,

(To)L //qm S (r(x'), £(x)) gL (%) dxdx,

(In)utn //qm )R (r(x), r(X))q,, (x')dxdx’,

where (I, m) and (I',m’) are the index of trials and test functions, defined as in 4.2.3, D is

the unitary disk, and r is the parametrization of the underlying open surface. For the second

integral (regular case) the strategy is to split it into two 2-dimensional integrals as,

2 27
(Ig)"! / / gt (11, 0") / / Ry (r (x"))rd.,(r,0)drdodr'dd’,
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where x = (rcosf,rsinf). We implemented this as a two level integration. The lower

level is the inside integrator class, which compute the following general integrals:
2 1
th= [ [ 50 0d xiaras
o Jo
2 1
b= [ [ 10 Raras
o Jo

where f is smooth given function. This inside integrator returns a vector for all the combi-
nations m + [ even such that 0 < [ < N, 0 < m < [ for a given integer /N, the negatives

values of m are obtained using the symmetry

and the fact that Ry(-, -) is a real function. The integrals are computed using a tensorization
of one dimensional quadrature rules. Notice that our inside integration class requires the
evaluation of the functions r¢’, (x) on the tensorization of the quadrature points regardless
of the integrand f(r, §). Consequently, we only make this computation one time and stored
them, then they can be used for different integrands. To be more precise, we store the
multiplication of the previous functions by the quadrature weights, thus the inside integrator

class store the following variables

! 1211 1 .2 - . 9
(Qn)ij = wiwjxiqm(xivxj)7 I1<i< N, 1<j<N,.

where N, N are the number of points for the quadrature rules (z;, wh)Ne,, and (22, w?)ﬁl
respectably. The storage of this evaluations is done in the cpu memory, as typically the gpu
memory would not be enough. The higher level is the integrator class, which has two
stages. In the first one, we iterate on the quadrature points and call the inside integrator
for the function f(r,0) = Ri(r(x),r(x’)), where X’ is fixed for each iteration in the loop
and x is determined by the polar coordinates r, , which are the integration variable for the
inside integrator. We notice that the computations for different x’ are independent, hence

the external lop is done in parallel with a combination of CPU and GPU threads.
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Once the first stage is finished we use the results as the input for a second call of the
inside integrator and obtain the full integral. Again, this results in independent calls to the

inside integrator that are done in parallel.

The computation of the singular integrals is more complicated as it involves number
of cases and sub-cases with different changes of variables, the details are in Section 4.4.2.
In general terms, using the structure of the test functions we can split each singular integral

into a one dimensional integration of a three dimension integral as follows,

27
Il —im/0’ g7l L N30
(Is)m’,m = / € Nm’,m<9 )de )
0
where,

er;;’l,m(el) ;:///eim@(m,xz,xsﬁ')/q—;(r(xl’xQ’x3))

F(«%’b T2, T3, 9/)6151/(?"/(371, T2, $3))d$1d$2d$37

where the exact range of variables 1, x5, x3 depends of the particular change of variable.

The functions ¢!, are the associated Legendre part of the trial (test) functions, they only

depend of the radial coordinate and are real, the exact expression for them are

g (r) = (20 + 1)(1 — |m|)! Pl (V1 =72
e 2m(l + |m))! N

denotes the corresponding associated Legendre function. The function

l

where again, P‘m‘

F(xy, 29, x3,0) is real and smooth and is obtained from the singular part of the fundamen-
tal solution multiplied by the factors that comes from the corresponding change of variables
of the particular case and sub-case, we again refer to 4.4.2, and C.2 for the details. As in
the regular case we use a two level strategy. The inside integrator computes the function

NV (0") and the outer integration only iterates in the ¢’ variable (in parallel).

m’,m
We remark that the matrix with entries (/, S)'lr/n’l ., 18 Hermitian, thus only one of the

triangular parts has to be computed. Consequently, for a fixed 6’ we only need a triangular
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part of the function Ni;’,lm(ﬁ’ ). Moreover using that F' is a real function and the symmetry

—_— —~

¢ = (=1)"d},

we can further reduce the total computations needed. To be more precise, if a maximum

level NV is selected. The total number of entries of the function Nf;’,ljm(ﬁ’ ) is:

(N+2)%((N+2)2+4)
32 )

(N+1)(N+3)((N+1)(N+3)+4)
(Y ., N odd.

N even,

In contrast the total entries of the matrix (/ g)i;f m 18

(N + 1)*(N + 2)?
1 .
This means that our implementation is approximately 8 times faster that a direct computa-
tion of all the entries. Another important observation is that the functions  and 7/, that are
the norm of x and x’ after the regularization produced by the change of variables, do not
depend of #’. Hence, as in the case of the regular integrator, for every case and sub case

we can store the evaluations of the functions ¢, and ¢", for all the quadrature points on the

T1, X9, X3 variables.

When using N, quadrature points for 1, 9, x3 variables, the most computational in-

tense part of the inside integrator consist of

(N+2)2((N42)%+4)

3 32
Ny > (N+D(NE((NADIN+3)+4) — nr 4
o , odd.

, N even,

multiplications. In half of the cases this can be reduces since radial coordinate of x’ only

depends on z1, and not of the three quadrature variables i, x5, x3. For these cases the
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TABLE D.1. Computational cost in terms of number of multiplications.

Number of Inside Integrator

Cases C)) Total Operations
I

Regular 0 a7 \ (N4+2)2

Integrator (NgNo)™= 20

Singular 3 (N+2)? (N+22)((N+2)2+4) 716

Integrator 1 Ny + N 32 NyCr

Singular 3 (N+22)(N+2)°+4) 0

Integrator 2 4 Ny 32 Ny Cr

inside integrator split the computations as
NI ) = [ ) N a)da,
NL (@) = //6im9($1’“}2’“”3’9/)%(7’(a¢1, To,x3))F (21, X, 3, 0" )drodrs.

And now the most computational intense part of the inside integrator consist of

(+2)? N even
3 4 ) )
Ny % ,
(N+1)4(N+3) N odd.

multiplications.

Assuming again that we use N, quadrature points for x, 2y, x3 variables, and qu
quadrature points for the variable ¢', in the singular case, and NV,, N, qg for the corresponding

variables 1, xo. If the maximum level of functions, N, is even, the computational cost

(N+2)? (N+1)(N+3)
4

4 in the

is summarized in Table D.1. If /V is odd we need to replace for

Inside Integrator column.

The implementation of the Inside Integrator class, for both regular and singular inte-
grator, has two different implementations, one for CPU execution and another for GPU
execution (both can be used in parallel). To achieve the best performance possible, the

CPU implementation was written in x86-assembly using AVX2 SIMD instructions?.

2We have implementations for SSE4 and AVX?2, in our current test machine (intel i7-4790K) the first perform
better which suggest that the bottleneck is caused by memory operations.



