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RANDOM POLYMERS ON THE COMPLETE GRAPH
FRANCIS COMETS"®, GREGORIO MORENO2%5 AND ALEJANDRO F. RAMIREZ34:5

ABSTRACT. Consider directed polymers in a random environment on the complete graph of
size N. This model can be formulated as a product of i.i.d. N x N random matrices and
its large time asymptotics is captured by Lyapunov exponents and the Furstenberg measure.
We detail this correspondence, derive the long-time limit of the model and obtain a co-variant
distribution for the polymer path.

Next, we observe that the model becomes exactly solvable when the disorder variables are
located on edges of the complete graph and follow a totally asymmetric stable law of index
a € (0,1). Then, a certain notion of mean height of the polymer behaves like a random walk
and we show that the height function is distributed around this mean according to an explicit
law. Large N asymptotics can be taken in this setting, for instance, for the free energy of the
system and for the invariant law of the polymer height with a shift. Moreover, we give some
perturbative results for environments which are close to the totally asymmetric stable laws.

1. INTRODUCTION AND RESULTS

Directed polymers in random environments were introduced in [26] as a model for the phase
separation line of the 2d Ising model in the presence of impurities. Since then, they have been
the subject of an important body of work both in the mathematics and physics communities.
On the mathematics side, their study started with the work [29], shortly followed by [6]. An
up-to-date account on the mathematical treatment of directed polymers can be found in [14].
On the physics side, this model was often studied in connection with growing surfaces. In
particular, it was observed that the Kardar-Parisi-Zhang equation [31] can be considered as a
continuum version of directed polymers [32].

In its usual discrete version, the model can be formulated in terms of two basic ingredients: (i)
The polymer paths are given a-priori by the trajectories of a simple symmetric random walk
on Z< starting at the origin, whose law we denote by P; (ii) The environment is given by a
family {n(t,z) : t > 1, x € Z} of i.i.d. random variables with common distribution P. Then,
given t > 0, > 0 and a fixed realization of the environment, we define the polymer measure
on nearest-neighbor paths x of length ¢ as the probability measure

1 t
i p(dx) = ——exp{B ) (s, x.)}P(dx),
t,8 s=1

where Z/ 5 is the normalizing constant.
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In this note, we propose to replace, in the above definition, Z? with its natural graph structure
by the complete graph with NN sites. The precise definition of the model is deferred Section [Tl
Alternatively, this can be seen as a polymer with long-range jumps on a finite state space.

Large finite state spaces have been considered in the literature as approximations of infinite
systems, for instance [9] for directed polymers on a cylinder, or directed polymers on n-trees
as in [I7]. In [I0], a zero-temperature version of our model was introduced to compute the
corrections for large finite systems to continuous limit equations of front propagation.

There are several additional reasons to consider polymers on other graphs. First of all, they
offer several simplifications compared to the original model on Z¢ or R? In this respect,
models on the complete graph can be seen as a mean field approximation, much in the same
way the Curie-Weiss model relates to the Ising model. When considering mean-field versions
of directed polymers it is more common to refer to polymers on the tree [I1] [19], but these
models show fundamental differences with the original ones [I4]. Our model on the complete
graph preserves some features, and can also be seen as a positive temperature version of the
last passage percolation studied in [I0, [15] from where we draw many ideas.

This approximation of infinite graphs by finite ones can be made quantitative. For instance,
the paper [21] considers a particular product of random symplectic matrices corresponding to
a random diffusion on the d-dimensional discrete torus. Assuming d > 3 and weak disorder, it
is shown that, as the sidelength of the torus goes to infinity, the largest Lyapunov exponent of
the product converges to the one of the usual Laplacian on the full lattice.

In a related spirit, models on arbitrary countable graphs are considered in [I2] where the a
priori law on the path space is an ergodic Markov chain.

Finally, on the complete graph, we are able to find a law on the environment that makes the
model solvable in the sense that the law of the properly normalized partition function can
be computed explicitly. This is analogous to the zero-temperature version of the model from
[10, 15, 18]. Exactly solvable models are rare in statistical mechanics, and they result most
informative. This one seems to be new. In the case of polymers on the lattice, we can however
cite [38] for the original model on Z and [35] for a semi-continuous counterpart.

The study of polymer models on finite graphs falls in the scope of products of random matrices.
More precisely, the free energy is related to the top Lyapunov exponent of such products for
which a complete theory has been established in the literature initiated in [24] and developped
in particular in [7, 13} 23] 25 27, 28, 34]. This formalism allows us to derive, for example, the
existence of the free energy as well as Gaussian fluctuations for the logarithm of the partition
function. In different direction, we mention [I] which gives a nice account on Perron-Frobenius
theory for product of random matrices together with its relation to thermodynamic formalism.
For ”infinite matrices” — i.e. for random positive operators in infinite dimension, limits may
fail to exist due to lack of compactness. The authors in [2, [36] deal with products of random
operators on the whole Z¢, but some localization features — a priori embedded in the special
models — make them essentially compact.

1.1. Directed polymers on the complete graph. We study the following model of directed
polymers on the complete graph with N sites: for ¢ > 1 integer and 1 < 14,5 < N, consider the
set of paths starting at location 7 at time 0 and ending at j at time ¢,

In (0,35t 5) = {5 = Goo- -+ de) : 1 < s <N, Vics<yo1; Jo =1, v = j}- (1.1)

Let {w;;(t) : 1 <i,5 < N,t > 0} be a family of i.i.d. positive random variables defined on
some probability space (€2, A4,P). For a fixed realization of the environment and ¢t > 1, we
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define the point-to-point (P2P) polymer partition function

t
Zvit ) = Y JJwia(s). (1.2)
JE€JIN(0,35t,5) s=1
Viewed as a function of j, its logarithm is referred to as the polymer height function. We denote
with a x quantities @Q(x) which are, depending on the context, unions or sums over locations
j € {1,...N} of Q(j). For instance, Jn(0,i;t,%) = U Jyn(0,4:t,5), and Zy(0,4;t, %) =
ijzl Zn(0,4;t,7) is the so-called point-to-line (P2L) polymer partition function. Similarly,
In(0,%;t,5) = UN In (0,45 ¢, 5), and Zn(0,%; 1, 5) = Ef\il Zn(0,4;t, 7) is the line-to-point (L2P)
partition function.

Our analysis will rely on a tight relation between our model and products of random matrices
which emerges from the following observation: defining the N x N matrix I[I(¢) as the product

I(t) = X(1)X(2) - - - X(2),
of the matrices X(t) = [w; ;(t)];;, we see that the P2P partition function (L2) is the (4, j)-entry
of T1(t),
(We do not indicate in the notation the dependence in N of X and II, although we will let N

go to infinity at some stage.) Let us denote by Zy(t) the (column) vector given by the L2P
partition functions

Zy(t) = (Zn(0,%t,1), -+, Zn(0, %1, N))"
where M* denotes the transposed of the matrix M. Our convention in the paper is that all

vectors are column vectors, and we write v(j) for the j-th coordinate of v, so that Zy(t,j) =
Zn(0,%;t, 7). From (3]), we obtain

Zn(t)" = 1711(¢), (1.4)
where 1* denotes the N-dimensional row vector with all entries equal to 1. Similarly, the vector
of P2L partition functions can be written as II(¢)1.

This point of view allows us, among other things, to relate the free energy of the model to the
Lyapunov exponent of products of i.i.d. random matrices. In our case the matrices have an
additional feature — entries are i.i.d. — but the theory applies to the general case under mild
assumptions. At this point, it is convenient to take (L4]) as the starting point of our analysis
and consider the slightly more general framework of the recursion

Zn) = Zn(t—1)"X(t) (1.5)
allowing general initial conditions Zy(0) € RY \ {0}.

We follow the formalism of [27), 28] based on the action of products of random matrices on
projective spaces. For v € RY \ {0} and a > 0, define the a-norm of v as ||v||, = (Ejvzl V),
Of course, this quantity is a norm only in the case o > 1. Next, we introduce the a-symplex

B, ={veRY: |||, =1},
together with the projection W4 (v) = = from RY \ {0} onto B,.
For v € RY \ {0} and X an N-by-N matrix with positive entries, we define the product ~ by
«a Xv =
X v:= € B,.
[1Xv]]a

We will drop the subscripts and superscripts from the notation when o = 1 and write

B := By, X-v=2%X0.
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Finally, define

Xvalt) = Ua(Zy(t)) = % £ B,

and, again, write Xy := Xy ;. This leads to the simple decomposition
log Zn(t,i) =log || Zn(t)|]a + log XN a(t, 1) (1.6)
Note that, by the recursion (LX) and homogeneity, we have
Xnalt) = Vo (X(t) Znalt — 1)) = Ua(X(t) Xnalt — 1)),

showing that { Xy (t): t > 0} is a Markov chain. We list further important properties of this
chain in the next theorem.

1.2. Product of random matrices and polymer model structure. All three results in
this subsection come as applications of the general theory of product of independent random
matrices. They are overlooked in this context, although they provide a complete understanding
of the model for a fixed N. For integers s < ¢, let

M(s,t) = X(s +1)...X(0), tt) =1y, () =I(0,1).

Theorem 1.1. Let Zy(0) € RY.

(1) Forallo > 0, the recursion (L) with initial condition Zx(0) defines a time-inhomogeneous
Markov chain {Xno(t) : t > 0} with values in B,.
(2) There exists an event Qo with P(Qy) = 1 such that the (random) limit

Vi = lim TI() T, (1.7)

exists for alla > 0,w € Qy and does not depend on v € RY. Moreover, Vit = Ya(Vi5)
for all a, 8 > 0.

(3) Let my,o denote the law of ViE,. The chain (Xyo(t))e=0 with initial law my o is sta-
tionary and ergodic.

(4) Denote by 05 the shift on Q by s € Z, Ow(t) = w(s +t), and set

Vi, (s) := VS, ol = tlim I(s,t) “ v, (1.8)
’ ’ —00
and V£, (s,7) the j-th component of this vector. (In particular, V<, (0) = Vi5,.) Then,
x(0) VRS, = Vita(=1) (1.9)
This is proved in Section 2.1] and the Appendix.

Our next result states the almost sure existence of the free energy as well as Gaussian fluc-
tuations for the logarithm of the partition function. From (L6), note that the asymptotics of
log Zn(t,7) is essentially given by that of the first term. That this limit is independent of «
comes from the observation that, for each a > 0, there exists a constant cy(«) € (1, 00) such
that

en(@) ol < [Jolla < en(@) [lvll, Vv e RY.

Theorem 1.2. Fiz N, assume that the w’s are not constant and that E|logw; ;|**° < oo for
some positive 0. Then, there exist numbers vy and oy > 0 such that, for all j =1,... N,
1
lim —log Zn(t,7) = vn a.s.,
t—oo

and
1 aw
—(log Zn(t, j) — vnt) Jov, N(0,0%) as t — 0o.

Vit
Furthermore, with V5, from (1),

oy = E [log [[X(0) V5, lla] - (1.10)
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We give a proof in Section 2.2

We now turn to the asymptotic of the polymer measure. The P2L polymer measure starting at
i with time-horizon T, denoted by Fy.,, is the (random) probability measure on Jy(0,4; 7', x)
given by

T
P(S‘,}i;T,*(j - (jO,- .. ,jT)) ZN 0.4 T * H Js— 1,]5 (]-]-1)

Similarly to Proposition [[LT] there exists an almost-sure limit to the “backwards-in-time” prod-
uct

Nals) = lim TI(t,s)" v (1.12)
t——00

which does not depend on v € RY. Since X(0)* law X(0), we have

) law 1 00
N@(S) = VN,a' (113)
Our second set of results states the existence of an infinite volume polymer measure together
with a co-variant law: define the random probability measure vy(¢,-) on {1,... N} by
Uty f) = N, (t,7) N, (t,7) o Nt J)VE(t,5) (1.14)

SY VR b RVE®E) SN VR VR E)

since the ratio in the second term does not depend on «, by Theorem [[LT] point 2. In words,
the co-variant law is proportional to the doubly infinite product of weights over polymers (from
times —oo to +o00) which take the value j at time ¢.

Theorem 1.3. (1) For almost every environment w, the polymer measure Fy.r, converges
as T — oo to the (time-inhomogeneous) Markov chain with P*(jo =) = 1 and transi-
tion probabilities given by

w : Wre(t+1)VP(E+1, ¢
P (e = g‘]t =k) = N kel SV ) (1.15)
2pmy Whe(EHDVE(EH1,0)
1 we(t+1VRR(t+1,0)

T R OVEEDL (T vk (1.16)

fort >0,k ¢e{l,...N}.
(2) Let w € Q. For the chain with transition (LID) starting at time s with law vy (s, -), we
have fort > s,

Py =0) =vn(t, (), ¢=1,...N.
This is proved in Section
Note that, if Zx(0,;t, %) denotes the vector (Zx(0,1;t, %), -+, Zn(0, N;t,%))*, then
Zn(0, 5 t;%) =TI(¢) 1, (1.17)

where I1(¢) is defined in (L4]). This representation allows us to define a polymer measure with
more general initial conditions. The above theorem can be easily adapted to this setting.

Remark 1.4. The law my = my 1 1s the limit law of the endpoint distribution which appears
in [3] as a fized point. (Of course, for a finite state space, there is no question of localization
and the disorder is always strong.) The previous theorems provide much more information in
this simplified framework.
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1.3. Case of a-Stable Environments. We consider now the particular cases when the en-
vironment follows a stable law of index « € (0, 1), see [5, 20]. The law S, is supported on R,
and can be defined via its Laplace transform: if S is distributed according to S, then

Ee ™ = ™", (1.18)
for all A > 0. In particular, if Si,---, Sy are N independent S,-distributed random variables,
then

N
NTVeNT S =S, (1.19)
i=1
and, more generally,
N
Z CLZ'SZ‘ 12” Sa, (120)
i=1
provided Efvzl ay =1 and a; > 0. The tail of S, is known to decay polynomially,
1
P[S ~—x
[5> 1] F(l—a)x ’

as x — 0o. Furthermore, S, is the limit of properly normalized sums of i.i.d. random variables
exhibiting similar decay.

It turns out that this choice of environment makes the model solvable, in the sense that the
law of the (properly normalized) partition function is explicit. The decomposition (@) has to
be slightly modified to reveal the rich structure of this version of the model: let

S(0.3) = a0 = 0g | (0 (1.21)

so that

log Zn(t,5) =log Sn(t,7) + on(t —1). (1.22)
There are many reasonable manners to measure the mean height of the polymer. However the

a-norm yields an unexpectedly simple description. The full probabilistic structure of the stable
case is detailed in the next theorem.

Theorem 1.5. Suppose {w;;(t) : t > 1,1 < i,j < N} is an i.i.d. family of S,-distributed
random variables. Then,
(1) {Sn(t,7) : t > 1,1 < j < N} is an i.i.d. family of S,-distributed random variables.
Moreover, the terms in the sum (L22) are independent.
(2) Starting from any state, the Markov chain Xy o(-) reaches equilibrium instantaneously.
In fact, (Xyo(t))es1 is an i.d.d. sequence in B, for all starting point Xy .(0).
(3) {on(t) : t > 1} is a random walk with i.i.d jumps {Tn(t) : t > 1} distributed as

Ty 2 log Sy |las (1.23)

where Sy is a N-vector with i.i.d. S, -distributed coordinates.
(4) UN — E[TN], 0'12\[ = VCLT’[TN].
(5) The invariant law my o has the same distribution as Hssﬁ
(6) The sequence {(Vo,(t,5))i1 s is i.i.d. with common distribution my .

This is proved in Section 3.1l

Note that, from the product of random matrices point of view, our results look very close to
[13] in spirit, although only the symmetric stable case is treated there. However, an inspection
of their proofs shows that they do not cover the case of positive totally asymmetric stable laws
studied here.

As the velocity and variance from Theorem are now explicit, we can try to obtain their
asymptotics when N grows.
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Proposition 1.6. Assume {w;;(t): t > 1,1 <4,57 < N} is an i.i.d. family of S,-distributed

random variables. Let )
sin oy

o =1 1.24
o = T(0) 2T (1.24)
Then, as N — oo,
N = ofl(logthloglogNleogca) +o(1), (1.25)
2
9 T 1
N = 3a210gN+0(1ogN)'

This is proved in Section
We now state the convergence of the rescaled random walk or polymer height to a Lévy process:

Theorem 1.7. Assume {w;;(t) : t > 1,1 < 4,57 < N} is an i.i.d. family of S,-distributed
random variables. Then, for any sequence ky — 0o, we have that

¢N(kN7') — yvknT
ky/log N

in law in the Skorohod topology, where ¢y is defined in (L21]) and

1 Nlog N log k
= —lo
w a 08 Il —a) alog N

and S(-) is a totally asymmetric Lévy process with exponent

b(u) = /loo(em ey /Ol(em i (1.27)

S(7), (1.26)

22 22
The proof is very close to the one of the corresponding statement in [I5] and is given in Section
5.9

Finally, we obtain a Poisson-type convergence result for the invariant measure my , in the case
of an S,-distributed environment. This is presented in Section [3.4]

1.4. Perturbative results. We will now study the case of environments that are perturbations
of the S, laws.

Let a € (0,1) and suppose {w;;(t) : t > 1,1 <4,j < N}is anii.d. family of random variables
with a common Laplace transform

cp(u):E[eXp{—uwivj(t)}], u >0,

such that

1—(u) ~u*, u— 0" (1.28)
We view such an environment as a perturbation of the a-stable distributed environment, since w
lies in the domain of attraction of the a-stable law. It is important to note that Ew; ;(t) = oo,
therefore the various partition functions are not integrable and cannot be normalized. In
particular, the models we consider are outside the range of application of the main techniques
in the field of directed polymers [14]. Let u, denote the distribution function of the logarithm
of an S, random variable

Ua () = P(S, > €7), z € R, (1.29)
and let Uy denote the front profile of the polymer,
| XN
Un(t,2) =+ Zl Liogzn(tjyse s  tENz€ER (1.30)
J:

The random function x +— Uy(t, z) is the (inverse) distribution function of the polymer height
function.

Theorem 1.8. Suppose the w’s satisfy (L28) for a given a € (0,1).
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(1) Then, for allt > 2 and any i € {1,--- , N}, we have
ZN(t7Z>
125 = Dlla
Moreover, for each k > 1 and any sequence Ky C {1,---, N} with |Ky| = k, we have
ZN(t,i) . } law k
———" . ie Ky, — S
{||ZN(t — Dlla
(2) Furthermore, for allt > 2, we have, with ¢n from ([L2I)) and u, from (L29)
Un(t,z+ on(t —1)) = ualz) a.s.,

as N — oo, uniformly in x.

1
5 Sa

Comment: Since the polymer is pulled by the largest values, the height function is expected to
grow like a moving front. Roughly, the front behaves like a wave traveling at speed vy, and one
could try to look at it at time ¢ around location vyt. But if the cardinality N of the monomer
state space is large, the actual front can be rather different from wvxt, so it is natural to look
at it relative to a suitable random location ¢x (¢ —1). Item (2) in Theorem [[.§ shows that, for
w close to an a-stable law (i.e., an exactly solvable model), the polymer height function seen
from this location ¢x(t — 1) converges — without scaling — to the exactly solvable model.

Theorem is proven in Section In Section . we will also prove more complete results
in the case of stable environments, including a fluctuation theorem; see Proposition 1]

2. GENERAL ENVIRONMENTS WITH FIXED N

We note once for all that ¥, is a continuous bijection from B = B; to B, for any a > 0.
Hence, it is enough to work with o = 1. The objects constructed on B; can then be projected
on the other a-symplexes yielding the results for general values of a.. In particular, the relation
Ve = \Ila(Vf,f’B) appearing in part 2 of Theorem [[LI] follows immediately. Hence, we will
restrict to a = 1 for the rest of this section.

We follow the well-known theory of product of random matrices, see e.g. [27, 28].

2.1. Asymptotics of the Markov chain and stochastic contractivity. In this section
we prove Theorem [T using the following lemma, cf. section I in [27], which is the involved
step. We reproduce the proof in the appendix as it contains some crucial ideas, in particular a
contraction property. (And, moreover, it is beautiful.)

Lemma 2.1. There exists a r.v. Vy° taking values in B such that, for all v € B, TI(t) - v
converges a.s. to Vy°© ast — oo. The convergence is a.s. uniform in v € B.

This immediately implies the almost sure convergence stated in part 2. of Theorem [LLT. Note
that we can conclude that Xy(t) converges in law to my as t — oo.

Lemma 2.2. The law my of VY© is the unique invariant probability, i.e., the unique probability
measure on B such that, for all bounded continuous f : B — R,

/E[f(%v dmN /f Ydmy (v
B

The law my is usually called the Furstenberg measure.

Proof. From Lemma 2], V' = lim, [1(2,¢) - = converges a.s., and has the same law my. The

equality X(1)-V’ = Vg° is the claimed invariance property. Moreover, if m/y is another invariant
law, we get by iterating ¢ times,

E[f(I) - 2)] dmiy(@) = | f(@)dmi(e
E

B
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By dominated convergence, the left-hand side converges to Ef(V{°), and we can conclude that
m’ is the law of 1. N

Lemma 2.3. The law my is invariant for the Markov chain (Xy(t);t > 0), and the chain

Xn with nitial law my is ergodic. For any bounded continuous f : B — R and any initial
condition Xy (0) € B,

lim %Z F(Xn(s)) =E[f(VE)], P-as. (2.1)

t—o00

Proof. We can write (IL3) as X(0) ° Vi, = Vio, 00_1. Transposing this identity and using that
(X(0), Vo, Ve 0 01) 2 (x(1), V32, V2 0 61), we see that

Ve x(1) = Vo,

Since V;;O and X(1) are independent and V}’VO is stationary with law my, this equality implies
that my is invariant.

Ergodicity is shown in Lemma 3.3 in [27]. Finally, the pointwise ergodic theorem (2.1J) follows
also from the previous and the contraction property, see Appendix [A.2] |

2.2. Free energy and Lyapunov exponents. The Perron-Frobenius eigenvalue of the (strictly)
positive matrix II(¢) is the r.v.
I1(t)x) . [1(t)x) .
MF(t) = min  max 7( ®) )l = max min (1) )Z.
(R )N 1<i<N X; ze(RY)N 1<i<N x;
We start by stating that all coefficients of the matrix TI(¢) grow like the Perron-Frobenius
eigenvalue.

Lemma 2.4. [28, Lemma 2.1] Fiz N. We have for all t > 2,

mameN sz(t) maXmSN w”(l) maxi,jSN w,j(t)

0= log min; j<y I1; () < log min; j<y w;;(1) +log min; j<y w;;(t)’ (2:2)
and for all y € (R%)N,
| < mé.lXiSN(H(t)y)i < maXi <N Wi.j(l). (2.3)
ming<n (I(¢)y); — ming j<ny w; (1)
Moreover,
sup ’ log AN (t) — log ||H(t)1||1’ <00 as. (2.4)

t>1

Proof. By positivity, we see that for all m,m’,n,n" < N,

max; w;q(1

M) = 3w el t = Dwpa(t) < =N j<1> Mo (1)
k(<N min; j<y w; (1)
1,7 7. t

Hm,n<t) S max .7<Nw .7( ) (t)

min; ;< wj. ](t)

This implies (22)-(23]). By Perron-Frobenius theorem, 3z > 0 with ||z||; = 1 and z*II(¢) =
AEF(#)x*. Then, on the one hand,

o)1 = AF ()% 1 = A (1),

while we can estimate

H1 =Y x(1(1)1); < (1)1l

<N
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and
CUN1 =Y (1) > min(()1); el
i<N '
B min, oy w;(1
2 mingevwis (D),
max; j<n w”(l) 1
Then the claim follows using that N7 |y|; < |y|e < |yl with y = T1(¢)1 € RV, |

We are now able to show the existence of the free energy and the Gaussian fluctuations of the
logarithm of the partition function.

Proof of Theorem[LZ For a N x N-matrix x, set ||x|1 = Zﬁ;:l |Xij|- Since the norm || - ||
is submultiplicative, we see that the doubly indexed sequence log |[TI(s,t)||1(0 < s < t) is
subbadditive and, by the subbadditive ergodic theorem (see e.g. the nice proof in [37]), it follows
that ¢~!log ||TI(¢)||; converges a.s. to a limit vy, and similarly for the entries ¢! log ||IL; ;(¢) |1
by Lemmal[Z4l Moreover, from Theorem 3 in [27], a central limit theorem holds. It then suffices
to recall that Zy(t, j) = (II(¢)*1);.

Strict positivity of the variance follows from two results in [27]. By Corollary 3 therein, o = 0
implies that (e ™~ |[|TI(¢)||1)s>1 is a tight sequence in (0,00). By Theorem 5, this is equivalent
to a certain geometric property of the support of the law of X, which is clearly not satisfied for
X with non-constant, i.i.d. entries.

It remains to prove (LI0). By Lemma 2.4 we have

o1
UN = lim —log || Zn(t)]|1
t—oo T
1 12 ()]s
= lim — log —M~2—
Hwt; S1Zn(s — Dl
L3

C1¢ .
lim Z;log |%(s) X (s — D

ergodic th.

= Elog[|X(1)" Xn(0)]ls,
which is equal to the RHS of (L.I0). n

2.3. Infinite volume measure. In this section we prove the existence of the infinite volume
polymer measure and of a co-variant measure.

Proof of Theorem[1.3. Recall the definition (LIII) of the finite horizon P2L polymer measure.
It is well known, and easily checked, that Fyr, is a time-inhomogeneous Markov chain on
{1,..., N}, with 1-step transitions given for 0 < ¢ < T by

wk,g@ -+ 1)ZN<t -+ 1, g; T, *)
Zlgmgjv Wem(t+ 1) Zn(t +1,m; T, %)

ZN (t+17Z7T7*)
wkl(t + 1) Zf’ ZN(tJrl,Z/,T,*)
ZN(t+1,m;T,*)
Z1§m§N wrm(t + 1) S o ZN(E+1LO5T %)

By (e = f}jt =k) =

But, a.s.,

In(t+1,6,T, %) N
=IIt+1,7)-1 Vool +1
<Z£/ZN(t+1,f/;T,*))£:1 t+1,7)-1— Vit +1)
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as T' — o0, so the above transition converges,
wre(t+ VRt +1,0)
SN et DR+ 1,0)

This proves that the finite horizon P2L polymer measure converges to the Markov chain P*
given by the transition probabilities (ILIH). In order to obtain (LI0]), one can use a shifted

version of (L9,

P&)@';T,*<jt+1 = f‘jt = /f) —

X(t+1)- V@t +1) = Ve,
to rewrite the denominator in the RHS of (ILIH) as

N
Zwk,y(t +DVRE+1,0) = VEE)|X(E+ DV + 1)1

=1

We end by proving the second part of Theorem Note that (LI4]) writes

Vv

I v 2
where V() Vee(t) = SN V(1 k)VRo(t, k), so that, with (IIG),
Voot k) X wie(t+1) x VE(t+1,0)
un(t, K)PY(jpyr = l]ji=k) = — 22 it N A .
P e = =) = Ve D ¢ (VR 0) 20
Summing over k and using (LI2]) we get
N Vo410 x |x(t+1) V@) x Vet+1,0)
on(t, k)P (o =Lljy = k) = 2 NN ’ .
2l P G =t} =) RO OV D < (VEOVED)

Summing now over ¢ we derive the identity
2+ DVEE DL (VEOVED) = 12D VEOL (VREDVREED) (28
Using (2.8) back in the RHS of (2Z71]) we see that it is equal to vy (t + 1,¢), proving the claim. B

Remark 2.1. We thve in fact a time-reversal property. Define the (time-inhomogeneous)
transition probability P“ on {1,2,...N} by

<]3w i =k|j, =€) = wk,z(t+1)v]°v°(t, k)
’ e Vel + Lolxe+1) Ve+ 1),

Then, by ([28), the equality ([2.6]) writes
. . — .
un(t, k)P (jua =] e = k) = vn(t +1,0) P (jua =k|js = 0),

from which stationarity follows immediately. T&e time-reversed of the chain discussed in item
2) of Theorem[I 3 is the chain with transitions P“ and starting at time 0 from the law vy (0, -).

3. EXACT SOLUTION FOR STABLE LAWS

We consider the particular cases when w; (1) law S, the stable law of index a € (0,1), see
[5L 20]. We recall that it is supported by R, and that, for A > 0,

Ele %] = ™. (3.1)
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3.1. The random walk representation. This section is devoted to the proof of Theorem
which summarizes the probabilistic structure of the model.

Let by F; be the o-field generated by the w; j(s) for s <t and all 4, j. Property (L20) directly
implies that for each j, conditionally on F;, Sy (t+ 1, j) has law S,, for all 1 < 7 < N. To deal
with the N-vector, we fix \; > 0 for 1 < j < N and we compute,

N
E[e_ Zé\;l )\jZN(t+1,j)|ft] _ H E[G_AjZN(t7i)wi’j(t+1)|ft]

= exp{— Z A Z Zy(t, )} (by B). (3.2)
Then

N
Ele~ Tl A+ 7] = eXp{_Z)‘?}’ (3.3)
i—1

which shows that, conditionally on F;, Sy(t + 1,j) with 1 < j < N) have law S, for all
1 < 7 < N and are conditionally independent. As a consequence, the random variables
{Sy(t+1,7):t>1,j=1,--- N} are i.i.d. with common law S,. This proves Proposition
L3 part 1.

Now, recall the identity (L22)

logZN<t7.j) = log SN<t7.7> +¢N<t_ 1)7 (34)
where ¢n(t) denotes the height of the polymer at time ¢:
On(t) = log || Zn(t)lla- (3.5)
By definition of the a-norm,
N
on(t+1) = a gD Z(t+1,i)%)
i=1
Z(t+1,14)
— o llog Z e - 1og || Zx ()|«
= o} logz Sn(t+1,0)* + on(t) (3.6)
i=1
= log||Sn(t + 1)||a + on(t). (3.7)

where Sy(t) denotes the vector (Sn(t,1),---,Sn(t,N)). From the independence observed
above, the sequence {Y (t) : t > 1} defined by

T (t) = log |Sn (1)l

is i.i.d., and (¢n(t)); is a random walk with jumps Yn(-). The identity (3.4]) shows that
{log Z;(t) : j=1,---,N}is an independent N-sample of the a-stable law with an independent
shift by ¢n(t — 1). The above discussion proves Theorem [[H] part 3 and readily implies part
5.

We now turn to the proof of part 5 and 6 in Theorem Let S = (S1,---,Sn) be a vector
with i.i.d. entries following the law S, and let X = HSII .

e o XO)S 8
X(0)- X =X(0)-5 = =03 [E
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where S = % By the conditioning argument above, we see that S has the same distri-

bution as S. Hence, X and X(0) - X have the same distribution and the law of X is indeed the
unique invariant measure for the system.

3.2. Asymptotic of the Lyapunov exponent for large N: We will prove Proposition [L.G]
namely,

2
1
avy =log N +loglog N +logc, +o(1), a’oy = 31(7>TgN +O<logN>’

with ¢, from ([L24]). Recall from Theorem [l that

N
vy =EYy =Elog ||Syll. = a'Elog Y 5°(j),

j=1
for Sy = (S(j); 7=1,---,N) an N-sample of S, independent random variables, and
ox =E[(Ty —vn)] (3.8)

Note that P[S{ > z] ~ F(l so that the S(7)*’s are in the domain of attraction of the totally
asymetric stable law of mdex 1 that we will denote by §. This is the stable law of index av = 1,

with characteristic function given for u € R by

‘ oo d L d
Ee™® = exp {/1 (e — l)x_f + /0 (e —1— zu:p)x—f} (3.9)

2
= exp {iCu - g|u|{1 + i—sign(u) In |u|}}
T

for some real constant C' defined by the above equality. It takes real values, not only positive
ones. We can then appeal to a general fluctuation result:

Proposition 3.1. Suppose (X;); is a family of i.i.d. positive random variables such that P[X; >
x] ~ 7 L(x), with L(x) a slowly varying function. Let

ay =inf{z: P[X; > 2] <1/N} and by=NE[X;1x <a,]- (3.10)
Then,
N
; Xz —b aw,
2z Xi ZON v o (3.11)
an
Proof. This is a particular case of [20, Th. 3.7.2]. |
In our case, we can replace ay, by by their leading order (denoting them with the same symbol
for simplicity): with ay = ﬁ and by = %, we have
r'l—a) NlogN law,
Sy = ——— S(j — S 3.12
vim LD fs s e o s 312
as N — oo. In particular,
N o
Zj:l S(5) 1

1
NlogN  T(I—a) (3:13)

in probability, as N — oco. The asymptotics for vy follows from next proposition:

Lemma 3.1.

> 50)°

lim E
Nlog N

n—o0

log

] = —logI'(1 — a). (3.14)
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Proof. To derive convergence of moments from the convergence in probability above, we prove
uniform integrability, following arguments of [I3], proof of Prop. 2.8]. It suffices to show that

sup E(Sy/(Nlog N))* < oo (3.15)

both for some for a > 0 and some a < 0, where Xy = Zﬁl S(i)~.
For the first purpose, let ¥y = Ziil Si'lise<nuy and note that

sin(ma)

P(Xy # Xy) < NP(S* > Nu) ~ T'(a)

U
as N — oo. Use Markov inequality and bound, for v > 0,

P(Sy/(Nlog N) >u) < u'E(Sy/(NlogN)) +P(Sy # Sy)
= O(u'logu),
which implies ([B.15) for a € (0,1).

We now treat the case a = —1: write by Fubini’s theorem

E[(ZN/(NlogN))*l} :/mEe_tzN/(NlogN)dtz/Oog(t/(NlogN))th,

where
1 —Citllogt| te€(0,1/2],
g(t) = Eexp{—t(S,)"} < Cs t € [1/2,log N, (3.16)
t7, t > log N,

for some C; > 0,Cy € (0,1) and v > 0. The bound for ¢ € (0,1/2) follows from the explicit rate
of decay of the tails of S,, whereas the one for ¢ > 2 follows from the fact that the density of
S, at s is O(s). Plugging the bounds (B.I6]) into the above integral, we get ([B.13]) for a = —1.

|

This ends the proof of Proposition and yields avy ~ log N + loglog N — logI'(1 — «).

As for the variance, first note that, by [I3] Lemma 2.6] (or even the arguments in the proof
above), log Zjvzl S(j)® has finite variance. Now, with ¥y as in the proof of the previous lemma,

XN 1
o8 (caNlogN) Og( - logNSN) w(Sw), (3.17)
where Sy is defined in B.I2), ¢ = 1/T(1 — a) and Fy(z) = log(1 + ;7). Let L > 0 and

observe that the functions log N x Fig(z) are uniformly bounded and uniformly continuous on
{z < Ly/log N}. Assume that, on our probability space, Sy — S almost surely. Then,

10gNE [F]%(SN)]‘\SN\SL\/W] ~ logNE [FJ%(S)]‘\SNEL\/W} (318)

0 d
~ logN/ F]%(y)y—‘g. (3.19)
0

w2

By a simple change of variable, the last quantity equals [ log®(1 +v) Z—g =

3.3. Scaling of the polymer height.

Proof. Theorem [L7l In this section, we proceed as in [15], Theorem 3.2.
We first expand Yy from (L23). Recall that

1 N
Ty = —log z; S,
]:
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for Sy, -+, Sy independent S,-distributed random variables. From (B12)), we get

o N log N Sn
ZS 1—a){1+log]\7}

with Sy converging to S, the totally asymmetric stable law of exponent 1 given by (B.9) .

Hence,
1 Nlog N Sn
Ty=-1 - — 1/log N
NTL® (F(l—a)) alogN+O< /log N)
so that, for all t > 1,
Sn(t) :=alog N{Yn(t) —logfn} — S, (3.20)

T(l-w)
scaling limit for the walk itself, we use basic convergence theorems of independent increments
processes. We apply Theorems 3.2 in [30], taking Y,”, 4™(¢) in formula (3.1) in that paper equal
Sn(m), kyt respectively. We derive the desired convergence ([L26)) after a few manipulations.
|

1/a
with Sy = <N log ¥ ) . This gives the scaling limit of the jumps of the walk ¢5. To get the

3.4. Asymptotics of the invariant measure. Recall the definition
Zn(t) Z (1)

HZN(t)Ha B (Z»ZN(t,j)Oé>1/a.

Letting Sy(t,j) := # and Sy (t) = (Sn(t,1),---,Sn(t, N)), we get
Sn(t)

(5, swt.) "

where we recall that {Sy(t,7): t > 1,1 <j < N}isaniid. family of S,-distributed random
variables.
We borrow a (basic) version of Theorem 5.7.1 from [33]:

XN,a (t) -

XN,a (t) -

Lemma 3.2. Let (X;); be i.i.d. random variables with common distribution function F' and let
Uy, = Uy (7) be such that

n[l — F(u,(7))] = 7. (3.21)

Then, the point process

Zé 1 (3.22)

converges weakly to the Poisson point process (PPP) on R with intensity measure the Lebesgue
measure.

In our setting, 1 — F(u) ~ cu™ as u — +oo with ¢ = I'(1 — a)~! so that we can choose
U (1) = c/ont/er—te ut(z) = ena ™. (3.23)

Let (S;); be an ii.d. family of S,-distributed random variables. Then, according to the above
result, the point process

N
Py = doygo (3.24)
i=1

converges weakly to a Poisson point process (7;); with intensity d7 on R,.
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A more familiar formulation is that { N‘?ja} converges to a PPP with intensity proportional to
s~ () Accordingly, it is tempting to rewrite
N-YVesy(t
XFalt) = —— vt e (3.25)
(X (VYo Syt )°)
but the denominator diverges, as
N .
- SN (t, )" 1
2= SN , (3.26)
Nlog N Il - a)
so that it is not unreasonable to expect
NSy (t
(log NV x Xy o(t) = w() (3.27)

1/a
(Zjv_l SN(t,j)a) /
N log N

to converge in some sense. Since the limit would have infinitely many points in the neighborhood
of 0, we perform a non-linear transformation on the point process, and consider o; = —log 7.

Proposition 3.2. Assume w;; ~ S,. We have the convergence of the point process

N
law
Z 504 log X37 , (i)+logy N — Z 5@ (328)

i=1 i>1
with (0;); a Poisson point process with intensity e “do on R. (log, = loglog.)
We make a comment on localization: Directed polymers on the lattice in strong disorder regime
have macroscopic atoms, in the sense that the favorite sites at the ending time have mass

bounded away from 0 [I6] 3]. Here, the largest mass vanishes at order (log N)~/¢. Localization
is thus rather weak in our model.

4. PERTURBATIVE RESULTS

As a preliminary, we show an additional result when the environment is distributed as the
stable law.

4.1. Wave front in the a-stable case. Recall Uy(t, ), u, and ¢y from (L30), (L29) and
(L21)) respectively.
Proposition 4.1. Assume w;; ~ Sy, and fix t > 1 arbitrary.
(1) Conditionally on F;, we have a.s., as N — oo,
Uy (t,x + on(t — 1)) — ua (),
uniformly in x.
(2) As N — oo,
log N x [UN(t, x4 (t—1) vy + ¢n(0)) — ua(a:)] L ! (2) 2.
where Z is distributed as a sum of t — 1 independent S random variables (see definition
BA)) - i.e., equal in law to (t —1)S up to a shift.
Proof. Let
Xn(t,g) = logSn(t,j) = log Zn(t,j) — on(t = 1)
Recall from Theorem that the random variables {Xy(t,7) : t > 1,1 < j < N} are i.i.d.
with common law logS,. Hence, conditionally on F_;, Un(t,z + ¢n(t — 1)) is a sum of

independent Bernoulli random variables with parameter u,(x). Pointwise convergence in item
() then follows from the law of large numbers. Further, pointwise convergence of monotone
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functions to a continuous limit is uniform on compact by Dini’s theorem; in fact, the limit is
even uniform on R because the functions are bounded. All this yields item ().
To prove item (2)), first observe that

Un(t,z+ (t — 1) vy + on(0 Zl{xwmx [én (t=1)—n (0)—(t=L)onT}
7j=1

is, conditionally on F;_1, a binomial r.v.. By ([C2I]) and (T23]),

afpn(t —1) = on(0) = (t = Dvy] = Oéz [T (1) —vn]

Since the i.i.d. variables S(l,j)* belong to the domain of attraction of S, we can write

N
ISNDIIE = 8(1,4)* = caNlog N + ca NSy (1)

J=1

where the variable Sy(l) defined by this equality is such that Sy(l) % Sas N = oo (see
B12)). Since ey = ¢,Nlog N(1 + o(1)) by (L27), we have

afon(t) — on(0) — tuy] = zt: [log (1 + 1Og1NSN(l)> + 0(1)} :

=1

From this, we deduce that alog N x [¢pn(t — 1) — ¢ (0) — (t — 1)vy] converges in law to the
sum of (t — 1) independent S random variables.
Moreover, for any sequence zy — 0, the central limit theorem for binomial variables implies,

N
1 aw
N2 x [N " Loxairsan—sny — ol = m] % N (0, ua(@)[1 — ua(@)).

j=1

Together with a suitable Taylor expansion, we see that the Gaussian fluctuations vanish at the
relevant scale,

log N x

N

1

N D Laxu(tisan—zn) — Ual(®) +up () - ZN] — 0.
j=1

Taking zy = af[on(t — 1) — ¢n(0) — (t — 1)vy] and recalling the stable limit for zy log N, we
complete the proof of the second statement. |

4.2. Wave front for perturbations of the a-stable case. We give the proof of Theorem
[L8 Tt is plain to see that hypothesis (L28)]) is equivalent to

o(u) = exp{—u*(1+¢e(u))} with 1im+€(u) =0, (4.1)
e—0
by considering the function e(u) = —u~*log ¢(u) — 1 for positive u. Define

ZN
Zn(t __enn D . 42
( .]) ||ZNt—1 Ha ;CLN w] ( )



RANDOM POLYMERS ON THE COMPLETE GRAPH 18

where ayn,; = % Note that that ay,; are functions of X(1),...%(t — 1) and that
Zi]\il af; = 1. Now,
N

Elexp{—uZn(t,j)}Fi-1] = H p(uan,;)

= exp {— Z(UGNJ)O{(I + E(Ule,i))} (by @10)

N
= exp {—uo‘ (1 + Z a?\,,ie(uaN,i)) } :
i=1

In the next section we will prove the following

Lemma 4.1. Under the above hypothesis (L28),
sup{|lan.illoc} = sup{ani;1 <i < N, X(1),...,X(t—1)} = o(1)
i<N

in probability as N — oo when t > 2.

With the lemma at hand, we finish the proof. Then, the computation above yields
Elexp{—uZy(t, j)}|Fi-1] = exp {—u*(1 4+ o(1)) } — exp{—u"} = Elexp{—uSa}]

for all w > 0. This implies (e.g., [22] theorem 2, p.431) that Zx(t, j) 1% S, which is the first
claim of the theorem. Conditionally on F;_;, the variables (Zn(t,7)/||Zn(t — 1)||a : i € Kn)
are i.i.d., so the second claim follows directly.

We end by proving item (2). From the law of large numbers for triangular arrays of i.i.d.
random variables, the claim follows for all real . Then, uniformity is obtained similarly to the
proof of Proposition .1l This ends the proof of Theorem |

4.3. Proof of Lemma 4.l We start with a simple proof under a stronger assumption, because
the coupling argument there makes things transparent. In a second step, we give the proof under
our general assumption.

4.3.1. Coupling. In this section we present the proof under more restrictive hypothesis: We
assume there exist constants a < b such that

Ug(z —b) <P(logw;;(t) < x) <ug(x—a), z€eR. (4.3)

with u, from ([L29). This allows to couple the environment w at time ¢ — 1 with i.i.d. «a-stable
random variables s; ; on a larger probability space in such a way that

0718”‘ S wl-j(t — 1) S CSij, 1 S ’l,j S N, (44)
with ¢ = max{a™!,b} > 1. Define

N(t—1,7) ZZN i)si; (4.5)

Then, for some constant C, we have

Zn(t—1,i S,

M
¢ <Zj:1 S5 )

where the random variables S; = @%ﬁ, j = 1,---, N are now independent and S,-

distributed. ~As noted above, the S7’s are in the domain of attraction of &, so that the

(4.6)

an; <
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denominator is O((Nlog N)/). Recall that the sum of the S;’s is O(N'Y?®), we conclude
that 3N ay; = O (

W in probability. The estimate is uniform on F;_;.

4.3.2. Proof completed. In this section we present the proof under the standing hypothesis
).

First, recall a well-known relation on tails of distribution and Laplace transform of a positive
r.v. V: The equivalent hypothesis (1)), Ee™*" = exp{—u®(1 + &(u))} with lim. ¢+ e(u) = 0,
is itself equivalent, by the Tauberian theorem (Corollary 8.1.7 in [4]) to

PV > z] ~ m, T — 00. (4.7)

We note that Zy(t,4) defined in (&2, satisfies (&) (equivalently, (L28))). Indeed,
N
E(exp{—uZn(t DHF) = exp { — (1 + 30 e(an) )
i=1
where we can bound the sum uniformly by max{e(v);v € [0,u]}, which vanishes as u — 0.
Then, we apply the above to V' = Zy(t,4), which obeys the tail estimate (.T]).
Thus, we can apply the theory of extreme statistics for triangular arrays of i.i.d. real variables,

which implies that the maximum of Zy(t,i) over i normalized by N~/® converges to a Frechet
law. In complete details, we have (e.g., [§], Th. 2.28)E|

Z t . aw
{ ]1\\77(1/,&@) 1 < N} 1% PPP with intensity ﬁx(lﬂu)l&_

This point process has a finite right-most point and the sum of the a-powers of its terms
diverges. Hence,

Zn(t.j) 1 Zn(t,1)\"
logan,; < %%(logw—alogz Nia — —o0, N — . (4.8)

J

This proves the lemma. |

APPENDIX A. PROJECTIVE SPACE AND STOCHASTIC CONTRACTIVITY

For the sake of completeness, we give a proof of Lemma 2] and expose the principal ideas
leading to it.

A.1. Contraction in the projective space. When studying random matrix products, it is
convenient to introduce the projective action of these matrices. See, e.g., [7] for invertible
matrices, and [27] for positive matrices. Projectively, that is, when only the directions are
considered, the elements of the positive N-dimensional orthant are represented by points of the
open and closed polygons

B={se®)illeh =1}, B={re®)"]alr =1} (A1)

If g is a N x N matrix with (strictly) positive entries, we denote the projective action of g on
B by the notation -,
gx

g r="r,
gl

! @) implies that the solution vy (1) of NP(Zx(t,7) > vn(7)|Fi_1) = 7 is such that
N

on(T) ~ I —a)u~

uniformly over F;_1. This is all what we need in the i.i.d. case to apply the theorem.



RANDOM POLYMERS ON THE COMPLETE GRAPH 20

which belongs to B for all z € B. The set B can be equipped with a convenient metrics d(z,y),
which relates to the Hilbert distance (see [27, Remark below Prop. 3.1]). For z,y € B let

m(z,y) =sup{A > 0: \y; < z;,¥i < N} €[0,1],
and define, with ¢(s) = (1 —s)/(1 + s),
d(x,y) = ¢(m(z,y)m(y, ).

Proposition A.1 (Sect. 10 in [27]). The map d : B x B — [0, 1] defines a distance on B, and
we have:

(i) The topology of (B,d) is the topology on B induced by the usual topology on RN, For
x € B\ B andy € B, we have m(x,y) =0 and then d(x,y) = 1. Also,

lz = yll> < 2d(z,y), =,y€ B.
Define the contraction coefficient ¢(g) of a positive N x N matriz g as

c(g) =sup{d(g-z,g-y);z,y € B} € [0,1].
Then,

(i1) Yo,y € B,d(g - 2,9 y) < c(g)d(z,y) ;
(iii) If g has strictly positive entries, c(g) <1 ;

(iv) For the product of two positive matrices g,¢', ¢(gg9’) < c(g)c(q’) ;

(v) c(g*) = c(g).

A.2. Stochastic contractivity. We present the proof of Lemma Il Recall our principal
task consists in showing the existence of a B-valued r.v. Vg° such that, II(t) -z — V{° a.s. for
all z € B ast — oc.

The random sequence c(I1(t)) decreases and hence has a limit for all w. By item (iv) of

Proposition AT] ¢(I1(t)) < []'Zf c(X(s)). By item (iii), each term is strictly less than 1, and
by independence, we have a.s.
limsupt ' log c(I(t)) < Eloge(X) < 0.

t—o00

(In fact, by subadditivity, the limsup is an a.s. limit, and the value is inf, t"'Elog ¢(II(¢)).)
Then, the random polygons K (t,w) = {Il(t) - x; 2z € B} form a decreasing sequence of compact
subsets of B, so that they have a limit,

K(w)=[)K(t) #0.
t>1
If z,y € K(w), we have for all ¢,
d(x,y) < sup{d(II(t) - ', 11(¢) - y'); 2,y € B} < c(I1(t)),
so the distance is 0. Finally, K(w) reduces to a random point, say V3° of B. In particular,
V€ K(t) implies that
d(II(t) -z, Vi©) < c(I1(t)) — 0,

so that II(¢) - © — Vg° in the d-distance as well as in the Euclidean distance by item (i) of
Proposition [A ]l
|
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