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1. Introduction

The study of semilinear interface problems is motivated by models of mass transfer of substances
through semipermeable membranes. Such models arise from various applications in biomedical and
chemical engineering, e.g. modeling of electrokinetic flows, solute dynamics across arterial walls, and
cellular signal transduction, for instance, see [1,2].

The focus of this work is to study L (L?)-norm a posteriori error analysis of semilinear parabolic
interface problems of the form

ur(x, t) — div(B(x)Vu(x, t)) = f(x,t,u) in Q x (0,T] (1.1)
with the prescribed initial and boundary conditions
u(x,0) = up(x) in £; u=0 on 9 x[0,T] (1.2)

and jump conditions on the interface

u
[u] =0, I:,Ba—ni| =0 across I' x[0,T], (1.3)
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where 0 < T < +00; uy = %—’t‘; Q is a bounded convex polygonal domain in R? with Lipschitz
boundary 9Q and 21 be a subdomain of Q with C? boundary 3$2; := T'. The interface I' now divides
the domain €2 into two subdomains €21 and 2, := Q \ ;. Here, [v] denotes the jump of a quantity
v across the interface I', i.e. [v](x) = vi(x) — v2(x), x € T" with v;(x) = v(x)|g;, i = 1,2. The symbol
n denotes the unit outward normal to the boundary 9€2; := TI'. The diffusion coefficient B(x) is
assumed to be positive and piecewise constant on each subdomain, i.e.

B(x)=p4; for xeQ; i=12.

The initial function o (x) and the forcing term f (x, t, u) are real-valued functions and assumed to be
smooth.

Interface problems usually lead to non-smooth solutions across an interface. Due to low global
regularity and irregular geometry of the interfaces it is challenging to achieve high order accuracy by
the standard finite element methods. Despite of the efforts given to these type of problems in recent
years related to a priori error analysis, see [3-7] and references therein, the literature seems to lack
L*®(L?) a posteriori error analysis in energy method. A priori error analysis of semilinear parabolic
interface problems in H'-norm has been studied by Sinha et al. [8]. Some a posteriori error analysis
results for the semilinear parabolic problems can be found in [9,10].

For parabolic problems (in the absence of an interface), it is known that the energy method for a
posteriori error analysis of finite element discretizations yields suboptimal rates of convergence in the
L*(L?)-norm (cf. [11]). An alternative approach for obtaining optimal rates of convergence in the
L>°(L?)-norm is based on the parabolic duality technique, see [12]. But as energy method is the most
fundamental technique in the a priori error analysis, it is therefore natural to follow this method in the
corresponding a posteriori error analysis to obtain optimal order error estimates in L>(L?)-norm. To
restore optimality in the L>°(L?)-norm for parabolic problems Makridakis et al. [13] have introduced
a novel elliptic reconstruction technique. This elliptic reconstruction so introduced may be regarded
as the dual counterpart of Wheeler’s elliptic projection method in a priori error analysis introduced
by Wheeler [14].

The aim of this paper is to follow the reconstruction technique to derive a posteriori error
estimators for problem (1.1). More precisely, for backward Euler approximation we use piecewise
linear space-time reconstruction (cf. [15]) whereas the Crank-Nicolson approximation uses quadratic
space-time reconstruction, (see, e.g. [16]) of finite element solution. A key argument of our proof
is the appropriate adaption of elliptic reconstruction operator combined with the energy technique.
Other worth mentioning technicalities for our analysis are approximation results of the Clément-type
interpolation operator [17,18] and the discrete version of Gronwall’s lemma. Optimal order estimates
in time and almost optimal order estimates in space in the L (L?)-norm are obtained for both the
backward Euler and Crank-Nicolson approximations.

The layout of the paper is as follows. In Section 2, we briefly introduce some notations and
preliminaries, present both the backward Euler and Crank-Nicolson approximations and recall some
results from the literature. In Section 3 we derive a posteriori error estimates for the backward Euler
method of semilinear parabolic problems. Section 4 discusses the related a posteriori analysis for the
Crank-Nicolson approximation. Finally, concluding remarks are presented in Section 5.

2. Preliminaries

This section introduces some standard function spaces, the finite element discretizations of the
domain €2 and the fully discrete backward Euler and the Crank-Nicolson finite element Galerkin
approximations to the problem (1.1)-(1.3). In addition, we recall some approximation properties of
the Clément-type interpolation operator from [17,18].
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2.1. Function spaces

Given a Lebesgue measurable set M C R? and 1 < p < oo, we denote by L’ (M), the standard
Lebesgue spaces with the norm || - [|zp(aq). For p = 2, L?*(M) is a Hilbert space with respect to the
norm induced by the inner product (u,v) = f A U(x)v(x)dx. We denote the norm of L2(M) by
Il - | m. For an integer m > 0, H™ (M) denotes the usual Sobolev space of real functions having their
weak derivatives of order up to m in the Lebesgue space L?(M) with the norm || - ||, 1. The function
space H} (M) is a subspace of H' (M) whose elements have vanishing traces on the boundary d M.
For simplicity of notation, we will skip the subscript M whenever M = Q. We will also use the
standard space-time function space LP(0, T; B),1 < p < 400 (B, Banach space) with the standard
norms.

In addition, we shall also work on the function space (X := H& () NH2(Q) NH2(2), || - 1x)
with

IVlx := Vg @) + IVIE2@) + IVIH20,)-

2.2. Space-time discretizations of the domain

Let0 =ty < t; < --- < ty = T be a partition of the time axis and set I, := (¢,—, t,] with time steps
ky i=t, — th_1. _

In order to describe the triangulation 7,, = {K}(0 < n < N) of the domain €2 at each time level ¢,,,
we firstapproximate the domain 2, by a polygon Pq, with boundary I'p such that all the vertices of the
polygon lie on the interface I'. Thus, I'p now splits the domain € into two subdomains Pg, and Pg,,
where Pg, is a polygon approximating the domain €2,. Let h,, := max{hk | hx = diam(K), K € 7,}.
We now make the following assumptions on the triangulation 7;, (cf. [3,15]).

(Al) If K3, K; € T, and K # K3, then either K; N K, = ¥ or K} N K; share a common edge or a
common vertex. We also assume that each triangle is either in P, or in Pg, or intersects the
interface I' in at most two vertices.

(A2) Two simplicial decompositions 7,,_; and 7, of € are said to be compatible if they are derived
from the same macro triangulation 7 = 7 by an admissible refinement procedure which
preserves shape regularity and assures that for any elements K € 7,,_; and K’ € 7y, either
KNK' =#,K C K,or K’ C K. There is a natural partial ordering on a set of compatible
triangulations, namely 7,,_; < 7, if 7, is a refinement of 7,,_;. Then for a given pair of
successive compatible triangulations 7,,—; and 7,, we define naturally the finest common
coarsening fn := T, A T,—1 with local mesh sizes are given by fzn := max{h,_1, h,}. These
conditions allow us to bound the elliptic errors which lie in two adjacent finite element
spaces, i.e. finite element spaces defined on meshes at adjacent time steps. For a more detailed
discussion on compatible triangulations, we refer to [15].

We shall also need the following notations for future use. For 0 < n < N, £, = {E} be the set of
all edges of the triangles K € 7, which do not lie on 92, and X,, := Ugcg, E. Furthermore, we will
alsousethesets ¥, .=, NXY, jand &, := X, U X, ;.

2.3. The fully discrete finite element approximations

For the purpose of the finite element approximation of the interface problem (1.1)-(1.3), we begin
by writing the problem in weak form: Find u € L*°(0, T} H(} (2)) such that

(e (1), 0) + a(u(t), ) = (f(x,t,u),9) Yo € Hy(Q), ae. te (0,T], (2.1)
where a(-, -) is a bilinear form on Hé (2) defined by

a(v,w) = (B(x)Vv,Vw) VYv,w € Hy(Q).
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Note that the bilinear form a(-, -) is bounded and coercive on H& (), i.e. g, Yo > 0 such that
a,w) <o Ivliliwli  and  a(v,v) = wlvi} Yv.w e HY(Q). (2.2)

We assume that f : Q x [0, T] x R —> R satisfies the Lipschitz condition in the third argument,
i.e. there exists a constant C; > 0 such that

fGe,t,v) —f(x, t,w)| <CLlv —w| Vv,weR. (2.3)

For the existence, uniqueness and regularity of the solution of the semilinear parabolic interface
problems, one may refer to Feng and Shen [19].

Foreachn =0,..., N, we consider the finite element space S” corresponding to the triangulation
7, as follows:

S":={x €e H)(Q) | xlk € P1(K) forall K € T},

where P;(K) is the space of polynomials of degree less than or equal to 1 on K. For v € §", let
f"(v) := f(x, ty, v). Henceforth, we shall use the following shorthand notations: For 1 < n < N,

= ——— and "=
5 5 and ov K,

fnf%(vnf%) := fn(vn) _i_fnfl(vnfl) an% v 4 pn—1 ph — 1 .

Since both the backward Euler and the Crank-Nicolson approximations will be analyzed, we first
state these two methods below.

The fully discrete backward Euler approximation:
The standard backward Euler approximation for problem (1.1)-(1.3) may be stated as follows: Given
Ul = Igu(O), seek U" € S" (1 < n < N) such that

< U" — Url—l

k > Xn> +aU" xn) = (fn(Un)) Xn> Vxn € S". (2.4)

Here, the operator I is a suitable projection from H} () into the finite-dimensional subspace S°.

The fully discrete Crank-Nicolson approximation:

The fully discrete Crank-Nicolson approximation of the problem (1.1)-(1.3) is stated as follows: Let
Ul = Ihou(O), where Ig is a suitable projection operator from H&(Q) into the finite-dimensional
subspace S°. Then, for 1 < n < N, find U" € S" such that

We now recall the following projection operators for our subsequent use.

Discrete elliptic operator: The discrete elliptic operator associated with the bilinear form a(:, )
and the finite element space S" is the operator A} : H(} () —> S" such that for v € H& (2) and
0<n<N,

(.AZV, Xn) = av, xn)  VYxn €S" (2.6)
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L*-projection operator: The L*-projection operator is a map I17 : L?(2) —> S" such that for
veL*(Q)and0<n <N,
<H(Y)IV’ Xn) = (Vs Xn) Vxn€S" (2.7)

Using the above projections, (2.5) can be expressed in distributional form as

n nyrn—1

T S Uupur 4 S apur = myp .
ky 2 2

For parabolic problems, Bansch et al. [16] has observed that the discrete elliptic operator A} on
the finer mesh when applied to the coarse grid function U~ in the above may lead to oscillation
during refinement. The same behavior is naturally expected for the parabolic interface problems as
well. Therefore, following the discussion of [16], we consider the following modified Crank-Nicolson
approximation.

Modified Crank-Nicolson approximation: Given U’ = I,?u(O), for1 < n < N seek U" € S" such
that

1 1 1
U PYU™™) + S(ARU™ + EPQ(AZ‘IU”—I) = f"2(U"2), 1<n<N, (28)
n

where P}, P} : §"~! —> S" be any suitable projection operators.

Representation of elliptic operator: Letv € S"(0 < n < N). Then, the bilinear form a(:, -) can be
rewritten using the Green’s formula as

av,) = Y (—div(B@® V), 0k + Y (lBv @) (2.9)
KeT, Ee&,
= (Men9) + ([Bv]. )5, Yo € Hy(Q), (2.10)

where (v) in (2.10) denotes the regular part of the distribution —div(8Vv), and is defined as a
piecewise continuous function such that

(e @) = Y (—div(BVV), @)k Yo € Hy(R).
KeT,

The quantity j[8v] denotes the spatial jump of BVv across an element side E € &, and is defined as
jIBVIER) = lim (BVv(x +enp) — BVv(x —e€ng)) - 1,
where 7g is an arbitrary unit normal vector to E at the point x.

2.4. Clément-type interpolation estimates

A residual-based a posteriori error estimates mainly uses the approximation properties of the Clément-
type interpolation operator introduced by Scott and Zhang [17]. The approximation properties for
such type of operator are established in [17, Theorem 4.1] under needed regularity assumptions on
functions. However, in the present case, due to the discontinuity of the diffusion coefficient 8 along
the interface I', the solution has a lower regularity in the entire domain €2, usually one has only u € X.
Thus, the existing approximation results do not apply directly. Therefore, new approximation results
obtain in [18] yield nearly optimal order convergence up to |log h,| factor with u € X. We now recall
the following approximation properties of the Clément-type interpolation operator from [17,18].
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Proposition 2.1: Let ¢, : X — S" be the standard Clément-type interpolation operator as intro-
duced in [17]. Then, for the finite element polynomial space of degree < 1, the following interpolation
estimates hold: Forv € H& (R2), we have

y— v|| <Cr1 by, IVl
{n Il <Cra nul 1B o
Iv— _Zuvls, <Crahi v,
and forv € X,
v—v<Ch210h%v,
{n Il <Crs ,,|§ g hyl ||1 lIx .12)
lv— Zuvls, <Crah;i |loghal? |Ivlx,

where the constants Cr i, k € {1,2, 3,4} depend only on the shape-regularity of the family of triangula-
tions.

Next, we state the Clément-type interpolation inequalities relative to the finest common coarsening
of 7, and 7,,_; which reflects the mesh change behavior.
Proposition 2.2: Let jn : X —> S"NS"! be the Clément-type interpolation operator with respect
to the finest common coarsening of T, and T,,_y, i.e. ’]A'n := T, ATy corresponding to the finite element
space S™ N S"~1 with mesh size hy == max{hy, hy_1}. Then, for the finite element polynomial space of
degree < 1, the following is true for v € X:

. 3 A
lv—= Zuvlis\5, < Crs ha [loghal? [v]x,

where the constant Crs depends on the shape regularity of the family of triangulations and on the
number of steps required to move from T,_; to T,,.

Further, the approximation properties (2.11) and (2.12) hold true in the finite element space S* N
S"1 with h,, replacing hy,.

3. Abstract backward Euler error analysis

In this section, we first introduce the elliptic reconstruction operator and then discuss the related a
posteriori error analysis for the backward Euler approximation.

Definition 3.1 (Elliptic reconstruction): For a fully discrete finite element solution U" € S"
obtained from (2.4), we define the elliptic reconstruction Ry U" € H(} (R2) of U™ € S™ as the solution
of the following elliptic problem

a(RPU™, @) = (f",9) Vo € HL (), (3.1)
where
]?n - AZUO, n=0,
U™ -k Y (U -U"h, 1 <n<N.

Note that the operator R, satisfies the Galerkin orthogonality property. We now state the following
elliptic reconstruction error bound in the L?>-norm. For a proof, we refer the reader to [18, Lemma
5.1 ] for details.

Lemma 3.1:  For a finite element approximation U" € S" of the elliptic Equation (3.1), the following
istruefor0 < n < N:

. 3
(R} — DU"|| < Cr6 K2 1og hal 21" — (U")alll + Cr7 bz [loghul? [FBU" I,
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where Crg := C13Cr and C17 := Cr4Cp.
In order to derive the a posteriori error bound, we split the total error e(t) := u(t) — U(t) by

considering the reconstruction ©(t) as an intermediate object as follows:

e(t) := p(t) + &(t), t €I, where p(t) :=u(t) — O(@t), &(t) == O@®) — U®), (3.2)

where U() and © (), ¢ € I, (piecewise linear interpolant of the solution and reconstruction operator)
are defined by

Ut) =L (OU" t +1,)U", tel,(n=1...,N), (3.3)
O =l ORI U + 1, (OREU", tel, (n=1...,N), (3.4)
with
ty —t t—t,_
Li_1(t) == and [,(t) := L forte I,. (3.5)
n n

With p(t) (parabolic error) and £(¢) (elliptic reconstruction error) as above, for 1 < n < N and
for each ¢ € H}(Q), t € I, we have by simple calculation the following parabolic error equation:

(Pe(1), @) + a(p(t), @) = — (E:(1), @) — a(O(t) — O",9) + (f(t,u) — (UM, ¢). (3.6)

Now we define the following residual-based error estimators which will be used in the subsequent
analysis of the fully discrete backward Euler approximation.

The elliptic reconstruction error estimator:
For0 <n <N,
1= 3 1
O = Cre by, |loghu|2||[f" — (UMl + Cr7 hi |loghal? [jIBU"llx,. (3.7)
The space-mesh error estimator:
Forl <n <N,
~ P ~ a3 A1l A
Mg, = Crg by [logh|> [0R,] + Cr7 byl [1og hul? 0]ullg
A3 Al ~
+ Crs b [loghu|? 10]nlly\5,»  Crs = Cr7Crs (3.8)
where
Ro:= (U — (A% and R, :=k'(U"-U")+ Uy —f" for 1<n<N

denote the element residuals and J,, := jLBU"], for 0 < n < N refers to the jump residual.

The temporal error estimator:
Forl1 <n <N,

1AOU° — FLUY +aU, n=1,

1
. =172
Te,BEn {%kn I (fn(Un)_aUn) L, 2<n<N.
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The data approximation error estimators:
Forl <n <N,

(3.10)
Doy =1 J, If (&, U) = f1(UM)|dt.

A posteriori error bound for the parabolic error p(t) relies on a sequence of auxiliary lemmas.
Below, we shall state Lemmas 3.2-3.3 without proofs. The proof of the Lemma 3.2 is immediate from
[18, Lemma 5.4 ]. Following the idea of [15], the proof of the Lemma 3.3 follows. We therefore, refrain
from giving the details.

{@BE,H,I = /C max{||&"||, [V},

Lemma 3.2 (Space-mesh error estimate): With .4z, as in (3.8), let 3,1 represent the space-mesh
error term and be given by

tn
Tn1 12[ [{€:(t), p(1))] dt.
th—1
Then we have

In1 < kn ApE,n max [ p(0)]].
tel,

Lemma 3.3 (Temporal error estimate): With I gg ,, as in (3.9), let 3,2 denote the temporal error
term and be defined by
tn
jn,Z = /
th—1

Tn2 < kn JepEn max|[p(t)].
tel,

a (é)(t) — @”,Z)(t))‘ ar.

Then we have

Lemma 3.4 (Data approximation error estimate): With Zg ,, 1 and Zgg 2 as in (3.10), let the data
approximation error term be represented by J,, 3 and be defined as

th
Suai= [l - )]
th—1

Then we have

e/CL tn
2

~ VCL - - .
Tn3 < ~— k, max [5(D)]* + I2)N17dt + ky PpE,n1 max [|p()]]
2¢€ tel, tel,

th—1

+ knZBE,n2 max || p(1)]].
tel,
Proof: We rewrite J,,3 as

ty

J..
tn

+ [l ven - prwn. o) a

th—1

= Ty1 + Tuz + Tys. (3.11)

jn,3

IA

[t = £6, 60, p(1))| d + /tﬂ (F&.60) -, U, 50)|dt

th—1

Using the Cauchy-Schwarz inequality, (2.3) and the Young’s inequality (with € > 0), we obtain
(Ft.0) = F, 60, 50)| < Ifttw — £ &, BEIIBOI

< \@{@ + guz)(t)u%}.
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Thus,

\/_

Cr N
Tp <¢2—_k max 3O + X [ 152, (3.12)

tel, th—1

To estimate the second term in (3.11), we use the Cauchy-Schwarz inequality and (2.3) to obtain

(£, 6 — £t U@, p1))| = VEL 16® = U@ 15O

In view of (3.4), it follows that

By 3 ty—t| . t—to 1| . s
{rt. 60 - fe. U@, p )| = Ve { —‘ &1+ ‘ = ||s”||} 15O
n n
Therefore,
A/C e . . -
Tz < 5 K {171+ 1E" 1} max 5| = kn Zagn1 max (D] (3.13)
2 tel, tel,
Finally to estimate T} 3, we use the Cauchy-Schwarz inequality to have
tn
Tn3 = max Il If & U@®) —f"(UNI dt = kn DpEn2 max o1, (3.14)
tel, tho1 tel,

which in conjunction with (3.12) and (3.13) complete the desired proof. O

Now, we apply the above lemmas to derive the a posteriori error bound for the parabolic error
p(t) in the L (L?)-norm.

Theorem 3.5:  Let u be the exact solution of (1.1)-(1.3) and let U" be its finite element approximation
obtained by the backward Euler approximation (2.4). Then, for 1 < m < N, the following a posteriori
error bound holds:

1

tm 2 1
{ max ||,5(t)||2+/ IIi)(t)ll%dt} < {2Ca(m) 11p(0)[%}?
te[0,ty] 0

m
+4Cg(m) Z kn { MsEn + Teem + DBEn1 + DBEn2) >

n=1

where Cg(m) is a positive constant due to the Gronwall’s lemma and the quantities MBg,n, JeBEn>
DREn,i(i = 1,2) are given in (3.8)-(3.10), respectively.

Proof: Setting ¢ = p(t) in (3.6) and using (2.2), we have

1d
Eallﬁ(t)ll2 + &Ilﬁ(t)lll < [(E(), 5(0)) | +1a(©1) — O™, pO)] + | {f (£, u) — f"(U™), p(D)) .

Integrate the above from t,_; to t, to have

I . I o [ . ~ ~ ~
NPt = =Bt I* + = 1p(®12dt < Tyt + Tna + Tnss
2 2 2

th—1
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where J,,;(i = 1,2, 3) are defined in Lemmas 3.2-3.4, respectively. Summing up over n = 1 : m we
have

tn m
||,5(tm)||2+3/0/ 1AO13dt < IO +2 Y {Tn1 +Tna + Tns} - (3.15)
0 n=1

Since p(t) is continuous in [0, ¢,,], there exists ty ,, € [0, ;] such that
| oomll := llp(fom) | = max [|p(®)],
te[0,t,]

and therefore,
tin m
1 Ctom) 1> + J/o/ 1AO117dt < 21pO) 1> +4 > {Tn1 + Tna + Tus} -
0 n=1

Now, using Lemmas 3.2-3.4, we obtain

tm
ax. 1B < 2||ﬁ<0>||2+<26ﬂ—yo)/ I15(0)1I3dt

2
+4 maX ||,0(t)||Zk {MeEn + TeBEn + DEn) + DBEn2) + f

n=1

Choose € > 0 be such that (2 € «/Cr, — y9) > 0 and a use of the discrete Gronwall’s Lemma imply
Im
max 1B + Ca(m) / I6®IIFdt < 2C(m) 50

+4Co(m) max ||P(f)||zk {MeEn + Tepin + DoEn) + DoEnz} >

n=1

where Cq(m) := 2 max [1, Yo 2@ k, exp [@ (Zn<j<m kj) } }
Finally, we take

tn 1
ag = max B0, an:= {CGW)/ IIZ)(t)II%dt} 1<n<m), c:=]2Cm pO)*}
sbm ty—1

bo :=4Ce(m) Y kn {Mpen + Tepen + Doent + Poena}> and by :=0,(1 <n < m),

n=1
and use standard inequality [15, (80)] to complete the proof. O

The following theorem presents the fully discrete backward Euler a posteriori error estimate in the
L% (L?)-norm for the semilinear parabolic interface problem (1.1)-(1.3).

Theorem 3.6:  Let u be the exact solution of (1.1)-(1.3) and let U" be its finite element approximation
obtained by the backward Euler approximation (2.4). Then, for each 1 < m < N, the following a
posteriori error estimate holds:

max_[lu(t) — U@ < (2Ce(m)}7 [R°U° — u(0)]| +2 max g,
€[0,tm] 0<n<m

m
+4 Cg(m) Z kn { Men + Tepin + DoEn1 + PoEn2) -

n=1
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The estimators OBg,n, MBE,n» JeBEn> and DoEn,i(i = 1,2) are given by (3.7)-(3.10), respectively.
Proof: By the triangle inequality, we have
eIl = llu®) = UMD < oI+ 1EDI, t € Ln. (3.16)
Now,
IEON = Il—1 (D™ + L) || < 2 max{l"]l, [E"~VIl}, ¢ € L.
Again, for t € [0, t,,], using Lemma 3.1 we obtain

eI < 2 max Opgp,
0<n<m

which combine with Theorem 3.5 proves the result. O

4. Abstract Crank-Nicolson error analysis

For the purpose of the fully discrete Crank-Nicolson error analysis, we now define the space-
time quadratic reconstruction for the Crank-Nicolson approximation (2.8). For this, we recall the
definition of elliptic reconstruction from [15,16].

Definition 4.1 (elliptic reconstruction): For v € S", we define the elliptic reconstruction R['v of v
as the solution of the following elliptic problem

a(Rv, @) = (Ajv,9) Vo € Hy(R), 0 <n<N. (4.1)

Now, we shall introduce some notations for further use.
LetW:[0,T] — Hé (£2) be continuous piecewise linear function in time defined by

W(t) =l () PyAT N U + 1L() (A U”, tel, (n=1...,N), (4.2)

where [,,_; ) and [, (t) are given by (3.5).
Also,let ® : [0, T] — H& (£2) be a continuous piecewise linear interpolant of f (t) defined by

O(t) := L () UMY + L) f1UM, tel, (n=1...,N). (4.3)

Next, to define space-time reconstruction we rewrite the fully discrete Crank-Nicolson approximation
(2.8) in the compact form as:

U" — PnUn—l
e —H(,_1), n=1, (4.4)
ky 2
where
1 1
H(t,_1):= "2 (U 2) — W(t,_1), n>1. (4.5)
2 2

We also define H : [0, T] —> H& (£2) be a piecewise linear function in time defined as
H(t) =TI —W(t), tel, (n=1,...,N), (4.6)

and I:I(tn_%) = H(tn_%)
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Inspired by the idea of [16,20], we now define below the space-time Crank-Nicolson reconstruction
U of the Crank-Nicolson finite element solution U.

Definition 4.2 (space-time reconstruction): The quadratic space-time reconstruction U:[0,T] —
H& (2) of U is defined by

Ut :=RIU™ k™t (¢ — tyo) {(REPHU T = RETTU" Y
+ t RI'Hs(s)ds, te€l, (n=1,...,N).
th—1
Observe that U is a continuous function in time and satisfies the relation

Ui(t) = kn H{(RIPHU" = RETIUT Y + REA(t), tel, (n=1,...,N).  (47)

To derive the a posteriori estimates we decompose the total error e(t) := u(t) — U(¢) as
e(t) :=pt)+o(t)+E@1), tel, (4.8)
where p(t) = u(t) — U(t) denotes the parabolic error, 5 (¢) = U@ — (:)(t) refers to the time

reconstruction error and &(¢) := ©(t) — U(t) denotes the elliptic reconstruction error. Here, O(t) is
the continuous piecewise linear function in time defined by

O =L ORIUT + L(ORIU", tel,(n=1...,N). (4.9)

The following lemma yields a posteriori error bounds for the elliptic reconstruction error &(t). The
proof follows from the backward Euler case (cf. Lemma 3.1).

Lemma4.1: For a finite element approximation U" € S" of the elliptic Equation 4.1, the following
istrue for0 < n < N:

1 3 1
[(R? — Dl < Creh [loghul2 || A}y — (Welll + Cr7 hi |loghul? [i[BV]IIx,,

where Cr g := Cr3Cr and Cr7 := Cr4Cg.
Now we define the various residual-based estimators for our subsequent use.

The elliptic reconstruction error estimator:

For0 <n <N,

3
Ocnn = Crg h |logh|? (AU — (UMl + Cr7 hZ |loghl? [iIBU" I, (4.10)

The space-mesh error estimator:

Forl1 <n <N,
Mexn = Cr 12 Nloghal? 1k {(ADU™ = (A" HU™™ = U + (U™ Da |
A3 ~
+Cry by loghal> Ik {jLBU™ — jIBU" M} g,
3 ~
3 lloghy|> Ik, {jLBU"] = jBU" 1} I\, (4.11)

with Cj,g = CI,SCR-
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The temporal reconstruction error estimator:

K2 3
FreoNim = E"{Cl,éhﬁl 10g hnl (| (AN 2y — (Zy)elll + Crzhi [log hul2 1B Zalll 5, + ||Zn||}

(4.12)

v

with Zn = —chbt(t) + \I’t(f).

The space-error estimator:

k 1 3 1
Soxn =7 {cf,s hy loghal2 ICAD Z0 — (Za)elll + Crz hi |loghyl2 ||]'[,33n]||2n}- (4.13)
The temporal error estimator:

1 % 1
TeCNn 1= % % k; {Cu b 1CA) 20 — (Zn)all + Cr2 by [[/IBZa]lls, + ao ||Zn||1}- (4.14)

The coarsening error estimator:

_ _ 1 _ _
Con =k, I = TIH U™ M| + SIP3 =D~ AFHhur). (4.15)

The data approximation error estimators:

Denm1 = 5 \/C_ka,{cl,é hZ |log hy|2 (A Zn — (Zn)ell

3
+Cr7 by |loghal? 1B Zalls, + 1 24l }

DN = +/Co max{|[E" |, 18]},
ty 4
Denns =1 fo If (e t,U) — D(@0)]dt,

Doxna = - Cuahy | o - pLELZ O

(4.16)

Next, we state a series of lemmas to drive a posteriori error bounds for the parabolic error p(t). The
proofs can be treated in a similar manner as [21, Lemmas 4.4-4.6 and 4.8 ] and hence, the details are
omitted.

Lemma 4.2 (Temporal error estimate): With I o, as in (4.14), let T,, 1 refer to the error term due
to time discretization and is defined by

ty
To1 = a0 / 16 (1) |2dr.
th—1

Then

~ 2
Int < kn Toonn:
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Lemma 4.3 (Space-mesh error estimate): With ZcN,, asin (4.11), let T, represent the space-mesh
error term and be given by
ty
Lai= [ @50,
th—1
Then the following is true:
Ty < kn /%CN,n m%x o]
tel,

Lemma 4.4 (Space error estimate): With .7cN,, as in (4.13), let Z,, 3 denote the space error term and
be defined as

Ty = /tt" <(R? s (H(t) —H(tn_%)) ,,5(t)>’ a.

Then
T3 < knSonn max ||p(0)].

tely

Lemma 4.5 (Coarsening error estimate): With 6cn,, asin (4.15), let L, 5 denote the coarsening error
term and be defined as

tn
In’5 = /
tn—1

(k1@ = PHU™ + 1, (0PF = DATHU™, peo))| de.

Then
Tns < kn Gonn max [|p(D)].

tel,

Lemma 4.6 (Data approximation error estimate): With Pcn,i(i = 1,...,4) as in (4.16), let T, 4
denote the data approximation error term and be defined as

th .
Tpa :=/ (f(t,u) — H®) — W (), p(1))] dt.
th—1
Then we have

15(0)|13dt

C . e/CL [
Ta < % ky max [|p(t)]? + =

tEIn 2 tn—l
1

1 tn
+ kn { Dy + DNz + DN} max IAMON + ki Denna (Vo/ ||/5(t)||%dt>
tel, t

-1

Proof: With an aid of (4.6), we first rewrite the integrand in Z,, 4 as

Ftou) — H(t) — W(t) = f(t, 1) — TN (t) = (f(t, u) — ci>(t)) — (- Dd®).  (417)
Further, we split the first term of (4.17) to obtain
th o tn
Tpa < f [(f(t,w) — £, 0), p(1))| dt + /
tn—1 th—1
tn
g
th—1
th .
+/ ((ng . I)¢>(t),,5(t)>’ dt
th—1
= TP 4 T+ T) + T + T2

(f£.0) = £t 60, 50| dt

Q@éa»—ﬂﬁumeﬂﬂ&+/w(Q@U@»—émﬁawdt

th—1
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Then using the Cauchy-Schwarz inequality and the Young’s inequality, we have

It u) — £, 0), 5O < Ve 15O 1501
1 . o
< cL(;np(t)n%gup(r)u%),
and hence,

. € J/C [P
ax || p(1)]|* + VG

tel, 2 th—1

C
Y < Q kn max 1p(®)1I3de.

Again, using the Cauchy-Schwarz inequality once more we obtain
{re. 0 = £t 60, p0))| < 1F, D) = f&, OO 15O

1 9
=3 VeIt = taal [ta — tH{IRE = DZall + 1 24ll} 151,

A

where in the last step we have used the fact that 6 (t) = U(t) — O) = %(t —th—1)(ty — DR Z,.
Therefore,

k3 o
Ty < é\/CL {IRY = DZ,| + 1 Zall} max ol
€ly

= kn Zcnm1 max |[p(t)].
tel,

Exactly following the same argument of (3.13), we have

T3 < kn DN max [P0
tel,
Again, invoking the Cauchy-Schwarz inequality it follows that
ty .
Ty < max [lp(0)] / If (£, U®) — DIl = kn DcNns max | p@)]].
tel, th—1 tel,

Finally to estimate TZ, we exploit the orthogonality property of ITjj and Proposition 2.1 to have

(g = Dd@.50) = (@1~ DI, 50 - ()
= I = DO 150 = Fup O
= Crtha [T = OO 15O

As max |I,(¢)| = 1 and max |I,,—; (¢)| = 1, it follows from (4.3) that
tel, tely

(T — D) < max a1 (O] I1(TTG — D] + max L] I1(T15 — Df" |
el €ly
= |[(IT§ — DF" | + 111G — D",

and hence, .

1 th 2
TY < ki Donna (Vo/ ||,5(f)||%dt> ,
th—1

and this completes the proof of the lemma. O
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As a consequence of the above lemmas we derive the a posteriori error bound for the parabolic
error p(t) in the following theorem.

Theorem 4.7:  Let u be the exact solution of (1.1)-(1.3) and let U" be its finite element approximation
obtained by the Crank-Nicolson approximation (2.8). Then, for 1 < m < N, the following is true:

b 2 m :
- 2 p 2 - 2 2
{tél[loé}?fn] el +/0 ||,0(f)||1df} = {ZCG(m) (IIP(O)H +) knz,CN,n)}

n=1

I

+ (o + o)
where
m
Yim,1 := 4C;(m) Z kn (AMcnn + -LoNn + DeNnt + DeNmy + DeNns + Conn),  (418)
n=1
and
"o
Yma :=4Cc(m) Y ki Doxma. (4.19)
n=1

AN SN Te,CN» CON» DNl = 1, .., 4) are defined in (4.11) and (4.13)-(4.16), respec-
tively.

Proof: For each ¢ € H} (Q2) and for 1 < n < N, using (4.7), (2.1) and rearranging the terms we have
the following error equation for p(t)

(Pe(1), ) +alp(t),p) = (Z(t),¢), tely, (4.20)

where

R(t) = — (1) — (R" —T) (Iil(t) - H(tn_%)) + (F(tu) — H(H) — W(D))
+l (P — D(— AFHU — kNP — DUt

Setting ¢ = p(t) in (4.20), we have

1d . . o

S IPOI° +a (o), p(®) = (Z®), 5(1)).
Using the identity 2a(v, w) = a(v,v) + a(w,w) —a(v —w,v —w) VYv,w € H& (2) and using (2.2),
we arrive at

1d

orT 151> + ? (leIF+1p®I3) < ?n&(t)u% + 2 (1), p(D))] . (4.21)

Integrating the above from #,_; to t, and summing up over n = 1 : m, we obtain

tm m 5
||,5(l‘m)||2+3/0/0 (||p<t>||%+||b<t>||%)dt5||b<0)||2+2{In,1+zzzn,,-}, (422)
i=2

n=1
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where Z,,; (i = 1,...,5) are defined in Lemmas 4.3-4.6. Proceeding as in Theorem 3.5, we lead to

tn
té’l[loafi]llb(t)llerCG(m)/ 17t < 2CG(m) {np(O)n +Zk eCNn}

n=1

+ 4Ce(m) mmax ||p(f)||zk {Mexn + Fexn+ Donn + Donna + DoNns + Conn

n=1

1 tn
+4Cc(m) ki DeNona (Vo/ ||,5(t)||%df> ,
t,

n—1

where Cg(m) := 2 max {1, o @ ky exp{%a (Zn<j<m kj>}}.
Finally, we take

b 3
 Inax ||P(t)|| ay = {CG(W’)[ 10p()17 dt} (1 <n<m)),
th—1

ap =
[0 m
c:= {ZCG(W‘) (||/0(0)|| +Zk CNn)} >

n=1

m
=4Cg(m) Z kn {Monn + FoNn + DNy + Donna + DoNns + Conn} >

n=1

1
by :=4Cg(m) ki DNy (1 <n < m),

and invoke the inequality [15, (80)] to complete the rest of the proof. O

We are now prepared to state the fully discrete Crank-Nicolson a posteriori error estimate in the
L®(L?) norm for the semilinear parabolic interface problem (1.1)-(1.3).

Theorem 4.8:  Let u be the exact solution of (1.1)-(1.3) and let U" be its finite element approximation
obtained by the Crank-Nicolson approximation (2.8). Then, for each 1 < m < N, the following a
posteriori error estimate holds:

1

max [u(t) = U] < {2cc(m> (IIROUO u(0)|| +;k %cm)}

+(T,2,,,1 +T,f1’ ) +2 max OcNn + max Tre.CNut>

<n<m

where the estimators are given in Theorem 4.7.

Proof: By the triangle inequality, we have for t € I,,
le®Il = max [[p(0)]l + max |6 (5]l + max [l€@)].
te[0,t] te(0,tm] te(0,tm]
Now,

IEDN = 11" + L(0)E"]| < 2 max{[|E"][, 1E" "}, ¢ € I
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Again, for t € [0, t,,], using Lemma 4.1, we obtain

lEM] < 2 max ||E"]| <2 max Ocnp- (4.23)
0<n<m 0<n<m
Further,
. 1 7
lo @I =115t = ta-1)(ta — R Zal
1
= m%x{l(t — ta—)(ta — DI} (I(RE = D2l + 1 2,ll)
tely
< Tre,CNm> (4.24)
which in combination with (4.23) and Theorem 4.7 completes the proof. O

5. Conclusion and extension

This paper investigates a residual-based L°°(L?)-norm a posteriori error estimates for semilinear
parabolic interface problem in a bounded convex domain in R?. An appropriate adaption of elliptic
reconstruction technique and the energy method play a crucial in deriving a posteriori error bounds.
It is interesting to extend these results to problems in R? and many computational issues which need
to be addressed in future. We remark that such an extension is not straightforward. However, the
authors feel that the idea of universal extension results for Sobolev spaces [22] could be useful.
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