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A NEW H(div)-CONFORMING p-INTERPOLATION OPERATOR
IN TWO DIMENSIONS *

ALEXEI BESPALOV! AND NORBERT HEUER?

Abstract. In this paper we construct a new H(div)-conforming projection-based p-interpolation op-
erator that assumes only H"(K) N H™'/2(div, K)-regularity (r > 0) on the reference element (either
triangle or square) K. We show that this operator is stable with respect to polynomial degrees and
satisfies the commuting diagram property. We also establish an estimate for the interpolation error
in the norm of the space H!/? (div, K'), which is closely related to the energy spaces for boundary
integral formulations of time-harmonic problems of electromagnetics in three dimensions.
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1. INTRODUCTION AND MAIN RESULTS

This paper addresses the problem of H(div)-conforming interpolation of low-regular vector fields by high
order polynomials. Corresponding p-interpolation operators are relevant for the analysis of high order boundary
element approximations for time-harmonic problems of electromagnetics.

Aiming at high-order finite element (FE) approximations of Maxwell’s equations, Demkowicz and Babuska [19]
introduced and analysed two projection-based p-interpolation operators satisfying the commuting diagram prop-
erty (de Rham diagram). These are the H'-conforming interpolation operator IT), : H'*"(K) — P,(K) and the
H(curl)-conforming interpolation operator HZC)“rl s H'(K) nH(cwrl, K) — ’P?ed(K); here r > 0 in both cases,
K is the reference element (either triangle or square), P,(K) is the set of polynomials of degree < p on K, and
’PSEd(K ) is the H(curl)-conforming (first) Nédélec space of degree p (precise definitions of all involved Sobolev
spaces and polynomial sets are given in Sect. 2.1 below).

In 2D, the operators curl and div are isomorphic. The corresponding polynomial set isomorphic to the Nédélec
space ’PEEd(K ) is the Raviart-Thomas (RT) space denoted by ’P?T(K ). Therefore, the results of [19] related
to the operator H;‘“l can be used also in the H(div)-conforming settings (we will denote the corresponding
H(div)-conforming projection-based interpolation operator by Hgi"). In particular, given a vector field u €
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H"(K) N H(div, K) with 7 > 0, the interpolant 4 = II3" u € ’PET(K) is defined as the sum of three terms:
u’ =uy +ub + 0, (1.1)

where u; is a lowest order interpolant, uf is the sum of edge interpolants, and G} is the interior interpolant
(a more detailed description of these interpolants is given in Sect. 2.5). As follows from [19], the following
diagram commutes:
HY(K) N HY(K)NH(div, K) 2% LY(K)
| m | g | m, (1.2)
Py(K) PI(K) & P, (K)
where II) : L?*(K) — P,(K) denotes the standard L*-projection onto the set of polynomials P, (K).

The commuting diagram property, and the corresponding p-interpolation error estimates, have immediate
applications to the analysis of high-order FE discretisations of time-harmonic Maxwell’s equations. In particular,
these results are critical to prove the discrete compactness property, which in turn implies the convergence of FE
approximations for Maxwell’s equations, as well as for the error analysis (see [3,7-9,22]). We note that classical
Nédélec or RT interpolation operators (see, e.g., [10]) are not suitable for these purposes, as they are not stable
(with respect to the polynomial degree p) for low-regular fields and do not work equally well for triangular and
parallelogram elements.

When time-harmonic problems of electromagnetics are posed in infinite domains (e.g., outside a scatterer),
it is convenient to reformulate them as a boundary integral equation (on the surface of the scatterer). The
energy spaces for such boundary integral equations (BIE) involve Sobolev spaces of negative order for both
the vector field and its divergence (a typical example is the space H Y 2(div,T) in the case of a smooth
(closed) surface I'). Then, it is common to use the H(div)-conforming boundary elements (e.g., of RT type) to
discretise these BIE. The fundamental problem is that the underlying integral operator is not coercive, and the
convergence analysis of the boundary element methods (BEM) requires a suitable regular decomposition of the
energy space into the space of divergence-free vector fields and the complementary space, cf. [11]. In the case
of Maxwell’s source problem it is possible to use a decomposition, where the complementary space is regular
enough even on non-smooth surfaces. Then, the H(div)-conforming p-interpolation operator of Demkowicz and
Babuska is applicable for the convergence and error analysis of the p- and the hp-BEM (see [5,6]). However,
when considering the boundary integral formulation for the Maxwell eigenvalue problem, the orthogonal Hodge
decomposition of the energy space (see [12,14]) must be used to prove the discrete compactness property. In
this case, the regularity issues on non-smooth surfaces affect the smoothness of the complementary space and
prevent one from using the known H(div)-conforming interpolation operators. Hence, the aim of this paper is
to introduce and analyse a new H(div)-conforming p-interpolation operator, which is stable with respect to p
and retains the commuting diagram property analogous to (1.2), but assumes less regularity than Hgi" (namely,

div,—%

H (K)n I:I_l/Q(div, K)-regularity with » > 0). This new interpolation operator will be denoted by II, ,
and is defined as follows.

~ iv,— %
Given a vector field u € H7(K) N H~/2(div, K) with r > 0, we define the interpolant u? = Iy " *u €
’P;}T (K) in a similar way as the interpolant G” = IIj"u € ’P?T(K) (see (1.1)):
u’ =u; +ub +ul. (1.3)

Here, u; and uj are exactly the same as for the interpolant ITju (see (2.15) and (2.20), respectively), whereas
uf € ’P?T’O(K ) is determined by solving the following system of equations:

(div(u— (ug +uf +u})),divv) 512y = 0 Vv e PYO(K), (1.4)
(u—(u; +ub+uf),curlg)ox =0 Vo € Pp(K), (1.5)

where (-, ) g-1/2 () and (-, -)o,x denote the H~'/2(K)- and the L?(K)-inner products respectively.
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Our construction of the interpolation operator Hiw’_% is much in the spirit of [19]. In a more recent
publication [18] Demkowicz presents a unified theory of projection-based interpolation operators and their
commuting properties. Whereas in [19] the construction of the interpolation operator is based on L2-inner
products (see (2.21) below), in [18] this technique is generalized to inner products of Sobolev spaces of order
> —1. We focus precisely on the H~'/2-inner product, used in (1.4), which is more natural than the L?-inner
product in the boundary element setting.

For the H(curl)-conforming interpolation operator HC_H%“7 Demkowicz proves an almost optimal error es-

timate [18], Theorem 4.3, under the same regularity assumption (with curl instead of div) as in our error

estimate, Theorem 1.3 below. The operator II1°%! is defined by H —1/2_projections on the element level and
2

needs H ~!l-regularity of the tangential trace of the given function (cf. [18], eq. (148) with s = %) This limit
case of the trace theorem (cf. [18], No. (154)) causes an additional (logp)'/?-factor in the error bound. Our
operator is different in the sense that we are using different inner products in (1.4) and (1.5), namely H~'/2
and L?, respectively, instead of L? [19] or H~'/2 [18]. In our setting the corresponding regularity makes the
normal trace of the given function well defined (see Lem. 2.1 below). Here, not only the different orders of
the norms are essential (which has been observed by Demkowicz [18], Nos. (154), (155)) but also the subtle
difference between H~1/2 and H~1/2. By this careful selection of inner products we are able to define the
operator ng’f% so that it satisfies an optimal error estimate and is uniformly stable in p (for functions in H”
(r > 0) whose divergence is in H~1/2).

The H~1/2 (K)-inner product has to be written in an appropriate explicit form. Of particular importance for
our analysis is the following property of the H~/2(K )-inner product (u, ”>1}71/2(K)3 for a constant function v,

it reduces to the L?(K)-inner product, i.e.,
(W) g1z = (w, Do Yue HVA(K). (1.6)

An inner product satisfying this property is presented in the Appendix (see Lems. A.2 and A.3). Other discrete
inner products, being equivalent to the continuous inner products for polynomials, are analysed in [17].

In the following three theorems we formulate the main results of the paper — the properties of the operator
div,—3

IT, "’ 2 (all proofs are given in Sect. 3 below).

The first theorem justifies the definition of the operator and states its continuity.

Theorem 1.1. Forr > 0 the opemtor
div,—

I, % : H'(K)NH Y%(div, K) — L2(K) n H '/2(div, K)
1s well defined and bounded, with its operator norm being independent of p, i.e., there exists a constant C > 0
independent of p (but depending on r) such that
|

dlv,fi

< .
E_C, (1.7)

where || - ||z is the operator norm in the space E(H’“(K) NHY2(div, K), L2(K) N H~/2(div, K)) Moreover,

iv.— L . .
the operator Hg V72 preserves polynomial vector fields, i.e., I1, div.— 2v, = v, for any v, € 'PRT( ).
The next theorem states the commuting diagram property analogous to (1.2).

Theorem 1.2. For r > 0 the following diagram commutes:

HY(K) 2 Hr(K)nH-Y2div,K) &% F-Y2(K)
dlv,—% —-1/2
l ! l I l m, (1.8)
curl div
Pp(K) =5 Py (K) = Ppa(K)

where 11, Lz, : HV2(K) — Py(K) denotes the H='/?-projector.
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vo—1

The third theorem provides an error estimate for the interpolation operator Hiw’ 2 in the norm of the space
H- /2 (div, K'), which is closely related to the energy space for the electric field integral equation (a boundary
integral formulation of Maxwell’s equations in 3D).

Theorem 1.3. If u € H"(div, K) with r > 0, then there exists a positive constant C' independent of u and p
such that o,

e =52 w1 i) < O~ 1l i - (1.9)
Remark 1.1. Using similar constructions it is possible to introduce a stable H(div)-conforming p-interpolation
operator for even less regular vector fields u € H"(K) N H* (div,K), r >0, -1<s< f%. However, our proof
of the commuting diagram property carries over to this operator if the H* (K)-inner product reduces to the
L2-inner product for a constant function (cf. property (1.6)), which is an open problem. Although we note that
such an operator would be of purely theoretical interest.

Remark 1.2. Theorem 1.3 states the interpolation error estimate for sufficiently regular vector fields, for which
one can also apply the operator Hgi". For BIE of electromagnetics on open surfaces, the solution is less regular
and belongs to H"(div,T'), where r € (—1,0) and I' is an open surface (see [15], Sect. 4.4, and [4], Appendix A).
To obtain the error estimate for the corresponding BEM in this case, one can apply the (global) orthogonal
projection P, with respect to the energy norm || - ||x. Then the estimate for ||u — Pyu||x can be reduced to the
estimate obtained in Theorem 1.3 in the same way as in [12] or [5]. Note that using the projector P, locally does
not guarantee the conformity of approximations (i.e., the continuity of normal components across inter-element
boundaries). Moreover, the projector P, does not satisfy the commuting diagram property in (1.8), and, thus,
it is not suitable for such purposes as the convergence analysis and the proof of the discrete compactness.

The rest of the paper is organised as follows. Section 2 gives necessary preliminaries: we introduce the
notation, recall definitions of functional spaces of scalar functions and vector fields, and collect auxiliary results.
In particular, we give a more detailed description of the interpolation operators Hzl,, Hgi" and summarise their
properties (see Sect. 2.5). In Section 3 we prove the main theorems formulated above. Finally, in the Appendix
we introduce some equivalent norms in the Sobolev spaces H” (K) and H" (K) (r = +1), derive expressions for
corresponding inner products, and establish the key property (1.6) for the H~2_inner product.

2. PRELIMINARIES

2.1. Functional spaces and polynomial sets

In what follows, p > 0 will always specify a polynomial degree and C denotes a generic positive constant
which is independent of p and involved functions, unless stated otherwise. Furthermore, throughout the paper,
K is either the equilateral reference triangle T' = {x = (x1,22); 22 > 0, x2 < z1V3, 19 < (1-— :cl)\/g} or the
reference square Q = (0,1)%. A generic edge of K will be denoted by ¢, and n denotes the outward normal unit
vector to 0K.

We will use the standard definitions for the Sobolev spaces H"(2) (r > 0) of scalar functions on Q, see,
e.g., [23] (hereafter, €2 is either the unit interval I = (0,1) or the reference element K). The norms in these
spaces are denoted by || - || gr(q). For r € (0,1) we will also need the Sobolev spaces H"(Q) which are defined
by interpolation. We use the real K-method of interpolation (see [23]) to define

HT(Q):<L2(Q),H5(Q)) L 1/2<t<10<r <),

r
£

Here, H:(Q) (0 < t < 1) is the completion of C§°(Q2) in H*(Q) and we identify H}(Q) with H'(Q). Note that
the Sobolev spaces H"(2) also satisfy the interpolation property

H(Q) = (L2(Q), HI(Q))T’Q 0<r<1)

with equivalent norms.
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The L2-inner product and the corresponding L?-norm on 2 are denoted by (-,-)o.q and || - ||o.0, respectively.
For r € [—1,0) the Sobolev spaces and their norms are defined by duality with L?(Q) = H°(Q) = H°(Q) as
pivot space:

/ /

H'(Q) = (H7(Q), H(Q)=(H"(Q),

fullrrey = s {tosl

(2.1)
ozvei—(@ 1la-r@)

_ |(u, v)o.0l
) ||U||Hr(§z) = sup TTRTE
ozver—(@) IVl E-r@)
Note that the Sobolev spaces H” and H” on any edge ¢ C dK are defined by using the definitions of the
corresponding spaces on the interval I.

In the Appendix we consider some other expressions for norms in the Sobolev spaces H"(K) and H"(K)
with r = i%. We will prove their equivalence to the norms defined above, and we will also derive expressions
for corresponding inner products.

Throughout the paper, we use boldface symbols for vector fields. The spaces (or sets) of vector fields are
denoted in boldface as well (e.g., H"(K) = (H"(K))?), with their norms and inner products being defined
component-wise. Similarly to the scalar case, the norm and inner product in L?(K) will be denoted by (-, )o.x
and || - |jo,x, respectively, which should not lead to any confusion. The standard notation will be used for
differential operators V = (9/0x1, 0/0x2), div = V -, curl = Vx, and for the Laplace operator A = div V.

Furthermore, we will use the following spaces

H(div,K) :={ue H'(K); divue H'(K)}, r>0

and

H' (div, K) := {u € H"(K); divue A" (K)}, re [f 1, 75]

These spaces are equipped with their graph norms || - ||gr(div,x) and || - Hﬁ"(div,K)’ respectively. For r = 0 we
drop the superscript in the above notation: H°(div, K) = H(div, K).

Finally, we will need two sub-spaces incorporating homogeneous boundary conditions for the trace of the
normal component on 0K. By Hg(div, K) (resp., I:Ial/Q(div,K)) we denote the subspace of elements u €
H(div, K) (resp., u € H/2(div, K)) such that for all v € C*(K) there holds

(u, Vu)o k + (divu,v)o x = 0. (2.2)

We note that if u € 1:151/2 (div, K), then identity (2.2) holds for any v € H3/?(K) by density. In particular,
I:Ial/Q(div, K) is a closed subspace of I:I_1/2(div, K).

Let us now introduce the polynomial sets we need. By P,(I) we denote the set of polynomials of degree < p
on the interval I, and ’Pg (I) denotes the subset of P,(I) which consists of polynomials vanishing at the end
points of I. In particular, these two sets will be used for any edge £ C 0K.

Further, P; (T') denotes the set of polynomials on T of total degree < p, and Pglm (Q) is the set of polynomials
on @ of degree < p; in 7 and of degree < ps in x9. For p; = py = p we denote 773(@) = P]ip(Q)’ and we will
use the unified notation P,(K), which refers to P} (T) if K = T and to P2(Q) if K = Q. The corresponding
set of polynomial (scalar) bubble functions on K is denoted by Py (K).

Let us denote by ’P?T(K) the RT-space of order p > 1 on the reference element K (see, e.g., [10,25]), i.e.,

(Pya(T))* ®@xPy_((T) if K=T,

'P?T(K) = (Pp—l(K))2 & xPp_1(K) = , , '
Pp,p—l(Q) X Pp_l,p(Q) if K=0Q.

The subset of ’P;}T (K') which consists of vector-valued polynomials with vanishing normal trace on the boundary
OK (vector bubble-functions) will be denoted by ’P;}T’O(K ).
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2.2. Auxiliary lemmas

First, let us formulate the following result, which will be used frequently in what follows.
Lemma 2.1. The normal trace mapping u — u - n defines a linear and continuous operator from H*(K) N
H~1*5(div, K) to HY/?**(0K) for s € [0, 1).
Proof. Let us denote by v, the standard (scalar) trace operator with v, : H'=*(K) — H'Y/?75(9K) for
s €1[0,3), and let 7' : HY/27%(0K) — H'~(K) be a right inverse of v,. Let u € H*(K)NH~*3(div, K).
Taking an arbitrary v € H1/2’S(8K) we integrate by parts to obtain

/(u-n)vda = /(divu)v{rlvdx—i—/u-V(%}lv)dx

oK K K
< vl gy I e ooy + Nl ey 190 o) -+
< C (Il + Idival gy ) ol s,

Hence, u-n € H*I/Q“(@K) and we prove the continuity of the normal trace mapping:

u-n)vdo
wp axlwmvdol
0£veEH/2-5(0K) HU”Hl/%s(aK)

[a-nll -2+ 05

IN

C (Jlulsze () + livull 1o ) -
O

We will also need the following p-approximation result in 2D (see [1], Lem. 4.1).

Lemma 2.2. Let K be the reference triangle or square. Then there exists a family of operators {mp},
p=1,2,..., mp: H(K) — Py(K) such that for any f € H"(K), r > 0 there holds

1f = 7 f ey < O~ DN fllarey, 0t <,

Moreover, T, preserves polynomials of degree p, i.e., mpf = f if f € Pp(K).

We use this result, in particular, to prove the next lemma, which provides an optimal error estimate for the
H=12projector I, /% : H=1/2(K) — P,(K).
Lemma 2.3. Let ¢ € H"(K), r > f%. Then for any p > 0 there holds

I =TI, 2 ¢l 1200y < Clo+ 1)~ Y26 i) (2.3)

Proof. If p = 0 then (2.3) is trivial. Let p > 1. First, we assume that r > 0. Using the standard duality argument
and the p-approximation result of Lemma 2.2, we estimate the error of the L?-projection Hg : L2(K) — Pp(K)

in the H~1/2-norm:

f e — @pllo.x

6 — Tl -1/ < o= T¢llo,x sup
prIHTHAK) P weH/2(K)\{0} #pEPp(K) lell e
o —Tpllo,
< o —Tello,x sup T

peH/2(K)\{0} ||90||H1/2(K)
< Cl+ 1) 2ol g (se)-

This estimate yields (2.3) due to the minimization property of the H~/2_projection.
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Now, let r € (—3,0]. Assuming that ¢ € H*(K) = H*(K) with some s € (0,1) and using the first part of
the proof, we have

16 =10, 26l g-1/2 1y < C (0 + 1)~ V2 ] e ).
On the other hand, it is trivial that

16 = 10,20 7121y < N0l 717206

Therefore, we prove by interpolation that

16 =10, 20l g-sjo iy < C o+ 1)V 0] oy
< O+ Y blgr )y Vo€ HY(K).
Hence, by density of regular functions in H"(K), we obtain (2.3), and the proof is finished. O

The following lemma states the inverse inequality for polynomials on the reference element K.

Lemma 2.4. Let v, € Pp(K). Then for any s, r € [—1,1] with s < r there holds

o)l (ry < C >~ 0]l ars (1)

where C' is a positive constant independent of p.

For r > 0, s = 0 the proof is based on Schmidt’s inequality and given in [20] for both types of reference
elements (see Lem. 5.1 and its proof therein). By using interpolation arguments and induction, this result has
been extended in [21] to the full range of parameters s, r € [—1,1].

2.3. The regularized Poincaré integral operators

In [16], Costabel and McIntosh studied a regularized version of the Poincaré-type integral operator acting on
differential forms in R™. They proved, in particular, that this operator is bounded on a wide range of functional
spaces including the whole scale of Sobolev spaces H"(£2) (r € R) on a bounded Lipschitz domain € which is
star-like with respect to an open ball. Moreover, the essential polynomial preserving property of the classical
Poincaré map is retained by its regularized version. Thus, the results of [16] have immediate applications to
the analysis of high-order elements (see, e.g., [3,6,22]).

Let us formulate some results of [16] in two particular cases. Namely, we will define two Poincaré-type
integral operators: one operator acts on scalar functions, and the other one acts on divergence-free vector fields.
In both cases the functions and vector fields are defined on the reference element K. Denoting by B an open
ball in K, let us consider a smoothing function

6 € C>(R?), suppf C B, /H(a) da=1, a=(a,a2).
B

Then the first regularized Poincaré-type integral operator R : O (K) — (C*(K))? (i.e., the operator acting
on scalar functions) is defined as Ry = (Ry, Rz), where

R;(x) ::/Q(a) (x; fai)/tw(ath(xfa))dtda, i=1,2.
0

B
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The second operator acting on vector fields is defined as follows:

Au(x) :/9(a)<(x2 ag)/lul(ath(xa))dt (1 —ay) /1uQ a+t( xa))dt>da,
B 0 0

where u = (u1, u2).
The following properties of the operators R and A are easy to check directly (see also [16], Prop. 4.2):

(R1) R is a right inverse of the div operator, i.e.,
div(Ry) =1 Vi e H(K), r>0;
(A1) if u is divergence-free, then A is a right inverse of the vector curl, i.e.,
curl(Au) =u Vu e H (div0, K) = {u e H"(K); divu=0in K}, r>0.

The operators R and A satisfy the following continuity properties (see [16], Cor. 3.4):

(R2) the mapping R defines a bounded operator H"1(K) — H"(K) for any r > 0;
(A2) the mapping A defines a bounded operator H"(K) — H"1(K) for any r > 0.

Furthermore, the operators R and A preserve polynomials:

(R3) R maps P,(K) into Py (K);
(A3) A maps P, (K) into Py(K).

We will use the operators R and A to prove the following auxiliary lemma.

Lemma 2.5. Let r > 0 and s > r — 1. Ifu € H(K) and divu € H?(K), then there exist a function
€ HYK) and a vector field v € HST(K) such that

u = curly +v. (24)

Moreover,
||V||H5+1(K) S C ||d1V u||Hs(K) and ||1/}HHT+1(K) § C Hu||Hr(K). (25)

Proof. The proof is exactly the same as for Lemma 2.3 in [3]. We use the operators R and A to define ¥ and v:
v := R(divu) € H*"Y(K), ¢ := A(u— R(divu)) € F™{ms+U+1 () = Fr+1(K).
Hence, due to properties (R1) and (A1), the vector field u can be decomposed as in (2.4):
u = (u— R(divu)) + R(divu) = curly + v.

Inequalities (2.5) are then obtained by using the continuity properties of the Poincaré-type operators and the
boundedness of the divergence operator as a mapping H"(K) — H"~1(K) for r > 0 (cf. [3], Lem. 2.3). O

Remark 2.1. Note that u € H"(K) implies that divu € H""!(K) for r > 0. That is why, it is assumed in
Lemma 2.5 that s > r — 1.
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2.4. Discrete Friedrichs inequalities

In this subsection we improve the discrete Friedrichs inequalities of [19], Theorem 1. This improvement has
also become possible due to the properties of the regularized Poincaré integral operators which were established
in [16] and summarised in the previous subsection.

Lemma 2.6. There exist positive constants C1, Cy independent of p such that:

(i) for anyu € ’P;{T’O(K) satisfying (u,curl ) x = 0 for all p € ’PS(K), there holds
allo.x < Crlldivull g1 x); (2.6)
(i) for anyu € ’P?T(K) satisfying (u, curl )o x = 0 for all ¢ € P,(K), there holds
[ullo,x < Crlldivullg-1(k)- (2.7)
Proof. Following the idea of [19], Theorem 1, the proof reduces to finding a continuous right inverse of the
divergence operator within appropriate polynomial spaces. In particular, in order to prove the first statement

of the lemma one needs to construct an operator 7 mapping 75,,,1(1() = {y € Pp_1(K); [ ¢pdx = 0} into
’P?T’O(K ) and satisfying the following properties:

div(Ty) =¢ Vo e P, 1 (K), (2.8)
1T ¢llox < Cllbllg-ry Vo € Ppoa(K). (2.9)

Then, given any u € ’P;}T’O(K) such that (u, curlp)o x = 0 for all ¢ € P)(K), we prove (2.6):

u = min |lu— curl <l|lu—(u—-7(divu
[ullo,x wepgmH Pllo,x < fla—( (divu))llo,x

(2.9)
= |T@vwlox < Cldivullz: .

Here, divu € 75,,,1(1() and the existence of ¢ € P)(K) satisfying curl ¢ = u— T (div u) follows from two facts:
u—T(divu) € ’P;{T’O(K)
and

div(u — T(divu)) 2 divu — divu = 0.

Let us construct the operator 7 satisfying (2.8), (2.9). Let ¢ € ﬁp,l(K). Applying the regularized Poincaré
operator R we define v := Ry. Then v € ’P;}T(K), due to property (R3) of this operator. Moreover, using
property (R1) and the fact that [, ¢ dx =0 we conclude that v - n has zero average along 0K :

/v-nda:/divvdx:/div(Rw)dXZ/de:O.
oK K K K

Hence, there exists a continuous piecewise polynomial ¢ defined on 0K such that ¢l € P,(¢) for any edge
¢ C OK and % = v-n on 0K. Therefore, applying the polynomial extension result of Babuska et al. [2],
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we find a polynomial ¢ € P,(K) such that ¢|px = ¢ and there holds

leurlgllox < N@llmx) < Clldlarzor)w

< C‘ | - ([19], Lem. 2)
= Clv-nlg-20kK) (g—ﬁ =v-n)
< C(Ivllo,x + Hdivv||g,1(K)) (Lem. 2.1 with s = 0)
— C(IRGok + IR o)) (v = RO).
Hence, using properties (R1) and (R2) of the operator R, we obtain
lewrl Flo.x < C 7+ ey (2.10)

Now we can define the desired operator 7 as Tt = Ry — curl¢. It is easy to check that 7 : ’ﬁp_l(K) —
PRUO(K) and (2.8) holds. Making use of (2.10) and the continuity of the operator R : H~!(K) — L?(K)
(see (R2)), we also prove (2.9).

The proof of statement (ii) is analogous. In this case we can use the operator R : H~!(K) — L?(K) for the
desired continuous right inverse of div. Then R = 7 maps P,_1(K) into ’P;}T (K) and (2.7) is derived similarly
as above. g

2.5. H'- and H(div)-conforming interpolation operators

Let us briefly sketch the definitions and summarise the properties of the H!-conforming interpolation oper-
ator Hll7 and the H(div)-conforming interpolation operator Hgi" from [19].

Let g € H"(K), r > 0. To define the interpolant Hzl, g, one starts with the standard linear interpolation
of g at the vertices of K:

g1 € P1(K), ¢g1=g ateach vertex of K.
Then, for each edge ¢ C 0K, we define a polynomial gs ¢ by using the projection

920 € Pp(0) = IlI(g = g1)le — g2l 12 (¢ — min. (2.11)

Extending g2¢ by zero onto the remaining part of K (and keeping its notation), using some polynomial
extension &, from the boundary, and summing up over all edges we define

g5 =" Elg2.) € Py(K). (2.12)
LCOK

Finally, we define the polynomial bubble g% by projection in the H!-semi-norm
g5 € PY(K) = |g— (g1 + g5 + 95) 1 (sc) — min (2.13)
3 P : 17T 92 T g3)|H(K) . .
Then the interpolant HII; g is defined as the sum

I, g == g1 + g5 + g5 € Py(K). (2.14)
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Now we proceed to the H(div)-conforming interpolation operator. Given a vector field u € H"(K)NH(div, K)
with 7 > 0, the interpolant @ = IIS"™ u € ’P?T(K) is also defined as the sum of three terms:

u? =u; +ub +uf.
Here, u; is a lowest order interpolant defined as

u; = Z /u-nda @&y, (2.15)

LCOK \'

where ¢, are the standard basis functions (associated with edges ¢) for PXT(K) such that

b, 1= 1 on/,
£ 0 on OK\/.

For any edge ¢ C K one has

/(ufu1)~nd0:0. (2.16)
¢
Hence, there exists a function ¢, defined on the boundary 0K, such that

2

S (u—uy)-n, =0 atall vertices. (2.17)

Then, for each edge ¢, we define ¥ € Pg (¢) by projection

(Wl = v2, O gjagy =0 Yo € Pp(L) (2.18)

(see Rem. A.1 for the expression of (-, '>H1/2(2))' Extending 14 by zero from £ onto K (and keeping its notation),
we denote by ngp € P,(K) a polynomial extension of Y4 from OK onto K, i.e.,

wé,p S Pp(K)a ¢§,p|e = T/’é, wé,pbK\@ =0. (219)
Then we set
uh = Z uj ,, where uj, = curl z/;gp. (2.20)
LCOK

The interior interpolant G is a vector bubble function living in ’P?T’O (K) and satisfying the following system
of equations:

(div(u — (u; +ub +0h)),divv)ex =0 vv e PYO(K), (2.21)
(u— (u; +ub +@}),curl $)g x =0 Vo € PI(K). (2.22)

These interpolation operators satisfy the following properties.

Proposition 2.1. (¢f. [19], Props. 1-3).
(1) Forr >0 the operators 1L} : H"(K) — H'(K) and 11" : H"(K) N H(div, K) — H(div, K) are well
defined and bounded, with corresponding operator norms independent of the polynomial degree p.
(2) The operators Hzl, and Hgi" preserve scalar polynomials in P,(K) and polynomial vector fields in P?T(K),
respectively.
(3) Forr >0, the diagram in (1.2) commutes.
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The next proposition gives optimal interpolation error estimates for the operators H;; and Hgi". These
estimates are proved in [3] (see Thms. 4.1 and 4.2 therein).

Proposition 2.2.
(i) Let g € H'™"(K), r > 0. Then there exists a positive constant C' independent of p and g such that

g =10, gl ) < Cp 7" lgllmer (i)
(ii) Let u € H"(div, K), r > 0. Then there exists a positive constant C independent of p and u such that
= I ulergaivr) < O e .-

3. PROOFS OF THEOREMS

In this section we prove the main results of the paper.

Proof of Theorem 1.1. Let u € H"(K) N I:I’1/2(div, K), r > 0. We will study each term on the right-hand side
of (1.3). Throughout the proof we denote by s a small parameter such that 0 < s < min {%, r} for given r > 0.

Step 1. Fixing an edge ¢ C 0K and using a function

1 on/,

1—s _
¢e € H*(K), ¢e{0 on OK\L

as a test function, we integrate by parts to obtain

Jundo = [@modo = [@vwerdxs [u Vo

J4 oK K K

IN

||diquH*1+s(K) @ell mri—=(xc) + [[allm= ) Vel (x)

IN

O ) (Ilalearcaey + vl f-1sa i) -

Note that if divu € H~*5(K) then an extension to divu € H~'*5(K) exists but is not unique. However,
by assumption divu € H~Y/?(K) ¢ H~'*5(K), which is a unique extension (see [24] for details). Thus, u;
in (2.15) is well defined. Moreover, since u; is a lowest order interpolant, we find by the equivalence of norms
in finite-dimensional spaces that

||u1||H(div,K) <C Z ‘/u : nda‘ <C (Hu”HT(K) + HdiquH*l/?(K))'
(COK )

Hence, due to the finite dimensionality of u;, we obtain by using Lemma 2.1

Ja =) nllgvvmeory < C (Jlu =l + ldivia = )l e )
< (Il ey + vl s ey + s e )
< O (Iallerr ) + vl - i) )- (3.23)
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Step 2. From the construction of u; and from the result of Step 1 we conclude that
(u—uy)-ne H Y2+ (9K), /(u—ul)-ndazo.
oK
Therefore, due to the isomorphism (see [19], Lem. 2)

(% L HY?45(0K) /R — Hy V*T(0K) = {¢ € HY?**(0K); (u,1)o,0 =0},

the function 1 in (2.17) is well defined, ¢ € H'/25(9K), |, € HY/?(¢) for any edge ¢ C OK, and

Z ||T/’|é||1§r1/2(e) <C Z ||1/f|l||H3/2+S(g) < Ol aievsory < Cll(u—w1) 0l g2+ 05 (3.24)
LCOK {COK

Hence, (2.18) is uniquely solvable and

192l 71720y < C 1 lel 71720y (3.25)

Furthermore, applying the polynomial extension result of Babuska et al. [2], we find the desired polynomial
P5, € Pp(K) (see (2.19)) satisfying

145 pll 1 (1) < C Y51 12y (3.26)
Thus, u} in (2.20) is well defined. Putting together (3.24)—(3.26) we find

[u5llore < C Y ewrlds o <C D W5, llm ) < Cl(w=w) -0l g2 05).
(COK (COK

Hence, making use of (3.23), we obtain
bz, rc) = I8l sc < € (INalers ) + 1iv ullg-1/2sc)) - (3.27)

Step 3. The vector bubble function uf is uniquely defined by (1.4)-(1.5). To estimate the norms of u} and
divu} we use the discrete Helmholtz decomposition

ul, = v, + curl ¢, (3.28)

where ¢, € P)(K) and v, € ”P?T’O(K) is such that (v, curlp)g x = 0 for all ¢ € PY(K).
From (1.4) one has by using the result of Step 1

liv g 1o, < Clldivia =)l < € (1divull e + diva)

IN

¢ (INalle oy + lival s ) )- (3.20)
Then, applying Lemma 2.6(i) and recalling that divv, = divu}, we find
IVallos < Clldivvpll s aey < C kv el g s/a e (3.30)

Since (vy,curl ¢p)o, x = 0, we estimate the norm of curl ¢, by using (1.5) and by employing the results of the
first two steps:

leurl g, flo.rc < f[u = wr = wllo.sc < C (JJullrrgaey + 1divull g7z ). (3.31)
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Combining (3.29)—(3.31) and applying the triangle inequality we obtain, by making use of decomposition (3.28),
14 o -+ 1% 6 -1y < € () + 1l oy ).

v 1
The boundedness of the operator ng’ 2 (and inequality (1.7)) now follows by putting together the results of
the three individual steps and by applying the triangle inequality.

. 1
-3

The polynomial-preserving property of the operator ng’ easily follows from its definition. ]

It is essential for the proof of Theorem 1.2 given below that the H~'/2(K)-inner product satisfies (1.6)
(i.e., reduces to the L?(K)-inner product for a constant function). As it follows from Lemma A.3 in the
Appendix, the H~'/2(K)-inner product given by (A.12) satisfies this property.

Proof of Theorem 1.2. To prove the first part of the diagram, we consider u = curlg, g € H'*"(K). Let us
iv,— 1 . . . e
decompose I1}g and H; " 2u as in (2.14) and (1.3), respectively. Then it follows from the definitions of these
interpolation operators that u; = curlg; and uf = curlg? (¢f. [19]). Hence, divu = divu; = divul = 0 and
it follows from (1.4) that divu} = 0. Therefore, decomposing uf as in (3.28) and comparing (1.5) with (2.13),
we conclude that uf = curlg;. Thus, ng’_i (curl g) = curl(IT,g).
Let us prove the second part of the diagram. For any ¢ € P,_1(K) there exists v, € ”P?T (K) such that

divv, = ¢. Therefore, decomposing Hgiv’_%u as in (1.3), we need to show that for all v, € ’P?T(K) there
holds

div,—1

<div(u —1I, 2u) ,div vp> = (div(u — (w1 +uf)), div vp) g-1/2(5) = 0. (3.32)

H-1/2(K)
div,—1 RT .

Let us also decompose v, =11, vy € P, (K) asin (1.3):

_ p p : — : _ p RT,0

vy =vi+vh +vh, divvy =const., divvy =0, vieP, "(K).

Then, recalling (1.4), applying Lemma A.3, and integrating by parts, we prove (3.32):

v 1

<div (u — ng’ 2 u) ,div vp>
div,— 2

= (div(u —u; — uf), const.) g-1/2 () + <div(u —1I, 2u),divvg>gil/2(K)

H-1/2(K)

= (div(u — uy — uf), const.)g x = const. /(u —u; —u}) -ndo =0.
oK

For the last step we used the fact that uf - n|sgx = 0 and then applied (2.16). O

For the proof of Theorem 1.3 we will need two auxiliary results regarding the new H(div)-conforming in-
iv.— 1
terpolation operator Hiw’ 2. These results are formulated in the next two lemmas: the first one concerns the
v._1
normal trace of the interpolant ng’ 2 u on the boundary 0K, and the second one states some auxiliary error

. div,— %
estimates for I, = 2.

~ iv,—1
Lemma 3.1. Let u € H"(K) N H~Y2(div, K) with r > 0, and let u? = Hg " Zue 'P?T(K). Then for any
edge ¢ C OK there holds

[(w—u?)nf gz, < Cp 2w =) -0 g2 o) (3.33)
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Proof. If u € H"(K) NH(div, K) with r > 0, then it was proved in [5], Lemma 3.3, that

[[(u— HZ”H) ‘ nHﬁ—l(e) <Cp /2 [[(u— H,‘i”ﬂ) ‘0l g-1/205)-

We note, however, that Hgi"u ‘n = Hgiv’_1/2u ‘n = (u; +ub) - n on the boundary 0K, and, as it follows from

the proof of Theorem 1.1 above, u; and u} are in fact well defined for u € H"(K) N H-'/2(div, K), r > 0.
Therefore, the proof of Lemma 3.3 in [5] carries over to the case considered in this paper and inequality (3.33)
is valid. (|

Lemma 3.2. Letr >0 and s > max{—%,r —1}. Ifu € H"(K) and divu € H*(K), then

. div,—1 _ ; .
[div(u—1II, " * u)HH*l/?(K) < Cp~(/E) [divull (k) (3.34)
and for any € > 0 there holds
div,— 2

Ju= 15" % ufloic < € (7" alli o) + 27 o2 div e ). (3.35)

The positive constants C' in (3.34) and (3.35) are independent of u and p.

Proof. Estimate (3.34) is an immediate consequence of the commuting diagram property (1.8) and Lemma 2.3:
di _di 1_Idiv,f% } — IId; B H—1/2 di ~ < Cp=1/249) ||
Idiva — div(IT3™ ™2 W) 7-1a ) = Idive — 2 (diva) gos ) < Cp Iliv a7 -

Let us now prove (3.35). For p = 1 this estimate follows trivially from Theorem 1.1. Let p > 2. Using Lemma 2.5
we decompose u as follows:

u=curly +v, Y e HHK), veH T (K). (3.36)
iv,— 1
Moreover, the norms of v and ¢ are bounded as in (2.5). Then, applying the interpolation operator Hg T2
and using its commutativity with IT} (see (1.8)), we write
div,— % div,— % div,— % 1 div,— 1
I, " *u=1Il, " *(curly) + 1, *v=curl(Ily)+1I, " *v. (3.37)

Since Hgiv’_i is a bounded operator preserving polynomials (see Thm. 1.1), one has for any polynomial v, €
(Pp-1(K))* € PR (K):

div,—1 div,—1
[v—Ip " *vlox = [v-vpy =1, " *(v—vp)lox
< C inf (va z + ||div(v — v o1 )
< 0t (I = vl + Idive =) i
< Cet inf IV = VpllEese ), (3.38)

vpE(Pp-1(K))?

where € € (0, %) is fixed, € > 0 is arbitrarily small, and for the last step we used Lemma 5 of [21] as well as the

boundedness of the divergence operator to estimate

IN

1div(v = V)l g-1/2 (k) 1div(v = vp)ll g-1/24< ()

N

Ce M div(v = vp)lg-1/2e (i) S Ce™H [V = Vpllmzee i)
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Applying now Lemma 2.2 component-wise and using the first inequality in (2.5), we deduce from (3.38) that
div,—1 _ —(s _ —1 —(s _ .
v =T, " 2 v|lgx < Ce™t(p—1)"(F1/2=2) [VIlgsri gy < Ce'p (s+1/2=¢) l|div ul| g (k). (3.39)
On the other hand, applying Proposition 2.2(i) and the second inequality in (2.5) we obtain
leurl(y) — 1)

Combining (3.39) and (3.40) we prove (3.35) by making use of decompositions (3.36), (3.37) and the triangle
inequality. (]

o = [ = ILWlm) < Cp~" ¥l merey < Cp7" [[ullar () (3.40)

Now we are in a position to prove the main interpolation error estimate.

v, 1
Proof of Theorem 1.3. For simplicity of notation we denote u? := ng’ *u e ’PI}}T(K). Let us consider an
auxiliary problem: find uy € H(div, K) such that

(u—ug, v)o,x + (div(u —up),divv)e,x =0 Vv € Hy(div, K), (3.41)
u-n=u’-n on 0K.
Then, using Lemma 4.8 in [12] and applying Lemmas 3.1 and 2.1, we estimate for t = —1, f%
lu = wollgs ey < Cl— ) nllaor) < Cp 2 (0= w) 0l
< O (el + ldiviu—w?) | o e ) (3.42)
By the triangle inequality one has
f[u— up”ﬁ*l/?(div,K) < flu- uO”I:I*l/?(div,K) + [ — upHﬁfw(div,K)' (3.43)

For the first term on the right-hand side of (3.43) we have by using (3.42) with ¢t = —1:

= o173 a0y < €22 (Jlu = WPl e + div(a = w)ll g 1/aiey ). (3.44)
Now, we consider the second term on the right-hand side of (3.43) and prove that

0 = W llg- 12wy < € (P72 = wPllosc + 1iv(u = ) o172 1) )- (3.45)

Denote X := I:IO_1/2(diV,K), and let X’ be the dual space of X (with L?(K) as pivot space). From [13],
Section 6, we know that any w € X’ can be decomposed as follows:

w=Vf+curlg, feHY*(K)/R, ge Hj(K)nH"*(K),

and
1 [0y + 9l o2y < Cllwllxe (3.46)
Hence, recalling that up — u? € Hy(div, K) C X, we have
» (ug —uP, w)o, i (up —uP,V f +curlg)o x
w0 —w’llgireiv ey =  SUp S ——— = sup
0#WEX! [wlix: 0AwWEX/ [wlix:

B sup —(div(ug — uP), fo,x + (up — u?, curlg)O,K.
0#weEX’ [w(|x

(3.47)
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Let g, € P)(K). Using (1.5) with ¢ = g, and (3.41) with v = curl g, we find that
(up —uP,curlgy)o,x = (u—u”, curlg,)o x — (u—ug,curlg,)ox =0 Vg, € ’Pg(K).
Therefore, selecting g, := Hzl,g € ’Pg(K) and using Proposition 2.2(i), we obtain from (3.47)

[uo — up||I:I*1/2(div7K)

[[div(uo — up)Hﬁfl/z(K) HfHH1/2(K)/]R + [luo — uPllo,x [g — Hé9|H1(K)

< sup
0#£weX/ [[wllx
< sup [[div(up — up)Hﬁfl/z(K) HfHH1/2(K)/]R + CP71/2 [uo — uPlfo, H9||H3/2(K)
0#£weX/ [[wlx/
(3.46) _ 12
< O (lldiv(ao = ) goapsey + 72 o — Wl ) - (3.48)

Both norms on the right-hand side of (3.48) are estimated by applying the triangle inequality and inequali-
ties (3.42) (with ¢ = —1 and ¢ = —3, respectively):

[[div(uo — up)HH*l/?(K) < Ju- uOHﬁﬂ/z(div,K) + [|div(u — up)Hﬁ—l/z(K)
< C(p V2 = wllo i + divia = )| g 1/s ) (3.49)
and
[up —v’llox < [[lu—ullox + [[u— uolle(aiv,x)
< O (Iha= ok + divia — w51 )- (3.50)

The desired inequality in (3.45) then follows from (3.48)—(3.50).
Now, collecting (3.44) and (3.45) in (3.43), we obtain

~1/2

= 0l sn ey < C (5712 0= 02 o+ v = w) 1/ ) ) -

v 1
Hence, recalling that u? = sz, 2u and applying Lemma 3.2 with s = r and ¢ = %, we arrive at

estimate (1.9). O

APPENDIX A: SOME EQUIVALENT NORMS AND CORRESPONDING INNER PRODUCTS
IN THE SOBOLEV SPACES H” AND H" FOR r = i%

In this appendix we consider the Sobolev spaces H" and H" on the reference element K for r = i%. We will
derive expressions for norms which are equivalent to those defined in Section 2.1. First, let us introduce some
notation.

(1) We denote by D the polyhedron (cube or triangular prism) such that D = K x (0,1). Thus 0D =
UiI:1f‘i (I =5if K =TandZ =6if K = Q) Let K =14 = {($1,$2,0); (Il,Ig) S K}, I'r =
{(z1,22,1); (z1,22) € K}, and denote K = dD\I'z. Note that K is an open surface. We will denote
by v the outward normal unit vector to 9D, and we will use the standard notation for the gradient V

and for the Laplace operator A, both acting on scalar functions of three variables.
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(2) Given u € H~'/2(K), we denote by i the solution of the mixed problem: find @ix € H'(D) such that

Atg =0in D, ?—;‘:uonK, ux =0 on OD\K.
If ue H1/? (f(), then we will use the same notation as above with K replaced by K.
(3) Givenu € H 1/2(AD), we denote by 4 its harmonic extension, i.e., the solution of the Dirichlet problem:
find w € H'(D) such that . .
At=0in D, 4 =wuondD. (A1)
(4) Given u € HY?(K), we denote by u° the extension of u by zero onto D. Thus, u® € H'/?(dD).
We make use of standard definitions for the norm and the semi-norm in H*(D):

1/2
lulls oy = (Wl o+ [0 y)  + Julm o) = [ Vullo.p.

Since H'/2(0D) is the trace space of H'(D), the norm and the semi-norm in H'/2(9D) can be equivalently
written as follows

lullgir2op) = Ueglf(D) U1 (D),

Ulop=u
inf  |Ulgipy = [Vallon. A2
Jnt Ul o) = [Vilop (A-2)
Ulsp=u

1

|U|H1/2(6D)

Now we can define equivalent norms in H'/2(K) and H'/?(K):

lllge = [Wlmeen = |ve| (A3)
||U||H1/2(K) = UG&?/E(R) ||U||H1/2(R)a (A4)
U|K=u
where || - || 71/2(%) is defined as in (A.3), because K is an open surface.

From (A.3) one can easily derive the expression for the corresponding H'/?(K)-inner product. In fact,
applying the parallelogram law twice, integrating by parts, and recalling notations (3)—(4), we find (see also [19])

85%

<uav>}f11/2(K) = <V§’Vv:g>07p - < ov » V° >O,6D
o A o

The space H™'/2(K) is the dual space of H'/2(K). We prove the following result regarding an equivalent
norm in H~1/?(K).

Lemma A.1. For any u € H'/?(K) there holds
lullr-1/2(1) >~ [ Viikllo,p- (A.6)
The H=Y/2inner product corresponding to the norm on the right-hand side of (A.6) reads as

(u,v) g-1/2(k) = (W, VK)o, = (UK, V)o,x YU, v € HY*(K). (A7)
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Proof. Using notations (2)—(4), we integrate by parts to obtain for any v € H~'/2(K) and any v € H'/?(K)

oug = oug <= oug =

<VﬂK’V;N;>0,D - <8—u’vo >0,6D - <8—u’vo >0,K + <8—u’vo >0,6D\K = (Vo

Hence, we find from (2.1) and (A.3)

(Vik,ve?) | (Vik, vo )
Nl =172y = sup 0.0~ sup

_ O,D‘. (A.8)
ogvermrzr) IVl 0ve H1/2(K) HWO

0,D

Let w := @x|k. One has w € I~{1/2(K) because g = 0 on OD\K. Moreover, w® = tg|gp and, due to the

uniqueness of the solution to the Dirichlet problem (A.1), we conclude that w° = fg. Therefore,

‘<VﬁK’v{}\g>o D‘ ‘<VﬂK’v&;6>o D‘
sup = — > = — = |[Vik]lo,p- (A9)
0A£veEH/2(K) HVUO HVU}O
0,D 0,D
On the other hand, it is easy to see that
(Vi v07) |
sup — — < ||Viklo,p- (A.10)
I A
0,D

Now (A.6) immediately follows from (A.8)—(A.10).
Using (A.6) together with the parallelogram law we find

(1, 0) pr-1/2(1) = <vaK,wK>0  Vuue HVAE),

s

Hence, integrating by parts and using notation (2), we derive (A.7). O

The following lemma states an analogous result for the space H~'/2(K) which is the dual space of H'/?(K).

Lemma A.2. For any u € H '/?(K) there holds
Il 20y = |[ V) ]| - (A11)

The H~Y2 inner product corresponding to the norm on the right-hand side of (A.11) reads as

(w,v) sy = (w0 ) = (W@)gv)  Yuve HVAEK). (A.12)

) )
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Proof. Let u € H-V/2(K). Then u® € H~Y/?(K) ¢ H-Y/?(K). Using (2.1) and (A.4) we have

. [(u®, w)o & [{u, w)o,k|
[l oy = sup  o———— = sup
ogwemn/2 (&) 1Wlmre@  opwemrei) Wl
_ wp wp S Vdoxl _ [(u, v)o,rc|
orver 2y vemzi) \WVlaei  osverizm) VGI}?/E(R) IVl i)
V‘K:’U V|K=U
|[(u,v)o,k|
= sup : = ||UHFI*1/2(K)'

0£veHY/2(K) ||U||H1/2(K)
Hence, using (A.6) with u replaced by u° and with K replaced by K, we prove (A.11):
el -2y 2 0 g -srm iy = |V g | vu e A7Y2().

Then, applying the parallelogram law, integrating by parts, and making use of notations (2), (4), we
derive (A.12). O

Remark A.1. The same arguments as above can be used to find equivalent norms and corresponding inner
products in the Sobolev spaces on any edge ¢ C OK. In particular, using the notation analogous to (3) and (4),
we have (¢f. (A.3), (A.5))

Yu € HY?(0),

lullze = ||V,

(W, 0) ey = <%—EHS7U>O,€ = <u, %L:>07€ Yu,v e HY2(0).

The next lemma states the fact that for a constant function v in (A.12) the H~/2(K)-inner product reduces
to the L?(K)-inner product.

Lemma A.3. For any u € I~{_1/2(K) there holds
(u, 1>I§{*1/2(K) = (u, 1>07K'

Proof. We have by (A.12)
(u, 1) gr-1/205y) = (s ¢l )0,k (A.13)

where () (z = (21, 22,23) € D = K x(0,1)) solves the following mixed problem (see (A.12) and notations (1),
(2), (4)): find p € HY(D) such that

Ap=0inD, 2=1onli=K, 2£=0onl;(i=2,....7-1), ¢=0onl7.
It is easy to see that ¢ = 1 — x3. Then |k = @|z,—0 = 1 and the assertion follows from (A.13). O
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