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Abstract

In this thesis work an optomechanical system inside a Mach-Zehnder interferometer
is studied from the perspective of the weak value amplification effect. The optomechan-
ical system consists of a Fabry-Pérot cavity with a moving mirror in the middle. Single
photons are post-selected in the detector in one of the output ports of the interferom-
eter (dark port), which allows to enlarge the displacement caused by a single photon
over the moving mirror of the cavity. Since the interaction between a single photon
and the mirror is weak, the amplification factor of the displacement corresponds to a
weak value. By making the initial and final states of the photon quasi-orthogonal, the
weak value becomes large and the radiation pressure force exerted by the photon is in-
creased, making a single photon behave as “many photons” will do. The amplification
effect comes, however, at the cost of the lost of data. The usefulness of weak values
for parameter estimation in our setup is analysed from the perspective of the Fisher
information. Although the precision of the estimation does not change either by using
weak values or by implementing measurements that do not rely on post-selection, in
the first scenario all the information can be put in a small amount of post-selected
events, which is a verification of a well known general result in the existing literature

on the subject.
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Chapter 1

Introduction

The concept of the weak value of a quantum variable was introduced in 1988 in a
seminal article written by Aharonov, Albert and Vaidman [I] with the surprising tittle:
“How the result of a measurement of a component of the spin of a spin 1/2 particle can
turn out to be 1007”. In this article the authors begin by considering a measurement of
an observable A performed on a quantum system prepared in an initial pure state |1;).
Then, after the measurement of A, a second measurement is performed. The results of
the first measurement are taken into consideration only when the second measurement
leaves the system in a pure final state [¢)¢). In any other case, the outcomes of the first
measurement are simply ignored. The idea of the procedure is to examine the results of
the measurement of A when both the initial and the final states of the system are known.
This kind of ensembles are called pre- and post-selected quantum systems. The historical
motivation to study measurements performed on these systems relates to the analysis of the
suggestion that the process of measurement, or “reduction of the wave packet”, introduces
a time-asymmetric element into quantum theory [2]. However, the asymmetry may be
actually caused not by the measurement itself but by the manner in which a conventional
ensemble is constructed, i.e. by the specification of only the initial state of the system. By
constructing a “time-symmetric ensemble” (specifying the initial and the final states), then
the probability distribution of the outcomes of a measurement becomes time-symmetric

[3]. This idea has even given rise to a new formalism of quantum mechanics, that has been
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called the “two-state vector formalism of quantum mechanics” [4].

For a certain type of generalized measurements, called weak measurements and char-
acterized by a “weak coupling” or a “weak interaction” between the system and the mea-
surement device, the authors showed that the ensemble average of the outcomes of the first

measurement was the weak value of A, which was denoted by A, and defined as

_ g Ay
Ay = 7<¢f’¢z> . (1.1)

Consequently, the weak value was presented as the ensemble average of a weak mea-
surement of an observable, performed on a pre- and post-selected quantum system. This
is a statistical or operational definition of the weak value, analog to (v;| A |, which is
the ensemble average of a projective measurement of A, performed on a quantum system
prepared in the initial state [1;). One can immediately notice that, unlike the standard
expectation value, the weak value is not restricted to the interval [min{a,}, max{a;}|, where
a; denotes one of the eigenvalues of A. Indeed, when the overlap between the initial an
final states is small, the weak value becomes large and may exceed the range of eigenval-
ues. In this case, the weak value is said to be anomalous. In particular, in [I] the authors
considered a pair of initial and final states such that a weak measurement of the spin along
the z-direction (of a spin 1/2 particle) was equal to 100, namely, a value far larger than
any of the two eigenvalues, +1. This feature has been used in precision metrology for the
estimation of tiny interaction parameters, as will be seen along this work.

In my thesis I will focus on weak values of number operators. An anomalously large
weak value of the number of particles will enlarge the effect of the particles on a second
system. In particular, our aim consists to design and analyze an experiment in which the
radiation pressure effect of a single photon can be enlarged using weak values. Indeed,
a single photon inside an optical cavity exerts a tiny force over the walls of the cavity.
The force displaces the walls by 4gxg, where g is a parameter that quantifies the coupling
between a microscopic degree of freedom (the photon) and a “macroscopic” degree of

freedom (the center of mass of the cavity wall) and xy are the zero-point fluctuations
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of the wall. However, if the photon is pre- and post-selected, then it behaves as “many
photons” will do. In fact, as it will be shown along this work, the displacement will be
4gxg - F', where F' is the weak value of the number of photons. This result has been
published in [5]. Our main motivation to analyze such a system is to contribute to the
understanding of the meaning of a weak value. Currently, as was pointed out above, the
weak value has been understood as an ensemble average, i.e. as an statistical quantity.
However, it has also been argued that the weak value may be understood as a property of a
quantum system. In this sense, it resembles more to an eigenvalue than to an expectation
value.

A second task was to study whether the amplification effect may be helpful to estimate
small optomechanical parameters in our experimental setup. In this work the precision of
the estimation has been studied from the perspective of the quantum Fisher information,
but also other figures of merit such as the mean squared error and the signal to noise ratio
of an estimate have been taken into consideration. The amplification effect comes at a cost,
which is the lost of data. Therefore, although one photon may behave as many photons,
there will be at the end fewer photons available for the estimation. It turns out that the
precision of the estimation does not change, either by using all the “standard” (pre-selected)
photons or by considering the fewer pre- and post-selected photons. Consequently, from
the perspective of parameter estimation, large weak values are helpful when the estimation
needs to be performed from a small amount of data. These conclusions are also described
in the preprint [6].

The structure of this thesis work is described below. Chapter [2| offers a short review
on quantum measurement theory. Here the language of generalized measurements is in-
troduced, which is based on POVM’s, measurements operators, quantum operations and
other related concepts. At the end of this chapter weak measurements of an observable
are defined. The definition is made using the so called “von Neumann” model. The next
chapter is devoted to the study of the theory of pre- and post-selected quantum mea-
surements. In this chapter the weak value is formally introduced, together with its most
popular applications. The different existing controversies regarding its interpretation as a

property of a quantum system, or if there exists a classical analog to the phenomena of
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large weak values, among others, are also put over the table. Chapter [dis a long chapter
in which the tools of parameter estimation are presented. In the first half of the chapter,
from section to section the basic elements to deal with the problem of estimation
are described (Fisher information, Cramér-Rao bound, among others). Throughout the
second half of the chapter, in the section the theory of parameter estimation is applied
to weak measurements, both on only pre-selected ensembles and on pre- and post-selected
quantum systems. In the final chapter, an experimental proposal to produce weak values
of a photon number operator is presented (the variable is actually the difference of pho-
tons between two sides of a cavity with a moving mirror in the middle). The experiment
consists of a Mach-Zehnder interferometer with an optomechanical system put along the
arms of the interferometer. The setup allows to create optomechanical entanglement be-
tween a single photon and the center of mass of a moving wall (a large object formed by
~ 10'2 atoms, or more). Weak values are generated due to the detection of the photon in
one of the detectors located at the output ports of the interferometer, a procedure that
has been called dark port post-selection. Additionally, along this chapter it is explained
that, when the measurement is not weak but strong, non-classical mechanical states of the

measurement device can be generated via post-selection.



Chapter 2

Quantum measurement theory

This chapter may be considered as a short review on quantum measurement theory.
In the first section, the theory of generalized quantum measurements is presented. The
formalism introduced in this section will allow us to define later weak measurements, a kind
of measurements that minimally disrupt the system under observation. In section [2.2]it will
be shown how a generalized measurement can be implemented using an “ancilla system”,
and it is explained how Neumark’s theorem ensures a one-to-one correspondence between
a generalized measurement and an specific ancilla-system model. In the next section, we
will consider a particular kind of interaction between the ancilla and the system, typically
called the “von Neumann model”. This model will enable us to define both projective and
weak measurements of an observable, by strengthening or weakening the coupling between

the ancilla and the system.

2.1 Generalized measurements

Quantum measurements affect the state of the system, i.e. they constitute a form of
evolution of a quantum state. A general description of quantum measurements can be made
using the language of operations and effects [§]. The formalism of quantum operations is
not restricted to measurements, but it is also used to describe the transformation of a
quantum system in a large class of physical processes, such as unitary evolution or the

dynamics of an open quantum system.
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Let R be the result of a measurement performed on a quantum system in an initial
(normalized) state p(t). The instant ¢ represents the time at which the measurement
process begins and R is a random variable that takes values in the space of results R. Every
observation of the random variable R, namely, every possible outcome of the measurement,
will be denoted with the lowercase letter » € R. For every possible outcome 7 it is possible
to define a quantum operation, denoted by O,, which is allows to describe the selective

evolution of the system as follows
ﬁr(t + T) = Orp(t)' (2'1)

The state p,(t+7) corresponds to the unnormalized state of the system when the measure-
ment has produced the outcome r. It is also called the (unnormalized) conditioned state of
the system. The time 7 corresponds to the duration of the measurement. It is clear from
that the quantum operation O, is a superoperator or a quantum map, since it acts on
an density operator and produces another (possible unnormalized). For any operation O,
to represent a physical process it has to fulfil three important properties, described below.

Every operation is a convez linear map. This means that, for probabilities {p;} and
a set of density operators {p;(t)}, the action of the quantum operation over the ensemble

Y. pipi(t) is linear, namely,
O ) pipi(t) = D piOrpi(t). (2.2)

Additionally, every quantum operation is a trace preserving or trace decreasing map, mean-
ing that 0 < Tr[p,(t + 7)] < 1. As we will see shortly this property allows to assign prob-
abilities to each possible outcome r. Finally, every operation is a completely positive map.
This third property means that the “enlarged” superoperator 1 ® O, is a positive map,
where 1 is the identity superoperator acting on a second Hilbert space of operators. In this
way, the action of the quantum operation over a system that is entangled with another
will preserve the positiveness of the joint quantum state.

The probability that the result of the measurement R takes the value r will be denoted
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by P(r) and defined as
P(r) = TH[O,p(1)]. (2.3

Consequently, the normalized conditioned state of the system is obtained dividing ({2.1]) by
the probability (2.3)),

pr(t+7) = : (2.4)

This equation describes the selective evolution of the system under a measurement and,
unlike equation ([2.1)), it is non linear due to the normalization factor in the denominator.
On the other hand, the unconditioned state of the system after the measurement is

given by
plt+7) = S P)pr(t +7) = Y O,0(t) = Op(d). (2.5)

The state p(t+7) corresponds to the state of the system after the measurement, when all the
results are ignored, i.e. averaging over all the possible results. The operation O = >, O,
generates therefore the non-selective evolution of the system under a measurement. It is
easy to show that the operation O, defined in this way, is indeed a quantum operation,
namely, it satisfies the three described properties. Notice that the sum should be replaced
by an integral if the space of results was continuum.

Every quantum operation admits a Krauss representation or operator-sum representa-

tion, namely,
Orp(t) = ZAr,kp(t)ALk, ZAT,kAALk <1l (26)
k k

The operators Ank are called the elements of the operation. The index k goes over a finite

or countably infinite set. It is worth to emphasise that this representation is not unique.
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From ({2.3)) it is clear that
P(r) = Te[Orp(t)] = Tr | 3] Arpp®)Al | = Tr [ (Y AL 1 Ar ) o(t) - (2.7)
k k
Consequently, the operator that defines the statistics of the measurement is given by

B, =Y Al A (2.8)
k

The positive operator E‘T, associated to the outcome r, is called a probability operator or
effect operator [§]. As it is clear from (2.7)), the effect operators allow to compute the

probability of the outcome r to occur as
P(r) = Tr[Erp(t)]. (2.9)

The effect operators should satisfy the completeness condition
ME. =1, (2.10)
-

which ensures that all the probabilities add up to one (again, the sum might be an integral
if the space of results r was continuum). This restriction entails that the non-selective

evolution generated by O is trace-preserving,

TH{Op()] = Tr [ Y0,0(t) | = Te [ Y Arso®Al, | = Tt [ 3 Bop(t)] = Telp(). (2.11)
T ok T

The set {E}, r € R} defines a probability operator valued measure on the space of results
(POVM) and characterises the statistics of the measurement, i.e. the information-gathering
process. On the other hand, the set of operations {O,,r € R} describes the evolution of the
system during the measurement process, i.e. the disturbance experienced by the system
due to the measurement.

The language of operations and effects allows to classify measurement into different
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classes. This classification can be done in terms of the information gain (in which case,
additional restrictions are imposed over the effects), the disturbance (imposing restrictions
over the operations) or both. There is a large variety of classes. In the following, we will
briefly describe the ones that are relevant to our work. These classes, and their different

intersections, are drawn in figure [2.1

Complete

Efficient

3

Minimally
\D\isturbing

Of an observable

Figure 2.1: Different measurement classes: three main classes of measurements will be distin-
guished (complete, efficient and of an observable). Notice that minimally disturbing measurements
(MDM) are a subset of efficient measurements. Projective measurements arise at the intersection
of MDM and measurements of an observable (regions 6 and 7). Von Neumann measurements are
the intersection of all groups (region 6).

2.1.1 Efficient measurements

A measurement is said to be efficient if, for every operation O, there exists an oper-
ator M, such that the action of the operation is described by O,p(t) = Mrp(t)]\ﬁ. The
operators M, are called measurement operators. This kind of measurements are interesting
because they do not introduce classical noise, i.e. any noise in the process can be regarded

as quantum noise. In an efficient measurement, the conditional evolution transforms pure
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states into pure states. For efficient measurements equation (2.3)) tells that
P(r) = Tx[O,p(t)] = Te[ M p(t) ! | = T [ 8] 8L, (1) | (2.12)

Therefore, Er = MJ MT and the completeness condition is >, Mi ]\Z[T =1.
According to the polar decomposition theorem any operator can be written as the
product of a positive operator and a unitary operator. Hence, in particular, a measurement
operator may be written as MT = UTIE’,,, where UT is a unitary operator and PT is a positive
operator. As a consequence of the polar decomposition E, = ]5,? and, therefore, according
to equation , the statistics of the measurement, i.e. the extraction of information,
depends only on P, and not on U,. T hus, the back-action produced by the operator P,
is the one responsible for the information gain. On the contrary, the unitary operator
U, provides an additional back-action on the system, which does not contribute to the
gathering of information. For an efficient measurement, it is instructive to apply the polar

decomposition theorem to equation (2.4) and rewrite it as

Prp(t) P,
“he

M.p()N .
) B

50 (2.13)

which shows that an efficient measurement can be thought as the action of a measurement
operator, represented solely by P, followed by the unitary evolution generated by U,. This
evolution can be viewed as an additional force applied to the system, when the measurement
outcome is r. The application of forces, based on a certain measurement result, is called
feedback. When the measurement adds no feedback, i.e. when M, is a positive operator,
the measurement is said to be minimally disturbing. In this case, the only disturbance of

the system is due to the information gain.

2.1.2 Complete measurements

An important class of measurements are complete measurements. A measurement is
complete when the conditioned state after the measurement is independent of the initial

state. This means that p,.(t + 7) is not correlated with p(¢). This type of measurements

10
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extract the maximum amount of information from the initial state.

When a complete measurement is efficient, then all the effects are rank one operators,
i.e. B, = |1.) (b, the set of operators {|t,) (4|, 7} being not necessarily orthonormal. In
figure efficient and complete measurement are represented by the union of the regions
2,5 and 6.

The complement of this class are incomplete measurements. In this case, the final
state will depend on the initial state and more information can be gained with further
measurements. Incomplete and efficient measurement have at least one effect whose rank
is higher than one. In figure [2.1] incomplete and efficient measurements correspond to the
groups 3,7,8 and 9. Within this sub class of measurements (incomplete and efficient),
when all the effects have rank higher than one, the measurement are said to be weak
measurements [126]. This is a general definition of weak measurements. In this work, we

will focus on weak measurements of an observable (they belong to the groups 7 or 9).

2.1.3 Measurement of an observable

A third important class of measurements are measurements of observables. A measure-
ment belongs to this class if every effect operator E, is a function of the observable. Thus,
if A is an hermitian operator representing a physical variable, the measurement will be a
measurement of A if Vr E, = ET(A) Consequently, if the spectral decomposition of the
observable is A = D a;11;, then E, = D f[iET(ai) and the probability distribution of the
outcomes is P(r) = >, Er(a;) Tr [ﬂzp(t)]

2.1.4 Projective measurements

Let us consider an hermitian operator A with discrete eigenvalues (which may be de-
generate) and whose spectral decomposition is given by A= D aiﬂi, where a; is a real
eigenvalue and II; is a projector into the subspace of eigenvectors of A with eigenvalue a;.
The index number 7 labels each eigenvalue. The set of projectors II; is orthogonal, obeying
LI, — 6,11,

If a measurement of the observable A is minimally disturbing, then the measurement is

said to be projective. In this case each possible outcome r can be “linked” to an eigenvalue

11
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of A. For a projective measurement of A the effects and measurement operators are equal,

and correspond to projectors,

~

E, = M, =1I,. (2.14)

Notice that the label ¢ corresponds to the eigenvalue associated with the outcome r. An-
other way to write the effects operators is E. =96 Al which shows that the effect is a
function of A and, therefore, according to the definition given in the previous section,
the measurement corresponds to a measurement of A. The projectors are obviously posi-
tive operators and the measurement is consequently a minimally disturbing measurement.
Thus, the measurement described by is indeed a projective measurement. For a

projective measurement, equation (2.4) reduces to

et 1) = 2Pt _ Mep(M]_ Tip(®)ll; (2.15)

Tr[Erp(t)] Tr[M,TMTp(t)] Tr[f[ip(t)]

This is the projection postulate, or Liider’s rule [9], for updating the initial state after a
measurement. Therefore, equation can be understood as a generalization of the pro-
jection postulate. Also, it should be clear that for a projective measurement the probability
to read the i-th eigenvalue is given by P(i) = Tr [ﬂ,p(t)] (the normalization factor in the
projection postulate). Notice that a projective measurement is not necessarily complete,
since the projectors might not be rank one projectors, due to the possible degeneracy of
the eigenvalues.

When all the projectors have rank one, i.e. when there is no degeneracy, the measure-
ment corresponds to a von Neumann measurement. In this case, a projective measurement
is complete and equation becomes the projection postulate introduced by von Neu-

mann, namely,

pi(t +7) = II;. (2.16)

Therefore, the von Neumann measurement corresponds to an efficient (more specifically,

to a minimally disturbing) and complete measurement of an observable, i.e. it lays at the

12
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intersection of the first three classes introduced above.

2.2 Implementing operations with an ancilla system

An important fact about quantum operations is that they can be constructed from
an apparatus-system model, i.e. using a second quantum system that is “attached” to
the quantum system that we want to measure. This second system has received different
names; measurement device, ancilla, pointer, meter [14] or apparatus [12]. The first system,
the one which we want to measure, is called the target system or simply “the system”. The
apparatus-system model is represented in figure 2.2 and described below.

measurement of an
pre — measurement apparatus variable

Ut +1,t) [R:zr.erxrAl ’
p()p?(t) ‘ ASt+1) ‘ pr(t+1)
initial state of 40 outcomeR =1 . .

Figure 2.2: Representation of the measurement process. The first stage (pre-measurement) en-
tangles the system with the measurement device. In the second stage the measurement device is
measured by observing the variable R.

We begin assuming that at an initial time ¢ the joint state of the apparatus and the

system is given by

pA5(t) = p (t)p(1), (2.17)

where pA(t) represents the initial state of the apparatus, p(t) is the initial state of the
system and pA°(t) the initial joint state of the apparatus and the system. In this work,
we will use the superscript A to denote a state of the apparatus, AS to describe a joint
state of the apparatus and the system, and no special notation for a system state. Notice

that equation ([2.17)) assumes that initially the system is uncorrelated with the apparatus,

13
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which is a reasonable assumption for a measurement.

The measurement is described as a “two-stage process”. The first part is sometimes
called pre-measurement. In this stage, the apparatus interacts with the system during a
time 7, i.e. this part of the process has a certain duration. The interaction is described
by a unitary operator U (t 4+ 7,t), which brings the initial joint state pA°(t) to the state
pS(t +7) = Ut + 7,t)pA5(t)UT(t + 7,t), entangling the system with the apparatus. A
specific form of U will be given in the next section, where the so called “von Neumann
model” [14] is presented.

By introducing a (non unique) pure state decomposition for the initial state of the

apparatus, p?(t) = Dk Dk ‘w,’?> <w;c4|, the joint state after the interaction can be written as
P8t + 1) = D kUt + 7t [ty p(t) (it | UT (& + 7 8). (2.18)
e

The second part of the process corresponds to the measurement of the apparatus, in which
a certain outcome is observed. The observation of the apparatus is modelled assuming
that a von Neumann measurement of an apparatus variable R is made at an observation
time to > t + 7. Here we will assume that tp = t + 7, i.e. that apparatus is measured
immediately after the interaction. This can be done without loss of generality, provided
that no evolution takes place between t + 7 and tp.

For a von Neumann measurement, the measurement operators are orthogonal projec-

tors, TA><7’A‘, that project into the one-dimensional space spanned by the eigenvector
‘T‘A> associated to the r-th eigenvalue of an hermitian operator R of the apparatus. Hence,
applying the projection postulate, the selective joint state after the measurement is given

by

<’I“A’ p(t+ 1) ’7“4>

p2St+ 1) = |rHGA @ .
‘ >< ‘ TI‘[<TA|pAS(t+T)|’I“A>]

(2.19)

Notice that the trace in the denominator is a partial trace over the system degrees of
AS

212 (t+7) is a product state, i.e. after the measurement the apparatus is

freedom. The state p

no longer correlated with the system. While the apparatus is left in a pure state "I“A> <T’A|,

14
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the conditioned system state is

<7‘A| pA3(t+ 1) }TA> .
Tr [<7’A| pAS(t + 1) \TA>]

pr(t+7) = (2.20)
The term in the numerator is the unnormalized conditioned state of the system after the
measurement has produced the outcome r, while the denominator represents the probabil-
ity for this result to occur, P(r). In order to define a quantum operation O, that describes
the selective evolution of the system, let us consider the unnormalized conditioned state of

the system,

<rA‘ oS (t+ 1) ‘7“’4>

Dok MU+ m8) [0 pt) | UT(E + 7,8) 7). (2.21)
k

pr(t+7)

From this expression it is clear that the elements of the operation O, can be defined as

Ak = Ve U+ 70 [0 (2:22)

that ensures that the action of the operation O,p(t) = >, flnkp(t)/llk reproduces the
result ([2.21])). Consequently, the effect operators are

B =Y Al Ak = Y pe | U +7,0) 1) (A Ot + 7t |0 - (2.23)
k k

From it is clear that E, =1, as is required from . The probability of getting
the outcome r is given by P(r) = Tr [Erp(t)] that equals the term in the denominator
of . The fact that the effects satisfy the completeness condition, ensures that the
operations defined using the elements are completely positive, trace decreasing and
convex linear maps [I5]. It can also be shown that the non-selective evolution of the system,

generated by O = >, O,

pt+7) = Op(t) = > Arp(t) Al |, (2.24)
r.k

15
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also satisfies these three conditions.

We have shown that operations and effects representing measurements can be con-
structed from an specific apparatus-system model, by using an apparatus (enlarging the
Hilbert space) that starts in an initial state pA(t), couples to the system via a unitary
operator U during a time 7, and whose variable R is finally measured (projectively) at a
time tp. An important observation is that the operations constructed in this way are not
unique since the pure state ensemble decomposition used for pA(t) is not unique.

However, if the initial state of the apparatus is pure, p?(t) = ‘1/}A> <¢A

, then each
operation will have only one element. In this case the measurement is efficient and we
can speak of measurement operators, which are M, = <rA‘ U (t + 7,t) ‘¢A> and satisfy
the completeness condition M M, = 1. Therefore, from a unitary operator U , & pure
state ’¢A> and an apparatus variable R, the apparatus-system model generates a set
of measurement operators {MT} satisfying the completeness condition. The converse is
also true. From a set of measurement operators {M,} that satisfy Y, MIM, = 1, an
apparatus-system model may be constructed, i.e. R, U and ‘¢A> may be found, such
that M, = <rA‘ U (t+7,t) WA> and the completeness relation is fulfilled. This one-to-one
correspondence between the set of measurement operators and an ancilla-system model is

assured by Neumark’s theorem [16].

2.3 The von Neumann model: strong and weak measure-

ments of an observable

In the last chapter of the well known book [I0], von Neumann described the general
features that the interaction between the system and the meter should satisfy in order
to have the character of a measurement of a physical variable. An interaction satisfying
these features is called a “von Neumann model”. Sometimes, it is also referred as the
von Neumann scheme [17] or von Neumann protocol [14]. In this section we describe first
these general characteristics. Afterwards, a particular form of interaction is presented from
which weak measurements of an observable will be defined.

Let B4 = {’mA>,m} and B = {|s), s} be vector bases for the meter and the system,

16
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respectively. Therefore, Bag = {‘mA> |s), m, s} is a basis of the Hilbert space of the meter
and the system. Furthermore, assume that B, is formed by the eigenstates of some meter
operator M , while B is the eigenbasis of a system operator S.

The operator that entangles the system with the meter (during the pre-measurement

stage) is defined in terms of its action over the elements of B4g, as follows:
Ut +7,t) [m™) [s) = |U(m, 5)*)|s), (2.25)

where the states |U(m, s)?) € B4. For a fixed m, each state |U(m, s)*) should have no
overlap with another state ‘U(m, s )A>, s’ # s. This property will allow to distinguish the
different eigenvectors of S by observing the variable M after the interaction. Consequently,
we shall demand that (U (m, s)4|U(m,s")4) = 6, ¢.

On the other hand, for a fixed s, the function U(m,s) should put in a one-to-one
correspondence the basis element ‘mA> with the basis element ‘U (m, S)A>. This condition
is sufficient and necessary for U to be unitary.

The bases B4 and B are called measurement basis (for the apparatus or for the system).
The eigenstates ‘mA> are called pointer states and M is the pointer variable. Observing
the pointer variable M shows on a certain scale the value of S.

Let us assume that the apparatus is prepared in some state of B4 denoted by p?(t) =
‘OA> <OA‘. If the interaction between the apparatus and the meter satisfies the conditions
described by von Neumann, and the apparatus is observed in the measurement basis (the

pointer variable is observed), then the measurement operators are projectors,
M,, = <mA} Ut +7) ‘OA> = 2 <mA‘U(O, s’)A> Iy = Il,. (2.26)
s/

Where II, projects into the space spanned by the eigenstates associated to the s-th eigen-
value of the system variable S. In this way, if the apparatus is prepared in a “pointer
state” and observed in the measurement basis, the interaction defines a projective
measurement of S. It is important to highlight that the eigenvalue s is linked to the

outcome m by the relation m = U(0,s), i.e. given m and U, the eigenvalue s may be

17
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obtained. Evidently, if such an eigenvalue of S does not exist, then the outcome m has
zero probability to occur.

In [10] von Neumann provided an example of the unitary operator U. It was derived
from the interaction hamiltonian between the system and the meter H = wQP, where
Q was the position of the system, P the momentum of the measurement device and w
some characteristic frequency describing the coupling. The masses of the system and the
apparatus were assumed to be large, and therefore the kinetic energy (free hamiltonians
of the system and the meter) was neglected.

This type of interaction is very common in the laboratory. In this work we will consider
an interaction hamiltonian between the apparatus and the system of the form H (t) =
g(t)flp, where A is discrete variable of the system, with spectral decomposition given by
Dk akﬂk, and P is a continuous variable of the apparatus. The measurement starts at an
initial time ¢ and lasts for a time 7. The instantaneous coupling constant g(t) between the

apparatus and the system satisfies

t+T1
Jt g(thdt' = g. (2.27)

The constant ¢ is a parameter that quantifies the strength of the measurement. Assum-
ing that the free evolution of the system and the measurement device may be neglected

during the interaction, the evolution operator for the measurement process is
Ut +1,t) = exp{ (i/h) gAP} Zexp{ (i/h) gakP}Hk (2.28)

Let Q be the conjugate variable to ]5, namely, [Q,P] = th. We will speak of P as
the momentum of the apparatus and of Q as its position. Also, let {}qA> ,q € R} be the

eigenbasis of Q and {laxy,k} the eigenbasis of A. The action of the evolution operator

(2.28)) over the elements of these bases is given by

Ut +7.t) |¢*) law) = | (¢ + gar)™) lax) . (2.29)

18
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Consequently, according to the “position basis” and the basis formed by the eigen-
vectors of A constitute the measurement bases. In other words, the eigenvalues of A will
be read in the final position of the meter. This basis is important, since more information
is obtained when the meter is measured in this basis, as will be shown later.

We will assume that the system starts in a mixed state p(t), uncorrelated with the

meter. With regards to the apparatus it will be assumed that it is prepared in a pure state

A(t) = WA><¢A|, where
[y = foo ¥(q)|¢*) dg = foo ¥(p) |p™) dp. (2.30)

The basis {‘pA> ,p € R} is the basis formed by the eigenvectors of the operator P. The
wave function, 1(q), is a assumed to be a wave packet that has a mean value of Qy and a
standard deviation of o,. The momentum wave function, ¢(p), is the Fourier transform of
1(q), and has mean momentum of Py and a spread o, = i/(20y).

Since we are making the assumption that the initial state of the apparatus is pure, the
measurement is efficient and each operation will have only one element. Consequently, it
makes sense to speak of measurement operators for each possible outcome of the measure-
ment. Notice that ‘¢A> is not a pointer state, since the measurement basis is continuous
and thus the pointer states are not physically realizable.

Assume first that the apparatus is observed in the measurement basis. For the outcome

q, the measurement and effect operators are:

My, = o(g—gA) =) ¥(q— gax)lly (2.31)
k

[¥(q = > 1e(q — gax)| Tl (2.32)
k

i
I

The expression for Mq shows that each measurement operator is a weighted summation
of the projectors, with weights equal to (¢ — gax), which simply corresponds to the
initial wave function of the meter displaced by a distance gay. Also, it is clear that
the measurement corresponds to a measurement of 121, because the effect operators are a

function of this variable.
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On the other hand, the probability that the measurement device is found at “exact”

position ¢ after the measurement is given by

P(q) = Tx| Eppt)| = (u(a—gAd)?) (2.33)

> 1ela — gaw) P Tr| fep(t) | (2.34)
k

Obviously, P(q) is a probability density function, because the position of the meter can
not be measured with absolute precision. Notice also that expression is a mixture
density, since it corresponds to a convex combination of the initial probability density
function, \1/1((])]2, displaced by a distance gay, with weights equal to Tr[f[kp(t)].

A strong measurement corresponds to a measurement in which the overlap between
the different densities of the mixture is negligible, i.e. when gA, » o4, where A, is the
minimum separation between two consecutive eigenvalues of A (typically of the order of
the unity). This situation is represented in figure which shows that the mixture density
consists of a series of peaks at different positions Qg+ gax, which are clearly distinguishable.
Each final “possible” position of the meter is in a one to one correspondence with the
eigenvalues of the operator A.

As the ratio g/o, decreases, the measurement becomes weaker and the overlap between
the different densities of the mixture begins to increase. Figure shows the case when
g/oq ~ 1 and the initial wave function is Gaussian. In this case the initial probability
density is normal, but it does not retain the “Gaussian shape” after the measurement.
Indeed, the final density arises from a series of overlapped Gaussian densities. For a
weaker measurement, however, the final distribution remains approximately normal (in
the vast part of its domain except in the tails) and it is almost as if the density function
was just shifted by an amount equal to g <A> This fact is shown in figure

By comparing figure [2.3] to figure 2.5 it is possible to see that for a weak measurement
each outcome can not be “linked” to a particular eigenvalue, due to the significant overlap
between the different wave packets. The weak measurement contains therefore additional
quantum noise, because the meter has been prepared in a state with large o, or the coupling

constant ¢ is sufficiently small. This noise is quantum since it has been assumed that the

20



CHAPTER 2. QUANTUM MEASUREMENT THEORY

0.4
03
P(q) o2
0.1
9hq
—
Q=5 Qo+ 9a; Qo + 9a, Qo+ gas Qo+ 9gas Qo +gas
0
0 50 100 150 200 250 300 350 400 450 500 550
q

Figure 2.3: Strong measurement (g = 100) of an observable with 5 eigenvalues a; = 4,7 = 1...5.
The red curve shows the density function of the initial position of the meter, which is well defined
and sharply peaked at some initial position, ()9 = 5, with spread o, = 1 . The density function
for the final position of the meter is represented by blue curve, which is a series of distinguishable
peaks.

meter started in a pure state.
The density (2.33)) allows to compute the average position of the measurement device

after the measurement,

Qr = quqP(q) = Qo + gTr[/lp(t)] =Qo+g <21>- (2.35)

This shows that the displacement of the mean position is a linear function of g and
is proportional to the expectation value of A. This holds regardless of the value of g, i.e.
both for a strong or a weak measurement. Analogously, the variance in the reading of the

position is given by

Var(@) = [ dala - Qn)P(a) = o+ 4* (AA), (2.36)

which shows that the dispersion of the position of the meter always increases after the

21



CHAPTER 2. QUANTUM MEASUREMENT THEORY

P(q)

18

Figure 2.4: Weak measurement (g = 2.5) of an observable with 5 eigenvalues a; = 4,7 = 1...5. The
red curve shows the initial probability density function of the meter position, centered on Qy = 1
with spread o, = 1. The final density function (blue curve) consists of a series of well overlapped
densities (dotted curves). A reading of the meter position gives less information than a strong
measurement.

measurement [
It is instructive to see what happens with the system after the measurement. When
the apparatus is found in position g, the conditioned state of the system is

polt +7) = 2w (g — gar)y* (q — gag ) g p(t) 1Ly 7 (2.37)

Sy (g — gan)P Te{TTep(t) |

where ¥* denotes complex conjugation. If the measurement is strong, then different wave
packets do not overlap, namely, ¥ (¢ — gax)v*(q — gap) = 5k7k/|¢(q—gak)\2, and the

conditioned state of the system becomes

S 19(q — gan) PTep(D)TT, ‘
Sk héla — gai) P Tr{ Tlio(t) |

palt +7) = (2:38)
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g{4)

P(q)

Figure 2.5: Weak measurement (g = 0.25) of an observable with 5 eigenvalues a; = i,i = 1...5.
The red curve shows the initial probability density function of the meter position. The curve in
blue color is the final density function. As a consequence of the highly overlapped wave-packets
(dotted curves), the final density is approximately the same initial Gaussian function, displaced by

g <121> One single outcome of the measurement gives a very small amount of information.

This expression does not correspond exactly to the projection postulate. However, every
measurement should have in practise some classical noise, or uncertainty, e. This means
that the measurement device is found, not at some position ¢, but rather in an interval
around that position. Let us denote this interval by I, = (¢ — €/2,q + ¢/2). If the noise
is larger than the width of each wave packet, € » o4, but is much smaller than separation
between the different wave packets, € « gA,, then the interval I, may contain only one of
the positions Qo + gax, or none. If I, does not contain any of them, by integrating the
density in I, it is easy to see that P(l;) ~ 0, i.e. with (almost) complete certainty
the reading of the meter will contain one of the positions Qg + gar among the noise e.
Let ¢ be the union of all the intervals that contain the position Qo + ga;. From ,

the probability to find the measurement device in this interval, i.e. to read one of the
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eigenvalues of the operator A, is given by
P(i) = Tt [ﬂ,;p(t)], (2.39)

and the conditioned system state is given by

Tr [f[lp(t)] ' 240

pi(t+71) =
Thus, the projection postulate is recovered. The important point of the argument is that
the projection postulate is recovered when the measurement is strong. Therefore, in this
work, a strong measurement will have the same meaning as a projective measurement.

In this case one single measurement of the meter position tells the corresponding eigen-
value and that the system has “collapsed” into the state oc ﬁip(t)ﬂi. This state could be
correlated with the initial state. However, if there was no degeneracy, then there is no
correlation between the initial and final system states (because the final state is just ﬂl)
Therefore, for a strong measurement, a large amount of information is gained with just one
reading, and the initial state of the system is highly disturbed. Indeed, the unconditioned

state of the system is
p(t +7) 2 P(i (2.41)

which is always a mixture, unless the initial state of the system is one of the eigenstates
of the measured variable.

The opposite occurs when the measurement becomes weaker, i.e. the system is weakly
perturbed and little information is obtained with one single measurement. In order to
appreciate this, and assuming that wave function of the meter, 1/(q), is a complex analytic
function, it is possible to Taylor-expand the measurement and effect operators in powers

of the coupling constant g, getting

it = 3 T ) by = 9 I ) (2.42)

n n
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The expression 0" f(q) denotes the n-th partial derivative of f(q) with respect to ¢, and
f(q) = f(q). Using the expansion of the effect operators it is possible to express the
probability density, P(q) = Tr [Eqp(t)], in powers of g. By keeping the terms up to first

order,

Z . " (a) 2Am) ~ @) - galu(@) 2 (A ~ [bla — g (A))P. (2.43)

n

The conditions under which the two approximations are valid depend on the initial wave
function of the apparatus, ¥ (q), on the value of the coupling constant, g, and on the differ-
ent moments of the measured variable, </l” This result shows that, at first orden in g,
it is posible to gather information (provided that <A> # 0). With one single measurement,
the extraction of information will be small, since the probability density will be noisy or
wide, as it is shown in figure

Next, in order to appreciate the disturbance on the system, it is possible to use the
expansion of the measurement operators, and calculate the unconditioned state of the

system after the measurement. Using ([2.5)), the state after the measurement is

plt +7) = [ dadtyp(@)31] ~ ptt) + L (P [p(0). 4] + O(gP). (2.44)

This expression shows that the linear contribution to the final state of the system depends
on the initial expectation value of the momentum of the measurement device, <]5> =
<@Z)A’ P |’QZJA>. Thus, by preparing the apparatus in a state with zero mean momentum,
and assuming that the system initial expectation value of A is not zero, then information
can be extracted without perturbing the system, for a sufficiently small value of g, i.e. for a
sufficiently weak measurement of A. The same occurs if the measured variable commutes
with the initial state of the system, i.e. when [p(t), A] vanishes.

Let us consider now the case when the apparatus is not observed in the pointer basis.

Moreover, let us assume that it is observed in the momentum basis. Recall that P is

2Recall that <3> = Tr[ép(t)], where B is any system operator and p(t) is the initial state of the
system.
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conjugate to the pointer variable Q In this case, the measurement operators are

N, = w(p) exp| ~(i/mgpA| . By = [w@)P - 1. (2.45)

Notice that the effect operators are proportional to the identity. Therefore, the probability
density function is P(q) = Tr[Epp(t)] = |¢(p)|?, namely, it remains unchanged after
the measurement. Therefore, it is clear that no information is gained by observing the
apparatus in the conjugate basis to Q. On the other hand, by using the measurement

operators, the conditioned system state is expressed as

v Vil , R .
MpplOMy _ 5 (igw/mow—a) fr o)1y, (2.46)

Pp(t + T) = P(p)
kK’

which shows that the meter adds phase factors to the off-diagonal components of the system
density operator p(t).

Finally, it is interesting to generalize the conclusions of this section and assume that
the apparatus is observed in the basis of some continuous variable R = Srﬂrdr, where
I1, = |r){r| are rank one orthogonal projectors. Furthermore, let us make the assumption
that this operator is hermitian and thus r € R. The measurement and effect operators can

be expanded in powers of the coupling constant, as follows:

it = rfexp|~(ig/mAP] 1) = 3 T oy sy (2.47)
n=0 '
B = it = 3 O S oy (1) @l el P (a9
n=0 : m=0

The probability density function is given by P(r) = Tr [Erp(t)]. The contribution of

the linear term is proportional to the initial expectation value of /Al,
_ 2 W /AN /ih T 2
P(r) = ()P + - (A) ([P.1L]) + O(g), (2.49)
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provided that the projector does not conmute with the momentum of the meter, [15, f[T] #
0. This means that, for a sufficiently weak measurement, the expectation value of R will

change by an amount proportional to <fl>,

(&), - f arP(ryr = (R + 9 (A (1P, R)) + 0(g?) (2.50)

This expression shows that the ensemble average of R will change as long as the momentum
of the meter does not commute with the observed variable (the commutator should be
computed over the initial system state).

On the other hand, the non-selective evolution of the density matrix is obtained by
applying to the initial system state. Using the unconditioned state after the

measurement may be expanded in powers of g as follows:

n

plt +7) = f dr M, p(t) M| = i (ig/ ?)n <P"> i (—1)™ (Z)Amp@)ﬁn—m. (2.51)
n=0 : m=0

Notice that the selective evolution 1D is independent of R. To linear order in g, the
system will remain unchanged when the initial mean momentum of the meter is zero.

Indeed,

(i +7) = p(t) + L (P [ol0), 4] + O(g?). (2.52)

Summarizing, equations (2.49) and (2.52]) show that, in a weak measurement of an ob-
servable, information may be gained without perturbing the system, independent of the
observation basis. The state of the system will be not perturbed when <15> = 0 or when

the initial state of the system commutes with the measured variable. Information will be

gained when <fl> # 0 and <[]3, R]> # 0.
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Chapter 3

Pre- and post-selected quantum

measurements

In this chapter the theory of measurements performed on pre- and post-selected quan-
tum systems is described. We begin with a brief description of the general theory, in which
the initial and the final states are mixed states and the intermediate measurement may be
of any kind. Then, we will focus on the particular case of a pre- and post-selected quan-
tum system for which both, the initial and the final states, are pure and the intermediate
measurement is projective. It worth to emphazise that section is just an introduction
to the subject. By no means it pretends to be an exhaustive review on generalized mea-
surements on pre- and post-selected systems. However, all the elements presented in the
first section will be useful to introduce the weak value in section In section the
most important observations regarding the meaning of weak values are presented. In the
last section we conclude the chapter with a summary of some of the most “well-known”

experimental applications of weak values to the date.
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3.1 General formulation of pre- and post-selected quantum

measurements

The previous chapter described the basic measurement theory of a pre-selected quantum
system, i.e. of a system that starts in an initial state p(t). In this section, we will study the
statistics of measurements performed on a quantum system whose initial and final states
are partially or fully known. We will assume that the system starts in a state p; at a time
t; and ends in a state py at a time ty > ;.

An intermediate measurement is performed between times ¢; and ty. We will ask for the
probability distribution of the outcomes of this intermediate measurement, given that the
initial and final states are (partially or fully) known. Recall that the measurement process
has been divided into two stages; the first is the pre-measurement process and the second
is the observation of the meter. The pre-measurement process begins at a time ¢ and lasts
for a time 7. The observation of the meter is an instantaneous step performed at a time
to > t + 7. The measurement is said to be intermediate because the pre-measurement
process is performed between the times ¢; and t¢, i.e. the interval (¢,¢+ 7) is contained in
the interval (t;,t¢). The observation of the meter can be made indistinctly before or after
the time ¢;. For simplicity, in general, we will just say that the intermediate is performed
at time t. However, the reader should keep in mind that this actually means that the
pre-measurement process begins that time ¢ > ¢; and ends at time ¢ + 7 < t;.

As has been explained, the quantum system starts in a state p; at time ¢;. Formally, we
will say that the state p; is pre-selected. Later, at a time ¢, the intermediate measurement
is performed. Finally, at time t7, a second measurement is performed, but only the results
that produce the state p; are taken into consideration. This “second measurement” is
called post-selection, since it selects the final state py. Again, the second measurement will
also have a pre-measurement stage and an observation stage, i.e. it has a certain duration.
However, we will treat the second measurement as an “instantaneous” event, that occurs
at time ty. Otherwise, only irrelevant details will be introduced.

The post-selection is a probabilistic process, because there is a chance that it might fail.

This failure occurs anytime the result obtained in the second measurement does not produce
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the desired state py. When tp < ty, the results of the intermediate measurement are known
before the post-selection. In this situation, the results of the intermediate measurement are
taken into account only when the post-selection is successful. When it fails, the intermediate
results are simply ignored and therefore not taken into consideration for the statistics of the
measurement. When o > t; the intermediate results are known after the post-selection.
In this case, the results of the intermediate measurement are acquired only when the
(previous) post-selection process has been successful. Otherwise, when the post-selection
has failed, it does has no sense to observe the results of the intermediate measurement.

The collection of identically pre- and post-selected quantum systems is called a pre-
and post-selected ensemble. Similarly, the intermediate measurement performed on a pre-
and post-selected ensemble is called a pre- and post-selected measurement.

As a summary: the system starts in a state p; at the initial time ¢;, an intermediate
measurement is performed at time ¢ > ¢;, post-selection occurs at time ¢; and the obser-
vation of the meter is realised at time tp. We will assume that the system does not evolve
in between those times. However, in a more general formulation, unitary or markovian
evolution might be included [13]. Figure shows a general representation of a pre- and

post-selected measurement.

outcome R = r read at t,
to > tr

Post-selection > Py
(a second measurement) 4
outcome R =r read at t
t+T<to <ty

Intermediate
Measurement

ti |- Pre-selection ’ 0;

Figure 3.1: Representation of an pre- and post-selected measurement. An intermediate measure-
ment is performed between an initial state p; and a final state py. The outcome of the intermediate
measurement may be read before or after the post-selection, which is a second measurement from
which only the results that leave the system in the state py are kept.

Let us derive now an expression for the probability distribution of the outcomes of the
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intermediate measurement, conditioning on the successful post-selection of the state p;. If
the outcome of the intermediate measurement is equal to r, then the conditioned state of
the system will be p, = O,p;/P(r), where O, is the quantum operation associated with
the outcome r and P(r) = Tr{O,p;} is the probability of getting this result.

Then, a second measurement is performed at time t;. As has been anticipated, no
evolution is assumed to take place between the intermediate and the final measurement.
Let E + be the effect operator associated to the outcome f, which produces the final state
p¢. This effect operator will be, in general, a function of the outcome of the intermediate
result.

Consequently, the probability of getting the outcome f, given that the intermediate

measurement produced the result r corresponds to

P(f|r) = Te| Eppr . (3.1)

Employing Bayes theorem, the probability of obtaining the result r in the intermediate

measurement, given that the final state is known to be py, may be expressed as
P(fl) - Py _ T ErOvi]

P(r|f) = 20 :Tr[Efopi]' (3.2)

The term in the denominator, P(f), represents the probability of successful post-selection.
Notice that the quantum operation O corresponds to the non-selective evolution generated
by the intermediate measurement O = » O,. Expression is a general expression
that allows us to calculate the probability of the outcomes of a pre- and post-selected
measurement.

Let us assume that we accept all the possible results of the final measurement .This

would be equivalent of performing no post-selection. In this case, Ef = 1 and therefore

expression (3.2)) becomes

. Tr [OTpi]

P(ﬂf) = Tr[(’)pi] = Tr[orpi] = P(T’), (33)
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namely, the probability distribution corresponds to the one of a standard quantum mea-
surement. This type of ensemble is called an only pre-selected ensemble. One may consider
the “opposite” the situation, in which the initial state is completely unknown, namely,
pi = 1/D (D is the dimension of the Hilbert space of states). This situation corresponds
to an only post-selected ensemble.

We will not study systematically a mized pre- and post-selected ensemble, but consider
a more restrictive scenario described by the following two conditions: i) the initial and
final states are perfectly known, and ii) the intermediate measurement is efficient. The
first condition entails that both states are pure, i.e. that the ensemble is a pure pre- and
post-selected ensemble. Let [¢);) and [1)¢) be those initial and final states, respectively.
The fact that p; is a pure state means that the final measurement is a von-Neumann type
measurement and, consequently, the effect operator is a rank-one projector £ =Yg Wyl
The second condition implies that the action of the operation associated to the intermediate
measurement may be written as O,p; = MrpiMi, where MT is the measurement operator

associated to the r-th outcome. Thereby, expression (3.2)) becomes

RO AT
%, Ko 3ty iy P

P(r(f) =

Projective intermediate measurement

It is interesting to study expression when the intermediate measurement is projec-
tive. Recall that every projective measurement is a minimally disturbing measurement of
an observable. Let us denote this (possibly, degenerate) observable as fl, and let it spectral
decomposition be A= P II,. Since the intermediate measurement is projective each
outcome is associated to one the eigenvalues of the observable. The measurement and

effect operators are projectors, M, = E, = II,. Therefore, expression (3.4) may be written

as

T
%, 1l B [ P

P(r|f) = (3.5)
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This formula allows to calculate the probabilities of each outcome of a projective measure-
ment performed on a pure pre- and post-selected ensemble. Notice that it is symmetric
under the exchange of the initial and final states.

One interesting application of this formula occurs in the so called quantum box problem
[42, 43, 44, [45]. Consider a single particle that can be found in three boxes. Let |i) denote
the quantum state corresponding to the spatial wave function of the particle localized in
the i-th box (¢ = 1,2,3). These states are orthogonal and span the three dimensional
Hilbert space of states. Assume that the experiment starts and ends with the particle in

the pure states

(100 +1)+12)) and rwf>=j§(\o>+|1>—|2>). (3.6)

1

Let us imagine that, between the initial and final times, we want to check whether the
particle is in the k-th box or not. This can be regarded as an intermediate measurement
of the observable A = |k){k| (a projector). Furthermore, in order to apply expression
, assume that this measurement is projective (strong), namely, a measurement with
two distinguishable outcomes, each one corresponding to one the two eigenvalues of the
observable: r = 1 indicates that the particle is in the box, and r = 0 tells that the box is
empty. In this situation, the POVM is given by the set {II;, Iy}, where

My = [kykl and Tl = Y] 1) (- (3.7)
i#k

Therefore, according to expression ({3.5)) if we check whether the particle is in box k& = 1,

then the probability distribution of the two possible outcomes is given by

P(l‘f) _ |<¢f‘1><1|¢z>|2 —1, (3.8)

[y 85 ATy T+ | Coog12) C2liny & g3 GBI
) [ Cr|2) 21> + (g 3) (Bl | )
PO = T P + 1D @y + 3y G~ &9

Consequently, if box 1 is opened, but not the others, the particle will be found with

certainty, which is a counterintuitive result. The same happens if we look for the particle
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in box k£ = 2, but do not open the rest of the boxes. Indeed, in this case the probability

distribution of the outcomes is

Gy S T+ [y ey + By By T
) [ Cog 1 L + Cabgl3) Bl 12 )
POWY = 1@l B + 1D Gl + B B o G

This case is represented in figure (upper figure). Finally, if only box 3 was opened, the
probability to find the particle is 1/5. Indeed,

[ By GBI T+ | <oy 10y (s & G 25 Iy I
) [ Cr 1 (L + (g |2) 2l | )
PO = T8l B + [ Al + 2y @~ % (B13)

Notice that the probabilities P(1|f) and P(0|f) depend on the whole measure {IIy, I1; } and
not only on the corresponding projector. This shows that the probabilities of a projective
pre- and post-selected measurement are context-dependent. A discussion of a classical
version the three box problem can be found in [46].

Let us consider now expression when the intermediate measurement is a von
Neumann type of measurement, i.e. a complete and minimally disturbing measurement
of an observable A. In this case, the effects and measurement operators are rank one

projectors, B, = M, = |a,){a,|, where A |a,) = r|a,). Equation (3.4) becomes

a 2. a 12

-2 plany |2 [ ar iy [

This expression is known as the Aharonov, Bergmann and Lebowitz (ABL) rule for calcu-
lating the probabilities of the outcomes of a von Neumann measurement performed on a
pure pre- and post-selected ensemble [3]. Expression can be regarded as an extension
of the ABL rule for projective measurements.

Let us go back to the three-box problem and imagine that we open all boxes, in-
stead of just one. This is an experiment with three possible outcomes. The effects and

measurement operators are all rank one projectors, and the measure is given by the set
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ﬁl}ﬁ \

Puf@‘ f ‘ ]
)

[¥s) PAIH) =1/3

W )

Figure 3.2: Upper figure: a strong measurement of the projector |2)(2| is performed on a pre-
and post-selected quantum system. The particle is always found in the box 2. Lower figure: a von
Neumann measurement of the non-degenerate observable A = 317 ]i)(i| on a pre- and post-selected
system. The particle is found in box 2 with probability of 1/3.

{11)<1],12)<2|,|3)(3|}. We can use the ABL rule (3.14)) to obtain the probabilities of the

three possible results,

) g1y (L) 2 ) e
PA = o A B [ 2 iy [P+ [y By @l P~ o b v [ =173

| w22l 2
[Pl Aiy 1P + [<hp[2) 21y [2 + | (W 3) Bl 2
| <sl3) Bl

PO = [ s P+ 101 @l P 168 G P~ 2 W Glvo =1/3

P2[f) = 3|yl 2l [P = 1/3

These results are now more intuitive, since the particle has equal probability of being
found in each box. The expressions also show that the probabilities depend only on the
corresponding projector, namely, von Neumann measurements performed on pure pre- and
post-selected ensembles are non-contextual.

It is a well known fact that measurements of non commuting observables can not have

definite values. For von Neumann measurements, performed on pure pre- and post-selected
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ensembles, this is not the case. Assume that the initial state is |1;) = |a), where A = a|a).
Similarly, suppose that the final state is [1)f) = |b) and B = b|b). Thus, the system starts
in a state with a well defined value of A and ends in a state in which the variable B is
well defined. Furthermore, assume that the observables do not conmute, [A, B] # 0. If the
intermediate measurement is a measurement of /1, according to , the probability of

reading the eigenvalue a is equal to

|yl | - [ alip |2
2 [<Pgla’) [ - [<a' [y |2

Plalf) = ~ 1. (3.15)

Analogously, if we measure B, the odds to read the eigenvalue b are equal to P(b|f) = 1.
Therefore, this pre- and post-selected system will have definite (dispersion-free) values A

and B, although these observables may not commute.

3.2 The weak value

Let us consider the formula (3.4]), which allows to calculate the conditioned density
function P(r|f) of an efficient measurement. Assume that the meter is observed in the
basis of some continuous variable R = {7 - II,dr, where II, = |r){r|. In this case, the

conditioned probability density becomes

| g | M [ |

iD= §dr| Wyl My iy [

(3.16)

The operators M, are the measurement operators associated to the outcome r, whose
expansion in powers of the coupling constant is given in ([2.47) for a von Neumann-type
interaction. The term in the numerator of (3.16|) is the joint probability of reading the

outcome 7 and making a successful post-selection of the state |¢)¢). It may be written as
N o)
P(r, f) = | &gl Mo [y [P = | sltbi) [P - [ () Y5 g enlr). (3.17)

n=0

Notice that the series is presented as a correction of the joint probability when no mea-

surement takes place, in which case the joint probability is simply the multiplication of the
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two independent probabilities. The coefficients of the series are given by

/D" <A (0w ARy Gl AR [y @ PR ey G| PR )
ear) = O3 (1) TS SRS o Gy e

k=0

The different terms appearing in the sum are weak values of operators of the system and
the apparatus, of different orders. The system starts in a pure state |¢;) and ends in a pure
state |¢o¢) . The n-th order weak value of the system variable A, between those states, is

defined as

Wyl A" i)

Al =
Y @rliy

(3.19)
The weak value is a complex number and diverges when the initial and final states are
orthogonal. Unlike the expectation value of A, the weak value is not restricted to lie in the
range of eigenvalues, but can be outside this range when the overlap between the initial
and final states is small.

From it is clear that weak values of different orders completely characterize the
correction to the joint detection probability P(r, f) [18, 19, 20, 17]. The weak measurement
regime corresponds to the linear regime, namely, when it is possible to keep the terms up
to first order. Most of the experiments involving weak values has been done in this linear
regime.

Analogously, the meter starts in a pure state [¢)) and ends in the eigenstate |r) when
the outcome r is read. Therefore, the weak value of the momentum operator, between

those states, corresponds to

¢ Py

o=y

(3.20)

By integrating the joint density (3.17) over all the different possible readings of the me-

ter, the probability of post-selection can be obtained. This is the term appearing in the
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denominator of the conditioned density (3.16)), which corresponds to

P(f) = j arP(r, ) = |Gl P g"Con, (3.21)
=\ (G/R)" A (n kEak  an—k

c, = (P (—1)k Ak . An—k, (3.22)
< > n! I;(k)

The term A?~* denotes the complex conjugate of A”*. The expansions of the joint density

(3.17) and the post-selection probability (3.21]) allow to expand the conditioned density
(3.16)). In the weak measurement regime, the conditioned probability is given by

P = 1P = 2 Re(Ay) ([T, P1) + L () ( ({0, B ) — 2 P o)) 3.23)

This expression should be compared with , the probability density function in a pre-
selected ensemble. Notice that the expectation value of A is now replaced with the real
part of the weak value, Re(Ay). The third term, proportional to the imaginary part of
the weak value, Im(A,,), does not have an equivalent term in . In this sense, a weak
measurement performed on a pre- and post-selected system provides more information
than a weak measurement made on a pre-selected system.

It is interesting to apply expression to the case when the apparatus is observed

in the pointer basis (the position). In this situation, the conditioned probability becomes

P(lf) ~ [o(a)? — g Re(Aw)2l0(0)” — 2 Tm(Au){him(a)ev*(@)] + (P o(a)? }3.24)

Thus, if the initial wave function of the apparatus is real and the initial average momentum
is zero, then the imaginary part of the weak value plays no role in the weak measurement
regime. In this case or, equivalently, when the weak value is purely real, the probability

density function is

P(alf) ~ [¥(@)* — gRe(Aw)alv(@)* ~ [¥]q — g Re(Aw)]*. (3.25)

Again, this result resembles expression ([2.43]). For a (pre-selected) sufficiently weak mea-
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surement the wave function of the meter is displaced by the expectation value of the
measured observable. However, for a pre- and post-selected weak measurement the wave
function is displaced by the real part of the weak value, which can be outside the range of
the eigenvalues if the initial and final pure states are nearly orthogonal. This property has
been used in precision metrology for parameter estimation.

On the other hand, using the general conditioned density , it is possible to com-

pute the average value of the readings of the meter in the weak measurement regime,

<R> <R>——R <R15>+91m (<{RP}>—2<P><R>) (3.26)

This expression was derived by Jozsa in [2I]. It is instructive to apply this general formula
to the cases when the apparatus is observed in the position and the momentum bases. The

results are:

®yy = (Py+ %9 In(4,) (AP, (3.27)
@Q; = <Q> + gRe(Ay) + 7 I (A <<{Q P}> —9 <P> <R>> (3.28)

Notice that the imaginary part of the weak value appears when the meter is observed
in the momentum basis. This result is drastically different to the situation in which there
is no post-selection. In that case, the observation of the meter’s momentum provides no

information, as was described in section

3.3 Interpretation of weak values

3.3.1 Weak values as contextual values

From (3.26) it is clear that in a weak measurement the shift of the expectation value of
the meter readings is not precisely equal to (1.1]). This expression shows that this condi-

tioned average depends on the system, i.e. on |¢;), and [¢f), on the measured observable
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A, but also on some features of the apparatus. If we make the assumption that <]:2> =0,
then expression ([3.26)) reduces to

(8), =s| 4. (0)

This result clearly shows that the conditioned expectation of the meter readings in a

. (3.29)

weak measurement does not reflect a property of the quantum system, because it depends
also on the expectation value of the product of R and P, which are “features” of the
measurement strategy. Therefore, the quantity <IA%>f /g can not be interpreted as the
conditioned average of the observable A. This argument is developed in [I10], where the
author defends the idea that weak values are not unique.

This issue was addressed in [109], where contextual values (CV) were introduced. CV
of an observable A = Dk apll), are a generalization of its eigenvalues. They are defined in
terms of the observable but also in terms of the measurement strategy. Let {Mr, r € R} be
the set of measurement operators, also called the measurement context. Recall that the set
R represents the space of results, i.e. the set of all possible outcomes of the experiment.
For simplicity, we will assume that there are N possible outcomes, r = 1,..., N. This
context generates the POVM {ET, r}, where E, = MM, . The set of N contextual values
{c.} is defined from the identity

N dim(S)
B = ) all, (3.30)
r=1 k=1

where dim(S) corresponds to the dimension of the Hilbert space of the quantum system.
This definition requires that N > dim(S). If N = dim(S) the solution of is unique.
If N > dim(S), then a unique solution can be selected using the method described in [109].
Once the generalized eigenvalues are found, then the conditioned average of the observable

A can be defined as

<A>f = a,P(r|f). (3.31)
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The conditioned probability density is given by . In [109] the author shows that for
a weak measurement, i.e. in the limit ¢ — 0, and when the measurement is minimally
disturbing, the conditioned average does not depend on the context and converges
to a unique quantity. This quantity was called by the author a generalized weak value. It
equals the real part of A,, when the initial and final states are pure. This argument provides
an statistical definition of (the real part of) the weak value, as being the conditional

expectation of contextual values in a weak and minimally disturbing measurement.

3.3.2 Weak values as a property of a quantum system

So far, the weak value has been presented as the conditioned average of the pointer
readings in a weak measurement, namely, as a generalization of the standard expectation
value when post-selection is included. From this perspective, the weak value is not a
property of a single quantum system, but of a large collection of identical quantum systems.
In this sense, the weak value is an statistical quantity. In the laboratory a large number
of particles is actually needed in order to estimate a weak value as the average of the
outcomes of weak measurements.

However, in [22] the authors argue that the weak value resembles more to an eigenvalue
than to an expectation value. The ensemble is only needed because weak measurements
extract little information in one single outcome. They considered a von Neumann model of
measurement with strength g, and an apparatus initially prepared in a Gaussian state ®g
with spread o,. Regarding the system, three different scenarios were taken into account:
i) the system starts in an eigenstate with eigenvalue equal to 1, ii) the system is prepared
in a pure state |1;) with post-selection of the state [1¢), in such a way that the weak value
equals to 1, and iii) the system begins in a superposition of eigenstates, with expectation
value equal to 1. In these three cases, the state of the apparatus after the measurement
was computed and denoted as @, ®,, and pe;, respectively. Note that the final state of
the meter in third case is a mixed state. Then, the Bures distance [I31] between ®y and

the different final states of the apparatus was computed. The results for each case were
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the following:

i) D(®o, ) ~ L i) D(®, By) ~ (i)Q, i) D@ pea) ~ L (33)

Oq Oq q

The first result shows that the distance between the initial and final states of the meter
is detectable at first order. The second result indicates that, at first order, there is no
appreciable difference between the first and the second cases. Thus, preparing the system
in an eigenstate with eigenvalue equal to 1 produces essentially the same effect over a
measurement device as a pre- and post-selected quantum system with weak value equal to
1. Nevertheless, when the system starts in a superposition of eigenstates, the difference
between the final states of the meter is appreciable. The conclusion of this analysis suggests
that in a weak measurement procedure a quantum system with a certain weak value will
affect a measurement device in the same way as a system prepared in an eigenstate with
eigenvalue equal to the weak value. In this sense, the weak value can be rather understood

as a “robust” property of a single quantum system than a purely statistical quantity.

3.3.3 Do weak values have classical analogs?

Ferrie and Combes [23] suggested that the measurement of anomalous weak values is
not an inherently quantum phenomenon, but is rather an statistical feature that can be
observed in a classical system, including pre- and post-selection, and a weak measurement
with disturbance. In their article, published with the tittle: “How the result of a single
coin toss can turn out to be 100 heads”, the authors considered a weak measurement of
7. The system (a qubit) starts in an initial state p;. According to the weak measurement
model employed by the authors, the (unnormalized) conditioned state of the system can

be expressed as

. SAT ..
ps = pi + E[MUZ + azpi], (3.33)

where ps is the unnormalized system state after the weak measurement has produced the
result s = +1, and A is a parameter characterizing the weakness of the measurement.

Next, Ferrie and Combes applied a “bit-flip channel” [15] to the state (3.33]), in order to
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describe the effect of a classical disturbance. This operation flips a qubit from |0) to |1)
(and vice-verse) with probability p y leaves the qubit unchanged with probability 1 — p.
In the article, the probability of “flipping” the qubit depends on the result of the weak
measurement, namely, p = p(s). Let Opp(s) be the quantum operation describing the
bit-flip channel. Notice that the operation depends on the outcome s. Finally, after the
action of this operation, the state [¢;) is post-selected. In this way, given the initial state
pi, the joint probability of reading the outcome s in the weak intermediate measurement

and post-selecting the desired pure state, is given by

P(fsli) = (sl Opr(s)ps gy = [1 = p(s)[<s| ps [0p) + p(s) byl owpsow [Pp) . (3.34)

Hence, employing Bayes’s Theorem, the conditional probability can be written as

2 W Opr(s)ps [¥y)

and, therefore, the expectation value of the weak intermediate measurement is given by

_ Wyl Opr(W)pr [ty) = | Opr(=1)p-1 |vy)

B = g 1 0ur (Wi o) + 0 Oar(—Dpa 167

(3.36)

In order to establish an analogy with the toss of a coin, the initial state was chosen to
be pure, p; = |0){0| (head), while the final state was [1);) = |0) (tail). These states are the
eigenstates of 6, namely, 6, |0) = |0) and 6, |1) = —|1). In this case, the general formula

(13.36)) reduces to a simply expression,

e f.i] = PN —p(=1(1 =Y

p(D)(1+X) +p(—1)(1 = X) (3.37)

Thus, the probabilities of flipping the coin may be chosen so that the expectation value
equals an specific value. In [23] the probabilities were p(1) = (1 + A —9)/(1 + ) and
p(—1) = (1 =X —=9)/(1 = A). The disturbance parameter J is constrained by 0 < § < 1— A,

so that the probabilities are well defined. In this way, the expectation value of the weak
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measurement is

1

E[s|f, 1] = A(l—_5> (3.38)

The term in the parenthesis represents an amplification factor, that may be large. Indeed,
the authors defined E[(s/\)|f, 7] as a generalized weak value. This argument was used to
argue that the phenomenon of weak values could have an equivalence in a classical system.
Obviously, the amplification factor obtained by Ferrie and Combes appears in a different
setup: a weak measurement followed by a disturbance. In the original article by Aharonov,
Albert and Vaidman [I] no disturbance is needed. Additionally, the amplification factor
depends on the parameters associated to the disturbance, and on the initial and final states.
Consequently, the nature of the amplification is essentially different. The article by Ferries
was commented in [25] and their reply was presented in [24].

It is worth to mention that classical values, analog to weak values, can be measured
in interference experiments of classical electromagnetic waves [26]. In this type of experi-
ments, nevertheless, the apparatus and the system are different degrees of freedom of the
same particle (a photon). For weak values, however, the apparatus and the system can be
separate systems.

In [27] the authors used the Holevo quantity to distinguish between classical and quan-
tum correlations, and showed that the phenomenon of weak value amplification is exclu-
sively related to a small amount of quantum correlation. Other arguments defending the

idea that weak values are a quantum phenomenon can be found in 28], 29, [30].

3.3.4 The three box problem revisited: weak values of projectors and

negative probabilities.

Let us come back to the three box problem and consider weak measurements of the
projector operators I, = |k)(k|, k = 1,2 and 3. In this case, a single outcome of the
measurement will not tell with enough clarity whether the particle is or not in the box we
are looking for it. The average of such measurements, the weak value, will provide this

information. The weak values of the projector operators for three box problem are the
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following:

_ Wil Ay

k=1 I ., Tl 1, (3.39)
. _ @il _

k=2: Ty, R 1, (3.40)
_ _ Wil BlYy)

k=3: I3, = 1o 1. (3.41)

The first two results show that, if we performed many weak measurements on identical
pre- and post-selected particles, and took the average of all the outcomes, we would finally
discover that the particle is actually in box 1 (or box 2). A theorem states that if the
weak value of a dichotomous variable equals one of its eigenvalues, then the probability of
measuring that eigenvalue in a strong measurement will be equal to 1 [42]. This can be
verified by comparing the weak results (3.39) and (3.40) with the probabilities (3.8)), (3.9),
and .

Imagine that the particle has positive charge and that the weak measurement of the

projector is implemented by measuring the transverse deflection of a beam of electrons

passing next to the corresponding box [50]. If the particle is in the box, then the beam will

be deflected. According to the results (3.39) and (3.40]), we would find that the average

deflection of the beam was of one unit (in some scale) to the right, because particles of
opposite charges attract each other, as it is shown in figure 3.3 However, the result for
the weak value of II5 is strange. In this case, the deflection is to the left, as if the particle
in the box would have inverted the sign if its electrical charge. An optical experiment of
the quantum box problem was made in [36].

Expectation values of projector operators can be thought as probabilities [35], because
their values are between 0 and 1. Weak values of projectors, nevertheless, can take neg-
ative values, as its clear from the results above. The “negative probability” would then

correspond to the probability for an “opposite” event to occur.
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Figure 3.3: Upper figure: a weak measurement of the projector |2)(2| is performed on a pre-
and post-selected quantum system. The average of all the outcomes shows that the particle is in
the box 2, since the average deflection is to the right. Lower figure: a weak measurement of the
projector |3)(3|. The particle behaves as if it had negative charge, because the average deflection
is to the left.

3.3.5 The quantum Cheshire cat

Alice in Wonderland replied to the Cheshire cat: “...and I wish you wouldn’t keep
appearing and vanishing so suddenly: you make one quite giddy!”. Then, as the cat
began slowly to disappear, while only its grin remained for some time after, Alice thought:
“Well!l I've often seen a cat without a grin... but a grin without a cat! It’s the most
curious thing I ever saw in all my life!” [I1]. Pre- and post-selected quantum systems can
affect measurement devices as if one of its properties was in a certain region of space, while
some other property was located in another place. In this sense, they can behave as grins
without cats. Consider a beam of photons going through the Mach-Zehnder interferometer
shown in figure The photon will play the role of the cat, while its polarization degree
of freedom will be the grin.

Assume that a birefringent plate is placed in the arm A of the interferometer. The
plate will spatially separate two orthogonal polarization states. The transverse (horizontal)

position of the beam will be displaced to “the right” if the polarization is horizontal and
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Figure 3.4: The grin of the cat travels through the arm A, while the cat goes through the arm
B. The inset figures show the results of the intensity distribution for a strong (upper) and weak
(lower) measurement.

to “the left” when light is vertically polarized. These polarization states will be denoted
by |H) and |V'), respectively, [y and Iy, being the corresponding projectors. Therefore,
the plate will implement a measurement of the operator 14, where IT4 = |A)(A| is the
projector into the corresponding path state and 6, = [y —1Iy is a spin-like polarization
operator. The pointer variable will be the transverse (horizontal) position of the beam.

On the other hand, in path B a sheet glass is placed in order to deflect the beam
“upwards”. This element will implement therefore a measurement of the operator g =
|B){B]|, that projects into a state propagating across this path. In this case, the pointer
variable will be the transverse (vertical) position of the beam.

In summary, the polarization in the arm A will be observed in the horizontal transverse
position of the photon; a displacement to the left will indicate vertical polarization and to
the right horizontal polarization. The vertical position is a which-path detector; when it is
displaced upwards, we know that the photon travelled along path B. If it is not displaced,
then it went trough the other arm. The intensity of the beam along the transverse plane will
be scanned by a CCD camera placed at the exit of the interferometer. All the beamsplitters

located at the entrance and the exit of the interferometer, together with the CCD camera,
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are arranged in such a way that the states |1;) and [¢)f) are pre- and post-selected, where

L
V2

1

1A+ —=[=)[B) and |¢) = ) (14) +1B)). (3.42)

1
i

The states |+) are linear polarization states defined as |+) = (1/v/2)(|H) + |[V)).
Consider first the the case when both measurements are strong. The intensity profile will
show three distinguishable peaks, as it is shown in figure (3.4). The upper peak, with
coordinates (y = +1,z = 0), will have a (normalized) intensity of 2/3, indicating that two
of every three photons passed through the arm B. The coordinate y = 1 shows that the
photon went through the arm B, while the coordinate z = 0 indicates that no polarization
effect was detected in the arm A. The other two peaks will have each a normalized intensity
of 1/6. This means that half of the photons moving along the arm A had horizontal
polarization while the other half was vertically polarized.

However, when the measurements are weak, then only one “broad” peak will appear,
located at (y = +1,z = +1). The horizontal displacement corresponds to the weak value
of TI A0, while the vertical coordinate is the weak value of fIB. This shows that, simul-
taneously, the polarization in arm A was horizontal, but the photon travelled along the
other arm. Thus, the system behaves as if the polarization was spatially separated from the
photon, in the sense of how it affects measurement devices in weak interactions. This is the
“Cheshire cat effect” [47, 48]. It may allow to perform high-precision measurements over a
spatial region, from which a certain unwanted property, that could cause disturbance, has
been removed.

In this experiment the two degrees of freedom of the transverse position of the beam
allowed to perform simultaneous measurements of two weak values, (IT40,), and (II1p),.
In a more general setup, the following four weak values could all have been measured at

the same time:

(Ially)e = 1/2 , (ALY )y = —1/2 , (HpIy)e = 1/2, plly)y = /2. (3.43)

Where was the photon? The result (Ilg), = (IIpllg), + (Iplly), = 1 indicates

that it is was in arm 1. By virtue of the theorem mentioned above this means that the
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probability of finding the photon in arm B using a strong measurement equals to one.
So, “the cat” (the photon) was in arm B with certainty. Did the photon had vertical or
horizontal polarization? Note that (0,), = 1, which indicates that the polarization was
horizontal. Hence, and with certainty, the “cat was grinning”.

May we conclude that the cat was grinning in the arm B of the interferometer? In
other words, is it true that (IIgo.),, = 1?7 For standard expectation values the answer
would be affirmative, because, when two commuting variables have simultaneously definite
values, the expectation value of the product is the product of the expectation values.
However, this is not the case for weak values or for average values of pre- and post-
selected measurements. In particular, the weak value of the product of two operators is
not the product of the weak values. In fact, it is easy to see that (Ilgo,), = 0, while
(ITa02)w = (ITgllgr )y — (Lally )y = 1. The result (I1411z),, = 1/2 shows that half of the
photons that went through the arm A had horizontal polarization (displacing the position
one unit to the right), while the other half had vertical polarization (not producing any
displacement). The negative result (II4Ily ), = —1/2 is strange. One may interpret that
half the photons were horizontally polarized, not producing any displacement at all. The
other half were vertically polarized, but displaced the beam as if they were horizontally
polarized (to the other direction). This analysis shows that a pre- and post-selected photon
going through the arm A with vertical polarization can behave as a photon with horizontal
polarization. Therefore, in a similar way to the three box problem, the negative weak value
of a projector can be interpreted as if the photon has changed its polarization from vertical

to horizontal.

3.3.6 Hardy’s paradox

Hardy’s paradox is a gedanken experiment described in [51] and is a demonstration of
Bell’s theorem [54] without the use of inequalities. It also presents a contradiction between
quantum mechanics and a realistic theory, in the sense of Einstein, Podolsky and Rosen
[55]. The gedanken experiment is based on the interaction-free measurement proposal of
Elitzur and Vaidman [52]. In the latter, a photon is detected at the output ports of a

Mach-Zehnder interferometer. The phases are set in such a way that the photon is always
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detected at one port, which is called the bright port. The other port, called the dark port,
will never click. Then, a “bomb” is inserted in one of the arms of the interferometer. If the
photon goes through this arm, the bomb explodes with unit probability. In this situation,
quantum theory predicts that there is a chance that the dark port clicks. Therefore, a
single detection at this port will reveal the presence of the bomb, although the photon
necessarily passed through the arm without the bomb or else an explosion would have
occurred. The presence of the bomb was detected without having to make it explode!

Hardy’s experiment consists of two Mach-Zehnder interferometers, one for a positron
and the other for an electron, as it is shown in figure If the interferometers are consid-
ered independently, then each particle will be detected at the port C* of the corresponding
interferometer, where the plus sign labels the interferometer for the positrons and the mi-
nus signs labels the interferometer for the electrons. These ports are therefore the bright
ports. However, if the interferometers overlap in one of its arms, then there is a probability
that the particles are detected at the ports labeled as D*. There is also a chance that the
positron and the electron take both the overlapping path of each interferometer and meet
at point P. In this case, they annihilate each other with unit probability.

When the detectors DT and D~ click in coincidence the interference effect due to the
overlap is revealed, in the same sense as the bomb in the free-interaction measurement was
detected. In this situation, it is also known that the positron and the electron did not take
to overlapping path simultaneously.

Conditioning on the simultaneous clicking of these detectors, the projectors on each
path state (or occupation numbers) can be measured. Let 6+ and N?Lr be the projectors
into the overlapping and non-overlapping paths for the positron, respectively, while O_
and NO_ are the equivalent projectors for the electron. A strong measurement of 5+ on
the pre- and post-selected particles reveals that the positron travelled through this path

with unity probability. This conclusion will be expressed as
O, =1. (3.44)

Analogously, a strong measurement of O_ indicates that the electron went through the
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Figure 3.5: Two Mach-Zehnder interferometers. The plus signs labels the interferometer for the
positrons and the minus sign labels the interferometer for the electrons. The annihilation occurs if
the two particles take simultaneously the overlapping arms Oy and meet at point P.

overlapping path. Thus, O_ = 1. However, as was pointed out in the previous section, for a
pre- and post-selected measurement, the average value of the product of two variables, each
with a well-defined value, does not equal to the product of the individual values. Hence, if
the trajectories of the positron and the electron are measured jointly, a strong measurement
reveals that the probability that both particles have gone through the overlapping path is

Zero,
O,-0O_=0. (3.45)

Thus, if the positron is searched in the overlapping path, it will be found with certainty,
provided that the electron is not observed. The same happens with the electron. Never-
theless, if both particles are looked in the overlapping arms, the probability to find that
both went along these arms is zero. This is an expected result, otherwise, an annihilation

would have been produced and no detection could have been recorded.
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On the other hand, strong measurements of the other three possible trajectories of the

positron-electron pair also reveal reasonable results. In fact,
]@+‘67:6+'m7:]@+‘]@7=1. (346)

Hence, except for the “annihilation trajectory” , every strong measurement of the
trajectories followed by the pair of particles, will reveal with certainty that the particles
have travelled throughout the examined trajectory. Of course, these four measurement of
joint operators can not be performed at the same time, because they disturb the state of
the system. However, they can be made “in the same run” using weak measurements. In

this case, the weak values are
(O+O_)w =0 s (NO+O_)w = (O+NO_)w =1 5 and (NO+NO_)w = —1. (347)

These results show that the system behaves as if two pairs of particles went through the
combination of an overlapping path with a non-overlapping one, while a “minus” electron-
positron pair went through the non-overlapping paths of the interferometer. The effect of
the “minus” pair of particle over a measurement device will be the opposite to the effect
caused by a positron-electron pair. Also, notice that all the weak values add up to one.
An analysis of Hardy’s paradox in terms of weak values can be found in [53]. The
experiment was implemented using photons in [39, [41]. In these experiments the joint weak

values were extracted from the correlation of the readings of two measurement devices [37].

3.3.7 Two slit experiments

Weak measurements of projectors have been useful to study the wave-particle duality
in a two-slit experiment. In [58] projectors into momentum eigenstates, |p;), were weakly
measured on a pre- and post-selected ensemble of photons. The initial state of the photons
was the two slit wave-function (a coherent superposition of the photon diffracted from
both slits), denoted as |¢)), while the final state was a momentum eigenstate |py). For this

experiment, the weak value corresponds to
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_ sl Ulpo pily)
sl U )

(Ipi) Pil)w (3.48)

The unitary operator U represents the system evolution that occurs after the weak mea-
surement. In the experiment, the operator describes the which way measurement process
that follows the weak measurement of momentum. Notice that if no which way information
is gathered, i.e. U= 1, then the weak value equals 1 (if py = p;) or zero (if py # p;). Ex-
pression corresponds to a weak value of a projector and can exceed the range [0, 1].
In order to distinguish it from a true probability, in [58] it is called a weak valued probability,
that may be understood as the probability of a photon of having initially momentum equal
to pi, given that its final momentum was py. Certainly, it is not an actual probability,
but a quasi-probability distribution (such as the Wigner function). It allows to compute
the probability density of the momentum transfer in a two-slit experiment. The density
function has zero variance and is therefore compatible with the claim of Scully [59] that
interference may be destroyed without momentum transfer. However, the density function
has a large width, which is also compatible with the claim of Storey [60] that any which
way measurement will transfer momentum in accordance to the Heisenberg uncertainty
principle.

In [61] weak measurements of the transverse momentum, along a sequence of planes,
with post-selection of photons arriving at a certain position of a CCD camera, allowed
the reconstruction of the trajectories followed by photons in a two-slit interferometer. In
this experiment the weak measurement of the momentum was done using the polarization
degree of freedom of the photons as the meter. The final post-selection on a certain position

was performed with a CCD device.
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3.4 Experimental applications of weak values

3.4.1 First experimental measurement of a weak value

In the same article in which the concept of the weak value was introduced [1], the
authors proposed an experimental setup to measure an anomalously large weak value of
a spin 1/2 component, using a sequence of three Stern-Gerlach magnets. Some technical
corrections to the approximations presented in this article were made by Sudarshan in [31],
where also an optical experiment was proposed in order to measure a large weak value
of a polarization operator, which played the role of the original spin component. This
experiment was realized by Ritchie and collaborators [32], and was the first experimental
measurement of a weak value.

This experiment can be described using classical electromagnetic theory, because it
used classical light. However, the formalism of quantum mechanics can be employed to
describe a classical light beam in the paraxial approximation [33],[34]. Here, we will shortly
describe the experiment using the formalism of quantum mechanics. In this way it is
identical to the original proposal [1].

The output of a laser beam in a Gaussian TE mode, propagating in the z direction,
passes through a first polarizer, which is oriented at an angle a with respect to the x
axis, as it is shown in figure This prepares the field in an initial state of polarization
|1i) = cos(a) |V) +sin(«) |H), where |H) and |V') are horizontal (y direction) and vertical
(z direction) polarization states, respectively. Then, the light propagates through a bire-
fringent plate that spatially separates the two orthogonal polarization components of the
field by an small amount g. A second polarizer, located immediately after the plate and ori-
ented at an angle 3, performs the post-selection of the state |¢¢) = cos(8) |[V) +sin(B) |H ).
Finally, the intensity distribution of the field along the y direction is measured.

The transverse profile of the field, before passing through the plate, is described by a

Gaussian wave function:

9 = (v e deds, vw) = (F) el 422, G09)
Ty
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Figure 3.6: Schematic representation of the first experimental application of weak value ampli-
fication, employed to estimate a small birefringence-induced spatial separation of two orthogonal
polarization components of a laser beam, of the order of micrometers.

The parameter o, is the waist of the beam at the interface. The states |x) and |y)
are eigenstates of the transverse position operator X and Y, respectively. The conjugate
variables to this set of operators are the transverse momenta, P, and Py. The momentum
in the transverse direction y will play the role of the apparatus variable.

Note that the wave function is normalized to one. Therefore, the actual intensity of the
field at location (z,y) is given by |Eo|? - [1(x,y)|?, where |Ep|? is the intensity of the laser
beam. In this sense, |[¢(x,%)|? represents the probability of detecting a photon at location
(z,y), while |Ep|? is total number of photons in the beam.

On the other hand, the system variable is a polarization operator, 6, = |H){H| —
|[V)(V|. The action of the plate can by described by a unitary operator that couples the

transverse momentum of the field Py with the polarization operator &, of the system:

Uz + d, ) = exp| ~(i/m)(9/2)5- P, |, (3.50)

where z, represents the position of the plate and d is its thickness. Notice that in this
formalism time is replaced by the longitudinal coordinate. The parameter g depends on
the incident angle of the field at the plate, the refraction index for the different polarization
components and on the thickness of the plate.

After passing through the plate, the intensity of the field along the y axis is measured.

This means that the transverse position Y of the apparatus is observed. Thus, expression
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(3.24) allows to compute the probability of detecting a photon at position (x,y), which

corresponds to

P(ylf) ~ [ (2, y)I* = gRe(0:0)0y [ (2, 9)* ~ [¥[x,y — gRe(0:.0)]>. (3.51)

Notice that the probability distribution has been approximately shifted in the y direction
by ¢ times the real part of the weak value of ,. Also, note the imaginary part of the
weak value plays no role in this experiment since the initial mean transverse momentum is
zero and the wave function of the apparatus is real. Additionally, it is important to point
out that the intensity of the beam has become weaker after passing through the second
polarizer. The initial intensity |Fp|? has diminished to |Eg|?> x P(f), where P(f) is the
probability of successful post-selection. This is the “cost” that must be paid as a trade
off for the amplification of the displacement. In this experiment, the weak value of the

polarization operator, between the initial and final polarization states, corresponds to

Uz,w _ <¢f| &Z ’w7«> _ _COS(ﬁ + Oé) . (352)

Wily) cos(f — )

Therefore, by making the difference between the orientations of the polarizers close to 7/2,
the weak value becomes large and the displacement can be amplified. Indeed, the displace-
ment of the beam was approximately 20 times larger than g. In fact, when the initial and
final polarization states were nearly the same, the displacement was ~ ¢ and unresolvable
by the photo detector. When these states were orthogonal, then the amplification was
larger, but the intensity of the beam was much weaker and a precise measurement of the
intensity would have been required. In this sense, the weak value amplification protocol was
the optimal measurement scheme that allowed to estimate the small birefringence-induced

separation ~ 0.6 pum.

3.4.2 Estimation of small differences of refraction indices

One of the most common uses of WVA has been the measurement of small differences
of refraction indices [32, 80, [62], [63]. In these experiments, the system is typically the

polarization degree of freedom of a photon and the measurement apparatus is its transverse
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position. A birefringent element produces the coupling between the momentum of the
meter and a polarization operator of the system, producing a spatial separation of the beam.
Pre- and post-selection is performed using polarizing elements. In all these experiments
the meter is prepared in a pure state, except for [63], where the effects of an incoherent
apparatus are studied.

Hosten and Kwiat [64] were able to measure the spatial separation of two orthogonal
polarization components produced by the spin Hall effect of light, allowing to check previous
theoretical predictions [65]. In this experiment weak values were “enlarged” by taking
advantage of the free evolution of the measuring device. Displacements of the order of one
angstrom could be measured.

Angular rotations can be amplified using weak values. In [104] the orbital angular
momentum of a beam is coupled with its polarization, via a spin-orbit interaction. Large
weak values of the polarization operator produce an amplification of the angular rotations
(due to the real part of the weak value) and a shift in the orbital angular momentum

spectrum (due to the imaginary part).

3.4.3 Estimation of small angular displacements

On the other hand, weak value amplification has also been used to measure small
angular displacements, of the order of femto radians [506, 66, [67, [81]. In these experiments
the systems are which-path states of a photon in an interferometer, while the meter is
its transverse momentum. The coupling between the system and the meter occurs due
to a tilted mirror, which imparts a shift on the momentum wave function of the photons.
Detection at the dark port of the interferometer corresponds to the post-selection of a
certain which-path state. This setup has been adapted for frequency measurements [75].
In this case, the momentum kick, imparted by a dispersive prism, depends on frequency.
Using this method, small changes in frequency were measured, achieving precision levels
comparable to Fabry-Pérot interferometers. Analogously, this setup has been useful for
phase amplification in interferometry [76], with similar sensitivities to balanced homodyne

detection.
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3.4.4 'Weak values in interferometry

With regards to phase measurements in interferometry, in [26], the phase acquired by
a beam travelling through one of the arms of an interferometer is amplified, using post-
selection and standard techniques for phase measurements (the interferometer is slightly
misaligned and the phase is extracted from the shift in the fringe pattern of the output
beam). This experiment also admits a classical explanation. In [77], the weak value of a
polarization operator was extracted from the difference of intensities of the output beams.
In both experiments, the system is the polarization of a photon. In [78] a photon in
one of the arms of a Hong-Ou-Mandel (HOM) interferometer acquires a small time delay,
produced by a birefringent quartz plate. Pre- and post-selection is performed based on
polarization. The HOM dip is shifted by a quantity proportional to the weak value of
polarization projector.

It has been shown that imaginary weak values can outperform standard interferometry
for the measurement of small time delays (longitudinal phase shifts). As it is explained in
[105], an imaginary weak value of the polarization can enlarge the shift in the frequency

spectrum of the pulse. This shift can improve the resolution limit of the interferometer.

3.4.5 Meter and system being two different particles

Unlike the previous experiments, in which the system and the apparatus are different
degrees of freedom of the same particle, in [57, [74] the system and the meter are polariza-
tion states of two entangled photons, Moreover, in these experiments the meter variable is
discrete (the polarization of a photon) and the coupling is produced by a non-deterministic
optical controlled-sign gate [68]. The Leggett-Garg inequalities [69], which appeared, more
or less, at the same time as weak values, and test the assumptions of macroscopic realism
and non invasive measurements, were generalized for a system undergoing weak measure-
ments in [70]. In [71l [72] it is shown that a violation of the generalized Leggett-Garg
inequality is equivalent to an observation of an anomalous weak value. These violations
and their correspondence with strange weak values were experimentally measured in solid-

state devices [73], via deterministic coupling of two transmon qubits to a bus resonator,
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and in optical setups where the polarizations of two photons became entangled through a
non deterministic interaction in a controlled sign (CS) gate [74]. In [79] the system and
the meter are two spins, coupled by heteronuclear coupling.

In [82] an experiment is proposed where a single photon enters an interferometer but
the measurement of the photon number in one of the arms turns out to be larger than
1. This was accomplished through a photon-photon interaction in a non linear Kerr-type
medium, where the phase shift given to a beam probe is proportional to the weak value of
the number of photons in one of the arms of the interferometer. In [83] the amplification

of the phase shift caused by a single photon was experimentally verified.

3.4.6 Direct measurement of a quantum state using weak values

In a finite dimensional Hilbert space (of dimension N), two bases {|n)} and {|m)} are
said to be mutually unbiased (MU) if |{n|m)|*> = 1/N, for all n,m [84]. For an infinite
dimensional Hilbert space, the square modulus of the overlap should be constant. For
example, the position and momentum bases are MU because |{g|p) |* = 1/(27h), for all
the eigenstates |p) and |¢). This definition formalizes the concept of complementarity.
Given a basis {|a)} of eigenstates of an observable A, it is possible to pick an element of
the unbiased basis, denoted by |bg), for which the overlap (byp|a) will be constant for all |a).
Therefore, for any pure state |1), it is possible to define a factor ¢ = {bg|ay /{bo|¢)), that

will be independent of |a). This constant factor allows to perform the following expansion:

el = e Xdaliy o = 3 (2 H ) 10 = it o (359)

Consequently, an unknown pure state [1)) can be determined by measuring the weak
values of the projectors II, = |a){a| between the initial state |¢)) and the final post-selected
state |bg), and then normalizing to eliminate the factor c. This procedure will generate the
expansion coefficients of an unknown pure state [¢/) in the basis formed by the eigenstates
of A. This technique was proposed in [40], and constitutes a “direct” measurement of a

quantum state, as opposed to quantum state tomography, in the sense that it requires

59



CHAPTER 3. PRE- AND POST-SELECTED QUANTUM MEASUREMENTS

minimal post-processing and experimental error propagation [18]. It has been called direct
state measurement (DSM) or weak state tomography [91].

In [40] the transverse wave function of a photon, v (z), was reconstructed from the weak
values of projectors into position eigenstates II, = |z) (x|, with post-selection of a state

with zero transverse momentum, [p = 0). In this way, the weak values are proportional to

the wave function of the photons. Indeed,

()0 = LZABE — y(a)/o00) (3.54)
The factor ¢(0) corresponds to the wave function in momentum space evaluated at p = 0,
and can be removed by normalization after all the weak values are estimated. In this
experiment, the meter was the polarization degree of freedom of the photons. The meter
was observed in the linear polarization basis (to extract the real part of the weak value)
and in the circular polarization basis (to extract the imaginary part of the weak value).
Regarding the direct measurement of the spatial mode of photons an overview of the
progress in this field is presented in [93].

Weak state tomography has been used for measurement of polarization states in [89, 90,
95]. In [87] this method allowed the measurement of a state vector of high dimensionality
(d = 27), in the discrete basis of angular momentum. States with higher dimensionality
were measured in [94].

The direct measurement of a quantum state has been also applied to mixed states
[92, 89 [88, ©5]. A comparison between direct state measurement and tomography is
presented in [91]. In [96] the measurement of the density matrix of two entangled photons

is investigated while other theoretical studies regarding DSM can be found in [85] 86].

3.4.7 Slow and fast light

In [97] two polarizers are put at the ends of an optical birefringent fiber (Lyot filter).
The first pre-selects an initial polarization state and the second post-selects a certain

final state. The fiber performs a weak measurement of a spin-like polarization operator,

60



CHAPTER 3. PRE- AND POST-SELECTED QUANTUM MEASUREMENTS

introducing a small phase difference between the different polarization eigenstates. The
mean arrival time of an optical pulse is amplified (or reduced), i.e. the group velocity of the
pulse is modified, resulting in slow or superluminal propagation along the fiber. Similarly,
in [98] slow and superluminal propagation of polarized microwaves was experimentally
demonstrated using weak values of polarization operators. Importantly, in this article the
relationship between weak values and the linear response function of a system was also
described.

“Weak superluminal speed”, namely, a large weak value of an internal degree of freedom
of a particle (that plays the role of a velocity), was theoretically explained in [50]. The
authors also showed that the electromagnetic field emitted by a charged particle, which

moves with a (weak) superluminal speed, corresponds to Cherenkov radiation.

3.4.8 Weak values and tunneling times

The weak value of the “dwell time operator” [I00] provides a description of the time
spent by a particle tunnelling through a potential barrier. The dwell time operator is a
projector, with eigenvalue equal to one when the particle is inside in the barrier region,
and eigenvalue equal to zero if the the particle is outside the region. Its expectation value,
divided by the incident flux, corresponds to the “dwell time” [99]. The weak value of the
dwell time operator between an initial state associated to a wave packet incident from the
left, |i), and a final state |f) that represents the state of a transmitted particle, divided
by the incident flux, is a complex time, related to the Larmor times [99, [103] and to the
complex time presented by Sokolovski and Connor using Feynman path-integrals [102].
The real part of the weak value is associated to the tunnelling time, while the imaginary
part represents the measurement back-action. This time was measured in [101], using a

Bose-Einstein condensate of Rb atoms, going through an optical potential barrier.

3.4.9 Superoscillations

One would expect that a Fourier series, with a finite number of frequencies w,,, could
not oscillate with a higher frequency than max{w,}. However, over certain region of their

domain, some sequences can indeed oscillate faster than any of its Fourier components.
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This behaviour has been called superoscillation.

This phenomenon appears in weak measurements performed on pre- and post-selected
quantum systems. Consider a measurement of an observable A described by the von
Neumann model, with an interaction of the form PA. Assume that the apparatus starts in
a pure state, whose wave function in momentum space is ¥ (p). After an interaction with
a system, pre-selected in a pure state [¢;) and post-selected in a pure state |¢¢), the wave

function of the apparatus in momentum space transforms according to:

L Myl
o/ Sdpl g B, [y 2

¥(p) (3.55)

Recall from that the measurement operators are Mp = w(p)e_igpA/ k. The term
in the denominator is the square root of the probability of post-selection , that will be
denoted in this section simply as P. Thus, after the interaction the wave function may be
expressed as 1(p) - [(¢f] exp{—igp/l/h} |4;> /7/P]. The factor inside the brackets, that will
be denoted as S(p), represents the correction to the initial wave function of the apparatus
due to the interaction with the pre- and post-selected system. This factor may be written

as a Fourier series, namely,
1 R 1 N—-1 R
S(p) = Wiz (W] eXp{—zgpA/ﬁ} iy = 7B ];) (Wy| Uy |4 exp[—igpar/h].  (3.56)

The value ay, is the k-th eigenvalue of A and I, = |ay){ax| is the projector into the
space spanned by the corresponding eigenvector |ag). The summation goes over all the
eigenvalues, which are assumed to be finite (k = 0, ..., N — 1). The frequencies are g|ay|/h
and, since the set of eigenvalues is finite, the sequence is band-limited. Consequently, one
would expect that it will oscillate at some frequency within the minimum and the maximum
frequency. Nevertheless, in order to show that this is not always the case, consider a second
order expansion of S(p):

S(p) ~ \/1?[1 - i%pAw + %( . %)2,43]. (3.57)
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For the simplicity of the argument we will assume that the weak value is real. Let us
consider the difference: a = A2 — (A,)2. The square root of |a| corresponds to the “weak
uncertainty” defined in [I06]. Since the weak value is real, « is a real number that may be
positive or negative. By using a to rewrite expression ,
R I R KT COR M

If the the weak value is large enough so that its square overcomes the second order weak
value, then « will be negative, and the last term of will represent an “anti-Gaussian”
behaviour of S(p) away from the origin. This tells that near the origin S(p) behaves like
exp(—igpAy/h), namely, it oscillates with a frequency g|A,|/h, that is larger than any
of the frequencies of its Fourier components. Therefore, the sequence exhibits a
superoscillatory behaviour near the origin (as long as the weak value is large). Away from
the origin S(p) will start to grow like p?. In fact, studies of superoscillatory functions show
that these functions are extremely small in the region where they superoscillate, which has
consequences for information theory [107].

Recall that final wave function of the apparatus in momentum space is the product
of the initial wave function 1(p) and the sequence S(p). The initial wave function ¢ (p)
should be wide enough to capture the superoscillatory behaviour near the origin. However,
at the same time, we want that ¢(¢) has tails that decay fast enough to cancel the “anti-
Gaussian” behaviour of S(p) away from the origin. In this sense, 1(p) should not be too
wide. Under these conditions, 1 (p)S(p) ~ ¥ (p) exp(—igpA/h)/+v/P. The phase factor will
produce a large shift of gA,, in coordinate space, namely, 1(q) ~ 1¥(q — gAy).

Superoscillations not only appear in quantum physics, but also in the study of radars,
optical vortices, sub-wavelength microscopy, fractals and other fields [I07]. A description
of the mathematical properties of superoscillations and a survey of the existing literature

is presented in [10§].

63



Chapter 4

Parameter estimation

In this chapter the tools of estimation theory are applied to weak measurements, with
and without post-selection. The first half of the chapter presents the basics tools for pa-
rameter estimation. From section [4.1] to section [L.5] the elements of classical estimation
theory are introduced. In section the quantum Fisher information and the quantum
Cramér-Rao bound are presented. In section[d.7]the role of the quantum Fisher information
in phase measurements and interferometry is analyzed and in section the relationship
between the quantum Fisher information and the Bures distance is briefly commented. In
the last section the Fisher information in weak measurements is studied. Fist, weak mea-
surements with and without post-selection are taken into consideration. Finally, the Fisher
information in both types of measurements is studied when noise (white and correlated)

affects the measurements.

4.1 Bayes’ theorem

Let g be some unknown parameter that we want to estimate. Assume that we have
some prior knowledge about g, which is expressed in the prior probability distribution
denoted as P(g). Suppose that we perform a measurement on a system in order to extract
some information that will help us to estimate g. Let the result of the measurement R (a

random variable) be equal to r (a number). Bayes’ theorem [7] establishes that
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Plrlo)Plo)

P(glr) = =505

(4.1)

The prior probability reflects our knowledge about the parameter before to the measure-
ment. The probability distribution P(g|r) is called the posterior probability distribution,
and reflects our knowledge about g given that the result » was obtained. Expression
describes therefore how our knowledge about g is updated after a measurement.

The function P(r|g) that appears in the right hand of can be understood as
a function of r or as a function of g. In the first case, it is a conditional probability
distribution; the probability to obtain the result r given that the unknown parameter is
equal to g. In the second case, viewed as function of g, it is called the likelihood function.
It depends on the physical process employed to estimate g. Typically, the relationship
between the measurement result R (a random variable) and the parameter g can be written
as R = f(g)+ X, where X is some random variable and f is a deterministic function. From

this relationship, the likelihood function can be obtained.

4.2 Estimation theory: bayesian and of non random param-

eters

An estimator ¢ is a function of the measurement result R, i.e. § = g(R). In Bayesian
estimation theory, in order to construct an estimator of the parameter of interest, first
we need to choose a cost function. The cost function, C' = C(g, g), is a function of two
variables; it depends on the estimator and on the parameter. The expectation value of the
cost function, calculated using the joint probability distribution P(r,g) is called the risk
function [119],

% = [ drdgC(3.9)P(r.9) = [ arP() [ doC(a.9) Pl (4.2)

Notice that in the inner integral of the last identity the posterior probability distribution is

employed. The Bayes estimator § is chosen then in order to minimize the risk. A common
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cost function is the uniform cost, which is equal to zero when |§ — g| < € and equal to one

in any other case. The corresponding risk function is given by

R = jdrdgC’(g,g)P(r, g) = fdrP(r) [1 — ﬁqﬁ dgP(g|r)|. (4.3)

g—e

The estimator should therefore maximize the inner integral (in order to minimice the risk).
Consequently, if € is small, then the estimator should be equal to the value of g that
maximizes the posterior probability distribution. This estimator is called the mazimum a

posteriori (MAP) estimator and is obtained by solving the equation:

dln P(g|r)

5 O (4.4)

The logarithm is taken in order to simplify the calculations. This equation can be formu-

lated in terms of the likelihood function using Bayes’ theorem (4.1)),
0gIn P(r|g) + 04In P(g) — 0gIn P(r) = 0. (4.5)

Notice that the probability P(r) is independent of the parameter and hence the third
term vanishes. The MAP estimator is therefore constructed by solving the equation
0gIn P(r|g) + d4In P(g) = 0. Assume also that we are “completely ignorant” about the
parameter. This means that the prior distribution is uniform, i.e. J,P(g) = 0. In this
case, the optimization of the posterior distribution is equivalent to the maximiza-
tion of the likelihood function. Equation reduces therefore to likelihood equation:

0gIn P(r|g) = 0. This estimator is called the mazimum likelihood (ML) estimator,

L = arg;aax{mg)}. (4.6)

As a summary, when the cost function is uniform and € — 0, then the Bayesian estimator
reduces to the MAP estimator. Additionally, if the priori distribution is uniform, it becomes
the ML estimator. Certainly, there are different cost functions, being the mean squared

error the most common (see chapter 2 of [I19]). When the parameter to be estimated is not
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random, but a deterministic and unknown quantity, then the Bayesian approach, i.e. the
minimization of the risk function , should be modified. For non random parameters,
there are different measures of the quality of an estimator, which are introduced in the
next section. These measures are defined in terms of the likelihood function and not in

terms of the posteriori distribution.

4.3 Bias, variance and mean squared error

Let g be an estimator of g. The mean value of the estimator, averaging over all the

possible measurement results, will be denoted as

@>=jgvﬂ%wmma (4.7)

Notice that the mean value is a function of g, because the likelihood function depends on
this parameter. The dependence on g is not explicit in the notation (§), so the reader
should keep in mind that it may depend on g. Analogously, the variance of the estimator

is defined as

<Af>=jmww«@FPmmmn (4.8)

On the other hand, the difference g(R) — g is the error of the estimator. The mean value

of the error is called the bias of the estimator,

wm=fmm—ﬂpmmw=@»w. (4.9)

The bias may be a function of g. In this case, the estimator has unknown bias. It could be
also a constant, in which case the estimator has a known bias. If Vg b(g) = 0, the estimator
is said to be unbiased. The mean value of the squared error (MSE), denoted as €(g), is one

of the simplest measures of the precision of an estimator. It is defined as

mn=ﬁmm—ﬂ@vmm. (4.10)
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The mean squared error can be decomposed into the variance and the bias of the estimator,

as follows:

e(g) = <Af]2> + b2(g). (4.11)

This expression shows that for unbiased estimators the variance is equal to the mean
squared error. For the construction of estimators of non random parameters, we will
interested in estimators with small <A§2> or €(g). In the next section, we introduce
therefore the so called Cramér-Rao Bound [147], which constitutes a lower bound of the
mean squared error (of any biased estimator) or of the variance (of any unbiased estimator).
The quality of an estimator can be measured in relation with the achievement of this lower

bound.

4.4 Cramér-Rao bound

As anticipated, a lower bound of €(g) will be presented in this section. We start with
the obvious fact that §(§ — (§))P(r|g)dr = 0. By differentiating this identity with respect
to g the following expression expression is obtained:

d<9)

Ja-@areigar - 2. (4.12)

On the other hand, by differentiating the bias (4.9) with respect to g, it is clear that
d{gy/dg = V(g) + 1, where V'(g) denotes differentiation with respect to g. It is also

useful to note that 9y P(r|g)dr = P(r|g)dq In[P(r|g)]. These considerations allow to rewrite

expression (4.12]) as

[ {1a0) = @WPein} - {(VPClnompelgfar =148, (@3
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The integral form of the Cauchy-Schwarz inequality establishes that { | f(z)|2dz-{ |g(z)|>dz >

| § f(x)h(x)dz|®. Applying this inequality to the last expression, is it clear that

j[ﬁ(r) — (I P(rlg)dr- f{ag In[P(r|g)]}*P(rlg)dr = [1 +¥'(g)]*. (4.14)

The first term in the left hand side is the variance of the estimator (4.8). The second term

corresponds to the Fisher information, denoted as Z(g),

P(r]g)?
P(rlg) "

I(g) = f {0y I[P (r]g)]}2P(r|g)dr = f (4.15)

where P(r|g) = dgP(rlg). Notice that the units of Z(g) correspond to the units of 1/g%.
From its definition the Fisher information can be understood as the expectation value of
the square of dyIn[P(r|g)], namely, of the gradient of the log-likelihood function. This

function is called score function,

0gP(rlg)

S(g) = dgn[P(rlg)] = Pilg)

(4.16)

and measures how sensitive is the likelihood function with respect to changes in the param-
eter. The average value of the score is zero H Therefore, the Fisher information can also
be viewed as the variance of the score function. For the toss of a coin, i.e. for a Bernoulli
variable with probability of success equal to a parameter p, the Fisher information with
respect to the parameter is 1/[p(1 —p)]. The information is larger near the extremes, p = 1
or p = 0, when the coin is highly unfair or unbalanced. The information is minimal when
p = 1/2, i.e. when the coin is balanced.

Besides its definition as the variance of the score function , the Fisher information
can also be defined as the average value of the (negative) curvature of the likelihood

function. Indeed, note that if the likelihood function is twice differentiable, then

Ol P(rlg)] = 2T (0wl (4.17)

!This is true whenever the integral and the partial derivative can be exchanged, E[S(g)] = {0, P(r|g)dr =
(d/dg) § P(r|g)dr = 0.
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When the partial derivatives operators can be interchanged with the integral operators,
by taking the expectation value of (4.17)), it is easy to see that (4.15)) can be equivalently

expressed as

Z(g) = {20y WlP(rlg)]} = [ 4 P19 P(rIg)dr (4.18)

which shows that the Fisher information may be viewed as the expectation value of the
negative curvature (second derivative with respect to the parameter) of the log-likelihood

function. Typically this expression provides an easier way for the calculation of the Fisher

information than the definition .

In terms of the introduced definitions and (| . the inequality (4.14]) can be
written as (Ag?)Z(g) = [1 + b'(g)]*. Therefore, the Fisher information can be employed
to construct a lower bound on the variance of any estimator of g. This lower bound is the

Cramér-Rao bound [119), 120]:

140
(A = () 9l : (4.19)
and the inequality is called the Cramér-Rao inequality. The larger the Fisher information
contained in the likelihood function, the smaller will be the lowest attainable variance of
any estimator. Restricted to the class of unbiased estimators (i.e. estimators such that Vg

b(g) = 0), the Cramér-Rao bound reduces to the inverse of the Fisher Information,

2y L
(AT > 70y (4.20)

On the other hand, for biased estimators, by expressing the variance in terms of the MSE

and the squared bias (4.11)), the Cramér-Rao inequality can be formulated as

[L+V(g)]

2
() +b°(g). (4.21)

€(g) =

Notice that for biased estimators the Cramér-Rao inequality actually establishes a lower

bound on the mean squared error. If the bias is such that |1 + b'(g)| < 1, then the lower
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bound can be inferior than the lower bound for unbiased estimators, Z~!(g).

An estimator that saturates the Cramér-Rao inequality for all the possible values
of the parameter is said to be an efficient estimator. An efficient estimator may depend
on the parameter we wish to estimate and therefore require good prior knowledge about
it, which is typically not the case. Therefore, an efficient estimator may not always be
feasible. Moreover, in the class of unbiased estimators, an efficient estimator may not
even exist, i.e. the inequality might not be saturated by any unbiased estimator.
In this class, the estimator that has minimum variance for all the possible values of the
parameter is called the minimum-variance unbiased estimator (MVUE). Certainty, if an
efficient unbiased estimator exists, then it will be also the MVUE.

As pointed out in the previous section, the variance (for unbiased estimators) and the
mean squared error (for biased estimators) are the figures of merit to measure the perfor-
mance of an estimator. Although these are the formal statistical tools for the estimation
problem, sometimes the signal to noise ratio (SNR) is also taken into consideration in
order to evaluate the quality of an estimator. In this work, we will employ the definition
presented in [82, 121], where the SNR is defined as the ratio between the mean value of

the estimator (the signal) and the standard deviation of the estimator (the noise). Hence,

SNR— 9 (4.22)

V{AG?)

A “good” SNR should be greater than one, i.e the level of the signal should be greater
than the level of the noise. Since the Cramér-Rao bound defines a lower bound on the

variance, it constitutes an upper bound on the SNR, which is limited by {(§)+/Z(g)/|1 +
b'(g)l-

4.5 The classical limit

In most cases there will be a collection of M measurement results rq, ...,y available
for the estimation of g (M represents therefore the number of repetitions of the same

experiment). In this case, the likelihood function is given by P(7|g) = P(r1,...,7m|g). If
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the observations are independent, then

P(flg) = ]_[P rilg)- (4.23)

The Fisher information of independent random variables is additive. Indeed, it is easy to

check that the Fisher information in (4.23)) becomes

7(g) = | ar{2,ulP(FI9) | Pirlo) - f (4.24)

where dF* = dry...drys and Z;(g) is the Fisher information associated to the i-th observation,

namely,

2
Ti(g) = f dri{ & [P (rilg)]} P(rilg). (4.25)
If all the observations are identically distributed, then Z;(g) = Zi(g). In this case, the

Cramér-Rao inequality for unbiased estimators becomes

1
MIy(g)

(AG*) = (4.26)

Therefore, the error (square root of the variance) of an efficient unbiased estimator scales
as 1/\/M , where M is the number of independent observations. This type of scaling is
considered to be classical, and arises as a consequence of adding independent information.
The limit on the precision of any estimator ~ 1/ v/M has been called the “classical limit”
for metrology.

As an example, let us take into consideration the sample mean estimator (SME), which
simply takes the average of all the measurement results,

M
Diic1Ti

A (4.27)

gsmp(M) =

as an estimator of the population mean. If the elements of the sample are independent and

identically distributed, with mean p and variance o2, it is easy to verify that the SME is
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an unbiased estimator of the population mean,
Elgsme(M)] = p. (4.28)

The variance of the sum of M independent variables corresponds to the sum of the variances
and taking the average adds a 1/M? factor. Therefore, the variance of the SME is given
by

02

([Agsnp(M)*) = 37, (4.29)

which means that the error of the estimator presents the classical scaling ~ 1/v/M, i.e. it
achieves the classical limit for any finite sample. This does not mean that the estimator
is necessary efficient, which occurs when the Cramér-Rao inequality is saturated. If each
observation is taken from a normal population, then the estimator would be efficient,
since 1/02 corresponds to the Fisher information with respect to the mean of a normal
distribution. In this particular case, the SME estimator is also efficient for finite samples.

Typically, the efficiency can be achieved asymptotically, i.e. for a large number of
observations. Let us consider the mazimum likelihood estimator Gprr,, presented in section

and defined as

amrp(M) = argmaX{P(rl,...,rM|g)}. (4.30)
g

This estimator is asymptotically efficient, i.e. it saturates the Cramér-Rao inequality in
the limit M — oo. For random samples (independent and identically distributed random
variables), this means that vM[garp(M) — g] converges in distribution to a random
variable, normally distributed, with zero mean and variance equal to Z~!(g), where Z~!(g)
is the inverse of the Fisher information contained in a single observation. In other words,

for a sufficiently large sample,

(4.31)
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This occurs as a consequence of the central limit theorem [148], [119].

4.6 Quantum Fisher information

For the quantum case, the likelihood function is P(r|g) = Tr [Erp(g)], where p(g) is
a quantum state that depends on the parameter g that we want to estimate and E, is
the effect operator associated to the outcome r of the measurement. Consequently, the

classical Fisher information (4.15)) can be expressed as

{69 Tr [Erp(g)] }2

Tr [Erp(g)] 42

Z(g) = Jdr
We want to maximice this expression over all possible POVM'’s. In order to derive an
upper bound for the classical Fisher information let us define the Symmetric Logarithmic

Derivative (SLD) as an hermitian operator L, that satisfies the equation

Lgp(g) + p(g)L
2

¢ = 2,0(9). (4.33)

Note that, in terms of the SLD, the classical fisher information (4.32)) can be bounded in

the following way:

~ 2 ~
I(g) = f drRe{Tr[fi(g)ErLg]} < Jdr Tr[p(g)ErLg] 2 (4.34)
H[ETP(Q)] H[Erp(g)]
- Jdr Tr \/W\/ETLM/@ 2. (4.35)

A/ Tr[Erp(g)]

The inequality is achieved when the trace Tr [p(g)ETLg] is real. Considering now the matrix
form of the Cauchy-Schwarz inequality, | Tr [ATﬁ] 2 < Tr [ATA] Tr [BTB], the prior upper

bound can be optimized over all over all possible POVM’s, according to:
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Z(g) < Jdr Tr[Lgp(g9)Lg] = Tr[Lgp(g)] =7(9). (4.36)

This upper bound is called the quantum Fisher information (QFI), and will be denoted
as Zg(g). It is easy to show that the expectation value of the SLD is zero. Therefore, the
quantum Fisher information can be defined as the variance of the SLD. In this sense, the
SLD plays the role of the score function. Using the QFI in it is possible to derive
the quantum Cramér-Rao bound [122] 123 [124],

<Ag2> > [1 —;b'(g)? > [1+ b/(g)]Q_ (4.37)
(9) Zo(9)
The first is classical Cramér-Rao inequality while the second corresponds to the quantum
Cramér-Rao inequality.

The optimal POVM is the set of projectors {|L;){(L;|}, where |L;) is one of the eigen-
states of L,. This measurement may depend on the (unknown) parameter we wish to
estimate and therefore it may be unfeasible to implement. It is important not to con-
fuse the optimal POVM with the estimator. The first is given by the set of projectors
{|L;y{L;|}, while the second depends on how the acquired data is processed. In section
we pointed out that the ML estimator can be employed for these purposes because
it saturates the Cramér-Rao inequality in the limit of a large number of observations (the
classical inequality for any POVM and the quantum inequality if the optimal POVM is

implemented).

4.6.1 Quantum Fisher information in mixed and pure states

Consider a mixed state with spectral decomposition p(g) = ZkR:1 A [Yk) (Wg|. The
dimension of the support of p(g) is R < D (D being the dimension of the Hilbert space).
Notice that both, the eigenvalue Ay or the ket |¢;), may depend on the parameter. The

partial derivatives of the eigenvalue and the eigenstate with respect to g will be denoted by

j\k and ‘1/Jk>, respectively. In this case, the solution of equation (4.33) may be expressed
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as

wn> %) {nl - (4.38)

i(. )rwn><¢nr+22 (A ) (om

The summation in the second term goes over all n and m such that A\, + A\, # 0. Using

this expression in (4.36)), the quantum Fisher information can be expressed as

a2 (An = Am)? ;
}3(—ﬂ)+2 > S o ) (4.39)
=\ el An + Am

The first term corresponds to the information contained in the eigenvalues and represents

the “classical contribution”, while the second term reflects the information contained in

the states and is properly the quantum contribution. For a pure state, i.e. p(g) = [¢) (¥|,

expression (4.39) reduces to

) = 4(if) -4 (i) (440

4.6.2 Quantum Fisher information in unitary processes

Assume now that the state p(g) is generated by a wunitary process, namely, p(g) =
Z97;,006’A9T. The initial state pp is a mixed state with spectral decomposition py =
S A |fn){én|, and T is an hermitian operator called the generator of the process. The
initial state does not depend on g, only the unitary process applied to it depends on the
parametelﬂ In this case, the QFI corresponds to

Totg) =2 3, G2V, (a.41)

n#m
where T, mn = {Oml T |¢n). Since the generator T is independent of the parameter, the
quantum Fisher information will also be independent of it. In fact, this occurs actually
because the SLD operator (4.38]) is independent of the parameter. Consequently, the

optimal POVM will not depend on g and therefore it will possible in principle to implement

2We will also assume that the generator is independent of the parameter.
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it, although we might be completely ignorant about the real value of the parameter. This
type of optimal measurements, which are independent of the parameter, are called by
Braunstein, Caves and Milburn [125] “global optimal measurements”. When the generator
has no degeneracies, such measurements can described in terms of effect operators E (z),
where z is a real number that takes the same values as the parameter. If the generator is
degenerated, then the optimal POVM requires more information than the one provided by
a single real number x (see [125] for more details).

If the initial state is pure pg = |p){¢|, then the quantum Fisher information (4.41])

corresponds to

Tolg) = 4(AT?) = 40| T%|6) —4|(6| T |6 (4.42)

namely, four times the variance of the generator. Notice that the quantum Fisher infor-
mation of a pure state is greater than (4.41)). Therefore, for initial pure states and any
unbiased estimator of g, the quantum Cramér-Rao bound takes the form of an uncertainty

principle,

(DG <AT2> >1. (4.43)

This is a parameter-based uncertainty principle, that resembles the standard uncertainty
principle, with the difference that <A§]2> refers to the variance of an unbiased estimator
(which does not necessarily corresponds to an hermitian operator).

Finally, it is worth to mention that the quantum Fisher information can be

maximized over all possible initial states,

max {4 <AT2>¢ } — (A)?, (4.44)

where At is the difference between the maximum and minimum eigenvalues of the generator
T. The optimal initial state is an equal superposition of the eigenstates associated to the

maximum and minimum eigenvalues of the generator [I11].
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4.7 Quantum Fisher information in phase measurements and

interferometry

In quantum mechanics the scaling of the error of the type 1/4/M appears in differ-
ent situations. Consider, as an example, the measurement of the phase of an harmonic
oscillator [126]. Assume that an harmonic oscillator is prepared in a coherent state |a)
and then evolves freely. For simplicity suppose that o € R. After a time ¢ the unitary
evolution produced by exp{—iwtn} will impart a phase of g = wt, and the final state will
be the coherent state |e*i9 a>. Since the final state is generated by a unitary process, the
quantum Fisher information is given by 4|a|?, i.e. four times the mean energy (or the mean
number of particles) of the oscillator. Therefore, the error of any estimator of the phase
will be limited by a factor ~ 1/4/N, where N denotes the mean number of particles.

This limit has been called the standard quantum limit (SQL) [149] for the measurement
of the phase acquired by an harmonic oscillator. Although it is similar to the classical limit
1/+/M (where M is the number of repetitions of the experiments) it has a different nature.
The classical scaling arises as a consequence of adding independent information, while the
scaling 1/4/N simply appears because the initial state is a coherent state.

Indeed, assume that the harmonic oscillator, instead of being prepared in semi-classical
state such as the coherent state, is prepared in a non-classical state that consists of a
superposition of Fock states, (1/4/2)(]0) + [2N). The quantum Fisher information of this
state corresponds to 4N?2, and therefore the scaling is improved when “quantum resources”
are employed. The scaling of the error proportional to 1/N has been called the Heisenberg
limit (HL) for metrology [150}, 151) 152, 153]. Experimentally, the HL is harder to obtain
than the SQL, since coherent states are easier to prepare.

For a coherent state, the SQL can be achieved implementing a POVM whose elements
are E(¢) = |¢){(¢| /(27), where |¢) are the Susskind-Glogower phase states [127,12], —1 <
¢ < m. These states can be expressed in terms of number states as [¢) = >’ e~ |n).
They are eigenstates of the phase operator A = 3 [n){n + 1|, which generates transla-

tions of the number operator, i.e. AT A = fi+1. The exact probability density corresponds
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to P(¢) = Tr[E(gb) ’e_igta> (e o

|k

P(p) =

2

! exp{—[(a2 —n)? 4 (a* - m)Z] +i(p—g)(n—m) }(.4.45)

o2 _(a?-n)?
In the last step the approximation e~ z a"/v/n! ~ (27ra2)*1/4e 42 was used, assuming

that a » 1. This probability density is normalized in the interval [—m,7]. Finally, by

converting the summations into integrals, the density becomes

1 (¢ — g)*
P(¢) = ———exp| 2797 (4.46)
var (i) ' 2( e ) 6

that is a Gaussian function with mean g and variance 1/(4a?), and is normalized over

[-o0,00]. The Fisher information in this distribution equals to 42, which corresponds to
the quantum Fisher information. This result shows that, when the harmonic oscillator is
prepared in a coherent state, the POVM {E (¢)} corresponds (approximately, for large «)
to the optimal POVM.

Let us turn now to Mach-Zehnder interferometry. Figure shows a Mach-Zehnder
interferometer. The description of the interferometer requires two modes, which describe
the field in the different arms of the interferometer. It is useful to employ the Jordan-
Schwinger map [128, [129] to describe the action of the whole interferometer over the input

states,

. = (a'b+ab)/2,

, = (ab—ab")/(20),

J. = (ata—10'D)/2,

J2 = j§+j§+j§=%<g+1), N =a'a + b7, (4.47)

where @ and b are the annihilation operators associated to the input fields, and N is
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the total number of photons in the interferometer. The operators J; satisfy the angular
momentum algebra, i.e. [jx, jy] = 4J, and its cyclic permutations. As it is described in
appendix the action of a balanced beamsplitter can be described as a rotation of /2

around the x axis,
L= exp[ii(w/Q)jz], (4.48)

while the addition of a phase shift ¢ between both paths corresponds to a rotation of ¢

around the z-axis,

Ulp) = exp [zgojz] (4.49)

Therefore, the action of the whole interferometer can be described by the unitary trans-

formation

[jMZ = U_[jd,[j_;_ = exp[—igpjy]. (4.50)

Note that the interferometer (ideally) preserves the total number of photons because

[jy,N] = 0. Since the generator of the transformation is J,, the quantum Fisher in-

formation about the phase corresponds to

Tole) = 4{(A,)*). (451)

If the input state is |a)|0), i.e. one input is a coherent beam |a) and the second is
the vacuum state |0), the quantum Fisher information will correspond to |a|?, the mean
number of photons in the beam. The same result is obtained when the input state is a Fock
state of the form |N) |0), namely, Zg(¢) = 4N. Therefore, Fock or coherent states are the
suitable states in order to achieve the SQL. This limit can be reached simply by counting
the photons at the output ports of the interferometer and then taking the difference, as
described below.

It is possible to work in the Schrodinger picture and evolve the input states along the in-

80



CHAPTER 4. PARAMETER ESTIMATION

Figure 4.1: Mach-Zehnder interferometer. Two input modes (d,b) are mixed coherently in the first
beam splitter. Inside the interferometer, a phase difference ¢ between both paths is introduced.
The fields are merged coherently in the second beam splitter. Photons are counted at the detectors
placed in the output ports. The SQL can be reached when a coherent (fock) state is sent through
the input a, while the second port is in the vacuum state.

terferometer using Unrz. Alternatively, we may work in the Heisenberg picture and evolve
an input operator O using UJ& ZOU Mmz- The operator 2.J. = ata —bfb corresponds the dif-
ference of photons at the input ports of the interferometer. The corresponding Heisenberg

operator, Nout, i.e. the difference of photons between the output ports, corresponds to
N,y = 20]];/IzszMZ = Q[COS(QO)jZ — sin(ga)jz]. (4.52)

On the other hand, the variance of the difference of photons at the output is given by
(AN,u)? = 4[cos2(<p)(AjZ)2 +sin2(9) (AJ,)? — 2 cos() sin()cov(J, jy)} (4.53)

where AJ; = J; — <J}> and the covariance between J, and jy corresponds to {jx, jy} /2 —
Jud,

Both for a coherent state or a Fock state the mean value of Nout will be equal to
cos(¢)N. The bias of the estimator can be removed by normalizing Ny by N, and
assuming that the phase is known to be a small deviation around /2, namely, ¢ = 7/2—0,
where |6] « 1.

For a coherent state, the variance of Nowt corresponds to N, while for a Fock state

it is Nsin?(p). Taking into account the normalization factor of N and the fact that
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sin(p) ~ 1 for small phase shifts around /2, the variance of the estimator corresponds to
1/N, both for coherent and Fock states. Consequently, when coherent or Fock states are
employed, Nout/ N is an unbiased and efficient estimator of small phase shifts around /2,

that achieves the SQL.

4.8 Relationship between QFI and the Bures distance

Consider an experiment with D possible outcomes and let p; = P(r;|g) be the prob-
ability of the i-th outcome to occur, for ¢ = 1,...,D. For simplicity, we have chosen the
probability to be discrete, but the argument that follows may be generalized to a continuous
distribution.

If the parameter of the likelihood function P(r|g) is changed infinitesimally, from g to
g + dg, then the probabilities of the outcomes will be modified from p; to p; + dp;, where
dp; = 04P(ri|g)dg. This change can be viewed as an infinitesimal displacement along a
curve (parametrized by g) that “lives” in a statistical manifold of dimension D —1; we start
from a point in the manifold corresponding to P(r|g) and, by changing infinitesimally the
parameter, we reach a second point that corresponds to P(r|g + dg). Figure illustrates
this displacement for a distribution with three outcomes.

The classical Fisher information is a metric on this manifold, and allows therefore
to define the length of a line element along any curve, namely, ds?> = Z(g)dg?. Hence, the
larger the Fisher information, the larger the distance between P(r|g) and P(r|g + dg).
As explained in section , the Fisher information is associated to the precision of an
estimator of g. Consequently, the notion of distance in a statistical manifold is associated
to the notion of distinguishability, because the better the precision (the larger the Fisher
information), the better the distributions P(r|g) and P(r|g + dg) can be resolved.

Now, consider two quantum states, p(g) and p(g+dg). Implementing a certain POVM,
{E,(g9)} (notice the possible dependence on g), will map each state to a point on the
statistical manifold, namely, to a probability distribution; P(r|g) = TY[ET(g)p(g)] and
P(rlg + dg) = Tr [Er(g +dg)p(g + dg)]. The distance between both probabilities is de-

fined by the classical Fisher information. Choosing the POVM that maximices the classical
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p3 A
r(9)
|%/] --e
ds
ds® = 1(g)dg? 2 2
ds® = max| d
/ naxI(g)dg

(a) (b)

Figure 4.2: a) Infinitesimal displacement in the statistical manifold. The distance between two
neighbouring distributions is obtained using the Fisher metric. b) Infinitesimal displacement in the
manifold of density operators. The distance depends on the quantum Fisher metric, which is equal
to the Bures metric (except for a factor of 1/4).

Fisher information, will maximice the distance (the distinguishability) between both quan-
tum states. Therefore, the quantum Fisher information defines a metric in the manifold
of density operators, namely, ds* = Zg(g)dg?. The larger the quantum Fisher informa-
tion, the larger the distance between p(g) and p(g + dg) and the better both states can
be distinguished. See figure for a representation of these concepts. The definition of a
statistical distance was presented in [I30] for pure states and in [124] for mixed states.
On the other hand, the Bures distance [131], [132] 133] between two quantum states p;
and py is defined as dp(p1, p2) = 2[1 — /F(p1, p2)], where F(p1, p2) = Tr[\//pip2v/pi]”
is the quantum fidelity between the states. When the states are parametrized by a single

parameter g, then

ds* (4.54)

p
= [4IQ (g)]dQQ, (4.55)

Il
U
S
=2
S
—
Q
—+
S
s

which shows that, except for a factor of 1/4, the quantum Fisher metric equals the Bures

metric on the manifold of quantum states [124] [134].
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4.9 Fisher Information in weak measurements

In this section the Fisher information contained in weak measurements is analyzed.
Two measurement strategies will be distinguished; with and without post-selection. See
chapters [2| and [3| for a description of both measurement strategies. We consider weak
measurements of an observable A, according to the von Neumann model.

Before taking each strategy into consideration, it is important to point out that the
maximum information about the parameter g corresponds to the quantum Fisher informa-
tion. In the von Neumann model, the measurement is described by a unitary process U
with generator equal to /1]5/ h. Therefore, for initial pure states states of the meter and the

system, |1y (|®|1;) (], the quantum Fisher information is obtained by a straightforward
application of expression (4.42)),

A (5 14058

= % [Var(/l) <]52> + <A>2 Var(P)]. (4.56)

Z(9)

In the last expression, the term Var[@] denotes the variance of the operator O calculated
in the initial state, and is also sometimes denoted by < (AO)2> along this text. Expression
(4.56)) represents the maximum precision that can be achieved, and hence the different

measurement strategies will be compared with this limit.

4.9.1 Weak measurements without post-selection

When no post-selection is performed, i.e. when the apparatus variable R is measured

and no second measurement is performed, the measurement and effect operators (M, and

A

E,, respectively) are given by (2.47). The probability density function P(r) = Tr [Erp]

corresponds to

P(ry = 37 U gy $7 (g (;) (o] PP, P (457)
m=0

|
fopurs n:
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where the measurement result r corresponds to one of the eigenvalues of the meter variable

R= Sdrrﬂr. In the linear regime, the probability density 1) can be expressed as
P(r) = |¢<r>|2{1 +2(g/m) (4) Im(Pw>}, (4.58)

where P, = (r| P |¢) /({(r|)) is the weak value of the momentum operator of the meter.
The regime in which this approximation can be made depend on the moments of A (thus,
on the initial state of the system), and on the weak values P¥ = (r| P¥|4) /((r[4))) (which
depend on R and on the initial state of the meter). In particular, later in this same
section, the validity of the linear regime is analyzed for the case R = Q (Q being the
position operator), assuming that A is a dichotomic variable, and when the initial state of
the meter is Gaussian.

On the basis of ([£.58)), and retaining the zero order contribution (since g is a small

parameter), the score function S(g) = d4In[P(r|g)] corresponds to
S(g) = (2/h) <A> Tm(P,,). (4.59)

The variance of the score, calculated using (4.58)), gives the Fisher information of a weak

measurement (without post-selection),

7(g) = (4/1*) (A)" [ tm(PuPlu(r) P (460)

This expression represents the maximum precision that can be achieved by observing the
variable R. The integral term can be understood as the variance of the imaginary part of
the weak value of P (since the first moment is zero). An important result [I35] regarding

the variance of the imaginary and real parts of a weak value establishes that

f W[ Re(Pw) — (P) ] ar + JIm(Pw)2|zp(r)|2dr _ Var(P). (4.61)
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Consequently, the Fisher information (4.60) can be expressed as

= 25 () {var®) — [P [ Re(R) = (P) | ar), (162

which shows that, when the variance of the real part of the weak value of P is zero,
the Fisher information achieves its maximum value, (4/h2)<121>2 Var(P). This value
should be contrasted with the maximum precision (4.56). The difference corresponds to
Var(fl) <]52> Therefore, unless the the system starts in an eigenstate of fl, the quantum
Fisher information can not be achieved with this strategy.

As an example, let us consider the case when the meter variable corresponds to the
position, R = (. Consider also the polar decomposition of the initial wave function of
the meter, 1¥(q) = [(q)|exp{i®(q)/h}. The weak value of the momentum operator of the

meter is given by

p _APW) o) ddva)l 208(0) (4.63)
ey ¥(q) 1(q)]

which shows that the phase gradient corresponds to the real part of P,,, while its imaginary
part is the logarithmic derivative with respect to ¢ of the modulus of the initial wave
function of the meter. Therefore, the maximum value of the Fisher information can be
achieved when the gradient of the phase is equal to <I5> As an additional remark, it is
worth to mention that the phase gradient has played a role in different formulations of
quantum mechanics [136], 137, 138, 139].

Assume, for example, that the initial wave function of the meter corresponds to a

complex Gaussian function with a quadratic phase,

. 1/2
¢(q)=quxp{(zf—1)( +Z<P>q/ﬁ} : Nq=<\/27m> L (4.64)

For Gaussian states with quadratic phase the uncertainty principle is o302 = (52/4)(1+F?).

86



CHAPTER 4. PARAMETER ESTIMATION

Hence, the Fisher information can be expressed as

ro) -S4 () (Y v () (469

Expression represents the Fisher information in a weak measurement, when no
post-selection is performed, the meter starts in a state described by , and a projective
measurement of the joint operator Q@l is performed. This result shows that, under these
conditions, it is preferable that the quadratic phase factor disappears.

It is worth to mention that, when the momentum of the meter is observed (R = P),

then the weak value of the momentum operator is purely real and therefore the information

(4.60) is zero, as expected.

Linear regime for Gaussian states and R = @)

Finally, let us study the regime in which the approximation (4.58|) holds. When the
position of the meter is observed, the general expression of the density function (4.57))
equals ([2.33)). For the family of wave functions described by (4.64)), this probability density

function can be expressed as

Pla) = oG (e{=(£)4-3(£)2}). (4.60)

where z = (¢ — qo)/04 is a standardized variable. Notice that the initial momentum of the
meter and the quadratic phase factor do not appear in the density function. The expression

inside the brackets can be expanded in terms of the Hermite polynomials [140],

P(q)

I RCOLAE a7
: M (£) (= +5(2) e -n] ue

Note that the Hermite series S(2) = Y1 (Uq) <A"> He,(z) (from the first order term

n=0 n!

onwards) corresponds to a correction to [1/(q)|?, the probability of finding the measurement
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device at position ¢ in the absence of any interaction with the system. The first order
approximation will be a “good” approximation when itself has greater magnitude than the

sum of the neglected higher order terms, namely,
< |1+ g <fl> z
9q

For the values of z that satisfy this condition, the system will exhibit a linear response,

. (4.69)

3 (L) () et

i.e. the correction S(z) —1 will be a linear function of g/o,. Since the initial wave function
of the meter [)(q)|? is Gaussian with standard deviation o, what is actually important
is that the linear response dominates over the rest of the terms within some standard
deviations away from the media.

Consider, as an example, an operator that satisfies A? = 1, i.e. that it is an involution

and thus —1 < <A> < 1. In this case, the exact probability (4.67) becomes

Pla) = @) el 5 (2)" Y comblaz/o) + (Asinbtaz/o)}. (a0)

that shows that the linear response holds when |gz/o,| « 1. The complete response S(z)
and the linear response are plotted in figure for different values of g/o,. The exact
probability and its first order approximation are presented in figure Notice that, for
g/oq = 0.5, the approximation, although normalized, takes negatives values in some part
of the domain. This occurs because the region in which the approximation is valid (i.e. the
relative error is less than 1%) is small. However, for g/o = 0.01 the approximation is good
in a large region of its domain. As a result, the approximation and the exact probability

are almost indistinguishable.

4.9.2 Fisher Information in weak measurements with post-selection

In section [3.1] we described pre- and post-selected measurements, where an intermediate
generalized measurement of an observable A is performed between a pre-selected and a
post-selected final state. The intermediate measurement was described by measurement

operators M, acting on the system, which result from the observation of the meter variable
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Figure 4.3: The complete Hermite series S(z) (blue) and the linear response (red) are plotted
for different values of the parameter g/o,, assuming <fl> = 1. The shadowed area represents the

region where the relative error of the approximation is less than 1%. (a) g/o, = 0.5, (b) g/o4 = 0.1,
and (c) g/oq = 0.01.

Figure 4.4: Exact probability (solid line) and the first order approximation (dashed line) for
different values of the ratio g/o,: a) 0.5, (b) 0.01.
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R= Sdrﬁh a continuous variable of the measurement device.

The post-selection procedure corresponds to a second (projective) measurement of
an hermitian operator F', of the system, with eigenvectors and eigenvalues described by
F ) = M [e), k = 1..N. When post-selection is performed not all results of the inter-
mediate measurement are taken into consideration, but only those when the state i) is
detected in the second measurement. Therefore, the set of measurement operators that

describe this measurement strategy [141] corresponds to

{|1/)f><¢f|®ﬁr, (1— |7/1f><¢f|> ®1,r€R}- (4.71)

The probability to successfully select the state |¢)¢) in the second measurement and to

read the outcome r in the intermediate measurement is given by

P(f,7) = Te[ 0> ooy | @ 11,07 ) <] pU"| = <t VL] [, (4.72)

where [1) is the pure initial state of the meter and U is the unitary operator that de-
scribes the intermediate measurement. The probability of successful post-selection P(f)
is obtained by marginalizing over r. The probability of failure corresponds to
1 — P(f). The classical Fisher information contained in the probability distribution (4.72)
and 1 — P(f) is obtained by applying the definition (4.15]),

2P NP {211~ PP
oo = [t G
) TG PULNP 8PP | {201 — PP
= Py [arttegt I e DL IS )

The integral term in the last line represents the Fisher information given that the state
|v¢) was post-selected, and will be denoted as Z(g|f). The sum of the second and third
terms correspond to the information contained in the partition into different sub-ensembles,

according to to the result of the second measurement. This information will be denoted as
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Zp. Therefore, the Fisher information in the whole process can be expressed as

I(g) = P(f)Z(glf) + Zp. (4.74)

Therefore, the maximum amount of information provided by the post-selection strategy

corresponds to

IMaa:(g) = P(f)IQ(g‘f) +Zp, (4'75)

where Zg(g|f) corresponds now to the quantum Fisher information in the final state of
the measurement device, given that the post-selection was successful. If the initial state of
the meter is pure, let us denote it as [1)), then its final state, conditioned on the successful
post-selection, corresponds to ﬂ To first order in g, the final state of the meter

corresponds

5 = = [1 = GamanP] ). (4.76)

where N = 1 + 2¢gkoIm(A,) is a normalization factor due to the post-selection. This is
a pure state and therefore expression (4.40) can be employed to compute the quantum

Fisher information,
4 .
Zo(9f) = () 14uPVar(P). (4.77)

On the other hand, from the probability of post-selection corresponds to P(f) =
| (P #lbiy [2[1+2gko Im(P,,)]. It contains therefore information about g, as long as the weak
value is not purely real and the meter has initial momentum. Thus, for a balanced meter
(zero initial momentum) or for protocols based on real weak values, this term plays no
role.

Taking all the contributions into account, the maximum amount of information (4.75)

3This state corresponds to the case R = P. For the general case, Mp should be simply replaced by M,
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that can be obtained using the post-selection strategy is given by

N |2 R . N2
Traa(9) = W{Aﬁ <P2> _ <p>2 [Re(Aw)2 - % Im(Aw)Q] }{4.78)

Notice that, if the final state |1f) is the same as the initial state [¢;), then Im(A,) = 0,
Re(Ay) = <A> and the expression reduces to maximum information attainable without
post-selection.

By comparing expression to the quantum Fisher information , it is clear
that, in order for Zysq.(g) to reach the maximum precision, the following two conditions

will be needed:

D) Kl P Re(Aw) + | Gyl P Im(4u)? = (A7) (4.79)
S Re(AL? — (PO YL e
) |yl [P Re(Aw) (1_|<¢f|¢i>|2)1 (AP =(A) . (480)

The first condition should be fulfilled for every initial pure state of the meter. Both
equations need to be satisfied only for meter states with initial momentum, <]3> #0. It

is more informative to express this set of equations as

ol Ay P = (42), (4.81)
|Gslod P Re(Au)? — [l A P| = (A) (1-[@slun ). (82)

First, if the meter is balanced <15> = 0, then we only have to worry about the first equation
(4.81)). In this situation, the post-selected state should be simply chosen in order to exactly
satisfy (4.81). There is, however, a way to satisfy this equation in the limit | (1) ¢[¢;) |*> — 0.

A standard theorem of linear algebra (shown, for example, in [143]), establishes that
Ay = (A [y +4[{(BA2) v, (4.83)
where |¢f> is any state orthogonal to the initial state. Assume that quasi-orthogonal state

[y = [ + €l (4.84)
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is post-selected, where € is a small quantity, € € 1. By virtue of (4.83), and retaining up
to first order terms of €, condition (4.81)) can be expressed as

(A =2 f(@aar)- -0 45

Consequently, when <A> ~ € the left hand side will be of the order of €2 and the equation
will be approximately satisfied. In simpler words, when <A> is close to zero, the post-
selection of quasi-orthogonal states will allow to satisfy the first condition in the limit
| plibiy | — 0.

Assume now that the meter has initial momentum, in which case both equations should
be fulfilled. When the weak value A,, is purely real or purely imaginary, it is easy to
show that conditions and can not be satisfied, unless the system starts in
an eigenstate of A (in which case both conditions are fulfilled and the weak value is real).
Thus, besides the case in which the system starts in an eigenstate of the measured variable,
the quantum Fisher information can not be exactly reached by using purely real or purely
imaginary weak values.

Nevertheless, analogously to the previous case (balanced meter), both conditions can
be met in the limit |{¥¢|t;)|> — 0. We have already shown that the first condition will
be approximately satisfied when the initial and final states are quasi-orthogonal and the
expectation value of A is close to zero (of the same order of overlap between the initial and
final states). Let us study now what happens with the second condition when a state of
the form is post-selected. Using it is easy to show that the second equation
(4.80) reduces to

2o () () [ () - 2iflary |- () - s

Notice that when <A> ~ ¢, then both sides of the equation will be of second order in
e only when the weak value is purely imaginary (notice that the real weak value in the
left hand side of the equation is of the order of ¢=2). Therefore, both equations can be

approximately satisfied when <A> is close to zero, by using quasi-orthogonal states and
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Table 4.1: The post-selection strategy may be optimal (in the sense that it achieves exactly the
quantum Fisher information) using real or imaginary weak values. If the meter is prepared with
zero initial momentum (balanced meter), then only the first condition (4.81)) should be met. If the
meter has momentum (not balanced meter), then the second condition should be also taken
into consideration. The strategies in which the states are close to orthogonality achieve the quantum
information in the limit | (¢ f|¢);)|? = € — 0. Recall, however, that the weak amplification effect is
restricted by the validity of linear approximation and the states can not become indefinitely
close to orthogonality.

Strategy Balanced Not balanced
Exact The systems starts in
achievement | (gl Alpid|? = <A2> in an eigenstate
of QFI of A
QFT is achieved <A ~ €
in the limit <A> ~ € and imaginary
| Prlpid]? =e—0 weak values

imaginary weak values.

The previous analysis shows that, when the meter is balanced, then the quantum Fisher
information can be ezactly achieved by post-selecting a state such that | (3| A[;)|? =
<A2>, keeping in mind the the final state should not be exactly orthogonal to the initial
state. In the general case, either when the meter is balanced or not, then the quantum
Fisher information can be achieved in the limit |{¢¢|1;)[%¢ — 0, when <A> ~ e If
<]5> # 0 then imaginary weak values are needed. The whole, already described, strategy

is also summarized in table .11

Fisher Information in the conditioned probability

Now, we will consider the Fisher information Z(g|f) contained in the conditioned prob-
ability density function P(r|f), i.e. assuming that the post-selection of the state |¢;) was
successful. The exact density function was derived in . The first order expansion was
presented in , and can be expressed as

pot) = o1+ 2w - (no- ()] | s
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Now, the score function dyP(r|f) becomes

S(g) = %Im 40 (Po—(P))] (4.88)

Using (4.61)), the Fisher information can be expressed as

Zlol) = Tl - () | 1o { [Re<Pw>—<ﬁ>

The first term, Zg(g|f), corresponds to the quantum Fisher information (4.77) and can be

2
~ Im(Ay) Im(Pw)} (4.89)

achieved by making the second term equal to zero.

What happens when the weak value Ay, is purely real? In this case, it is clear that

the second term of (4.89) will vanish when Re(P, <P> Thus, for a balanced meter

(zero initial momentum), when real weak values values are employed, the weak value of the
meter should be purely imaginary, in order to achieve the quantum Fisher information of
the conditioned state. As an example, consider the case when the position of the meter is
observed. In this scenario, according to , the real and imaginary parts of P are given
by

0¥ (9)]

Re(Pu) = 8g6(0),  Tm(Pu) = —h o0

(4.90)

Hence, when the position of the meter is observed, preparing the meter in a state with a
linear phase will allow to achieve the quantum information of the conditioned state .

What happens if the weak value Ay, is purely imaginary? In this case, the second term
of will disappear when Im(P,,) = 0 for all the possible values of r. It is easy to see

that this occurs when the momentum of the meter is observed,

P, = Pl _ p. (4.91)

{pl)

In this case, the weak value of the meter becomes real and the quantum Fisher information
in the conditioned state can be achieved.

Finally, for complex weak values, the weak value associated with the apparatus variable
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should also be complex. In fact, it is easy to see that the second term of (4.89)) will vanish

when

- (4.92)

for every possible value of r. As an example, let us consider again the case of a meter
prepared in a Gaussian state with a quadratic phase (4.64)). Physically, this state can
be achieved when an harmonic oscillator is prepared in a coherent squeezed state, |1) =
D(a)S(B) |0y, where D(«) is a Glauber displacement operator and S(B) is a squeezing
operator. The displacement is given by a € C and the squeezing factor is § = rexp{if}.

The coordinate representation of the wave function is given by

b(q) = exp{(if _ pyla=2wRe(a <P> } (4.93)

40’2

where x( are the zero-point fluctuations of the harmonic oscillator and 02 = x3[e?" sin?(6/2)+
e~2" cos?(0/2)]. The initial momentum of the meter <]5> corresponds to (h/xp) Im(«).
The adimensional parameter F (the coefficient associated to the quadratic phase) depends
entirely on the squeezing factor and corresponds to — sinh(2r) sin(6). This coefficient rep-
resents the covariance between the position and momentum of the meter (besides a factor

of 1/2),

Cov(Q 2<{Q P}> <Q><P> hF)2. (4.94)

When the position of the meter is observed, Im(P,) = i(q—qo)/(207), and Re(P, <P> =
FIm(P,). Therefore, the correlation between the position and the momentum of the meter
(calculated in the initial state) should be equal to one half the tangent of the argument of

the weak value of fl, namely,

Lot - (1)

Im(A,)
Re(Ay)

(4.95)

It should be noted that the effect of the squeezing establishes a correlation between the
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position and the momentum of the meter. This correlation is necessary for protocols based
on complex or imaginary weak values; otherwise, without applying squeezing, real weak
values of A should be employed.

Finally, consider the case when the momentum of the meter is observed, R = P. The
weak value of the momentum operator P, = {(p| P |1) /({p|s)) is equal to p and the Fisher
information Z(g|f) becomes

I(glf) = (4/F) Im(A,,)02. (4.96)

The momentum of the meter contains useful information about the parameter, unlike the
situation without post-selection. In this case, as was previously explained, the weak value

should be purely imaginary in order to achieve the quantum Fisher information (4.77)).

Optimal post-selection strategy for a qubit and a Gaussian meter

As an example, let us analyse the case of a spin-like operator, A = 6,. The meter
is prepared in a Gaussian state described by (4.93]) and the system is a two-level system,
prepared in an initial pure state. The post-selected state is also a pure state. For a qubit,

the initial and final states pure states can be described using the Bloch representation,

0 0.\ .
N i in [ 22 ot
) = cos ( ; ) 10) + sin ( . )e 1), (4.97)
- 7 2L gids
s> = cos ( / ) 105 + sin ( / )e 1), (4.98)
where 6, 10) = |0) and 6, |1) = —|1). The weak value of &, between the initial and final
states is defined by
<wf‘ o |¢z>
Ozw = ) (499)
(Wrlti
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while the real and imaginary parts of the weak value, respectively, are given by

3} 97;+9f } 6'7;—9f
COb( 3 )CO&(T

Relow) = Tl (4.100)
1 sin(A)| cos(0; + 0y) — cos(0; — 0y)
tm(osn) = g | KOG ] (4.10)

In these expressions A = ¢ — ¢; and |(Y¢|¢);) |* corresponds to the transition probability

between the initial and the final states, which corresponds to

| (bplid | = ;[1 + cos? (%) cos(0; — 0;) + sin? (%) cos(f; +0¢) |. (4.102)

According to (4.101), real weak values are obtained when: i) sin(A) = 0, or i)
cos(f; — 0y) = cos(f; + 0y). Let us consider the first case, for which the transition prob-
ability | (1 f]1;)|* corresponds to COSQ(GiZGf ) and the first condition of optimality 1'

becomes,

cos? (@) —1 (4.103)

Thus, by choosing 6; = 67 the first condition will be exactly fulfilled. The transition
probability, |{¢¢|;>|* = cos?(6;), will remain different from zero unless 6; = 7/2. The

weak value (4.99)) becomes

1
cos(6;)’

Ow,z =

(4.104)

which is always anomalous, except when the initial state is an eigenstate of 6,. Con-
sequently, and taking into consideration only the first condition of optimality (which is
the case for meters without initial momentum), the quantum Fisher information can be

achieved by post-selecting the state

|ts) = cos (%) |0> — sin (%)ei‘m I1). (4.105)

98



CHAPTER 4. PARAMETER ESTIMATION

As it has been pointed out, this protocol works for meters with zero initial momentum and
for every initial state, except for states for which §; = 7/2. For these kind of states (eigen-
states of the spin along any direction in the  — y plane), the quantum Fisher information
can be approzimately achieved by post-selection of states with 65 = 7/2 — 2¢, where € is a

small deviation. In this case, the transition probability becomes sin?(¢) ~ € and the weak

value (4.99) will correspond to

(4.106)

Ow,» = cot(€) ~

A

Summarizing, for a balanced meter, post-selection of the state will produce
the real weak value and the quantum Fisher information will be ezactly achieved.
When 6; = /2, post-selection of states described by §; = 7/2 — 2¢ will produce the real
weak value (4.106) and reach the quantum Fisher information in the limit ¢ — 0. This
strategy is represented in figure 4.5

On the other hand, regarding the meter, since the weak value of the spin operator is
real, Re(P,) should be equal to the initial momentum of the meter, as was explained in the
previous section. This can be achieved by preparing the meter in the state , without
compressing (squeezing), and observing the position of the meter.

Finally, for real weak values obtained when cos(#; — 6¢) = cos(#; + 6y), the quantum
Fisher information can be reached only when the initial state is an eigenstate of &, as well
as the post-selected state.

Let us look now at the case of meters with initial momentum, for which imaginary
weak values are needed. As it can be seen from , imaginary weak values will be
generated when 6; +60; = . In this case, the transition probability |{¢|¢;) |* corresponds
to cos?(A/2) sin?(#;), the weak value is given by —i tan(A/2) and the optimality conditions

(4.81)) and (4.82)) become

sin?(6;) sin?(A/2)

I
—

(4.107)

cos?(A/2) sin’(6;) [ cos?(#;) — sin?(6;) sin2(A/2)] = cos?(6;). (4.108)
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Figure 4.5: a) The weak value obtained using the sub-optimal post-selection strategy 6; = m/2—2¢
is plotted as a function of the parameter €. b) The red curve shows transition probability | (1 f|1;) |2
as a function of e. Recall that the smaller ¢, the larger the information about g and the larger the
weak value.

Notice that when 6; is close to /2, i.e. §; = 7/2 + §, then, by making A = 7 — 2¢ (which
makes the states quasi-orthogonal), both equations will be satisfied in the limit ¢ — 0.

Consequently, states of the form
(O 0i\ i(i—2¢)
) = sin (5) 105 — cos (5)6 21y, G =7/2+6, be<, (4.109)

should be post-selected in order to reach the quantum Fisher information in the limit € — 0.
In this situation, the purely imaginary weak value will be equal to —i cot(€) (independent
of 6;) and the transition probability will be sin?(e)sin?(6;). This sub-optimal strategy is
represented in figures and[4.7] As explained in the previous section, for imaginary weak
values, the momentum of the meter should be observed in order for P, to be real. This
result is valid for any pure initial state of the meter and not only for .

Finally, in order to study complex weak values, it is useful to look at the first condition

of optimality, which, in its most general form, is given by
A A
cos? (5) cos(f; + ;) + sin <§> cos(f; —0f) =1 (4.110)
Excluding all the previous cases, of purely real weak values, i.e. assuming A # 0 or
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Figure 4.6: Left Figure: The red line, §; = 0y, represents the optimal post-selection strategy
for real weak values (for meters without initial momentum). Along the purple line the initial and
final states are orthogonal. The two blue lines are sub-optimal strategies for meters with initial
momentum, which work for 6; = w/2. Right Figure: sub-optimal strategy for imaginary weak
values. This strategy is useful for all initial states and meters with momentum, and works for 6;
around /2.

cos(f; — 0y) # cos(0; + 6), and purely imaginary weak values, namely, supposing that 6; +
0 # , it is not possible to satisfy this condition, either in an exact or approximate manner.
Indeed, any “way” to make the left hand side close to one, will rely on purely imaginary
or real weak values. Consequently, for a two level system, the quantum Fisher information
can be reached through post-selection of the state (4.105]) (real weak value, balanced meter)
and the state (meter with initial momentum, imaginary weak value). The use of
real or imaginary weak values will depend on the features of each experiment. For example,
protocols based on real weak values may be used if it is experimentally easier to observe the
position of the meter, or when the apparatus has no initial momentum (in which case the
quantum Fisher information can be exactly achieved, except for the initial states described

by 92 = 71'/2).

Linear regime for a qubit and a Gaussian meter

The weak value can not be increased indefinitely because the approximation (4.87)
breaks down. We will study now the conditions under which the linear approximation is

valid, that in turn depend on the initial wave function of the meter, and on the initial and
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(a) (b)

Figure 4.7: a) The weak value, — cot(e), obtained using the sub-optimal post-selection strategy
is plotted as a function of the parameter €. b) Transition probability | (1¢|1;) |* as a function
of ¢, for different initial system states; 8; = /2 (green), 6; = 7/2 — 0.26 (red) and 6; = 7/2 — 0.35
(blue). As for real weak values, the smaller €, the larger the information about g (the closest is the
difference with respect to the quantum Fisher information) and the larger the weak value.

final states of system. The exact joint probability of selecting the state |¢;) and reading
the outcome r was presented in (3.17)). For convenience, we reproduce it below.

[o0]

P(r, f) = [gly |2 [ (r)P - Y g™ ealr). (4.111)
n=0
S(r)

The coefficients ¢, (r) are presented in , and contain weak values (of the system
and the apparatus variables) of different orders. The series S(r) = Y., g"c,(r) charac-
terize the change of the “unperturbed” probability distribution | {1 ¢[t;)|? - [¢(r)[* due to
the measurement process.

When the position of the meter is observed, namely R = Q, and the initial wave
function of the apparatus belongs to the family of Gaussian functions described by ,

then the full series can be expressed in terms of the Hermite polynomials as

0= 5 5(50)" 5 (DA (57 - ) (7 s

n=0
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where z is a standardized variable z = (¢ — qo)/0q, v = 1 —iF and ko = po/h is the initial
momentum of the meter. See appendix for the details regarding the derivation of this
result.

Analogously to the condition , the linear approximation will dominate over the

higher order terms when

i) |Re ig%ﬂ(q)” « 1+2g;q[Re(Aw)+]-"Im(Aw)]+gIm(Aw)k:0 (4.113)
i) Im[n%g%n(q)” « i[lm(Aw)—FRe(Aw)]—gRe(Aw)kzo. (4.114)

Since the function S(r) is multiplied in by a Gaussian function of width ~ o, these
conditions should be satisfied within a couple of standard deviations from the mean, in
order to have a good approximation for at least 95% of the total probability.

As was previously indicated, these conditions are valid when the meter is prepared in
a pure state of the form . Any further specification of them should specify the weak
values of all orders, which will be done later in this chapter for a two-level system.

Before going into this last issue, let us study the state of the measurement device in
the linear regime. Recall from that, when the post-selection is successful, the wave

function of the measurement device (in the coordinate representation) corresponds to

(g Mg i)

y d 4115
§da| (by| My i) [2 2> de ( )

As can bee seen from appendix , when conditions (4.113) and (4.114) are satisfied,

then the measurement operators can be safely expanded to first order, and the final wave

function of the meter becomes

J

This state corresponds to the coordinate representation of (4.76]). The denominator is a

1+ gsz<2%q> —igkoAy
\/1+ 2gko Im(A,)

¥(q) lq) dg. (4.116)

normalization factor, whose square is related to the probability of post-selection (it corre-

sponds actually to the perturbation of the transition probability |{i¢|t;)|?). The factor
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can be expanded to first order by imposing an additional requirement: iii) |gko Im(A,)| « 1.

Then, the final state of the measurement device becomes

| [Hgsz(QZ) — igko Re(Au) |¥(q) |o) da. (4.117)

q

As an example, consider the case of a meter with zero quadratic phase, i.e. v = 1,
zero initial momentum, and a purely real weak value. In this situation, the state (4.116))

corresponds to

f [w(q) - gAwéqw(Q)] lq) dq ~ f@b(q — gAuw) g) dg, (4.118)

namely, the (real) wave function of the meter is displaced by gA,. On the other hand, the
squared amplitude of the wave function (4.116]) corresponds to the probability density of

reading the output ¢ given that the state |1)r) was successfully post-selected,

P(alf) = |¢<q>\2{1 + | Re(4u) + fIm(Aw>]z}, (4.119)

Oq

which corresponds to the probability density 1) for the case R = Q
Conditions (4.113)), together with the additional third condition on gkoIm(A,,), can be
easily analized when the operator A satisfies A2 = 1. In this scenario, the series (4.112])

can be written in closed form as

S(q) = 6_%(§)2[cosh(i—z> <1+2Aw’2) + Cos(]:gz + 291{70) (1_‘2141”‘2)

g
+ Re(Ay) cos(fgz + 29k0> sinh<%> + Tm(Ay) sin<fgz + 29k0) cosh(%)].(4.120)
g g g g

From (4.111)) it is clear that the probability distribution P(g, f) corresponds to | (¥ ¢|i;) [*-
19(q)|?S(q). Integration of this probability over ¢ produces the “exact” probability of post-
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selection, P(f), which is given by

1+ [A,)?
2

Fg

) + cos(2gk0)e*%(7)2 (1|Aw|2>

P(f) = | Gyl [2e 57 [eéw( 2

o g

—sin(2gko)e H D D L Re(Ay)sin [ (£) F| ~ tm( ) cos [(£) F ]}] -(4121)

The series S(q) can be expanded to first order in the parameter g when the conditions
(4.113)) hold. In this case, these conditions will be fulfilled when the coupling constant is

small and the weak value is not too large, in the sense that

f
i)‘i <1, ) —9’ «1, iii)‘gkg‘ «1, (4.122)
Oq Oq
f
z’v)‘Awi «1, U)‘Aw (—g>’ «1, vi)‘Awgko‘ «1. (4.123)
Oq Oq

Under these conditions, and over a large region of the distribution (a region that accumu-
lates at least 95% of the probability), the perturbation of the probability distribution will

be a linear function of the parameter g, namely,

S(g) =1+ Ui[Re(Aw) + Alm(Aw)]z + 2gko Im(Ay). (4.124)

And the probability of post-selection will correspond to

P(f) = [yl P[1 + 2gko Tm(Ay)]. (4.125)

Notice that, if the meter has no initial momentum, then the probability of post-selection is
just the square of the transition amplitude of (¢f|¢;), i.e. as if no intermediate measure-
ment had been performed. The conditions (4.123]) define a limit on the maximum value

that can be achieved by the weak value, which is given by

-1

1 1
1Ay « min{‘ag , Ui : ‘? ,\gk0|1}. (4.126)
q q
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Figure 4.8: a) The blue curve corresponds to the full series, S(¢), and the red line is the linear re-
sponse. The conditions (4.122)) and (4.123)) are satisfied over the grey area. The different parameters
are: g/o, = gko = 0.005, F = —0.5, Re(4,,) = 9.18 and Im(A4,,) = —3.29, b) The exact conditioned
density function (blue curve) overlaps with its approximation (red dotted). Both functions are ex-
pressed in standardized units. The mean value corresponds to (g/c4)[Re(Ay) +F Im(A,,)] = 0.054.

In the “standard case” of a real weak value and a meter with no complex phase factor
(F = 0) and zero initial momentum (ko = 0), the limit simply reduces to |4, | < (g/aq) 7 .
A more complex case is represented in figure which shows the full series S(q) as
compared to the linear approximation, together with the exact and approximate probability
distributions. In this example, the weak value is limited by |A4,| « 200.

On the other hand, figure shows the conditioned probability density, P(q|f), in
three different regimes (the linear regime together with two other regimes in which the
measurement is stronger).

Finally, it is worth to mention that the case of a meter initialized in a state of the

form (4.64)) with F =0, go = 0 and <P> = 0, and a general variable A (not necessarily a

dichotomous variable) is analyzed in [3I]. In this case, the conditions that enable the first

order approximation correspond to

sl [T

i) gAw <oy , i) I« min |~

‘ (4.127)
7 n=ade (ol Anlw)
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z
-6 -4 -2 0 2 4 6

Figure 4.9: The conditioned density function (in standardized units) in different regimes. For
all the curves the parameters are: gko = 0.005, F = —0.5, Re(4,,) = 9.18 and Im(A,) = —3.29.
The blue curve, with two peaks, corresponds to the case g/, = 3. The measurement is weaker in
the case described by the green curve (g/o, = 0.5), in which the peaks begin to overlap. The red
dotted function corresponds to the linear regime, for which g/o, = 0.05. Notice that the function
has a Gaussian shape, that arises as a large superposition of two peaks.

4.9.3 Fisher information in the presence of white noise

In this section we will consider a quantum measurement that is affected by the presence
of classical noise. Let R be the result of an efficient quantum measurement performed on

a system in a state p. The probability that the result R is equal to r is given by
P(R=r) = I&[AZJAZ;p], (4.128)

where M, is the measurement operator associated to the outcome r. Suppose, however,
that we do not have access to the quantum measurement. Instead, a signal S is read,
which consists of the sum of the quantum measurement R ~ P(R = r) and a noise

variable T ~ P(T = v),

S=R+T. (4.129)
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The noise variable Y is assumed to be a continuous variable. Equation (4.129)) describes
the presence of additive noise. Since the signal arises from the addition of two random
variables, the probability of reading the signal S = s is given by the convolution between

the probability density function of the quantum measurement and the noise,

]
nn
I
NG
I

JP(T =v)P(R=s—v)dv

| [ VEUT = o) opht] VP(T = 0)d]. (2130

Hence, the measurement can be described by an operation Ogzp = deflv,spfll,s, with
elements (or Krauss operators) given by /lv,s = \/P(Tizv)M s_y- Lhus, the unnormalized
conditioned state of the system, after the result r is obtained, is given by ps = Ogp and
the probability corresponds simply to Tr[Osp]. When the measurement is weak,
this probability reduces to

P(S = 5) = Jva(T = )lils — o) {1+ 2(0/m) (A) Im(P,) . (4.131)

The Fisher information about g contained in this density function can be computed using
or , and the result should be compared to , in order to appreciate the
effects of the noise. For simplicity, let us consider the “standard case”, in which 1) the
position of the measurement device is observed, 2) the meter starts in the complex Gaussian
function (4.64), 3) the system is a qubit, and 4) the measurement is weak (g/oq < 1). As
was shown in section , under these circumstances and in the absence of classical
noise, the Fisher information corresponds to . If noise is taken into consideration, it
is necessary to specify the type of noise that affects the measurement in order to solve the
convolution and compute the Fisher Information.

A common type of noise is the Gaussian white noise, described by a normal probability

. . . 2
density with zero mean and variance o7 ..,

1 02

noise
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In this case, the convolution becomes a Gaussian distribution with mean equal to gg and

and the Fisher information corresponds to

N\ 2
<A>. (4.133)

0'2+0

variance 0 + O'nm se

I(g) =

noise

By comparing this result with it is clear that the presence of additive Gaussian white
noise reduces the information about the parameter we wish to estimate. The detrimental
effects of the noise will be small as long as opeise/oq < 1.

Now, let us take a look at the scenario with post-selection. If post-selection is per-
formed, the probability to read the signal S = s in the intermediate result and to select

the pure state [1) will be given by

P(s, f) =g Osp iy . (4.134)

This result should be compared with (4.72). The probability of post-selection is obtained by
integrating over s, and the conditioned probability is obtained from P(s|f) = P(s, f)/P(f).

In an analogous way to the result (4.74), now the Fisher information is

I(g) = P(f)Z(glf) + Zp, (4.135)

where Z(g|f) corresponds to the Fisher information contained in P(s|f) and Zp is the
information in the partition of the whole ensemble into two sub-ensembles, according to
the result of the post-selection (success or failure).

For simplicity, let us analyse the previously called “standard case”. Assume also that
the weak value is real and the noise is . In this simplified situation, the post-
selection probability is simply the the transition probability | (¢ ¢|¢s) |? (it contains

no information about ¢g) and the conditioned probability density becomes

[s — gRe(A I } (4.136)

€xp
V2T, /O'2 + Unozse { + Unmse)

P(s[f) =
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namely, the weak value acts as an amplification factor of the displacement, but the noise
widens the probability density function. Thus, the Fisher information (4.135|) corresponds
to

Re(Ay)?

2

notise

Z(glf) = [Wilg) - (4.137)

o2+o
Consequently, the effect of Gaussian white noise is the same as in the case without post-
selection, namely, it reduces the Fisher information by augmenting the variance. This
occurs because the initial wave function of the meter is a Gaussian function and thus its
convolution with another Gaussian function produces a final density function that is also
Gaussian, whose variance and mean simply correspond to the addition of the variances and
means of each function, respectively. As a final remark, notice that the Fisher information
has the same order of magnitude as . Thus, in the so called “standard case”,
the information remains approximately the same, with or without post-selection [142] 143].
However, in the last situation, all the information is contained in a small amount of post-

selected events. This fact can be beneficial in the presence of detector saturation [144].

4.9.4 Fisher information in the presence of correlated noise

In this last section we will examine the Fisher information when the intermediate
measurement is affected by classical noise that has correlations in time. For simplicity,
we will restrict our analysis to the “standard case”, that is characterized by 1) a meter
initially prepared in the state (4.64]), 2) the observation of the position of the measurement
device, 3) a two-level system (qubit), and 4) a weak measurement. Without post-selection
this last feature means that g/o, « 1, whereas with post-selection a weak measurement
is described by conditions and . Also, when post-selection is performed, it
will be assumed that the weak value is real.

Consider a sample of N elements {S1, ..., Sy}, or repetitions of the experiment. As in
the previous section, assume that each observation has a “quantum component”, denoted
by R;, and a “classical component”, denoted by T;. The first component appears due

to a measurement performed on a quantum system, and the latter is a consequence of
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the presence of classical noise affecting the measurement process. The variables R; are
uncorrelated, while the classical variables T; may be correlated. If the noise is additive,

then each observation, or signal, can be expressed as
S;i=R;+7,, Vi=1,...,N. (4.138)

First, let us consider the case without post-selection. The joint probability to read
S; = s;,Vi=1,..,N, will be denoted as P(gN = §n), where Sy and 5y are N-dimensional
vectors; the first contains N random variables and the second contains the N real values
taken by them. The subscript N has been used explicitly to emphasize that the vector has
dimension N (later, when the case with post-selection is analyzed, the dimension of the
vectors will correspond to the number of post-selected events).

On the other hand, the noise process will be described by an N-dimensional Gaussian

distribution,

P(Yy = Ty) = Nlexp{—m}. (4.139)
V2r |C|N/2 2

The N dimensional vectors, Y ~ and Uy, contain N random variables or noise variables

(T;) and the N values taken by them (v;), respectively. Thus, P(Txy = @y) denotes the

joint probability that ¥; = v;, V¢ = 1,.., N. The vector Uﬁ is the transpose vector of

Un. The covariance matrix C is an N x N matrix whose diagonal elements represent the

variance of the noise, which will be assumed to be the same for all the noise variables,

2

ie. Cii = 0, The off-diagonal terms C;; (i # j) represent the covariance between

the different noise variables. In general, the covariances C; ; may take positive or negative

values. The covariance matrix should be a positive definite matrix and the covariances

2

~ ise- The inverse of the covariance

satisfy the Cauchy-Schwarz inequality, i.e. |C; | < o
matrix is C~1 and |C| is its determinant.

Consequently, the joint probability of obtaining the outcomes S; = s;, in the presence

111



CHAPTER 4. PARAMETER ESTIMATION

of additive noise of the type (4.139)), is given by
P(gN = §'N]g) = fd’l_jNP(fN = ﬁN)P(Rl =81 — Vi, ...,RN = 8; — UN|g), (4.140)

where duny = dvy...dvy. Notice that now it has been made explicit the fact that this
distribution depends on the value of the parameter g, i.e. that it can be viewed as a
likelihood function. Note also that the integral represents a convolution between two
multidimensional probability distributions, of the noise and of the quantum measurements.

Since the quantum measurements are independent of each other, then
N
P(Rl = 81 — Vi, ...,RN = 8; — UN|g) = HP(RZ = 8; — U,‘). (4.141)
i=1

In the standard case (described at the beginning of this section), the probability that each

quantum measurement takes a certain value follows a Gaussian distribution with mean

2
q

(2.43). Then, since the distribution (4.141]) is the product of N Gaussian distributions,

value equal to g<121> and variance equal to o-. This fact can be seen from expression

v — igN) T D Y Py — [
P(Ry =r1,..,Ry = rnlg) = _ v — Ain) (" “N)}.(4.142)

1 {
——————exp
ol |D|N/2 2
The vector 7y has the values r; as its elements. The covariance matrix is a diagonal matrixz
with elements D;; = 0'2.
which are equal to g <A>,

The vector iy contains the N means of the distribution, all of

1
N = g<21> . (4.143)
1

The convolution of two Gaussian distributions is also a Gaussian distribution, with covari-
ance matrix and vector of means equal to the sum of the corresponding covariance matrices

and vector of means. Therefore, the distribution (4.140f) will be a Gaussian with vector of
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means given by (4.143) and a covariance matrix equal to

2 2
04 + Opoise CLQ T Cl,N
Cy1 o2 + o? Con
E=C+D-= R ao e ’ : (4.144)
Cni1 Cno o2 + o2 .
) ) q notse

From (4.15) or (4.18)) it is a straightforward calculation [146] [145] to show that the Fisher
information about the parameter g, contained in a multidimensional Gaussian distribution

with covariance matrix F and vector of means [i, is given by
2
I(g) = <A> N E, (4.145)
7:7‘7.

where EZ_]1 denotes the (i, ) element of the inverse of the covariance matrix E~'. Notice
that, if the noise is uncorrelated, i.e. C;; = 0 Vi # j, then expression reduces to
. In the opposite situation, when the correlations do not decay and are constant
[145],

Cij=nmeR Vije{l,..,N}rni#j, (4.146)

then it is easy to check that the elements of the inverse of the covariance matrix of E

(4.144)) are given by

_ 1 n
El=e — — |6 — ) 4.147
J 03—1-02 < “J 03—1-02 +Nn> ( )

noise noise

This scenario, in which the correlations of the noise process are constant, will be referred

as the case affected by the presence of colored noise. In this model, in order for the

covariance matrix to be positive definite, the covariances should satisfy 0 < 7 < afwise. In
this situation, the Fisher information (4.145) becomes
N\ 2 N
I(g) = <A> . (4.148)
O-TQLoise + O-g + NT]
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First, notice that when the sample is large, in the sense that N » (02, + 02)/n,
2

v oises and will

the Fisher information will be constant. It will be independent of 03 and o
only depend on the expectation value of A and on the covariance 7. Indeed, the Fisher

information will reach a constant value of

I(g) = <fl>2 /n. (4.149)

On the other hand, if the sample is small, N « (02, +02)/n, then I(g) ~ N, i.e. the

precision of the measurement will scale as the SQL (as long as N is small). In this regime

the Fisher information becomes
N2
4)
=— N, (4.150)

that corresponds to IV times the information , i.e. the measurement behaves has
N independent measurements. This scenario is feasible when 7 is much smaller than the
variance, which explains that the measurements behave almost as if the were independent.

Let us consider now the case when post-selection is performed, which is a bit more
involved. In this scenario, the experiment is repeated N times, but the post-selection may
be successful in k cases, 0 < k < N. Notice that the k successfully post-selected events
may occur in different ways.

For example, if N = 4 and k = 2, then the two successful post-selections may occur
in six different ways; in the first and second experiments, which is denoted by {1,2}, or in
the second and third experiments, which is similarly denoted by {2, 3}, and so on for the
rest of the other four possibilities. Thus, in general, the set {i, 12, ...,i;} means that the
first successful post-selection occurred in the i1-th repetition of the experiment, the second
in the is-th repetition, and so on. Notice that i1 < i2 < ... <4} and that 1 <i; < N,V
j=1,...,k. For N repetitions and k successful post-selections, the number of possible sets
equals (]IX ) Let us label each of these sets with an auxiliary variable J = 1, ..., (JZ ) For
example, in the previously considered case (N = 4, k = 2), the set J = 1 may correspond

to the occurrence of successful post-selections in the first and second repetitions, namely,
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to the set {1,2}.
Recall that every time the post-selection is successful the meter is observed and when it
fails the results are ignored. Therefore, if k out of N events are successfully post-selected,

and they occur according to the set J = {i1, 2, ...,i;}, we will end with k observations of

the measurement device (4.138]),

Sl=1: [ (4.151)

Let us compute the probability that 5’4,;] = S}, where S}, is a k-dimensional vector with real

—

values. This probability will be denoted as Py (S} = §j) and is given by

—

Pu(3 =5 = (1= (sl ) [ doP(F = )P = 5 - 6 f), (4152

where dv = dvy -+ vg. In an analogous way to , the vector Y’i is formed by the
k noise variables specified by the set J. Similarly, Eg is a vector of k random variables
associated to the results of the quantum measurements, specified by J.

The probability P(Ei = 5} — Uy, f) corresponds to the probability that R;, = s; — v,
and that the state |¢;) is successfully post-selected, V j = 1...k. Since the results of the

quantum measurements are not correlated, then
. k
j=1

which is the equivalent of (4.141)) for the post-selection case. From (3.25)) it is easy to see
that, in the i;-th repetition of the experiment, the probability that the quantum measure-

ment R; equals ¢; and the state |¢)¢) is post-selected, is given by

P(Ri, = ¢j, ) = [ sy P - [¥(a; — gAw)[*. (4.154)

Therefore, the distribution (4.153)) corresponds to the product of |{tf|t);) %6 and a k-

115



CHAPTER 4. PARAMETER ESTIMATION

dimensional Gaussian distribution with covariance matrix equal to D (see equation [4.142]),

which is a diagonal matrix with elements D;; = 03. The vector of means is given by

fik = gAu | : (4.155)
(kx1)

that is the equivalent result to for the post-selection scenario. Hence, besides a
factor of | (1 ¢[1;)|?*, the integral term in corresponds to the convolution between
a Gaussian distribution (with vector of means i and covariance matrix D) and the dis-
tribution P('fi = Uf), which is obtained from , by marginalizing over the variables

not included in the set J. So, it is also a Gaussian distribution, with vector of means equal

to the null vector and covariance matrix given by

O noise Cll 12 CZI Lk
Civiy 02 Ciyi
2,01 noise 22,k
ci = : (4.156)
2
Cirin  Ciyis g

noise (kxk)

Notice that it contains the covariances between the noise variables, but only between those
k variables associated to the cases when the post-selection is successful (which are specified
by J). Therefore, besides the factor of |{1f|1;>|**, the convolution in is finally
a Gaussian distribution with the vector of means given by and covariance matrix
E] = Cj + D, which is a similar result to .

The previous analysis shows that, given k successful post-selections out of N repetitions
of the experiment, and assuming that the post-selected events occur in the order defined
by the set J, the probability to read §, i.e. the distribution , is simply the product
between (1—| ¢y |2)N 75| (4 f]abs) |?F and a Gaussian distribution with vector of means

[ and covariance matrix Ei In an analogous way to (4.145)), the Fisher information about
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g contained in this distribution is given by

k
Twl9) = An - (L= [plbid )N 5 [y P2 - Y (BYD (4.157)

i’j
This is a involved expression, which requires knowledge about the different correlations
between the noise in the post-selected events. If the noise is “coloured” (4.146)), namely,

the correlations are constant, then the elements of the matrix Eg are independent of the

order defined by the set J. In this scenario, the Fisher information becomes

k
Ug-i-UQ +kn|

noise

I (g) = A%y - (L= [<Wpluoiy YV T8 [ @yl [ [ (4.158)

Finally, the total Fisher information in the post-selection strategy is obtained simply

by summing I]‘{,,k (g) over all the possible values of k and J,

k
03—1-02 +kn|

N
2(g) = A% 35 (1) )1 = 1ot PN oty P [ (4.159)

k=0

noise

This expression should be compared with the Fisher information associated to the strategy
that does not employ post-selection (4.148]). If the sample is small, in the sense that
N « (02 + 07,:5.)/n, then the Fisher information (4.159) becomes

A 2
)| Wiy [P+ N, (4.160)

2
Uq + Jnoise

Z(g) = (

that corresponds to IV times the information (4.137]), because the effect of the correlations
are small as compared to the variance of the noise. On the other hand, if N| (¢ s|i;) > »

(02 ,ise +02)/n, then the Fisher information (4.159) achieves a constant value equal to

noise

A2

Z(g) ”

(4.161)

A\ 2
This value may be far larger than <A> /1, the Fisher information without post-selection
(4.149). In conclusion, in the presence of correlated noise and for large samples, the

saturation value of the Fisher information (in the so called “standard case”) is largely
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increased (as compared to the non post-selection case) by employing the post-selection
strategy and anomalous real weak values.

The Fisher information is a formal statistical tool to characterise the maximum preci-
sion that can be achieved by an estimation procedure. There are other criteria, such as the
signal to noise ratio (SNR), under which the benefits of the post-selection strategy over the
non post-selection scenario can be appreciated. Consider that the parameter is estimated

from the sample mean estimator (4.27)),

gsmp(N) = 2120 (4.162)

where S; are given by (4.138)). In the non post-selection case the mean value of the estimator
equals ¢ </1> If the noise variables have long correlation times (coloured noise), then the

variance of the estimator corresponds to

U?Loise + 02 -n
Var[jsye(N)] = #q + 1. (4.163)

Thus, for a large sample, the SNR (4.22) of the estimator becomes g<fl> /v/n- When

post-selection is employed there will be, on average, M successfully post-selected events,
where M = N|{3¢|t;)|>. The mean value of the sample mean estimator will be gA,,

while its variance will correspond to

2 2
noise + Og — M

NIl

g

V(LT‘[QSME(M)] = 7. (4.164)

As in the previous case, when the sample is large, the SNR of the sample reaches the
value gA,//m, which is larger than the SNR of the non post-selection case (as long as
the weak value is anomalous). Therefore, as with the Fisher information, the SNR is also
increased when post-selection is employed and the experiment is affected by noise with

long correlation times. If the noise is uncorrelated, the SNR of the sample mean, with and
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without post-selection, is given by

snr = Al GWOL N  gypo Iy (4.165)

2 2 2 2
Gq + Unoise Uq + Unoise

respectively. Notice that both values scale as +/ /N and have the same order of magnitude.
Consequently, when the measurement is affected by white noise, the SNR does not change

substantially by using one strategy or the other. We have already arrived to this conclusion

in the previous section, by comparing the Fisher information (4.133) to (4.137]).

4.9.5 Conclusions

As a brief summary of this last section, it should be pointed out that in we have
analyzed the Fisher information contained in a weak measurement without post-selection
and showed, on the basis of the results presented in [I35], that the quantum Fisher can
be achieved when the initial state is an eigenstate of the measured variable. Then, we
have provided an analysis of the validity of the so called “linear regime”. Next, in we
have described the “optimal post-selection strategy”, which presents some of the results
given in [I41] but mostly in [143]. The subsections “Fisher Information in the conditioned
probability” and “Linear regime for a qubit and a Gaussian meter” are of our own analysis.
The conclusions to which we have arrived in subsections and are also presented
in [146, [145]. Expression , the Fisher information in the presence of correlated noise,

is of our own analysis.
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Chapter 5

Optomechanical system in

Mach-Zehnder interferometer

Optomechanical systems [154, [I55] provide an interface between light and mechanical
motion. In its most simple configuration, an optomechanical system consists of an optical
or microwave cavity with one of its end mirrors that vibrates as if it was attached to a
spring. Typically, the cavity is driven by laser light. The estimation of the phase shift of
the light reflected from (or transmitted through) the cavity allows to monitor continuously
the motion of the mirror, achieving the SQL in position measurements [156 157, 158, 159]
160), [161] or approaching the HL when quantum non demolition (QND) measurements
[166, 160, 165] of a single mechanical quadrature [163), [162] or of the phonon occupation
number [164] are implemented. Displacements in the order of attometers, and below, can
be detected within one second of monitoring [167].

These hight sensitivities are particularly relevant for gravitational waves detection. In
a gravitational wave interferometer [168], an optical cavity is put in each arm, the length
of the cavity being in the order of km and the masses of the mirrors of several kg. A
gravitational wave changes the length of the cavity, which modifies the frequencies of the
cavity modes. In turn, the light emitted from the cavity and detected at the output of the
interferometer is modified.

Quantum effects can be appreciated when all thermal quanta are removed from the
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mechanical component, i.e. when it is put near to its motional ground state. Micro and
nano mechanical devices, whose masses are of the order of 10712 kg (or less), have been
cooled down to states with mean occupation number less than one [169, 170, 171, [172].
Large objects, with masses of the order of kg, have been cooled down to states with nearly
200 phonons [I73]. Recently, employing the suspended mirrors of the Laser Interferometer
Gravitational-Wave Observatory (LIGO), the center of mass of a mechanical oscillator with
a mass of 10 kg was cooled down to a state with nearly ten quanta [211].

The cooling of mechanical devices with laser light can be made in so called “strong
coupling regime”, in which the Heisenberg-Langevin equations for the optical and mechan-
ical variables become linear. In this regime, not only energy can be extracted from the
mechanical components into the optical modes, but also the inverse is possible, i.e. the
conversion of photons into phonons.

The coherent control and manipulation of mechanical states offers the possibility to
study fundamental aspects of quantum theory, such as the “measurement problem”, with
regards to the decoherence of superpositions of macroscopic objects into classical states.
Different scaling rules for the decoherence rates (in terms of the number of particles) can
in principle be tested by generating distinct superpositions of mechanical objects with
large masses [179, 177, 180]. Also, the relation between gravity and quantum theory can
be explored, by analysing the role of gravity in the decoherence of the superpositions
[174) 175], or even by directly testing predictions of quantum gravity [176].

The control of mechanical states is also important for sensing applications, in areas such
as microscopy[I81], magnetometry [I82] and acceleration sensing [I83]. In particular, the
generation of mechanical squeezed states [184], with reduced uncertainty in the position
or momentum variables, can lead to higher sensitivities in different applications.

Mechanical elements can also be used to mediate the interaction between different sys-
tems, a configuration that has been referred as hybrid systems. Such systems can employ
a mechanical device to couple cold atoms [I85], spins [186] [187] or superconducting qubits
[T71l, 188 to an optical mode, which has applications in quantum information processing
[189]. The possibility to establish interactions between flying qubits and stationary (non

optical) qubits has applications in communications [I90]. Devices that act as quantum
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memories [I91] can be designed, based on the possibility to “storage” light inside optome-
chanical systems due to the optomechanically induced transparency effect [192] 193], 194].

In this work, we use an optomechanical system (a cavity with a vibrating mirror)
inserted inside an interferometer to create optomechanical entanglement. Single photon
detection at the outputs of the interferometer will produce weak value amplification of the
effect of the photon on the mechanical oscillator, via post-selection. In the first section
of this chapter we present the hamiltonian description of a cavity with a moving mirror.
In section the generation of optomechanical entanglement with an interferometer is
described. Also, it is explained how the observation of the interferometric visibility allows
to study the decoherence of a vibrating mirror. In the next section, our experimental
proposal is described, which is based on a Mach-Zehnder interferometer. The weak value
amplification effect, both for a mirror starting in its motional ground state or in a thermal
state, is analyzed in section from the perspective of the Fisher information and the
signal to noise ratio. Finally, in section the amplification effect in the presence of

classical noise is studied.

5.1 Cavity optomechanics

A Fabry-Pérot resonator consists of two highly reflecting mirrors separated by a distance
L. The electric field vanishes at the location of the mirrors and thus the wave number of
the different (longitudinal) modes are k, = (w/L)n, n € N. The dispersion relation in
empty space is w, = ck,, where c is the speed of light. The difference between the angular
frequencies of neighbouring modes is called the free spectral range (FSR) of the cavity,
Aw = (m/L)c. For resonators with lengths in the order of centimetres, Aw is of the order
of GHz. Thus, the modes are well separated in frequency and are individually addressable.
Let weqy be the angular frequency of one mode of interest. The energy of the mode is
hweavata, where @ (a) is the boson annihilation (creation) operator of the mode into
consideration.

Assume now that one of the mirrors is allowed to vibrate, as it is shown in figure [5.1

The vibrations of the center of mass of the mirror can be treated quantum-mechanically,
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Figure 5.1: Optomechanical system (OM): A Fabry-Pérot with a movable end mirror. The center
of mass of the mirror is treated as a quantum harmonic oscillator. The length of the cavity is
modulated by the small vibrations of the mirror. The interaction between the radiation field and
the mechanical oscillator occurs due to the radiation pressure force.

as an harmonic oscillator, with position and momentum operators denoted as X and P.

The corresponding creation and annihilation operators are

- MSQ 1 - . MQ 1 -
b oh (X+lMQP> » b on X i t) (5.1)
where M is the total mass of the mirror and €2 is the natural frequency of the oscillator.

For a micro-sized mechanical oscillator M ~ 10712 kg and © ~ 108 Hz [167]. Consequently,

the total energy inside the cavity is given by
H = hweao(X)aa + hQb'D. (5.2)

Notice that the length of the cavity (and therefore the frequency of the mode) depends
on the position of the mechanical oscillator, i.e. the hamiltonian represents the energy of

a parametric oscillator. In turn, the frequency of the mode may be Taylor expanded as

N nemw nemw 1 /nemy\ 4
wean(X) = = = ( - ) 7 (T )X ¥ (5.3)
—
Weav Weav
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For most applications it suffices to keep the first order term of the Taylor expansion. The
term G = —ﬁwcav(f()/af( is called the optomechanical frequency shift per displacement
or the frequency pull parameter [155]. For the system under consideration G = weqy/L.
Notice that the sign of G depends on the how the sign of the mechanical displacement is
defined. If a positive displacement of the mirror increases the length of the cavity (as in the
present case), then G has positive sign. In the opposite case, when a positive displacement
of the mirror reduces the cavity length, producing an increase of the frequency, then G has

negative sign. Therefore, ([5.2)) becomes
H = hweavala + BQDT6 — hGalaX . (5.4)

The term that multiplies X in the hamiltonian is the radiation pressure force, Fmd =
hGa'a, i.e. it is proportional to the number of photons inside the cavity. It is possible
to arrive to a similar result by using a classical argument. A single photon that hits
a wall transfers an amount of momentum equal to 2h/\, where \ is the wavelength of
the photon. If the photon stays inside the cavity for a time equal to 7, then it will hit
one the mirrors 7 - ¢/(2L) times, producing a total transfer of momentum Ap equal to
7 (ch/A\) - (1/L) = 7+ h - weaw/L = 7 - h - G. Consequently, the radiation pressure force
exerted by an intracavity photon is Ap/7 = hG. For an optical cavity, with length L ~
mm, G ~ 10 — 1000 Hz/pm.

Notice that the interaction between the vibrating mirror and the electromagnetic field
inside the cavity is a non linear process, described by the product between three operators;
the complex amplitude of the field, that appears twice (three-wave mixing process), and the
position of the mirror. The interaction oc afaX is called the optomechanical interaction.
Although it has been derived here for a Fabry-Pérot cavity with a vibrating mirror, it is
expected to appear every time the boundary conditions of an electromagnetic cavity are
modified. For the particular system under consideration, a derivation of the optomechanical
interaction from first principles can be found in [195].

The position operator can be expressed as X = xo(l; + BT), where x( are the so called

124



CHAPTER 5. OPTOMECHANICAL SYSTEM IN MACH-ZEHNDER
INTERFEROMETER

zero-point fluctuations of the mechanical oscillator, which are defined as
To=A| ——. (5.5)

For a mirror of the size of the order of ym zo ~ 1071 m. In terms of the operators b and

b the hamiltonian 1) can be written as
H = hwega'a + BQWTD — hgoa'a(b + bY), (5.6)

where the parameter g9 = Gxg ~ 1 — 10° Hz is the vacuum optomechanical coupling
strength that characterises the magnitude of the coupling between a single photon and a
single phonon.

Let |n),, be a number state of the mechanical harmonic-oscillator (the subscript m has
been used to indicate that it is a state of the mirror, which will act as the measurement
device or apparatus) and let |m) be a number state of the cavity, where n and m in Ng (the
number m inside the ket, that indicates the number of photons inside the cavity, should
not be confused with the subscript m, which simply indicates that the state is a mechanical

state). Next, let us define a displaced number state [196] as

n(m)),,, = exp{m (%) 6 =5)} ), (5.7)

where m € Ny represents the number of photons inside the cavity, i.e. the state |n(m)),, is
a mechanical state that arises from the displacement of a mechanical number state |n),, by
m photons. For example, if n = 0 (the mirror is in the ground state) and the cavity contains

one photon (m = 1), then the state |0(1 is simply a coherent state |go/€2), . Also, if
p ( ; ply 90/, ;

m

there are no photons inside the cavity (m = 0), then |n(0)),, = |n),,. The eigenstates of
the hamiltonian (5.6) are product states [n(m)),, |my, with energy levels given by

. 95\, 2

H n(m)),, |m) = Enm [n(m)),, |m) , Epm = h[wcavm - (50)m + Qn] (5.8)

The energy-level structure of the optomechanical system is shown in figure Addition-
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Figure 5.2: Energy levels of the optomechanical hamiltonian . For a fixed number of photons
inside the cavity, the spacing between the energy levels is hA{2. The energy spectrum acquires
an offset of weaym — (g2/2)m?, where m denotes the number of photons inside the cavity. The
non linear effect occurs because the frequency of the cavity depends on the number of photons,
generating a Kerr-type non linearity or an effective photon-photon interaction.

ally, notice that the hamiltonian preserves the total number of particles, [fI cafa +
bTb] = 0.

In order to analyse the evolution generated by the optomechanical hamiltonian, notice
that free energy of the electromagnetic field commutes with the other two terms in the
hamiltonian (the energy of the mirror and the optomechanical interaction). Thus, the

time evolution operator can be written as

U(t) = exp{—(i/h)ﬁt} — exp{—i(weant)id} exp{—i(m)m +i(got)ata(h + IST)}. (5.9)

~

It is possible to employ the sometimes called polaron transformation [178] S = eXp{(gg/Q)(&Td)(lAfr - 3)}
in order to work out the previous expression. This transformation corresponds to a (me-
chanical) displacement operator that produces a displacement in phase space of (go/Q)a .
The real parameter g = go/§2 corresponds to the displacement produced by a single photon
in the (mechanical) phase space, i.e. it is the displacement of the equilibrium position in

units of xg. For an oscillator with frequency 2 ~ 1 — 100 MHz, g is typically a small

126



CHAPTER 5. OPTOMECHANICAL SYSTEM IN MACH-ZEHNDER
INTERFEROMETER

parameter with values in the range 107° — 10~!. Using the polaron transformation, the

time evolution operator can be expressed as

U(t) = SSTU(1)SST

= exp{—iwcwthd} exp{i(ng&)Q}gexp{—iQtl;Tl;}gT

= exp{—z'wcm,thd} exp{i(ng&)z}é\exp{—zﬂtiﬂi)}§T exp{iQtI;T?)} exp{—iQtl;TI;}

= exp{—iwcavt&Td} exp{i(ngd)2}§exp{gd%(l§emt - ETe_iQt)} exp{—iQtl;Tl;}(5.10)
Notice that in this derivation the well known operator expansion for two non-commuting

operators A and B ,

2

exp{aﬁ}gexp{_azx} — B+ oA, B] + %[A, [A,B]] + ..., (5.11)

has been used, together with the property Tf({Z:)Tt = f({TZ;T'}), for any unitary
transformation 7' and any analytic function f of a set of operators {Z;} [197]. Using the
property exp{fi + B} = exp{fl} exp{B} exp{—[fl, B]/Z}, for any pair of operators A, B
that satisfy [A, [A, B]] = [B, [4, B]] = 0, it is straightforward to show that

§exp{gaTa(z}emt . zSTe—iQf)} - exp{&T&[l;Tcp*(t) - l;go(t)]} exp{—i(gala)?sin(Qt)},(5.12)

where ¢(t) = g(1—e™*¥) and ¢*(t) is its complex conjugate. By using this result in (5.10)

it is possible to express the time evolution operator as

~

0(t) = exp{—iwearta'a} exp{io(t)(@'a)*} exp{a'alb'o(t) — be* (8)]} exp{—iblb}(5.13)

where ¢(t) = ¢g2[Q2t — sin(Qt)]. The first term (from left to right) corresponds to the free
evolution of the radiation field. The second term adds a phase that depends quadratically
on the number of photons, which shows that the optomechanical coupling generates an
effective Kerr nonlinearity or photon-photon interaction. This occurs because the frequency
of the cavity weq, depends on the position of the mechanical resonator, which in turn

depends on the number of photons inside the cavity. Therefore, w.q, depends finally on the
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Figure 5.3: The (closed) evolution of the initial state [1)|0), under the hamiltonian is
represented in phase space. Each point of the blue line (that represents a displaced harmonic
oscillator) has the expectation value of the xz-quadrature as the horizontal coordinate and the
y-quadrature as the vertical coordinate, both calculated in the evolved state at time t. The z-
quadrature is defined as (a' + @)/2 and the y-quadrature corresponds to i(a' —a)/2. At half the
vibrational period the displacement of the average position is maximum and equal to 4zqg.

number of photons, which generates the term (a'a)%. The third term in entangles
the photons with the mirror and the last term corresponds to the free evolution of the
mirror.

As a simple example assume that cavity and the mirror start in the initial state |1) |0), ,
(the cavity contains one photon and the mirror is in the ground state). After a time ¢ the
initial state will evolve under (5.13) to |1)|¢(%)),,, i-e. the mirror evolves into a coherent
state with complex amplitude of ¢(t). This state is represented in figure which shows
that the equilibrium position of the ground state is displaced by (2z9)g. It is possible to
derive this result using a classical argument. The mirror is subjected to a constant driving
force equal to AG. Thus, the displacement of the equilibrium position will be equal to
hG/(MQ?) = (270)g. Additionally, notice that the maximum displacement of the position
occurs at half the vibrational periods, i.e. at times that are odd multiples of 7 /<.

In this work we will consider a Fabry-Pérot cavity with a vibrating mirror placed in the
middle of the cavity as shown in figure|5.4] This setup is sometimes called the “membrane
in the middle” configuration [I55]. The fields in both sides of the cavity couple to the

vibrating mirror with a strength gy = x¢G, i.e. the same as in the previous case of a
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Figure 5.4: A vibrating mirror is placed in the middle of a Fabry—Perot cavity. The fields interacts
with the mirror via the radiation pressure force F = hG(a1a1 — agag) In our model there is no
photon hopping between both sides.

one-sided cavity. In this setup, typically, the fields interact with each other via photon
hopping. However, in our model it will be assumed that this interaction is neglectable,
i.e. that the mirror in the middle is perfectly reflecting. The hamiltonian of the system is

therefore analogous to the previous hamiltonian (5.6]),

H = hweay(@lay + alag) + ROBTH — hgo(alay — alas) (T + b). (5.14)

The operators a; (a}) and @y (a}) are boson annihilation (creation) operators for the cavity

modes of the left and right sides, respectively. Notice that the frequency of the left and
right modes is the same, because the mirror is placed in the middle of the cavity. Note also
that the radiation pressure force is now proportional to the difference of photons between
both sides of the cavity, because the movement of the mirror in one direction shortens the
length of one side of the cavity while enlarges the other.

The eigenstates of the two-sided optomechanical system are product states,

)1 Mg [k(n —m)),, (5.15)

where |n); and |m), are number states of the sides 1 and 2 of the cavity, respectively, and

|k(n —m)), is a k mechanical number state, displaced by m — n photons, according to

1’ The energy levels are given by E,, , , = h[wcav(n +m)— (?‘;)(n m)? + Qk‘] The
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Figure 5.5: The evolution of the initial states |n); |0), |a), . (blue circle) and |0, [n), ), (red
circle) under the hamiltonian (5.14]) is represented in phase space. When n photons are in one side

of the cavity, the mirror oscillates around a new equilibrium position. At half the vibrational period
the displacement of the average position is maximum and equal to 4xqg.

evolution generated by the hamiltonian (5.14]) is analogous to (5.13]), but now the phase
associated to the Kerr nonlinearity depends quadratically on the difference of photons

between both sides of the cavity,

T
1
exp{(eqal —abas) - [bo(t) — l;go*(t)]} exp{—mtéTé}. (5.16)

The evolution of states of the form |n), |0),|ca),, or |0), |n),|a),,, i.e. with n photons
either in the right or the left side of the cavity and the mirror in a coherent state with

amplitude «, is shown in figure

5.2 Optomechanical system in an interferometer

The optomechanical hamiltonians and generate entanglement between “mi-
croscopic” degrees of freedom (the cavity modes) and “macroscopic” degrees of freedom
(the center of mass of a vibrating mirror). The optomechanical entanglement can be
achieved by putting the cavity in one of the arms of a Michelson interferometer [I79], as
shown in figure The mirror needs to be cool down near to its ground state. Once
the photon passes through the entrance beamsplitter it is put in a coherent superposition

between both paths and therefore the initial state of the cavity and the mirror is described
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Figure 5.6: Michelson interferometer with an optomechanical system in one of the arms creates
optomechanical entanglement.

by the state

1 1
1) [0) + ——= [0 1)0 , 5.17
(75 10104+ 75100 113, ) 103, (5.17)
where the subscript a or b labels the corresponding path of the interferometer. Under the

hamiltonian (5.6]) the state evolves to

Gid()
o 140, o0, + 75 03, 1100, (5.18)

which is an entangled state between the mirror and the photon. Nevertheless, after a full
mechanical period, the mirror returns to the initial position and disentangles from the
radiation field. By tracing over the mechanical degrees of freedom one obtains the reduced
density matrix of the photon, that corresponds to a mixed state, except at multiples of the
mechanical period (because at those instants the mirror is not entangled with the photon).

Consequently, the interferometric visibility

V = exp{—|p(t)|?/2} = exp{—g*[1 — cos(Qt)]} (5.19)
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Figure 5.7: Mach-Zehnder interferometer with an optomechanical system in both arms, which acts
as a which way detector (WWD). The second beam splitter is not balanced, i.e. the transmission and
reflection coefficients are not necessarily equal. The level of unbalance is described by a parameter

d (see equation [5.25]).

will exhibit decays and revivals. The visibility will be zero at odd multiples of half the
mechanical period (when the entanglement is maximum) but the photon coherence will
revive at multiples of the period, when the state of the photon is pure again. Therefore,
the observation of the visibility, as a function of the time spent in the cavity, allows
to study the entanglement between light and a vibrating mirror. The optomechanical
entanglement was first studied in [I78] 199]. Since the mirror is subject to decoherence
and dissipation, the decays and revivals of the visibility will be eventually spoiled. Thus, by
observing the visibility it is possible to test different models that describe the decoherence
of a superposition state of the mirror [177, 179, 180], which is a “large” object formed by
~ 10" atoms.

In our work we will employ a Mach-Zehnder interferometer to produce optomechanical
entanglement. As will be explained in the following sections of this chapter, the small
displacement caused by a single photon can be largely increased by using the so called

“dark port post-selection” and the weak value amplification effect.

5.3 Description of the experiment

The Mach-Zehnder interferometer is shown in figure 4.1l The action of a balanced

beamsplitter is described by the unitary transformation (4.48). Now, we will assume
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that the second beam splitter, which sometimes is also called the beam merger [200], is
unbalanced. Figure shows a Mach-Zehnder with a second unbalanced beamsplitter.

The relationship between the input and output modes is given by

as = rap+ tas

Gy = ta, —ras, (5.20)

where t and r are (real and positive) transmittances an reflectances of the beamsplitter,
respectively. The minus sign in the second equation is necessary in order for the trans-
formation to be unitary. Physically, it means that the field reflected in lower side of the
beamsplitter acquires a phase of 7. In ideal conditions the beamsplitter preserves the en-
ergy, i.e. t2 +72 = 1. Hence, 0 < r < 1 and 0 < t < 1. See appendix for details
regarding the quantum mechanical description of a beam splitter. The transformation
of the fields (5.20) allows to transform states between the inner and outer paths of the

interferometer, as it is described in the following example.

iy |0y4 |0),
= (tar —rag)[0); [0,

= [y 100, — 7 [0 [1), (5.21)

1003 1)y

The subindices of the states denote the corresponding path in the interferometer. Notice
that in the second step of (5.21]) the beam splitter transformation (5.20) was employed,
while the vacuum states outside and inside the interferometer were identified. Conse-

quently, counting a photon in the arm 4 is equivalent to select the state

[y) =1t[1)1]0)g —70); [1), (5.22)

inside the interferometer. Analogously, counting a photon in the arm 3 is equivalent to the

selection of the state

[WFy = 711 |00y + 0D 1), . (5.23)
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If one photon enters the interferometer through one of the input ports, while the second
port is left in the vacuum state, the field will evolve along the first (balanced) beam splitter
and enter the interferometer. The state of the field inside the interferometer will correspond

to coherent a superposition of the two paths, described by

1)y |0>2\‘/|'§|0>1 ‘1>2' (5.24)

Vi) =

Therefore, in the absence of the optomechanical system, the probability to count the photon
in the arm 4 is given by |{¥;]1s) |* = (t —r)?/2, while the probability to detect the photon

in the arm 3 corresponds to | <¢i ¢]%> 2= (r+t)?%/2=1-(t—r)?/2. It is useful to define

a parameter § that quantifies the level of unbalance of the beamsplitter as

d=t—r. (5.25)

If § = 0 the beamsplitter will be balanced, as it is usual in most cases. In this situation,
the photon will be detected with certainty in the arm 3, while no light will go through
the other arm. This occurs due to the wave behaviour of the photon, i.e. because there
is constructive interference in the arm 3 and destructive interference in the arm 4 (recall
that the photon reflected in the lower side of the beamsplitter acquires a phase of ).

If § is a small parameter, i.e. the beam splitter is slightly unbalanced, little light goes
through the arm 4, while most light passes through the arm 3. For this reason, in this
scenario, the arm 3 is typically called the “bright port” and the other outer arm is the
“dark port”.

When § = 1 (the beam splitter transmits all the light) or § = —1 (the beamsplitter acts
as perfectly reflecting mirror), there is a 50% probability to detect the photon in each arm.
This configuration shows the particle behaviour of the photon. Indeed, when § = +1 the
second beam splitter plays no role, as if no second beam splitter was present. Thus, each
photon counter will “click” every time the photon has gone through the corresponding
path. Since the probabilities of “clicking” of both detectors are the same, the photon
behaves like a particle that enters the interferometer and randomly takes one of the two

paths.
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In our setup a two-sided optomechanical cavity will be placed inside the interferome-
ter, as shown in figure As was explained in the previous section, a single photon will
produce a maximum displacement of the average position of 4zgg at half the vibrational
period (see figures and . Placing the optomechanical system inside the interferome-
ter will allow us to employ weak value amplification to enlarge the displacement caused by
a single photon. This effect will put all the Fisher information about the parameter g in
the post-selected events, which may be useful when we need to estimate g from a “small”
amount of post-selected photons. As will be explained below a “post-selected photon” is
simply a photon detected in the dark port. Additionally, if the experiment is performed
in the presence of noise with long correlation times, then the Fisher information can be
further increased as compared to the scenario without post-selection, i.e. when all the
photons are used to estimate g, both those detected in the bright port and those detected
in the dark port. The amplification of the displacement caused by a single photon on an
optomechanical Fabry-Pérot cavity placed in one of the arms of a Mach-Zhender has also
been studied in [201], 202, 203].

Before we turn into the description of our experimental proposal, it is worth mentioning
that the optomechanical system acts as a which way detector [204], i.e. as a device that
stores information about the path taken by the photon. It the photon has gone through the
path 1, then we expect that the position of the mirror will be displaced along the positive
direction of the x axis. On the contrary, if the photon goes through the path 2, the mirror
should be displaced in the opposite direction. Analogously, if the photon behaves like a
wave, then the position of the mirror should not be affected, since the photon in one side of
the cavity “pushes” the mirror in one direction, while the photon in the other side exerts
a force in the opposite direction.

The experimental proposal works as follows. The oscillator should be prepared in the
ground state [I71}, [169) 205l 206] or in a thermal equilibrium state. The initial state of the
mirror is denoted by pp,.

On the other hand, one single photon should be injected into the system through the
input port, while the other port is left unused. After passing through the first balanced

beamsplitter, the photon will be in a superposition of both paths and enter the cavity.
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The absorption probability can be made close to unity when the shape of the photon is
the “time reversed version” of a photon that is spontaneously emitted from the cavity
[207, 208]. Therefore, once the photon has entered the cavity it will be in a superposition
of both sides, and the initial state of the cavity and the mirror will be [1);) pp, (1;|. This
state will evolve under the time evolution operator ((5.16). For NOON states [209], which

are states of the form

|N>a ‘O>b + eiN@ ‘O>(z |N>b
\/5 )

N e Ny, (5.26)

the free evolution and the “Kerr term” will simply add a global phase factor that can be
disregarded. Consequently, after a time ¢ the photon and the mirror will evolve into the

state

O.(t) i) <e-mt5”"pmemt5*5> Wil U1 (t), (5.27)

where U,(t) = exp{(&hl - &;&2) [bTe(t) — Bgo*(t)]} is the term in (5.16|), responsible

for the entanglement between the mirror and the photon. Note that the operator (Afe(t)
displaces by (dl&l — &gdg)go(t), i.e. the displacement depends on the difference of photons

between both sides of the cavity. From (4.41)), the quantum Fisher information about the
parameter g in the state (5.27)) is given by

To(g) = 8[1 — cos(2)] (1 +2 <BT6> ) (5.28)

where the expectation value of the number of phonons is calculated over the initial state
of the mirror p,,. Notice that the quantum Fisher information depends on time; at odd
multiples of half the vibrational period (when the displacement of the average position
is maximum) the quantum Fisher information achieves its maximum value, while at the
vibrational periods (when the mirror and the photon are not entangled) the Fisher infor-
mation is zero.

Once the photon leaks out from the cavity, it will be detected at one of the photon

counters (the interferometer is consider to be ideal, i.e. without lost of photons). Successful
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post-selection occurs when a photon is detected in the dark port. Only when post-selection
is successful, the position of the oscillator should be observed [162], [184]. The cases when
post-selection fails should be simply disregarded. In other words, the position of the mirror
will be observed, conditioned on a photon detected at the dark port.

Under certain conditions, described in the next section, the displacement caused by a
single photon will be proportional to the weak value of the difference of photons between
both sides of the cavity. As will be shown in the next section, the weak value amplification
effect will enlarge the displacement, which can be useful for the estimation of optome-
chanical parameters. In every repetition of the experiment, the state of the mirror should
be reinitialized. The experiment is designed for single photons with frequency weq,. The
photons are considered to be nearly monochromatic, i.e. with an spectral bandwidth e

much smaller than the cavity decay rate .

5.4 Weak value amplification

Assume that the photon is detected at the dark port at time ¢, i.e. the state (5.22) is

post-selected. Then, the unnormalized state of the mirror is

Wy Ue(t) ) («amtf’”;pmem““) Wil U () [ - (5.29)

In order to employ weak values to enlarge the displacement produced by the photon, let

us expand the “evolution operator” ﬁe(t) to first order, namely,

Wil O~ plv {1+ (@lar — adas)u - o)  be* O]}, (5.30)
> @ylvoep{(alar — alas) - o) —be* 0]} (5.31)

The term (d{dl —&;&g)w corresponds to the weak value of the difference of photons between

the initial state [t;) (5.24)) and the final state [¢f) (5.22)). It is given by

t+r V202
=i, 5 (5.32)
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Since the transmission and reflection coeflicients are real values, the weak value is also a

real number. Both approximations, 1' and 1} can be made when g[(cﬂ&l — &5&2)|w

is small as compared to the inverse of the standard deviation of the rotated quadrature

i(1— e )t — (1 — )b, computed over the initial state of the mirror,

>

2w « {Var[(l _ it - eiﬂt)g] }—1/2
_ {2[1 -~ cos(Qt)] (1 4o <3¢3> ) }—1/2‘ -

Notice that near the mechanical periods, when there is little entanglement between the
photons and the mirror, the bound on the right hand side gets larger. On the contrary, at
half the vibrational periods, the bound reaches its minimum value. From the state
and the first order approximation , it is clear that the normalized state of the mirror

is given by

pm(t) = e([ﬂ;dlfd;dg)w[iﬁg)(t)fl;go*(t)] (emtz}TépmeimB%) e*(dlfnfégéz)m[ycp(t)fi)(p*(t)]. (5.34)
While the probability of successful post-selection, P(f), is |{¢¢|t;)|* = §?/2. Notice that
the post-selection probability is the same as if no optomechanical system was employed.
The conditioned probability (given that post-selection was successful) to read the position

x of the mirror corresponds to

Palf) = (el pm(t) |2)- (5.35)

The Fisher information contained in this distribution depends on the initial state of the
mirror (p,,). We will study two cases. First, we assume that the mirror starts in a pure
state (the ground state). The results presented in the previous chapter (see section
will be applied to this situation. Then, we study the case of a mirror that starts in a

thermal state.
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5.4.1 Oscillator initially in the ground state

Let us consider first the case when the oscillator is cooled down to its ground state, i.e.

pm = |0),,<0|. In this scenario, the conditioned density becomes a Gaussian function,

2
1 (x - 23709(&4{&1 — &;dg)w[l - cos(Qt)])
P(z|f) = Tonze exps — 22 . (5.36)

Using (4.18)) it is easy to see that the Fisher Information about the parameter g contained

in this distribution corresponds to
Z(glf) = 4(alay — abas)2 [1 — cos(Qt)]%. (5.37)

Therefore, according to the result (4.74) presented in chapter |4 the Fisher information in

the measurement protocol that includes post-selection is
Z(g) = P(f)Z(g|f) = 2[1 — cos(Q)]*(2 — &%). (5.38)

The quantum Fisher information is achieved at half the period and when § — 0, i.e.
when the weak value is indefinitely large. Recall, nevertheless, that the weak value
is restricted by the condition and therefore can not become arbitrarily large.

On the other hand, notice that the evolution operator ﬁe(t) couples the difference of
photons with a rotated quadrature i(1 — e )bt — (1 — )b (an hermitian operator),

with a coupling strength of g. The weak value of the quadrature is given by

(xli(l — e ™ )bt —i(1 — e )bj0)

0 i(1 — e~y 1) (5.39)

Yo(x)’

where 1)o(x) and ¢ (z) are the wave functions of the ground state and the first exited state
of the mirror, respectively. Both are real functions and therefore the weak value is always
a complex value, except at half the period, when it becomes purely imaginary. In this case,
the weak value of the system variable (the difference of photons) is a real value, while the

weak value of the apparatus variable (the rotated quadrature) is purely imaginary.
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Table 5.1: As the magnitude of the dark port post-selection parameter § decreases, the magnitude
of the weak value of the difference of photons is increased since the weak value oc §~1. At the same
time the probability of post-selection decreases, because it is oc §2.

9] |(CALICAL1 - &;d?)w| Post-selection Probability (%)
0.5 2.6 13
0.4 3.4 8
0.3 4.6 )
0.2 7.0 2
0.1 14.1 1
0.09 15.7 0.4

As was explained in the previous chapter (see section, this is a sufficient condition
in order to extract the quantum Fisher information from the conditioned state of the mirror
(5.34). Indeed, at half the period, the quadrature is proportional to momentum of the
mirror and therefore, because the position (the conjugate variable) is observed, the weak
value of the momentum will be imaginary, as long as the wave function of the meter is real.
This fact can be seen from equation . Consequently, at an arbitrary instant of time,
the conjugate quadrature of the meter should be observed in order to reach the quantum
Fisher information (|5.28]).

Moreover, restricted to the space of single photons, i.e. for NOON states with
N =1, the operator d{dl - &Edg behaves as a ¢, operator, the states [1), |0), and [0), 1),
being its eigenvectors. The initial state is therefore an eigenstate of 6, i.e. a qubit
state (4.97) with 6; = 7/2 and ¢; = 0. When § « 1, the final state is a qubit with
polar angle 0y = m/2 — V26 and azimuthal angle ¢y = m. The post-selected state is in
accordance with the strategy described in section for a qubit and a meter in a
Gaussian (pure) state. Indeed, this strategy generates weak values of the form ,
with the identification € = §/4/2, and achieves the quantum Fisher information in the limit
§ — 0. The post-selection probability §2/2 and the weak value of the difference of photons
are summarized in table Figure shows the weak value and the amplification effect
due to the post-selection for different values of §.

If the experiment is repeated N times, from which there will be on average M =

N| (slapiy |* successfully post-selected events, the mazimum likelihood estimator (4.6)) of

140



CHAPTER 5. OPTOMECHANICAL SYSTEM IN MACH-ZEHNDER
INTERFEROMETER

w

o

o
=

BN
(@} o
o o

o

-0.1 -0.05 \an ) 0.05 0.1
_l\\
=20 \

Figure 5.8: The weak value (red curve) and the amplification factor (blue curve) plotted against
the post-selection parameter §. The amplification factor corresponds to the displacement of the
measurement device divided by 4gxy. The weak value equals the amplification factor when g « ¢
(weak measurement regime). The amplification factor achieves its maximum value outside this
regime, when g ~ 4. When § is much smaller than g notice that there is no amplification affect. In
this case g = 1073,
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the parameter g and its variance (4.8) correspond to

ML zo[1 — cos(Q)]ov2 — 62 N ’ '
A 1 1
(Ddirr) = {2[1 ~eos()2(2 = 52) }N’ (5.41)

respectively. Notice that the estimator is the sample mean, corrected by a factor that
depends on the prior knowledge of § and zg. The maximum likelihood estimator is an
unbiased estimator of g. Notice that the variance corresponds to the inverse of the Fisher
information , i.e. the estimator saturates the Cramer Rao inequality and scales
as N~! (standard quantum limit). As was explained previously, the estimator will also
saturate the quantum Cramer Rao inequality at half the vibrational period, when
the quantum Fisher information is achieved. The signal to noise ratio is

SNRy,.w = g[1 — cos(Q)]\/2N(2 — 62). (5.42)

The subscript 0 indicates that the initial state of the mirror is the ground state and that

the measurement is weak, i.e. that it relies on the validity of the approximations ([5.30)
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and (5.31). Note that, in a single event, i.e. when N = 1, the SNRy,, < 1. In order for
the SNRy,, to be greater than one, the experiment should be repeated N times, where

2. When no post-selection is performed, the SNR is of the same order, i.e. the

N >» g~
experiment should be repeated the same times, N » g2, in order to estime g precisely. The
difference between both strategies lies in the amount of photons employed for estimation;
with post-selection fewer photons are needed to perform the estimation.

Finally, it is interesting to study measurements of any strength. For any value of g, it

is easy to see that the state of the mirror, conditioned on the successful post-selection of

the state |¢¢), corresponds to

alay — aba — (alay — aba
\w<t>>=ﬁ/{[1+( = 2)“’] ol0)) + [1 e z)w]\—eo(t»}, (5.43)

where A is a normalization factor and |+¢(t)) are coherent states. The mirror is therefore
in a superposition of states that are not necessarily orthogonal. Since p(t) « 1, a first-order

expansion of the coherent states allows to express the previous state as

[10) = p(t)(@lar - alan)u D] (5.49)

Consequently, this setup generates non classical mechanical states, which consist of a super-
position of the ground state and the one-phonon state. In the weak measurement regime,
defined by , this state becomes [0) + [cp(t)(d{dl - d;dz)w] |1), i.e. a “weak” super-
position between the ground state and the first excited state. The Wigner function of this
state, shown in figure has no negative part and thus can be understood as a classical
state. As it is pointed out in [210], this slight superposition between the ground state
and the one-phonon state can give rise to a large amplification effect, without changing the
shape of initial wave function of the measuring device, but only translating it. On the other
hand, outside the weak measurement regime, e.g when § ~ g, the state of the oscillator is
%(\O> —]1)), an equal superposition of the ground state and the first excited state (see
figure . In this situation, the wave function of the oscillator is no longer Gaussian,

due to the larger weight of the one-phonon state. The generation of non Gaussian states
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Figure 5.9: Wigner function of the final state of the measuring device (the oscillator) in the weak
measurement regime . In this case, the optomechanical strength is ¢ = 1072 and the post-selection

parameter 0 = 5 - 1072. Here (and in figure [5.10) X = (¢+ ¢')/v/2 and ¥ = i(¢! — ¢)/+/2 are the
mirror quadratures, satisfying [X,Y] = i.

occurs due to the post-selection.

The probability to read the position x, conditioned on a successful post-selection, can be

computed from the state (5.43)), i.e. P(z|f) = |{z|¥(t))|>. The distribution is presented
in the appendix . For time t = 7/, the result is a straightforward application of

the expressions (4.111)), (4.120]) and (4.121]) to the present case. The maximum likelihood

estimator can be obtained, in principle, from this distribution (in an approximate manner).

However, in general, it will depend on the parameter we wish to estimate and is therefore

Figure 5.10: Wigner function of the final state of the oscillator outside the weak measurement
regime, for the case § ~ g. The optomechanical strength g is set to be 1073.
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Figure 5.11: The average position of the oscillator, divided by its standard deviation, is plotted
against the magnitude of the post-selection parameter. The optomechanical strengths are g = 0.01
(blue curve) and g = 0.05 (red curve). The weak measurement regime occurs when g « 0. Note
that the oscillator reaches the level of the fluctuations outside the weak measurement regime, when
6 ~g.

unfeasible. Also, from this distribution it is possible to obtain the average position of the
mirror and its standard deviation. Figure shows the ratio between both quantities as
a function of the parameter 4, illustrating the well known fact that, when the measurement

is strong (6 ~ g), the result is precise, while it is “noisy” when the measurement is weak
(g < 9).
5.4.2 Oscillator initially in thermal equilibrium

Let us assume now that the oscillator starts in a thermal state p,, = > p, [n){n|, where

o—En/kpT

is the Boltzmann distribution. In this scenario, the state (5.34)) will be a mixture of

displaced number states,

pun(t) = 3 po - U Iy (| A1, (5.46)
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where we have defined the displacement operator I = exp{ (&I&l - &;&Q)w [bf o (t) — by* (t)]}
just for the simplicity of the expression. The first and second moments of the position op-

erator are

Te{Xpm(t)} = 2gz0[1 — cos()](alay — alan)w, (5.47)

Te{X%pn(t)} = 4g2z2[1 - cos(Qt)]Q(dJ{&l - &;&2)121, + 231+ D), (5.48)
where (n)y, = (¥/F8T —1)~1 is the average number of thermal phonons. Therefore, we
SNR of the estimator ([5.40) corresponds to

SN Rg.u

A/1 + 2<n>th.

From the expressions (5.47)) and (5.48)) it is clear that, although the shift of the average

SN Rypy = (5.49)

position remains the same as in the first case (when the mirror starts in the ground state),
i.e. proportional to the weak value, the fluctuations are now increased with the mean
number of phonons. Hence, the SNR will remain approximately the same when the average
number of phonons is small, i.e. when the system is operated in the regime where h{) ~

kgT.

5.5 Weak value amplification in the presence of noise

In this last section we will study how white and coloured noise affect the Fisher in-
formation, by applying the results presented in the previous chapter, in section . We
restrict our analysis to the case of a mirror initially prepared in the ground state. Up to
this point, the time spent by photon inside the cavity has not been specified and therefore
all the expressions for the Fisher information, SNR and other related quantities are time
dependent. As it is shown in appendix @, in a Markovian bath, the time ¢ spent by
the photon inside the cavity before it is emitted and detected at the output, follows an

exponential distribution,
t~~ye (5.50)
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where « is the cavity decay rate of the cavity. The mean lifetime of the photon inside
the cavity is therefore v~!. Hence, in order for the photon to stay for half the mechanical
period, v ~ , which leads to a quality factor Q = wWeap/y = Wean/S2. Consequently, an
optical cavity with a moving mirror with frequency of the order of MHz, should have a
qualify factor @ ~ 10%. With the time “fixed” around half the vibrational period, the
Fisher information and the SNR become

Z(g9) =8(2—6%) , SNRy., =29v/2N(2 - 62). (5.51)

These values will be contrasted with the corresponding quantities in the presence of noise.
Recall that the Fisher information 8(2—§2) represents the information in a single event and
scales as N, where N is the number of independent repetitions of the experiment. First,
let us assume that the measurement of the position of the meter is affected by Gaussian
white noise . In this scenario, in accordance with the result , the variance of
the distribution will be increased. The Fisher information becomes

8(2 — §?)

- (5.52)
1+ a?%oise/xg

Iwhite noise (9)

which is a direct application of equation (4.137)) to the present experiment. The maximum
likelihood estimator is still ((5.40|), but now the variance of the estimator is increased. The

SNR ratio of the estimator becomes
SNR

/ 2 2 .
1+ O-noise/$0

Both quantities will be affected by the noise when the classical fluctuations are much

SNRwhite noise —

(5.53)

larger than the quantum fluctuations. Recall that (5.52)) grows linearly with the number
of repetitions of the experiment.

On the other hand, when the noise has long correlation times, the Fisher information
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for the strategy without (4.149)) and with post-selection (4.149) corresponds to

col. noise

2 — 52 56(2) no post. ZC%
n n

Zcol. noise(g) = 16( 52 ) 7z (g) =16 - ) (554)

respectively. The benefits from the weak value amplification effect, as compared to a
weak measurement without post-selection, are therefore evident when coloured noise is
unavoidable. Let us look now into the maximum likelihood estimator. The probability
distribution of the outcomes s; will be a normal distribution with a covariance matrix F
of the form , which has dimension k X k, where k is the number of post-selected
photons out of N trials (if post-selection is performed) or is simply equal to N (in the non
post-selection scenario).

When post-selection is performed, instead of treating k as a random variable, we will
replace it by its average value, i.e. by N|{¢¢[¢;)|>. The maximum likelihood estimator

corresponds to a weighted average of the observations s;,

k k —1

. 1 21 B
IML = ———F—=— ) 08 , Q= —F———. (5.55)

PR TP R S B

Notice that the construction of the estimator requires precise knowledge of the correlations
of the noise, besides xg and 6. When the correlations are constant over time, the weights
a; become equal to 1/k , i.e. the sum in ([5.55)) reduces to the mean. The variance of the

estimator corresponds to

Var[gur] = 1602 _152)/52 { s (U’ZL‘”]S; — )/ - %} (5.56)
Consequently, when k is sufficiently large the variance of the estimator achieves a constant
value, (n/z3)/[16(2—62)/6%]. When no post-selection is performed, the maximum likelihood
estimator is analogous to ([5.55)) (the weak value does not appear in the denominator and
k = N). In this case, the variance of the estimator reaches a constant value of (n/z3)/16.
Hence, when post-selection is implemented, the variance of the estimator will be reduced,
being divided by the squared of the weak value (2 — 62)/62. Equivalently, the SNR will be

amplified by the weak value when post-selection is performed.
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5.6 Conclusions

Regarding our work, three main conclusions should be emphasized. First, we have
presented an experiment in which the radiation pressure exerted by a single pre and post-
selected photon can by amplified by anomalous weak values: an large momentum transfer
is given by the photon to a mechanical oscillator when the photon makes a transition from
a state that can produce constructive interference to a state that produces destructive
interference. This is a quantum effect with no classical analog. Secondly, the use of
the weak amplification effect achieves equal precision for parameter estimation, but at a
lower cost since fewer observations of the measurement device are needed to construct an
estimator. Finally, we have shown that in our experiment dark port post-selection can

generate non classical states of a mechanical oscillator (“Schrodinger cat” states).
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Conditioned probability
distribution for measurements of

any strength

Consider the case when the measurement device starts in the ground state,

¢(m)=\/%xoe , (A.1)

and the system starts in the initial state (5.24]). The state of the meter, when the final
state (5.22) is post-selected, is given by (5.43)). Then, if the position of the measurement
device is observed, the probability to find it in small interval dx around the position z is

P(z|f)dz, where the density function corresponds to

P(z|f) = /ifw(a:)lzeQQQ[lcosmt)]Q{;z cosh [29(1 — cos{Qt})x/xo] +

9 _ 52 2

d sinh [29(1 - cos{Qt})x/:ro] - 15_725 cos [29 sin{Qt}x/xo] }(A.2)

The normalization factor N depends both on g and 4,

T 1-6% o1 cos
N=s——gc 4g”[1—cos()] (A.3)
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In the weak measurement regime ([5.33)), the probability density (A.2)) reduces to ([5.36)), a

Gaussian density equal to the original density function |1 (z)|? displaced by a large amount

(larger than the eigenvalues of the system variable).
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Measurement operators

In this appendix we will present the measurement operators for the case of a mea-
surement device that starts in the pure state . We consider measurements of an
observable fl, which couples to an apparatus variable 15, according to the von Neumann
model.

Due to (2.33) the measurement operators are given by

—~

M,

Ny exp{(z]-'— 1) 2= qiag g4)’ +ipolq — QA)/h}

w(q)exp{ (iF-1) ( g ><q QO) —ig(ﬁ?)fi—i—(i]-"—l)(zggffp}(yB.l)

that shows that the wave function of the measurement device is displaced by gfl. It is
convenient to define the auxiliar (standardized) variable z = (¢ — qo)/0q, the complex
parameter v = 1 —iF and ko = pp/h. Then, the measurement operator can be written as

i, - w<q>exp{2(ﬁ20q (57 - %) - (vige )}

o) X (ol a) (37 i) 2

In the last line we have used the fact that exp{2:rt — t2} is the exponential generating
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function of the Hermite sequence H,,(z) [140], namely,

exp{2xt — t*} = Z an(m), (B.3)

n=0

for any complex values ¢t and xz. Hence, the measurement operators associated to the
selection of the state |1)f) in the second measurement and to the obtaining of the outcome
¢ in the intermediate measurement correspond to M. f.q = [yl ]T/[\q. Their action over

an initial pure state [1);) is

1> g My sy = [ahy) byl () Zni( ) Hn(\gz—i:;%ko). (B.A)

The squared norm of this state corresponds to the probability P(f,q), i.e. to the probability

of selecting the desired state and reading the value ¢ in the intermediate measurement,

P(q.f) = [ Mliy P (B.5)
. 2
z:: %(—) Hn<\/§ —i\/%ko)

Clearly, the probability can be expressed as |¢(q)|*|{¢¢|¥i)|*S(g), where the series S(q)
is presented, expanded in powers of g, in equation (4.112)).

(B.6)

(@) Pl <yl |2
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Appendix C

Beam splitters

Classically, a beam splitter is a device that “splits” an incident beam of light into two
components; a transmitted and a reflected component, as it is shown in the left side of
figure ((C.1). When the beam splitter is treated quantum mechanically, the second input

should be necessarily taken into consideration, which is shown explicitly in the right side

of .

0

E;

Figure C.1: Left side figure: the incident field is separated into a reflected component, F,. = rE;,
and a transmitted component, F; = tE;, where r and t are the reflectance and transmittance of the
beam splitter, respectively. For a “quantum beam splitter” (right side figure) these equations are
not valid and the second input must be necessarily taken into consideration, even when this port
is left unused (in the vacuum state).

The relation between the input modes and the output modes is given by

riai + taao,

S
w
I

ay = t1a1 + roae, (C.1)

where r; and 7y is the set of reflectances of the beam splitter, and ¢; and ¢y is the set
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of transmittances. These quantities can be complex values and depend on how the beam
splitter is constructed.

The mode operators in the input ports satisfy boson commutation relations, i.e. [a1, d{] =
[a2,a)] = 1 and [y, az] = [a1, &E] = 0. In order for the mode operators of the output ports
to satisfy analogous boson commutation relations, the set of reflectances and transmit-

tances should satisfy the reciprocity relations [198]:
i = Iral s [tal = [t2] [ ? + 6 ? = 1, rfte + rat] = 1ty +rat3 = 0. (C.2)

When |r;| = |¢1| the beam splitter is said to be a balanced, or 50:50, beam splitter. Notice
that the last equation relates the phase shifts between the output beams. The reciprocity
relations assure that the transformation of the input modes a; and a9 into the
output modes ag and a4 is unitary. Assume, for example, that all the transmittances and

reflectances are real values, given by
rm=rel0,1] , m=-r , ti=ty=te[0,1] , r*4+t*=1. (C.3)

Allowing r to be distinct from ¢ offers the possibility to design an unbalanced beam splitter.
In this situation, the transformation (C.1) takes the form of (5.20). Notice that this

transformation can be equivalently expressed as

as = e(i/ﬁ)gdtﬁBsz _e(i/h)gdtH351 ay - e*(i/h)gdtHBa _e*(i/h)SdU:IBSQ7
&4 _ e(i/h)gdtHBSQ . e(i/h)gdtHBS . d2 . ef(i/h)sdtﬂBS . ef(i/h)gdtHBSQ7 (04)

where the integrals are taken over the time the fields interact with each other inside the
beam splitter. H BS1 are H Bso are effective hamiltonians that describe the beam splitter.

It is easy to show that the hamiltonians correspond to

Hpsi = —ihf6(t)(alar — ala), (C.5)

Hpsy = hwd(t)alas, (C.6)
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where 0(t) is the Dirac delta function (which integrates to one during the time of interaction
between the fields inside the beam splitter), cos(f) = r and sin(f) = ¢t. Physically, the
first hamiltonian can be implement with a single layer of dielectric material. The second
hamiltonian corresponds to a phase shift gate. The action of the beam splitter is described
therefore by the consecutive evolution generated by Hpg1 and Hpge. The output modes
as and a4 are simply the evolution of the input modes in the Heisenberg picture.

It is also possible to work in the Schrédinger picture and evolve states instead of
operators. Consider the input state |0); [1),, that describes the input port 1 left unused and
a single photon entering through the input port 2. The evolution of the state corresponds

to

001 1)y = a}]0); [0,

= (tal —ra})[0),0),

= t[1)3]004 =7[0)3[1)y- (C.7)

Note that in the second step the vacuum states in the input and the output have been
identified, i.e. [0); |0); = [0)5]0),. The final state is a path-entangled state, namely, a
coherent superposition of both paths. Single-photon interference can be studied by using
second beam splitter in a Mach-Zehnder configuration (see figure .
Besides , another common design is a balanced beam splitter described by the
following set of reflectances and transmittances:
1 i

T1=t2=§ ) 7“2=t1=§- (C.8)

For this type of beam splitter, the transformation of the fields (C.1|) can be written as

dg _ e(i/ﬁ)SdtHBSdle—(i/ﬁ)SdtHBs’ (09)
&4 _ e(i/h)SdtHBSd2e_(i/h)SdtHBS’ (ClO)
where Hps = —h(Tr/4)5(t)(dJ{&1 + dg&g) is an effective hamiltonian that describes the beam

splitter. Physically, it can be implemented with a single layer of dielectric material. If the
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operator di&l + dg&g is associated with a J, operator, according to the Jordan-Schwinger

map (4.47), then the evolution generated by the beam splitter corresponds to (4.48)).

156



Appendix D

Photon detection

Let us consider a double sided cavity that interacts with two reservoirs, that are moni-
tored with photon counters, as it is shown in figure[D.1] Each reservoir (or bath) is modelled
as a collection of harmonic oscillators, each one with a frequency w,,. The hamiltonian that

describes the open quantum system is

H = hY wel] b1m+hY wnth tom+ (D.1)
n n
h(@{ D ginlin + a1 ) gLnéLn) +h (ag D gomlon +az ) gz,na;n> +(D.2)
n n n n
hweaw (@11 + alag) + hQbTH — hgo(alay — abas)(B' + b). (D.3)
The operators ¢;, are boson annihilation operators of each reservoir (i = 1,2). The

subscript n labels a different mode. The modes can be thought as standing waves with a
sinusoidal mode function that vanishes at the position of the mirrors. The terms in the first
line correspond the free energy of the reservoirs. The terms in the second line (D.2])
describe the interaction between the external modes (of the reservoir) and the field inside
the cavity. The constants g; ,, are the different couplings between the cavity mode (a;) and
the field outside the cavity (¢;,). This part of the hamiltonian describes the exchange of
photons between the external field and the cavity that occurs because of the interaction
between the fields inside the mirrors. Indeed, the mirrors of the cavity have actually some

width and a small amount the electromagnetic field penetrates inside the mirrors, allowing
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Figure D.1: An optomechanical system (a Fabry-Pérot cavity with a movable mirror placed in
the center of the cavity) is monitored with photon counters. The optomechanical system interacts
with the baths 1 and 2.

the exchange of photons. For a high Q cavity, the hamiltonian in the second line is
a good approximation to describe the absorption of photons from the bath or the emission
of photons from the cavity into the bath. In our work, we will assume that the photon has
been already absorbed. Therefore, this part of the hamiltonian will describe the emission
or leakage of photons from the cavity into the reservoir. For more details regarding the
hamiltonian that describes the exchange of photons between the cavity and the bath see
[112, 113], 114, 115) 116, 117, 118]. Finally, the terms in the last line correspond to
the hamiltonian of the (closed) optomechanical system, which was described in equation
(5.14)).

First, we go to an interaction picture with respect to h),, wnélnél,n +hy, wné;nég,n +

hweaw (&Idl + &;&2). In this frame, the hamiltonian becomes

ﬁj/h = &J{ Z glme_i‘sntél’n +ap Z gl,neiéntéln + d; Z gg,ne_m”tég,n + as Zggmem”té;n
n n n n

+Qb'b — go(ala, — alay) (b + b). (D.4)

Notice that the hamiltonian is time dependent (the subscript I indicates that it corresponds

to the the hamiltonian in the interaction frame). The parameter 6, = wy, — wWeqy represents

the detuning of each mode of the bath with respect to the frequency of the cavity. From

now on, we base our analysis on the treatment of an open quantum described in section

3.11 of [12]. It is convenient to redefine the annihilation operators of the cavity as

a1 = —i\/7101 , G2 = —iy/Y202, (D.5)
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where ¢ is the imaginary unit and v o are the dissipation rates of each side of the cavity.

Additionally, it is useful to define the bath operators

1

v

1

NGE

ci(t) Zgl,nél,neiént , (1) ZQQ,néZ,nei(snt- (D.6)
n n

It is important to examine the commutation relations between the bath operators. Consider

the commutator between the operators associated to the bath 1,

0¢]
. f g1 (@)pr (w)elem e = dyy, (D.7)
0

R sy L 2 in(t—t) _
ci(t),ci ()] = — E g1 € =
[ ( ) 1( )] " ~ 1,n 7

where p;(w) is the density of modes of the bath 1 and g;(w) is the coupling between the
cavity mode and the n-th mode of the bath, as a function of frequency. The density of
modes is proportional to the volume V of the bath, but the coupling g;(w) ~ V2,
Consequently, the term ¢?(w)p(w) remains finite as V is increased. This allows to convert
the summation into an integral. Additionally, if g7(w)p1(w) is a smooth function of the

frequency around wegqy, then

o0
J g%(w)p(w)e(“’*%“”)(t*t/)dw ~ 27g, (wcav)p(wcav)Qd(t —t). (D.8)
0

The term 27 g1 (Weav ) P(Wear)? corresponds to the rate at which energy is dissipated from the
cavity, through the mirror of the side 1. This fact can be checked when the equation that
describes the evolution of the average photon number inside the cavity is derived, which can
be made from the master equation for the cavity field in the Born-Markov approximation.

Consequently, the bath operators are “delta-correlated”,
[1(1), 1 ()] = 6t — ¢). (D.9)

The same result applies to the bath operators of the other side. Assuming that the decay

rate through each mirror of the cavity is the same (71 = 72 = 7), in terms of the bath
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operators and the cavity operators (D.5]), the Hamiltonian (D.4]) can be expressed as

+ObTh — %@&1 — aban) (b + ). (D.10)

The term in the second line describes the optomechanical interaction. For simplicity, it will
denoted by H. The evolution generated by the hamiltonian (D.10]) during an infinitesimal

time interval dt is given by

~

U(t + dt,t) = exp {a{dél(t) + aydCl(t) + aldCy(t) + axdCl(t) — mdt}, (D.11)

where we have introduced “new bath operators” dCy(t) = é1(—t)dt and dCs(t) = é(—t)dt.
These operators are of order v/dt. Indeed, from the commutation relation , it is
clear that [él(t),éi(t)] = 6(0), which implies that é(t) is of order 1/+/dt because the
delta function at zero can be considered as 1/dt. The commutation relation between these

operators is described by
[dCy (1), dCT ()] = dt ,  [dCy(t),dC(t)] = dt. (D.12)

Consequently, a first order expansion of (D.11)), in terms of dt, should keep terms that
involve products of dC;(t) and dCy(t) (and products between its hermitian conjugate vari-

ables). Therefore,

~

Ut +dt,t) ~ 1—iHdt+a,dCl(t) —aldCi(t) + axdCl(t) — aldCy(t)
1 5. 1. 5. 1 .+ -~ ~ ~ 1 .+ - A~ ~
—iaJ{aldt - iagagdt - 5{64, a1}dC (t)dCy (t) — 5{a;, a2 }dCI (1) dCo(t)
[@dG()] | [@dCl(1)] | [a2dCy(t)] |, [a24C3(0)]*

D1
2 2 2 2 (D-13)

We will assume that the cavity and the baths are initially uncorrelated. Also, let us suppose
that the optomechanical system (the cavity and the vibrating mirror) starts in a pure state
| and both baths begin in the multi-mode vacuum state, denoted as |0), [0),. Due to the
fact that both baths are in the vacuum state all terms in that involve dC (t), dCs(t)
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and its hermitian conjugate variables, in normal order, can be disregarded. Consequently,

the action of the evolution operator over the initial system state is given by

. SRS UUSURE BUSR
Ut + dt, t) [¥)[0), |0), = [1 —dt (m + 5aIal + 2@5@2)] (W) 1071107,

+ay [W) |05, dCT (1) [0), + a2 [ @) [0), dCL(t) |05, . (D.14)

The terms in the second line create photons in the reservoirs. The probability to detect a
photon in the first bath corresponds to norm of the single-photon state created in the this

reservoir, namely,
Py = (| ala|®)0|, dCy (t)dC () 0), - (D.15)

The probability to detect the photon in the second bath is analogous. Finally, from the
commutation relations and using the actual mode operators of the cavity (D.5)),
during an infinitesimal time interval dt, the probabilities to detect a photon in the first

bath, in the second bath, and to detect no photons at all, are given by

P o= 7<a§a1>dt, (D.16)
P = fy<a§a2>dt, (D.17)
P = 1—7<a]a1+ﬂa1>dt. (D.18)

Notice that the probabilities of detection are of order dt. The measurement operators

associated to each one of the previous events correspond to

N N N Afn L otn
M, = —in/vdtay, My = —in/ydtas, My=1— dt(z‘?—[ + fyw) (D.19)

Indeed, it is easy to see that Py = (| ]/\4\3]\70 |0, Py = (Y] M\I]\/jl | and Py = (¥| ]/\4\;]\//.72 | D).
The set of measurement operators ([D.19) defines a Poisson point process. The probability
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to detect no photons during an time interval ¢ is given by

_l’_
P(t) = Tr [exp{—i’Ht — 71&%0’1;%@} |0 (0| exp{—i’Ht _ ,ytalmzag@}]

exp{—'yt <a]£al + a;a2>}. (D.20)

Consequently, the probability density f(t) to detect a photon at time ¢ corresponds to

dP(t N N At A At A
ft) = _di) = 7<a1a1 + a;a2> exp{—'yt <a];a1 + a£a2>}, (D.21)

which corresponds to an exponential distribution with parameter ~ <6161 + a;ag>.
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