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Abstract

In the context of the Anti de-Sitter (AdS)/Conformal Field Theory (CET) correspon-
dence, we investigate the computation of holographic correlation functions for quantum
fields in the bulk. Unlike the semi-classical approach, quantum computations involve
Infra-Red (IR) and Ultra-Violet (UV) divergences. However, consistent with the semi-
classical approximation, we find that IR infinities correspond to boundary divergences,
while UV divergences correspond to the bulk. We present a systematic procedure for

solving the perturbative quantum problem in the bulk.

To illustrate our approach, we consider a ®* scalar field on a fixed AdS background
and obtain the boundary correlation function in position and momentum space. In posi-
tion space, we use two approximations: (i) we assume that the field is composed of the
classical solution plus a quantum fluctuation, and we solve the classical part before using
the holographic dictionary to obtain the quantum correction to the 2- and 4-point func-
tions, requiring UV and IR renormalizations; (ii) using the quantum effective action, we
renormalize the UV divergence from the equation of motions and then use the holographic
dictionary to obtain the dual correlation function. Both formulations lead to the same

conclusions and demonstrate that the bulk theory is renormalizable up to AdS.

Meanwhile, in momentum space, we use the background field method and renor-
malize the two-point function up to one loop, finding exact agreement with the position
space computation. Finally, we provide a general set-up for obtaining the off-shell gravi-

ton bulk propagator, which is crucial for obtaining correlation functions for more realistic

i



models.
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Chapter 1

Introduction

Among the known four fundamental natural forces, gravity was the first to have a sat-
isfactory description given by Newton’s law of universal gravitation [1]. Using Newton’s
law is possible to describe the motion of planets and explain why we stay stuck to the
earth. However, Newton’s gravitational law cannot describe Mercury’s orbit. To explain
this discrepancy, there are two options: another unknown object perturbing Mercury’s
orbit, or Newton’s law is incomplete. Over the coming centuries, no evidence of an extra
body may modify Mercury’s orbit, suggesting that Newton’s law was not the end of the

story of describing gravity.

In 1915, Einstein published perhaps the most fantastic theory on physics, the
General Theory of Relativity or just General Relativity (GR) [2]. This theory changes
our understanding of space and time and describes gravity as an effect of curved space-
time. Perhaps the most simple description of GR is Wheeler’s quote: ”Space-time tells

matter how to move; matter tells space-time how to curve”.

One of the earliest pieces of evidence in support of GR was the correct description
of Mercury’s orbit, and not many years later, the observation of the deflection of light
when it passes close to a massive object. Even today, there are further and further

experimental confirmations of GR predictions. Some examples include the existence of



black holes [3, 4, 5, 6, 7], gravitational waves [3, O]or the frame-dragging effect [10]. Each
experiment gives more support to Einstein’s theory of gravity. Despite this success, the
theory predicts objects we cannot fully explain within the theory. Black holes are the
most typical example of this. According to GR, black holes are singularities of space-time
where the space-time itself breaks and, therefore, GR breaks. In analogy, due to Mercury’s
orbit, we knew that Newton’s law of gravity was not the last word in the description of

gravity. Black holes tell us that GR cannot be the last word in the description of gravity.

Alongside the development of GR, quantum mechanics arose as a successful theory
to describe the micro-world. Even more, by considering quantum mechanics with special
relativity, the quantum field theory (QFT) was developed and allowed to go into the
quest of understanding a fundamental aspect of nature: What compose matter. Among
the many possibles QFT, the most successful description is the Standard Model (SM) of
particles that accurately describes the fundamental component of matter and how they
interact in flat space-time. Despite this, the SM did not predict the mass of the particle.
The Higgs mechanism [ 1, 12, 13] tells us how particle acquires their mass, at least in
theory. In 2012 the Higgs particle was discovered by ATLAS [11], and CMS [15] at the
LHC, adding the last missing block of the SM. However, as it happens with GR, the
SM does not describe the whole microscopic world; it has not been able to describe the
neutrino mass or what composes dark matter. Nevertheless, the biggest problem of SM
is that it has nothing to say about gravity. Trying to fit gravity, as described by GR, into
the quantisation scheme of the SM conduces to infinities that cannot be removed without
modifying the original theory, i.e. gravity is non-renormalisable, at least by perturbation

theory [16].

So far, our knowledge of how to describe the fundamental forces relies upon two
very different theories: On one hand, the GR, a classical theory describing gravity as the
curvature of space-time; on the other hand, the SM tells us that a quantum theory can

explain all the other forces on a flat space. GR and SM differ in their fundamental aspects,



and one explains phenomena with remarkable precision that the other cannot describe and
vice versa. Then is natural to ask ourselves how to find a theory that describes gravity

in the most fundamental way that is compatible with the quantum field theory.

Finding a theory that makes the quantum theory and GR compatible will lead to a
better understanding of black holes or the very early moments of the universe. Nowadays,

the most promising candidate for a quantum theory of gravity is string theory.

However, even if we still do not have a complete theory of quantum gravity, we
can still learn some features of black holes. For many years, they were believed to be
cold, dark objects moving around the universe, absorbing everything and not letting go of
anything that falls inside them. This idea changed when Bekenstein [17, 18] proves that
black holes have an entropy proportional to the event horizon area; and later on, Hawking
[19] found the proportionality constant for the entropy and the temperature for the black
hole; proving that black holes are thermodynamic objects. In 1996 Strominger-Vafa [20)]
worked on counting the black hole microstate for a certain kind of black hole in string
theory, which agrees with Bekenstein-Hawking entropy giving more evidence to the area

formula for the entropy.

In statistical mechanics, a gas’s entropy scales as the volume. So, the fact that black
holes’ entropy scales as the area gives the intuition that the nature of gravity is encoded
in the area enclosing the volume. This is the called holographic principle [21, 22], named
after hologram in optics where a two-dimensional image encodes the three-dimensional

object we see.

Despite the strong evidence about the holographic nature of gravity, it was not
until Maldacena’s [23] work that he realised that type IIB superstring theory in certain
limits decouples into apparently two different theories. One corresponds to type IIB
Super-Gravity (SUGRA) on AdSs x S%, and the other theory is A' = 4 SYM living in the

boundary of the AdSs, i.e. in four dimensions. Maldacena conjecture that both theories



are the same.

The conjecture, now called Maldacena’s conjecture, AdS/CFT, Gauge/Gravity du-
ality or more general as Holographic correspondance is systematised after Witten’s [24]
and Gubser, Klebanov and Polyakov [25] work where they state what is now called the

“holographic dictionary” or GPKW rules.

According to the holographic dictionary, for each classical field in the bulk, we
demand an arbitrary but fixed boundary condition. From the point of view of the CFT,
the boundary condition for the bulks classical field has the interpretation as the source
from which we can compute correlation functions for conformal operators. So, to each
bulk field correspond a gauge invariant conformal operator, and the boundary condition
corresponds to the source of the dual operator. Table 1.1 summarises the correspondence

between bulk fields and CFT operators. Other important characteristics are:

Field in AdSz1 CFT, Operator Conformal dimension
T
Scalar of mass m @ A= %l + 5\/ d? + 4m?
Gauge field A, Conserved current J* d—1
Graviton g, Energy momentum tensor 7% d

Table 1.1: The equivalence between bulk fields and their duals is given by Lorentz invari-
ance. In the table, the p: 0,...,d are the bulk index and a = 1,...,d are the boundary
labels. In most cases, the conformal dimension corresponds to the positive solution for
the scalar field, but there are cases where we can choose either option [20].

e Strong/weak duality: What is strongly coupled on one side is weakly coupled on
the other; this allows us to consider the classical SUGRA solution, which is dual
to strongly coupled CFT in the boundary. Because of this property, the AdS/CFT
correspondence has application in the study theories that do not allow perturbative

expansion.

e UV/IR connection: The UV divergences on one side correspond to IR divergence

on the dual theory. This duality will play a substantial role in the discussion of the



present work

Following the holographic dictionary, Witten computes the holographic 2-point function
for the bulk massless scalar field, finding precisely the expected 2-point function for a
CFT. The same happens with the bulk gauge field, giving the known 2-point function for
conserved current in CFT. In analogy to the Feynman diagram, the boundary correlation
functions correspond to bulk Witten diagrams. They are very similar to the Feynman

diagram, but now the external legs are attached to the boundary of AdS.

However, due to the infinite volume of AdS, there are IR divergences that need
regularisation and renormalisation. Dealing with these infinities is called holographic
renormalisation; it was introduced in [27, 28]. Variational methods [29, 30, 31] have
been developed to work the holographic renormalisation problem. In [32] is presented an
introductory review. All counterterms needed to cancel the IR divergences are local in the
renormalisation process. From the point of view of the CFT, the divergences correspond
to the usual UV infinities that arise in standard QFT. The holographic renormalisation

mechanism is crucial to obtaining the correct holographic Weyl anomaly of the dual CFT
[27].

Although there is no proof of the Maldacena conjecture because we do not know a
quantum theory for gravity, no counterexample has been found. Now, it is widely believed

that the duality is true. Some reviews on gauge/gravity duality are [33, 31]

The classical bulk computation of holographic correlation functions already gives
the expected results for a CF'T. Then we may ask ourselves what happens if, in the bulk,
we consider not only classical fields but the quantum nature of the field. In particular,
what are the consequences of considering quantum fluctuation in the computation of
the holographic correlation function. If the conjecture holds, then the quantum effects
must be re-organised such that the holographic correlation function respects the known

conformal structure.



In analogy with standard QFT, considering quantum fields in the AdS/CFT con-
text is expected to find Ultra-Violet (UV) divergences due to the loops and Infra-Red
(IR) divergences due to the infinite volume of AdS. Over the last year, much progress has
been reported. Most use the CFT data to obtain the quantum correction of conformal
correlation functions; an incomplete list is [35, 36, 37, 38, 39, 10, 41, 12]. While working
from the AdS side, most of the work [13, 44, 45, 46, A7, 48 49, 42 50, 51] makes use of
the spectral decomposition in the embedding space formalism, to directly compute loop
Witten diagrams without focusing on the regularisation and renormalisation of the bulks

theory. While in [52, 53] worked on the problem of Feynman loop diagram within AdS

and then sent the external leg to the boundary.

By working the quantum correction for holographic correlation function, there has
been no systematic treatment of the divergent structure on the AdS side. Our objective

is to work on this side of the problem.

In this thesis, we study the role of quantum fluctuations in the dual correlation
functions. In particular, we focus on the IR and UV divergences. We provide a systematic
way to regularise and renormalise the bulk theory to have a well-defined theory and

compute the correction to holographic correlation functions.

As usual, in the AdS/CFT correlation function, we use the position space tech-
niques to study quantum correction. Understanding the position space treatment, we

re-obtain the quantum holographic correlation function in momentum space.

In contrast with standard QFT, most works on the CFT correlation function are
usually done in position space. Mainly because Ward identities in momentum spaces
become second-order linear Partial Differential Equations (PDE) which is much more
challenging than the position space computation. Even more, if we take the Fourier
transformation to the known correlation function in position space, we will find cases in

which we cannot compute it. Progress has been made on this topic. For example, in



[54, 55] is calculated, the 3-point function for momentum space finds new anomalies and
in [50] is worked the 4-point function. An alternative approach to the problem of the

CFT correlation function in momentum space is to use the AdS/CFT correspondence.

We can compute the dual correlation function by considering the bulk fields in
momentum space along the coordinates transverse to the boundary and following the
holographic dictionary. We work the loop correlation function in momentum space and
check that both position and momentum spaces share the same structure, leading to the

same conclusions about the renormalisation of the bulk theory.

The thesis structure is: In chapter 2, we briefly introduce conformal field theory
and AdS space-time. In the end, we present more details of the holographic dictionary.
Having introduced the holographic dictionary. In Chapter 3, we go in deep with the holo-
graphic renormalisation, compute the correlation function in the semi-classical approach
and introduce Witten diagrams. In chapter 4!, we work on the bulk quantum computation

following two approaches:

1. Based on [57], we use the background field method, which consists in splitting the
field into a classical part with non-trivial boundary conditions plus a quantum fluc-
tuation. Following the holographic dictionary, we obtain the corresponding loop
Witten diagram and compute the quantum corrections by regularising and renor-

malising the infinities.

2. We face the same problem but following the quantum effective action. We solve
the UV problem by studying the equation of motion that comes from the effective

quantum action. Then we solve the IR divergence.

In chapter 5, we review the computation of tree-level and quantum-level holographic corre-

lation functions in momentum space. This is done considering the Fourier transformation

!This chapter is thanks to the excellent collaboration with Méximo Bafiados, Ernesto Bianchi and
Kostas Skenderis.



along the transverse coordinates and computing the 1-loop correction to the 2-point func-
tion. Last, in chapter 6, we discuss how to compute the off-shell AdS graviton propagator.

This is a work in progress



Chapter 2

AdS/CFT basic

To introduce the AdS/CFT correspondence, we must present what we understand as
CFT and AdS space-time. This chapter aims to introduce both topics. At the end of the

chapter, we connect both theories via the so-called holographic dictionary.

The first part, 2.1, consists of an introduction to conformal symmetry and its
consequence at the classical and quantum level. In particular, how conformal invariance

restricts the structure of correlation function between conformal invariant operators.

In the second part 2.2, we will introduce AdS space-time, the different coordinates,

isometries and the euclidean version of AdS.

In section 2.3, we will introduce the so-called AdS/CFT correspondence in which
both, AdS and CF'T are conjectured to be equals. The connection between both theories is
understood via the holographic dictionary, allowing us to compute holographic correlation

functions.



2.1 Conformal Symmetry

By definition, [58] a conformal transformation of the coordinates is an invertible map

x — ' such that the metric tensor is invariant up to a scale

g;w(ZB/) = A(ZE)g/W(JZ). (2.1)

This transformation has Poincare transformation as a particular case when A(x) = 1, so

it can be seen as a generalisation of Poincare transformation.

Considering an infinitesimal transformation, this is 2’* = z# + € where € << 1,

the metric at first order will change as

, 0z 02
Guw = Zan g 98 (2.2)
= gul/ - (auey + aljeu) . (23)
Using A(z) =1 — f(z) we have
Ouer + 0vey = f(2)g,. (2.4)

Taking the trace we find f(z) = %0,\6)‘. For simplicity, let us consider g,, = 7, =
diag(1,...,1) for simplicity. Applying a derivative on (2.4) and doing some algebra, we
find

20,0,€p = MupOu f + MpOuf — N0, f, (2.5)

contracting with n*”, this becomes

20%¢, = (2 — d)9,f. (2.6)



Applying 9, on the former equation and 9% on (2.4),

(2 - d)aual/f - nuanfa (27)

and then contracting with n*” we have

(d—1)0*f = 0. (2.8)

For different dimensions, the equation demands different treatments.

For d = 1, the f function is arbitrary, and this can be seen as the absence of angles
in d = 1. For d = 2 corresponds to the holomorphic transformation z — f(z). CFT in
d = 2 plays a crucial role in string theory and is a whole topic on its own. We refer to

[59, 60, 58, 61] for further information.

For d > 3 the eq. (2.8) and eq. (2.7) implies that f has to be at most linear in the
coordinates. From f = %(9,\6)‘ we see that €, is, at most, quadratic on the coordinates.

So, we propose,

€, = a, + b’ + cu,,,\aj”xA. (2.9)

We have to find what are a,,b,, and c,, for general e. We will plug each term on the
equations above, finding a, to be unconstrained and interpreted as translation. Substi-
tuting the linear term on (2.4) gives,

2

dbn,ullu b = b)\,\u (210)

by + by =

this means that b, is given by an anti-symmetric part and a pure trace part b, =

My + omy,,, where my, = —m,,. The interpretation of « is as dilatation, and m,



corresponds to a rigid rotation. The quadratic term yields

1
Cuvx = Nuaby + Nby — mupby, where b, = ECU ) (2.11)

ap

From here we can check that the infinitesimal transformation is
o = ot 4 20 byt — 2, (2.12)

which is called special conformal transformation (SCT). Note that SCT are non-linear.

The finite form of SCT is
xh — bHg?

M= .
1— Qb)\%)‘ + b2a?

(2.13)

A different way to obtain the SCT is by applying a sequence of inversion-translation-

inversion,

T (2.14)

So we have the following finite transformation

e Translation z'* = z + a*,
e Dilatation 2" = ax*,
e rotation " = M* z¥,

ot — bra?
SCT z'* = )
I T Ty P

The corresponding generator of each transformation is,
e Translation P, = —id,,
e Dilatation D = —iz#0,,,

e rotation L,, = i(z,0, — x,0u),



e SCT K,, = —i(2z,2"0, — 20,,).

These generators satisfy the following commutation rules,

[D, P.] = iP,, (2.15)
[D, K] = —iK,, (2.16)
(K, P) = 2i(nu D — L), (2.17)
[Kps L] = i(0pp B0 — mp K ). (2.18)
[Bo, Ly = i(ou o — npu ), (2.19)
[Lyws Loo) = i(Mup Lo + Mpo Lup — Mo Lve — NueLyp), (2.20)

which defines the d—dimensional conformal algebra for d > 3.

By defining the following generators,
1 1
S = Ly, Jarru = 5(Pu = K1), Jarro =D, Jop = 5(Bu+ Ky, (2:21)

where J,, = —Jgp witha,b=0,1,...,d,d+1. The new generators satisfies de SO(d+1,1)
algebra,

[Jaba ch] = 2.("rladt]bc + nbct]ad - nact]bd - ndeac)a (222)
where the 7, = diag(1,...,1,—1).

For d = 2 conformal symmetry, the algebra is infinite-dimensional and is known as
Virasoro algebra.
2.1.1 Conformal invariance in quantum field theory

We want to build a QFT with conformal symmetry. Consider a conformal transformation,

this is an invertible map x — 2/(z) = 2’ such that equation (2.1) holds. Then, for example,



a scalar field transforms as

ox

O/(ﬂf/) — %

O(x), (2.23)

with A is some real number called conformal dimension. Notice that in the language of
a general change of coordinate, the field O transforms as a tensor of A indices. This is
characteristic of conformal invariant theory, where even the scalar field may acquire a

Jacobian under a change of coordinates.

If the field satisfies (2.23), we call it a primary field of conformal dimension A.

Considering the quantum theory, we will call O indistinctly field or operator.

In QFT, and CFT is not the exception, our main object of interest is the correla-
tion function. If we have the correlation function and use the Lehmann, Symanzik and
Zimmermann (LSZ) reduction formula, we have solved the scattering process and found

the S-matrix.

The n—point correlation function for conformal invariant operators is

(On.(21)...On (22)) = N / DO (Oa, (1) ... O (1)) =, (2.24)

with S a conformal invariant action and N a normalisation factor. By demanding con-
formal invariance of the correlation function then, we find that under re-scaling, the

correlation function must satisfy,

A1 Ap
ox'| ox'| 4 , ,
(Oa (1) ...04, (2)) = . L B . (Op,(2") ... Op, (2), (2.25)

where d is the space-time dimension. We will sketch an exciting feature of conformal
symmetry: it fixes the structure of the 2-point function and constrains the 3-point function

up to a constant factor.



For the 2-point function, by translation invariance, it can only depend on 5 =
71 — Z5 and rotation invariance forces us to depend on |Zs|. Invariance under dilatation
x — 2’ = A\x implies

Caa,
(O, (21) O, (22)) = ‘fﬁ (2.26)

where Ca, a, is a normalisation constant. Finally by using SCT we find Ca,a, = ¢0a, A,
SO

Con, n,
(On, (21)Ons,(12)) = ﬁ- (2.27)

We may absorb the constant C' by redefining the field O.

By similar reasoning, we may find that the 3-point function is

= C’123
= |512|A1+A2—A3 |5’23|A2+A3—A1 |f13|A1+A3—A2 .

(O, (21)On, (22)Ony(23)) (2.28)

It is tempting to keep pushing forward with higher correlation functions. However, for
n > 4, the conformal symmetry does not fully determine the correlation function. For

example, by using the conformal symmetry for the 4-point function, we will find

oA 1A
(Oa, (1) ... Oa,(w4)) = flu,0) [ ] 12245 (2:29)
1<J
where
_ |Fro]| @5 _ |Fof| 75 (2.30)
|Z13]|Zoa]” |Zos||Zar|’

are known as crossing ratios, f(u,v) is an arbitrary function not determined by the confor-

n(n—3)
2

mal symmetry and A = ). A;. In general, the n-point function will have crossing

ratios.

We can obtain the correlation function via the conformal Ward identity. But we



will not follow this path.

Conformal symmetry notably fixes the 2-point function and, up to a factor, the
3-point function. However, to obtain the correlation function for some conformal invariant
theory, we use the path integral (2.24), which is hard and, in most cases, impossible to

compute. Thus, we use the functional generator
Z[J] = /Doe—“fd”“‘%, (2.31)

where a = A4, ..., A, is a label.

As we have added a new object to the path integral, we must demand to be
conformal invariant. Then, under conformal transformation, the source must transform

as

1 —(d-A)
_|9= J(x). (2.32)

7@ =5

The correlation function (2.24) is obtained by taking derivatives with respect to the source

J and then setting it to zero.

2.2 Anti-de Sitter Space

For the sake of coherence with the following sections, we will consider a d+ 1-dimensional

theory of gravity.

The best theory that describes gravitation interaction is given by general relativity
(GR). According to GR, gravity is nothing but the curvature of space-time, and the

dynamical field is the metric. The Einstein equations are the equation of motion that



govern the dynamics of the metric,

1
R, — §gWR + g = K°T,,, (2.33)

where R, is the Ricci tensor, R the Ricci scalar, g, is the metric, A the cosmological

constant, T}, is the energy-momentum tensor and x = 871Gy is a constant.

The Lh.s of Einstein’s equations can be obtained from the Einstein-Hilbert action

1
Spw = ﬁ/ddﬂx\/_—g (R—2A). (2.34)

While the r.h.s is obtained from the matter action, Sy,

2 08y
1727 \/559[,”/ .

(2.35)

From now on, we will consider the vacuum Einstein equation, which is 7},, = 0 and find

a solution. In particular, we will find a maximally symmetric space-time solution.

Maximally symmetric space-time has the same number of symmetries as Minkowski
space, which has d + 1-translations and (d + 1)d/2 rotations. So maximally symmetric

(d+ 1) dimensional space-times has (d+ 1)(d + 2)/2 linearly independent Killing vectors.

Thinking in translation and rotation symmetry, the curvature must be constant on
every point of the manifold. Because of this, the Riemann tensor has to be proportional

to the Ricci scalar and using the symmetries of the Riemann tensor, it is

R
R;wpa = m (guagup - gupgua) . (236)

Using this in vacuum Einstein equation, we find R = 2(d+1)/(d—1)A so the cosmological
constant can be negative, positive or zero. If the cosmological constant is positive, we

have a De Sitter space-time; if the cosmological constant is zero, then we have a flat space



and if it is negative Anti-De Sitter(AdS,,1) space. From now on, we will focus on AdSy. 1

dimensions.

To describe the AdSy.1 space we will consider a (d + 2)—dimensional Minkowski
space with coordinates (XO, X4 Xd“) and metric nap = diag(—,+,...,+,—). The

line element of the d + 2-dimensional Minkowski space is
ds® = — (dX°) + (dX")* + ... (dX?)* = (dX)? = papdXAdXP, (2.37)

where A, B € {0,1,...,d+ 1}. The AdSy,1 can be seen as the hyper-surface embedded

in the Minkowski space given by

(X0 (x) - (X = 22, (2.38)

i=1
where [ is the radius of curvature of AdS. The hyper-surface has SO(d, 2) invariance.

Anti-de-Sitter space has a conformal boundary given by X4 large. In this case,

the hyperboloid approach, the lightcone given by

d
_ (X0)2 T Z (Xz)2 o (Xd+1)2 ~0. (2'39>

i=1
which is invariant under X — AX, A € R. The AdS;,; boundary will be denoted by
0AdS,.1 and corresponds to a compactification of d—dimensional Minkowski space. To see
this, we must recall that the conformal group SO(d, 2) does not act on the Minkowski space
because conformal transformation maps point to infinity, so we must add this point to the

Minkowski space. To see this [21], let’s introduce the lightcone coordinates, u = X9+ X!

and v = X% — X9 50 the boundary (2.39) is

w — N, XHXY =0, prv=0,...,d-1, (2.40)



which is invariant under re-scaling. For v # 0 using the scaling invariance, we can set v = 1
and then solve for u; therefore, we have a d—dimensional Minkowski space. For v = 0,
we have to add infinity to the Minkowski space. Having determined that the boundary
of AdSy,; is scaling invariant and corresponds to a compactified Minkowski space (from
now on, we will call it just Minkowski space), we will now look for coordinates that may

represent AdS, ;1 space-time.

We will study different coordinate systems for AdSy,; defined through (2.38). For

example, we may use the parametrization

X" =l cosh pcos, (2.41)
X* — [ cosh psinT, (2.42)
X' =IQ;sinhp, i=1,...,d. (2.43)

Here €); is the angular coordinates, while the range of the other coordinates is 0 < p < oo
and 0 < 7 < 27. These are known as global coordinates of AdSy.;. Following this

parametrization, we can find the AdSy,; line element which is given by
ds* = 1 (— cosh® pdr* + dp* + sinh® pdQ2]_,) . (2.44)

Notice that the coordinate 7 range is [0, 27| giving closed time-like curves. To solve this,

we unwrap the 7 coordinate such that —oo < 7 < oc.

We can write the metric more suggestively. Doing tan # = sinh p, we find for the

global AdS metric

2

ds* = —yr (—d7* + df? + sin® dQy_1) (2.45)

with 7 arbitrary and 6 € [0, 5] for d # 1; and 6 € [, 5] for d = 1.



Another useful parametrization that solves (2.38) is

X0 == (1 + ; (@ -2+ l2)) , (2.46)
Xi:z”;, i=1,...,d—1, (2.47)
X4 = % (1 + é (-1 — l2)> , (2.48)
X = zz, (2.49)

where, z > 0, t € R and ¥ is a d—dimensional real vector. These are the Poincare patch

coordinates because z > 0 only covers one-half of the AdS;,; space. The metric is

2

as? = L (dz* — dt* + d®) . (2.50)

22

If we change coordinates such that z = le™¥, then
ds® = e* (—dt* + d7*) + I*dy”. (2.51)

In these coordinates, if we send a light ray to infinity in y we have ds*> = 0 along ¥

constant we obtain

t= /dt = l/ e Ydy < o0. (2.52)

Thus, the light ray travels to the boundary in y — oo in a finite time. This is due to the

AdS hyperbolic structure.

In these coordinates, the Poincare invariance on the transverse coordinates (¢, )

and the dilatation invariance (z,t, %) — (Az, At, \¥) are very explicit.



2.2.1 FEuclidean AdS

For this work, we will work on the Euclidean version of AdS;,; which is obtained by

performing a Wick rotation on the X then (2.38) becomes,
d
STXE - (X = 22 (2.53)
i=0

The isometry group now is SO(d + 1, 1).

In parametrization (2.41), under the Wick rotation, 7 — 47 means that cosT —

cosh 7 and sin 7 — sinh 7 and the global euclidean AdS metric is

2

dsg, = (d7* 4 db” + sin® 0dQy_1) , (2.54)

cos? 6

so the boundary metric in these coordinates is,
ds%}‘boundary = dT2 + dQ?I—l‘ (255)
On the other hand, by doing the Wick rotation to the Poincare coordinates we have,
o _ 1 2 i3
ds* = = (d2* + b;yda’da’) (2.56)

with §;; is the flat space metric, i.e R? space.

The boundary of Poincare coordinates is,
ds*oundary = dt* + dZ* = dp® + p*dQ_, = €7 (d7* 4+ dQq_1,% ) (2.57)

We wrote the flat space in spherical coordinates and then defined p = e”. Comparing
with (2.55), we notice that the boundary of global Euclidean AdS coordinates and the

boundary of Poincare coordinates are, up to a possible conformal factor, the same.



The line element (2.56) is invariant under SO(d+1, 1). But is also invariant under

mnversion

z i

<= 224 g2 T = 22+ e (2.58)

They will play a significant role in understanding the structure of some relevant integrals

that we will see in the following chapters.

From now on, we will work on euclidean AdS space-time in Poincare coordinates.

For simplicity, we will call it AdS.

2.3 The AdS/CFT Correspondence

In the previous section, we notice that the boundary of AdS;,; has conformal symmetry
and is connected causally with the interior of AdS. But, having the same symmetries does

not enough implies that both theories are equivalent

More evidence on the possible connection between AdS and CFT is provided by
Brown-Henneaux [(2] where they find, by studying the global charges, that the asymptotic
symmetry of AdS3 develops a central charge that corresponds to the central charge of

CFTs.

So far, there are only hints on a possible relation between AdS and CFT, but no
concrete example has been shown. The first concrete example of how is related AdS and
CFT was provided by Maldacena in a very celebrated paper [23]. Maldacena gives the first
well-defined example of a holographic correspondence between type IIB super-gravity on
a AdSs x S° background and N = 4 Super Yang-Mills (SYM) with conformal symmetry.
In Maldacena’s seminal work, he works on both sides of the duality and conjectures that
quantum gravity on AdS times a compact surface is equivalent to a CFT in the boundary

of the AdS space. However, to prove the conjecture, we need to know the full theory of



quantum gravity.

One of the main features of the AdS/CFT correspondence is the strong/weak
duality. This duality states that the strong coupling regime on one side of the duality
corresponds to the weak coupling on the other, so considering weakly coupled string
theory we find SUGRA and should correspond to strong coupling CFT. This aspect of
the duality has been exploited to understand the non-perturbative properties of CFT.
Another crucial characteristic of the AdS/CFT is the IR/UV connection, in which an IR

divergence on one side corresponds to an UV divergence on the other.

Despite all the properties that the AdS/CFT correspondence possesses, we still
need a systematic way to compute the object of one side using only the other side. The
first step for this objective was formulated by Gubser, Klebanov and Poliakov [25]; and
independently by Witten [24], where they introduce the holographic dictionary. The holo-
graphic dictionary tells us how to relate a theory on AdS to some CFT on the boundary.
The procedure, also known as the GKPW dictionary, gives us the recipe to compute the

CFT correlation function using information from the AdS side.

The correspondence says that an AdS;.; space-time is dual to a CFTy in the

conformal boundary. This can be seen as the partition function of each are the same:

Zags = Zorr (2.59)

However, to truly relate both theories, we need further information.

We will focus on the AdS side to obtain information on the boundary theory. In
particular, we will enunciate the dictionary that translates a theory in AdS such that we

may get the correlation function of the dual CF'T.

To find correlation functions of QFT, particularly in CF'T, we modify the partition

function by adding an arbitrary function that we call source, so the partition function is



now a functional of the source. The correlation function is obtained by taking derivatives
of the partition function with respect to the source. As the CFT partition function
depends on the arbitrary source, the AdS partition function must also depend on an

arbitrary function.

According to the GKPW dictionary, every field on AdS, let us say ®(z,Z), corre-
sponds to a gauge-invariant CFT operator, namely O(Z). In the boundary, the source
of the gauge invariant operator is obtained by demanding that the bulk field have an
arbitrary but fixed boundary condition. In other words, demanding that the bulk field in
the boundary behave as ®|poundary ~ ¢0(Z), where ¢o(Z) is identified as the source of the

dual operator. Then the AdS/CFT correspondence can be stated as,

Zaas|do] = Doe ¥ = Zopr[J] = <exp (— / deo> >CFT, (2.60)

D~do

where J(Z) is the source of the gauge invariant CFT operator and ¢o(Z) = J(Z) is under-

stood.

In (2.60), the partition function for AdS means the partition function of the com-
plete theory of quantum gravity, which is unknown. While on the CFT side, in principle,
we do not know what theory we are working on, but we know that by symmetries, it must

have a determined structure such as (2.27).

Through the LSZ reduction formula, if we can determine the correlation function
of the CF'T, we have solved the theory. The CF'T correlation functions are obtained by
taking derivatives of (2.60) with respect to the source ¢y and setting the source to zero.

So, according to the AdS/CFT conjecture, we can compute the CFT correlation function



from the AdS partition function,

o) - 5|
827 14
(O@OW) = =557 o’
(O(1)... O(,)) = (~1)"* 5 ™ (finzf‘g;o AL (2.61)

However, we do not know the full theory of gravity. Nevertheless, using the strong/weak
duality, we approximate the AdS partition function by considering the on-shell action. To
obtain the on-shell action, we have to solve the equation of motion with a given arbitrary

boundary condition such that now the bulk partition function is

Zaas ~ e 1%0os = Wopr ~ —S[o)os, (2.62)

where os stands for on-shell.

As it is well known, quantum field theories have UV divergences, and we expect
them on the CFT side. From the point of view of the bulk, these divergences appear
as IR divergences due to the infinite volume of AdS. So if we want to use the AdS
space to compute holographic correlators, we need to regulate and renormalise the bulk
theory before computing the correlation function. In particular, the IR divergences play
a central role in obtaining the correct correlation function and deriving the holographic

Weyl anomaly [28, 27].



Chapter 3

Tree level Correlation Function:

Position space

In contrast with QF'T, in CFT, most of the computation of the correlation function is done
in position space, mainly due to the difficulty of analysing Ward identities in momentum
space. Thus, most of the known structures of conformal correlation function are in position
space. In this chapter, we will compute them using the AdS/CFT correspondence in the

saddle point approximation in the bulk.

In this chapter, we will apply the holographic dictionary and carefully treat the
divergences that will arise along the computation. We will focus on a scalar field over
an AdS background with quartic interaction and obtain the dual CF'T correlation func-
tion. From the point of view of the bulk, computing the holographic correlation function

corresponds to computing Witten diagrams.

We will work at the semi-classical level. To deal with the IR divergence we will in-
troduce the holographic renormalisation method. The method does not demand knowing
the full solution of the equation of motion but understanding the asymptotic behaviour
of the bulks field. Having the renormalised bulk theory, we will compute the holographic

correlation function. To do this, we must solve the equation of motion by introducing

26



propagators allowing us to draw the corresponding Witten diagram.

3.1 Holographic renormalisation

One of the main aspects of QFT is that they suffer UV divergences which demand regular-
isation and renormalisation. The renormalisation requires adding local counterterms such
that the theory is finite. In the holographic conjecture, through the UV/IR connection,
the field theory’s high energy divergences correspond to the bulk’s low energy divergences.

The IR divergence of the bulk is due to the infinite volume of AdS.

If the correspondence holds, we should be able to renormalise the bulk theory only
using the information within the AdS (and its boundary). To have a finite bulk action,

all counterterms must be local. The way to achieve this is by the so-called holographic

renormalisation. The procedure successfully computed the Weyl anomaly in [28, 27] and
was promoted to a systematic way in [63]. However, to renormalise the on-shell theory,
we will follow a simpler way given by [31], which relies on variational methods to find the

corresponding counterterms.

For the fields in the bulk, we will demand Dirichlet boundary condition. This
means that the field must have an arbitrary but fixed boundary condition, ¢q, such that

the asymptotic expansion of the field has the generic expansion

O(2,7) = 2%y + 21 + ..., z—0, (3.1)

where ag < a3 < as < ... and the AdS boundary is at z — 0.

We will guarantee that the classical field dominates the path integral by demanding

well-posed variational problem. This is, in order to hold

Werr >~ S[¢0]os, (3.2)



we must have

5S[®] = / d e £6 + / d?x [Adey) (3.3)
AdS 0AdS

where £ are the equation of Euler-Lagrange and A is some finite coefficient.

Due to the infinite volume of AdS, we need to regularise the volume. In practice,

this means we must regularise the action. The regularised action is

Sreg = / i / JFL(®, 0D) + / 4B

where the regulator isolates the divergence at z — 0.

Z=€

Given the Dirichlet boundary condition for the field ®, the on-shell variation of

the action will be

. ([ OL

_ / 47 A5, (3.5)

Z=€

where @' is the derivative with respect to the radial coordinate z. From here, we can see
that the role of the boundary term B is twofold. It guarantees that the Dirichlet problem is
well defined, and as A is finite, the boundary term B must remove any possible divergence
such that the limit is finite. If the second equality holds, then the problem is solved, and

from (2.61) we can read that the 1-point function corresponds to,

(0) = A. (3.6)



3.1.1 The Renormalisation problem

To work on the renormalisation problem, we consider the asymptotic expansion of the

field given by the Frobenius series and the variation of the field

=2 (g0 + 222+ ...), (3.7)

6P = 2% (8¢ + 202 + ... . (3.8)

Then the action will have the following shape

oL =
/ ddxa(a q))&p :/ d'z Y 2*"Ch(i, 60)), (3.9)
z=€ z z=¢€ n=—=7 %K

where the terms ¢; and d¢; come from the expansion, K is a positive number and rep-
resents the fact that usually, the asymptotic expansion has terms with negative power in

Z.

It can be proven [31] that the coefficient C,,(¢;, d¢;) = 0D, (¢;) for all n # 0. Apart
from the zero mode, any term is either zero or divergent in the z = ¢ — 0 limit. If it is

divergent, it can be absorbed in a boundary term 6 B that plays the role of counterterm.

3.1.2 The variational problem

Now that we know that every divergent term can be renormalised away by a proper choice

of the boundary term, we still have to find the By boundary term such that

oL
_ d
5S—/d x (G(OZ(I))M)

= / dz Ady. (3.11)

zero mode

+ 530) (3.10)



However, this problem is not always possible to solve. It may happen that By does not
exist. If we are able to solve it, then A is interpreted as the vacuum expectation value

(vev).

3.1.3 The Free Scalar field

We will apply the variational method for the scalar field.

Consider a scalar field on an AdS background with regularised action

1
Sreg = 5 /_ d"'a/g (9" 0,90, + m*¢?) + B, (3.12)

where B is a suitable boundary to be determined. The first step consists in solving the

equation of motion

(-O0+m?*)® =0, where 00 = %au (/99" 0,0) . (3.13)

Working in Poincare coordinates (2.56) with [* = 1, the equation of motion is
—2202® + (d — 1)20,® — 2%60,0;® + m®* =0 (3.14)

subject to the Dirichlet boundary condition ®(z — 0, Z) ~ ¢o(Z). To solve the asymptotic

problem, we propose a Frobenius series such that
O(z,7) = 2* Z 2" (T) (3.15)
n=0

with a to be determined. From demanding ¢y # 0 we find

2
A(A—d):m2:>Ai:gi dz+m2. (3.16)



Notice that A_ = d — A,. From now, we will call A = A,. This leads us to find

ap=d— A and ay = A.

In the Frobenius method, if both solutions of the indicial equation, a; and as,
are different and ay — a; ¢ N, then we have two linearly independent solutions to the

differential equation. In practice, this means that the asymptotic behaviour of the field is
d—A A d
O =z2"(pg+zp1+...)+ 27 (Ppon_a+...), A:§+f, féN. (3.17)

If the solutions differ by an integer, i.e ao — a; = 2A —d = N € N, then the solution is

given by,

d
O =272 (o + 201 +...) + 2% (Pan_a + an_alog(z) +...), A=Z+N NeN

(3.18)

For A > g, we call ¢ as the non-normalisable mode and ¢oa_4 as the normalisable mode.!

This will be crucial when considering quantum fluctuation to the classical field.

Demanding (3.16) on the eom gives us ¢; = 0. The recursive relations tell us that
all @211, n=20,1,2,... vanish. So in the series, we only consider terms with even power
in the z coordinate.

For simplicity, we will consider A — g ¢ N. Then the expansion is

o =44 Z 22" o (T) + 22 Z 22" PoA—_dron. (3.19)

Evaluating this expansion in the equation of motion (3.14) we find that each ¢o, term

can be solved algebraically in terms of local terms of ¢g. The generic form of the ¢,

Tt is worth mentioning that for the case % < A< g then the normalisable mode and non-

normalisable mode may swap or both to be normalisable [26]. These cases will not be discussed in
this work.



coefficient is,
1
dom = 2n(2A — d — 2n)

D(ﬁgn,Q, n = 1,2,3 (320)

Notice that the denominator es never zero, so we can determine all the ¢5, terms as local

functions of ¢y. However, we can not determine ¢on_419, in terms of ¢g.

In the case of A — %l =k, k=1,2,..., we have to add a logarithmic term at order

2 to the series expansion. Under this case, the expansion is
o = zd_Agbo + ...+ ZA (¢2A—d + ¢2A—d log 2'2) + ... (321)

From the equation of motion, we can determine each term on the first ellipsis to be (3.20),
i.e., local functions of ¢g. Similarly, 1sa_4 is also given as a local function of ¢y. However,

we cannot write ¢oa_gq as a local function of ¢y.

We cannot write ¢oa_g as a local function of the source because we have solved a
second-order differential equation, i.e. we will find two solutions, but we gave only the
boundary condition. To find ¢oa_4, we will impose regularity at the interior of AdS, and

the entire scalar field will be written in terms of the boundary condition.

Having determined the scalar field’s asymptotic behaviour, we now look at the

variational problem.

An arbitrary variation of the action yields

0Syeg = / A2\ /g0®(—0 + m?)® + / d'z\/gg7*590.® + 6B, (3.22)

zZ=€



here B is in z = e. Plugging the solution (3.19), with (3.20), provided we will have

1
(SSreg - LZE ddxF5®82® + 0B
1 (. o )
- /Z6 d'x Ld—1 <Zd . ZZQ 0¢on (T) + 28 222 5¢2Ad+2n>

<sz Z(d — A4 2m) 27" o () + 28 Z(A + 2m)z2m1q§md+2m> + 0B.

As we are interested in taking the limit of ¢ — 0, we will keep only the terms that are

either divergent or constant under the limit. This means we will have

0Syreg = / i [Z(d — A+ 2m) 2 TEmTA=2R gy Son 4 (d — A)poddan—a + Adaa_ad¢o | + IB.
(3.23)
From (3.20) we can prove that
1
¢2m5¢2n = CnCn (Dg+m¢0) 5¢0 = §Cncm5 (Dg+m¢(2)> (324)

for (n+m) < d— 2A. This range is exactly the region in which we will find divergences,
so all the divergent terms can be written as a variation and, therefore, can be absorbed

in the boundary term.



* A small comparison Following the standard method of holographic renormalisation

[32] we shall use the asymptotic solution and plug it into the regularised action, finding

ST‘eg = /d:i" [Edsza(o) + €d72A+2a(2) + ... —aea-Jq log(e)] (3.25)
where ap,) n=0,1,...,A — %l are local functions of ¢g. In particular,
1 2
a) = —5(d = A)¢p, (3.26)

This is the non-variational analogous to (3.23).

Having renormalised the boundary divergence, we are left with the zero mode and

the renormalised action

5Syen = (2A — d) / dZdon_ado. (3.27)

So, from the holographic dictionary, we find
(O)s = —(2A = d)d2a-a (3.28)

the subscript s denotes that, in general, ¢oa_4 depends on the source. This dependence is
obtained by fully solving the equation of motion. If we find ¢on_4(p), then using (2.61)

we may find higher point correlation functions.

If we have considered

d
A=Z+N, N=012... (3.29)

then, the procedure is equivalent, but in the asymptotic series, we have to include a



logarithmic term which will give divergent terms (local in ¢g) the boundary term can

remove that or zero in the limit of € — 0. Then, we will have
<O>s - _<2A - d)¢2Afd + X[¢0]7 (330>

where X |[¢o] are local terms.

3.2 Correlation function: Classical computation

So far, our analysis has only treated the field’s boundary behaviour, which is enough to
renormalise the theory. Despite this, to obtain the dual theory’s correlation function, we
need to find the solution to the equation of motion for the field. Finding a solution is
possible if the field’s equation of motion is linear. If the equation of motion is non-linear,

then we may solve it perturbatively.

We start by solving the free equation of motion with the Dirichlet boundary con-

dition and compute the 2-point function

Free scalar field and the 2-point function

From the holographic dictionary, the 2-point function corresponds to

(020 = 5| (331
— —(2A — d)—&i;;o ‘(‘;_,()f) e (3.32)

So we have to find ¢oan_4 as a function of the boundary source.

Consider the equation of motion

(04 m?)® =0, ®(z—0,7) = 2 2po (). (3.33)



This equation was solved by Witten [21]. The solution is

0(e.d) = [ dKa(e 7~ o) (3.34)
where
z A I'(A
KA(Z,f — Zj) = CA (m) , CA = 71—;I‘(<T>_C_l) (335)

is the bulk-to-boundary propagator, a deduction in momentum space is found in Appendix

B.

When the radial coordinate z goes to the boundary, the bulk-to-boundary propa-

gator is proportional to a Dirac delta over the transverse coordinates

1

lim Ka(z, 7 — ) = azd_Aé(f— ¥+ ... (3.36)
Expanding the field z — 0, we will find
" o aAc= 1 ,
O(z —0,7) = /dy (zd A0(F -G+ ...+ ZAW) ®o(Y), (3.37)
from here, we can read
L L1 ,
Pan—da(T) = d@/m%(@)- (3.38)
Then, the holographic two-point function is
S . 2A —d
(Oa(@)0a(Y) = T (3.39)

which corresponds to the two-point function of two conformal invariant operators if di-

mension A.



Interactions and n-point function

Interacting CF'T admits higher point function. To obtain the correlation function from the
AdS, we have to consider an interacting bulk system. Another reason to study interacting
fields in AdS is that they will be the main object to work at the quantum level, so it is
compulsory to get the holographic correlation function at the classical level first and then

move on to quantum computation.

In particular, let us take the ®* theory on AdS. The action is

1 1 A
S = / d™z\/g [59“”@@&,@ + §m2<I>2 + @CV + B. (3.40)

We look for the coefficient ¢poa_4 of the classical field to obtain the holographic correlation

function. Of course, there can be local terms, but we will not work them.

The first step is to solve the equation of motion

)\@3.

(-O04+m*)® = T (3.41)
As non-linear, we solve this perturbatively in the coupling A

where the subscript denotes the power of the coupling. Then, the equation of motion

becomes

(~O0+m*)Pe =0, ®(z—0,7) =29"2p(7), (3.43)

1
(-O0+m*)®, = —§<1>3. (3.44)



The equation (3.43) was solved in the previous subsection,

B — / dFK A (7 — Do)

(3.45)

Having solved the zeroth order equation, we are left with the non-homogeneous equation

(3.44) which is solved by
Py (x) = /dd+1x'GA(x,x’) (®o(2"))°.
Where Ga(z, ') is the bulk-to-bulk propagator
(=04 m?*)Ga(z,2') = 6(x,2"), 6(x,2') = —=0(x — )

The explicit form of the bulk-to-bulk propagator is [(4]

. 278¢ A A+1 d
GA(QT,ZE') = 2A _AdSA 2F1 (EaTaA__—i_]-?éa)?
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22 + (Zl)2 + (f_ :Z.‘/)Q'

¢ =

(3.46)

(3.47)

(3.48)

(3.49)

Where 5F) is the hypergeometric function (the definition and some properties are shown

in Appendix A) and ¢ is the chordal distance which is AdS invariant. The deduction of

the bulk-to-bulk propagator in momentum space is given in Appendix B.

Having the full solution up to order A, we now look for the contribution of ®; to

the term ¢oa_4 in the asymptotic expansion. This can be done by using

Ga(z,2") == !

- A+2
. QA_dKA(z,a: 7))+ O0(z27).

(3.50)



So,

1
Dz 0.5) = 22 /dd“x’KA(z’,f’ _B) (@) + 0. (3.51)

We notice that the contribution to ¢oa_q ~ @3, so we can compute the 4-point function
[09]

= 5B dan—alifi)

( H O(3)) = 25%(52)5%(?]3)5%@4)

=1

4
- A/dd“x\/gﬂ Ka(z,7; — 7). (3.52)
j=1

We are left with the product of four bulk-to-bulk propagators. In the literature, this

product is called D—function and is defined as
4
Dsssa (oo n7) = [ 05[] Kaledy - ) (3.53)
j=1

which has been extensively treated [66, 67, 68]. In [69], the D— function was obtained
for generic conformal dimension on each bulk-to-boundary propagator, just quoting the

result we have

I'(2A-9) 1

— — x D U, v 3.54
2 (F(A))4 13|12 | yza | sasalu,v) ( )

Daaan (41, Y2, Y3, Y1) =

where u, and v are the crossing ratios given in (2.30). The D-function has exactly the

expected form of a CFT 4-point function (2.29) and D depends on the

3.2.1 Witten Diagram

Computing the holographic correlation function has a diagrammatic representation in

terms of Witten diagrams. The building block for the diagrams is the bulk-to-boundary



propagator (3.35) and the bulk-to-bulk propagator (3.48). In contrast with Feynman
diagrams, Witten diagrams have an arbitrary fixed boundary condition, so the external
points are attached to the boundary of AdS.

The rules are:

The AdS space is represented by a circle, and the CFT is the boundary of the circle

e FEach boundary point connected with the bulk is given by a bulk-to-boundary prop-

agator
e Bulk points are connected with a bulk-to-bulk propagator.

e An interaction vertex in the point z is

N / d™x./g, (3.55)

where N is the corresponding symmetry factor that is the same that is found in

standard Feynman diagrams.

The Witten diagram of the holographic 4-point function (3.52) is shown in Figure 3.1.

Figure 3.1: tree level 4-point function for ®* bulk interaction. All four bulk-to-boundary
propagator collides in a single bulk point.

For different bulk interactions, we will find further Witten diagrams. For example,

if we consider a ®? interaction, we will find the Witten diagram shown in Figure 3.2



Y2

Figure 3.2: a) Witten diagram for 3-point function, b) Witten diagram for 4-point function

Witten diagram will be central in studying the quantum holographic correlation
function. They will help us to have a graphic intuition of what kind of loop correction we

are computing.



Chapter 4

Loop Correlation Function: Position

space

Using the classical fields in the bulk, we obtained the holographic correlation function,
and they give the expected result for the correlation function of a CFT. However, the
AdS/CFT correspondence states that the equivalences should hold beyond the saddle
point approximation. So, we may ask ourselves what is the effect of working beyond the

semi-classical approach in the holographic correlation function.

We will work the problem for the quantum scalar field with a ®* interaction on a
fixed AdS background in two ways: Using the background field method and following the

quantum effective action.

The background field method consists in decomposing the scalar field into a clas-
sical part plus a quantum fluctuation. The classical field was worked in 3, so we will only
focus on the quantum fluctuation and recall the already obtained result whenever neces-
sary. We will compute the path integral for the quantum fluctuation up to the second
order in the coupling and follow the GKPW dictionary to calculate the corresponding

correlation function, finding loops in Witten diagrams.

42



As it has been well established in standard quantum field theory, the quantum
treatment of the theory leads to UV divergence (in the bulk) that will demand renor-
malisation and, thus, redefine the parameters, making them finite. We will explicitly
work on this finding a new conformal dimension, so we have to re-adapt the holographic

renormalisation to the new parameters of the theory.

At the same time, following the quantum effective action, we will start from the
partition function and compute the quantum effective action up to the second order in
the coupling. By demanding a finite equation of motion, we will renormalise the UV
divergences. Having renormalised the UV divergence, we can perform the holographic

renormalisation with the renormalised parameters.

In this chapter, we will use the notation
/dd+1x\/§ = /dx. (4.1)

The organisation of the chapter is as follows: In 4.1, we will generally refer to
the quantum fluctuation and holographic correlation function. In subsection 4.2, we will
compute some useful integrals relevant to the following subsections. As some integrals
are UV divergent, we present the UV regularisation in section 4.3. In subsection 4.4, we
will study the background field method and the renormalisation problem. We will follow

the quantum effective action and renormalisation in subsection 4.5.

4.1 General Statement

The AdS/CFT conjecture states that quantum gravity on AdS is equivalent to CFT in
the boundary of AdS. At low energy, the relation corresponds to a duality between AdS
SUGRA and strongly coupled CET. The CFTs admitted in the AdS/CFT usually allow a

large N 't Hooft limit, where the bulks dual correspond to tree-level computations. Going



to loop in the bulk should correspond to # corrections in the CFT.

We will focus on having a well-posed problem for the bulk theory. That is, we mean
to have a finite bulk theory. However, as we are dealing with quantum corrections, it is
natural that UV divergence will arise altogether with the known IR divergence. Because
of the IR/UV connection, UV divergence in the bulk corresponds to IR divergences in the
field theory. As is expected on QFT, the IR divergence should cancel on its own and shall
not interfere with the UV structure. So the bulk’s UV divergence shall be regularised

with an AdS invariant regulator so we do not add new anomalies to the CFT.

We regulate the UV divergence with a regulator x that does not break the AdS

isometries. The IR is regulated with the standard cut-off e.

So the general statement is that the renormalised bulk theory is
Zhsloe™, Nt = hm hm szs[gbo, iy €, K], (4.2)

where ¢ and A" are the renormalized source and coupling, while ¢y and A; the bare
source and bare coupling. So to compute the renormalised correlation function, we need
to take derivatives with respect to the renormalised source. Although in the background
field method, we take the derivative with respect to the bare source and renormalise the

theory such that we find the renormalise source.

4.2 Relevant Integrals

From the point of view of the bulk, the holographic correlation function corresponds to
Witten diagrams. They are built with the bulk-to-boundary propagator and bulk-to-bulk
propagator. Therefore, to work at loop order within the bulk, we need to know how to
compute some relevant integral that will arise from the corresponding Witten diagrams.

This subsection aims to work on some of the essential integrals.



For some integral, using AdS isometries, we can give the general structure isolating

the UV divergent part, but not the complete solution.

Product of two bulk-to-boundary propagators

The product of two bulk-to-boundary propagators also called the mass gap [53, 52], falls
into a particular case of a D—function. It is given by
Do) = [ dnia, (57 = 1) Kns (2.7 — ). (43)

The diagrammatic expression of this integral is shown in Figure 4.1.

Figure 4.1: Witten diagram for the Da a function

The asymptotic behaviour of the integrand is 2472172271 So the Dj, a, is IR
divergent when A;+Ay > d. As we are considering that any conformal dimension A; > %,
then Da, a, is always IR divergent so it demands regularisation. We will regulate the

divergence considering a cut-off in the lower limit of the radial direction.

Then, the regulated integral is

* dz

Dasledii) = [ i [diKa (T~ PKs(T-%) (49



where we made explicit the /g term. We can translate the transverse coordinate

Lo 1 oo . ZA1+A2_d_]-
Doy oleiolt) = enesrsress | [ s s 49

= |ij12|n. Notice that the complete dependence

with o = If
12|
of the boundary points is in the prefactor and the lower limit of the radial integral. So,

we need to find how the integral depends on ;5. To find this, we will call the integral

A1+A2 d—1
DA17A2 / dZ/dI As (46)

(22 + (2 — 1)) [22 + 2]
and take a derivative with respect to o,
d -~ A1+Az
—D =— / dzr . 4.7
do S5 (02 + (% — 2)2]* [0 + 2™ (1)

It is possible to solve the integral directly by using spherical coordinates. Instead,

we will follow a different approach. By using the following Dirac delta representation,

Z2A—d

we will find,

d - 11 - 5
lim ——Da, a, = —208,.0,—— = Daya, = —2-2222 log (! : V) +O+ 0k,
U1 — Yo

o—0 do_ cAl g cAl
(4.9)
where C' is an integration constant. Then, we will have,
Daa(e g1, 32) & O ( ‘ >+C)+OU (4.10)
AAEYL,Y2) = ——F— =< | 108 | /= €). .
1 — 222 91 — 3o

Notice that we have obtained the dependence on the external point (modulo a



constant) without doing any integral.

In this treatment there is a caveat, by defining 0 = 7] We are assuming that

11 # Uo, thereby can be more divergence.

To obtain the full solution integral for any boundary points and to find the con-
stant C'; we use the momentum representation of the bulk-boundary-propagator (5.7) to
compute Da a. Quoting the result from Appendix C.4 taking the limit of ¢ — 0 and
using the inverse Fourier transformation (C.38) we find

L 0(h — i)
e2A-d 9N —

2ca o € ¢<A)_¢(A_g) c
—<lg(\371—172|)+ 5 >+(9( ).

IS

Daa(th, %) = (4.11)

Regulating the IR divergence is crucial and will play an essential role in computing

the quantum correction to the holographic correlation function.

The GK integral

The integral of the product between a bulk-to-bulk propagator and the bulk-to-boundary

propagator is,
Li(x,9) = /dw’GA(x,m')KA(z’,f—g), (4.12)

using the asymptotic behaviour of each propagator, we find that the integrand behaves

as 2z~ 1, then we have to regulate the integral by introducing a cut-off in the lower limit,

Lie,z,§) = / i’ / 47 /GG, 2\ Ka (2, & — 7). (4.13)

In Figure. 4.2 is shown the corresponding Witten diagram for the I; integral.



Figure 4.2: Witten diagram for the GK integral

This integral can be computed using the series representation of the bulk-to-bulk
propagator, integrating using (C.1) and re-sum into a single expression. This procedure

is cumbersome and too long.

It is easier to follow a similar procedure as is done in [70]. We will consider the

following equation

(~O4+mH) I = Ka(z, 7 — 7)), (4.14)

where we used (3.47). The boundary condition for the differential equation corresponds

to the limit of z — €, so using (3.50), we have

EA

C2A —d

Daa(Z, 7). (4.15)

By direct computation, it is possible to prove that the solution to this differential equation

is,

I z R -
Iy = ToA dKA(Z’m — i) log <m> + C1Ka(2, 7 — ) + CoKyg_n(2,Z — )

(4.16)

Demanding regularity in the interior, we determine C'; = 0 and imposing the boundary



condition we find

a:-m_dmm-m_d[wm-@b(A-g)} (4.17)

where () the digamma function.

Then, we have

hien, ) = ~55 —gKaled =) [l (o ) + o @) - (a- 5.
(4.18)

An alternative proof can be found in Appendix C.2

The G"K integral for n > 2

The generalisation of the GK integral to an arbitrary power on the bulk-to-bulk propa-

gator is
Lz, 9) = /dx'GA(x,x’)”KA(z’,f' —9), n=23,.... (4.19)

Having one bulk-to-boundary propagator and adding more bulk-to-bulk propagators, the
integral becomes IR convergent, so we can infer that I is IR finite. Indeed, by power
counting, we can check that the IR behaviour of the integrand is z"*~2~!: thus, for n > 2,

the I integral in IR is finite.

As we do not add an IR cut-off, we are not breaking the AdS symmetry, so we can
use the whole set of AdS isometries to work the integral. In particular, by translating

both transverse coordinates, ¥ — 7 — i and @’ — 2’ — ¢/, we can prove that the integral



is independent of the boundary coordinate 3. So we have
In(z,%) = /dx'GA(x,x')"KA(z',f'). (4.20)

Now, we do an inversion given by equation (2.58) to x and 2/, as is an isometry, the

volume element and the bulk-to-bulk propagator do not change
In(2,7) = cA/dx/GA(x,x')"z'A. (4.21)
By translating in @/ — 2’ — Z, then
Ln(z) = cA/dx'G(z,O; 2 7)Y A (4.22)
Now we do a dilatation such that 2’ — z2’, so we will have
Ln(z) = CAZA/dJ}/G(l,O; 2,7 A, (4.23)

Notice that the r.h.s integral is an (eventually UV divergent) constant. Despite this, the

only dependence is the z term. Inverting back the z variable, we are left with
Ln(2,7) = gnKa (2,2), gn = /dac/GA(l,O; 2 7)Y A (4.24)

The g, factor is UV divergent, so computing it demands regularisation. However, we have
found a general structure that the G" K integral has without computing it explicitly. In

[48], this integral was worked using the spectral representation finding the same structure.

The G"K integral has a clear interpretation in terms of Witten diagram shown in

Figure 4.3



<y
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Figure 4.3: The n = 3 case. On the lL.h.s the integration is in 2’ and in the r.h.s g3 is a
constant .

The G? integral

Now we turn our attention to the integral of a square of two bulk-to-bulk propagators
I3(z) = /dw’G(x, 2 )G(2 ) x). (4.25)

The IR convergence is guaranteed because the asymptotic expansion of the integrand has

, which is convergent for A > %. Therefore there is no need to add a

the form z?A-4"1
lower cut-off regulator, and we can use AdS isometries to get the structure of the integral.

Doing a translation ¥’ — &’ — & and dilatation x’ — zz2’ we will have
I3 = /dx'G(l, 0;2,1')? (4.26)

which does not depends on x, so it is constant.

It turns out to be that this integral will be UV divergent, so regularisation is needed

to compute it.

In Appendix C.3 is proven that

_2A1_dd%GA(1) = / deGa(z, 2 )G (2!, x) (4.27)

where we understand Ga(1) to be regulated. This formula makes it much easier to



compute the r.h.s integral.

The KK log integral

Now we turn our attention to the integral
Li(y1, 92) = /d:pKA(z,f— 1) /dx'GA(x,x’)KA(z',f’ — ). (4.28)

The integral over the primed variable corresponds to the one studied in the GK

integral subsection and is IR divergent. Then, using (4.18), we will have

Li(e, f2) = —2A1_ - /deA(z,:E’— 19) KA (2, T) [log (@) b (A — (A _ Z)} ,

(4.29)

the integral is IR-divergent as well. So, the I, has two IR divergences. Regularising it,

we have
. 1 L . Z€ d
Iy(e, tha) = “oA_—d | dxKa(z,Z — th2) Ka(z, T) [log (M) +P(A) = <A — 2)] )
(4.30)

We may notice that a part of the integral is proportional to the D a function (4.11)

A —d <1og<6) +P(A) = (A - g)) Dan+14 (4.31)

To study the I, we may notice

N A 2 2 d 2 2
Iy =— d — | - 4.32
=) a(em) e

Doing integration by parts, a translation on the transverse coordinate and using that ;o




is invariant under rotation we will have,

~ 1 dCA 1 d

== GazaP245a Tapac d) aADaa

(4.33)

which is direct to compute.

So the integral is

Lo ed=225(1 — ¥ 2c 1 €
(e, 41, ) = (6 — %) = log (—

2
o+ —— —— | + (434
(2A —d)? 2A — d |y — a|*A |91 — y2|) 3

log (m) [wm _ ¢ <A _ g)} + i {wm(A — (A - g)}
1

(-2

The KKG? integral

! The integral to be studied is

Is(z, 41, 12) = /dﬂﬁlKA(Zl,fl — ) Ka(z1, 1 — §2)Galxr, x)* (4.35)

This integral is more challenging and demands much more work to understand it.

It is not hard to check that this integral is IR convergent for d > 1. Then, there is

no need for IR regularisation.

By translation invariance, we find that the integral depends on ;5 = 31 —9>. Then

—

we invert each coordinate z — 2/, ¥ — &’ given by (2.58) and ¥ — ¥ = 4, as inversion
) g y Yy ) 72

is an AdS isometry, then G(2/,x) remains unchanged, but the bulk-to-bulk propagator

transform as

1

KA (Z,f—g) = WKA (2/75/_37/)' (436)

'We thank Ernesto Bianchi for very useful comments on this part of the work.



On the r.h.s, the prefactor of K is given in terms of the uninverted vector y. With this,

the integral becomes

I 1 ,
Is(2', 91, 92) = T /CWKA(Z/;SU/ — i19)2"Galah, o). (4.37)

The bulk-to-bulk propagator is given by a hypergeometric function (3.48). Using
the explicit form of the bulk-to-boundary propagator and using the series representation

of the hypergeometric function, we will have,

4
— — C n n
(' 010 ) = ~(n — gy 2 Cmen (4.38)

nin2

00 1M4A+2(n1+n2)—d—1
x | dz / dz. 2
/o U (@ - G 2+ R (- )t

where
o (Bl rdaas e .
"(a-4+1) TAT(-4+n+A+1) '

The last integral is solved in Appendix C. By using the integral result and re-arranging

the terms, we have

a+1

o a1 2_2AC 2 . . B B e’}
Is(w, 1, 55) = 7% ( A) Ka(e®— 3)Ka( 7 — i) S o + 6 (4.40)

o, log [ © - |y12|2] ( - |?]12|2)l
B R G A R A Ll RN VR R A

For the renormalisation, the relevant term is

(A)i(A)(d);  T(2A — 4 +1+4)

a; = (~1)'(d - 1) ()il T(A+2+i)T(A+1+i)

(4.41)

d 3
W (QA—§—|—1+i,1,1,d—|—i;A+§+i,A+i+1,2+z’,1)

In general, for any a and b positive, the ,1F,(as,...az+1;01,...,b4, 1), is convergent for



Y a; — Y b; > 0. In our case, this is translated into

3—d

— +i>0 (4.42)
So, the «; term is finite for d < 3. For d = 3,4, the coefficient «a;—q is divergent. For
d = 5,6, the a;—¢ and a;—; are divergent. For d = 7,8 the terms «;—g, a;—; and a;—o are

divergent. The coefficients §; and o; are finite.

4.3 UV regulator

In the previous section, we studied relevant integrals, finding some of them to be IR
convergent, e.g. the G"K integral. Despite being IR convergent, the finiteness of the
integral is not guaranteed because there can be UV divergence. Indeed, the coefficient ¢,

in (4.24), or the integral I5 in (4.26) are UV divergent.

The first case is the bulk-to-bulk propagator at the same point. From the definition

(3.48), when we evaluate in # = 2’ we have £ = 1 then

Ga(z,z) = Ga(l)

—A

-2 A o AT
IN—d*¥ '\ 2 2 5 b

In general, the hypergeometric function oFj(a,b,c, 1) is convergent for ¢ > a + b, and is

L(c)'(c—a—0)

Fi(a,b,c,1) = ) 4.44
2Fifabe.1) ['(c—a)l'(c—D) (444)
In this case, the condition ¢ > a + b corresponds to d < 1. Then, we can write
278ca T'(A-2+1)D (14
Ga(1) ca TA—5+ I () (4.45)

T 2A—dr (544 1) T (AZy

We can consider the former result’s analytical continuation, allowing us to have d > 1.



For d even, (4.45) is finite and well-defined. For d odd, it may be ill-defined and
demand regularisation. Using dimensional regularisation, d — d — k, the bulk-to-bulk
propagator at the same point is finite. The divergent piece is obtained by taking the limit

of Kk = 0.
We will denote the regulated bulk-to-bulk propagator as Ga . (1).

However, for the coming discussion, another regulator will be used. This is because

there are integrals that we still do not know how to use in dimensional regularisation.

Inspired in [52, 53] we regulate the bulk-to-bulk propagator,

Gale(e.) ~ 6a (1) (1.46)

where k is the geodesic distance among the points. In this regularisation scheme, we
keep the dimension fixed but consider the two-point x and 2’ apart and expand the bulk-
to-bulk propagator in powers of the geodesic distance [71]. The regulated bulk-to-bulk
propagator inherently is AdS invariant because chordal distance £ is AdS invariant, and

we keep k fixed.

In the case x = 2/, then we will have

Gan(l) = Ga (1 - ) (4.47)

which is finite for d > 1.

4.4 Background field method

We will now move on to work on one of our main problems: the role of quantum correction
in the holographic correlation function, considering an interacting scalar field over an AdS

background. Despite being an effective theory and not including backreaction from space-



time, the model is enough to understand how to work the quantum correction.

Consider the scalar field with quartic interaction with action given by

1 1
S = / dx (§g’“’8u<1>8y(1> + §m2(1>2 + %@4) + B. (4.48)

As we saw in section 3.1, the boundary term plays a crucial role in the renormalisation of

IR divergences.

We will consider the field to be composed by
O=0,+h (4.49)

where @ solves the equation of motion while A is the quantum fluctuation. As the classical
field solves the equation of motion, we will impose a non-normalisable Dirichlet boundary

condition, and the quantum fluctuation will have a normalisable boundary condition
Dy(z = 0,%) ~ 2720+ ..., h(z = 0,%) ~2°hg+ ... (4.50)

where A is the positive solution to A(A — d) = m?. Notice that A depends on the mass
in the Lagrangian. As we may suppose from standard QFT, by considering quantum
correction, we will have to renormalise the mass; therefore, we expect that the conformal
dimension A will also be renormalised.

Plugging the decomposition (4.49) into the action we will have
S[®] = Su + 5, (4.51)

where we called Sy = S[®y] + B and S, = S[®, h] which is at least quadratic in h. The

linear term in h vanishes because of the equation of motion.



Then, the partition function will be

7 = 742,

= e_SCl/Dhe_Sq

Sa=B and Z, stands for the path integral over h. In this section,

where we called Z,; = e~

we will focus on the path integral over the quantum fluctuation.

Notice that the S, action has a non-trivial dependence on the classical field @,
which depends on the “source” of the conformal theory through the boundary condition.

Thus, the quantum part of the partition function depends on the source ¢q

Zy= Zyo] = / Dhe ™54, (4.52)

If we have a non-quadratic potential, the path integral cannot be fully solved. However,

it can be computed perturbatively.

In exact agreement with standard QF'T computations, the functional W, = In Z,
generates the connected correlation function. In this section, we will work with W, to see

the effect of quantum correction on the holographic correlation function.

As we have seen before, the correlation functions are obtained by taking functional
derivatives with respect to the boundary condition of the classical field. The quantum

correction to the tree-level correlation function is given by

<OA1 (f)>q = W;((E)Wq ¢0=0’ (453)
(Oa (DO E2), =~y W] (45)

where the subscript ¢ denotes that it corresponds to the quantum part of the correlation



function.

Computing the quantum corrections to the correlation function, we will find the
already-known IR divergences and UV divergences. The high energy divergences (in the
bulk) do not arise in the tree-level computation, and we must know how to deal with

them.

The S, = S[®, h] action for the bulk (4.48) is

A A A
Sq[%]:/dxh( O+ m? +4<I>2l+3<1>lh+4|h2)h (4.55)

Where &, = ®,(¢) is given by the perturbative solution to the equation of motion.

From here, we see that the partition function will be a path integral over a non-
Gaussian integral. To work the non-quadratic exponential in the path integral, we proceed

by adding a bulk source J. Then, we define the double source partition function as
Zlgo, J| = / Dh, ¢St  dwh (4.56)

We must remember that the source we use to obtain the correlation function is ¢g, and the

source J is just an intermediate device that allows us to work the non-Gaussian integral.

Following the same tricks of standard QFT, we can take out the non-quadratic
part of the action as derivatives with respect to the source J and integrate it out of the

partition function

1y

2o, J] = M el ieimrivals / Dhe~ [ da[r(-=0+m*)h+.74] (4.57)

the path integral is now Gaussian. Computing the path integral

_ 1p2 62 8\ 1
[¢0, ] — )\fd.l’<4, §J4+4 cl 5J2+ e §J3)€§ fdd+1xldd+1x2J(Il)GA(Il7I2)J(I2)’ (458)



where the function Gz, z2) satisfies,

5($1 — .’L’Q)
\/g

(=04 m*)Galzy, 75) = (4.59)

which is the same equation (3.47) found when we solved the non-linear equation of motion.

So Ga(x1,x9) corresponds to the bulk-to-bulk propagator.

In equation (4.58), the classical fields are on the left exponential; these terms are
the ones that will have the bulk-to-boundary propagator. Therefore, any external leg is
contained in this part of the partition function.

We will be interested in the connected correlation functions that are generated by

Wpo] = —log Z[go]. Along the following lines, we will keep up to O(\?).

To obtain W [¢y] we work term by term in (4.58) and then take the logarithm. The

result up to the second order in the coupling is,

2

W, (0] = —2 / dxq)gl(x)GA(x,x)—i—% / Ay ds®2 (1) Ga (21, 72) G (22, 73)  (4.60)

A2 )
+E/d.ﬁCld[BQ(DCl(I'1>(I)CZ<QZ’2)GA($1,.1'2)5
)\2
)

)\2
+ @ dl’ldxgq)zl(l'l)GA(l’l,$1)q)§l(l’2>GA(I27LL’Q)

2

A
+1_6 dr1dze®?(21)Ga(21, 22)° P2 (7).

+ /d$1d$2q>cz($1)GA(fE17$1)GA(901,$2)GA($2,$2)¢’cl($2)

We must remember that ®, has its own series in A given by (3.42). Therefore the

order A term in W, will have a A2 correction.



The loop correction to the two and 4-point functions are given by,

(OO = | (461
(Oa{§1)0a(F)O0n (8:)0n Gu)) = 5¢0(fl)5¢oi;‘:;2§5253)5¢0(54) oo 452)
By symmetry argument, the 3-point function vanishes.
Performing the derivatives we find for the 2-point function
(Oa(71)Oa($2))q = —% L+ AZQE + %25 + AZQT2 (4.63)
where we called
T, - / Ay Ka (21,71 — §1)Ka (21, B — §2) Gl 1), (4.64)
E = /dleA(zl,fl — 1) Ka(21,Z1 — o) Ga(w1, 22)*Ga(z1, 71), (4.65)
S = /dianA(Zl,fl — 1)Galx1,72)° Ka(22, T2 — 1), (4.66)

Ty = /dleA(Zlvfl —1)Ga(x1,21)Ga(@1, 22)Ga(T2, X2) KA (22, T2 — ). (4.67)

Each of these integrals has an explicit diagrammatic expression given in Figure 4.4, where
we see that the names 77, F, S, T5 stands for 1 — Ttadpole, Fight, Sunset and 2 —

Tadpole.

Similarly, we can compute the 4-point function (4.62), finding

A2 \? A2 \? \? \? A2
<OA(gl)OA<52)OA(53)OA(54>>q = ?Bl + 532 + 333 + 734 + ?Xs + ?Xt + ?Xu

(4.68)



<

Figure 4.4: Witten diagrams for the loops 2-point function up to order A\? in the coupling.

where

B; = /ddeCQKA(ZhUCl Ui)Ga(x1,21)Ga(21, 22) H Ka(z2, %2 — ), i1 =1,2,3,4
J=1,j#i

(4.69)
X = /dwldszA(Zh 71— §1)Ka(z1, 21 — §a)Galwr, 22)2 Ka (22, T — o) Ka (22, T2 — §3),

(4.70)

The subscript in B denotes the external leg of the loop, and the X diagram denotes the

s, t, u channels. Figure 4.5 shows the Witten diagram for X, and Bj.

Our goal now is to work on each diagram presented and see the effect of the quantum

loops in the holographic correlation function.



Figure 4.5: 4-point function up to one loop.

From now on, we will use the notation,

/dm = /ﬁoo dz/df\/E, Galz,y) = Gax(z,y), (4.71)

i.e. denotes the regularised objects.

First, we will work on the 2-point and then the 4-point functions.

4.4.1 2-point function

We have to compute the integrals (4.64), (4.65), (4.66) and (4.67). All these integrals are
related to those we studied in section 4.2, and we know they may need regularisation.
Indeed, all the loop Witten diagrams for the two-point function will demand IR and UV

regularisation.



Writing the regularised 2-point quantum correction in a more suggestive way

Ty (K, €, 91, %2) = Gak(l) /_ do1 Ka (21, %1 — 41) Ka(z1, @1 — 92), (4.72)

E(k,€6,91,92) = Gax(l) / de1 Ka (21, @1 — 41) Ka(21, %1 — ?72)/d$2GA,K($1,$2)27
(4.73)

S (K, €,91,1) = / dx1 Ka (21, 1 — 1) /dﬂﬁzGA,n(fUl,xz)gKA(Zz,fz — 1) (4.74)

T2 (HJ €, gh g2> - GA,H(]')z/ d'rlKA<Z17 fl - ?71) / dx2GA:R(x17 I2)KA(Z2’ ‘f? - g2)

(4.75)
Let us write each diagram explicitly.
1-Tadpole diagram
Using (4.11) in (4.72) we have
T1 (K,E,yl,yz) —GA,.%(l) (EQA—d 2A—d 4+ ... (476)

B 2ca € ¢(A)_¢(A_g)
7 = P (k’g () * 2 |

Notice that this diagram has both IR and UV divergences.



Eight diagram

Using (4.26) we will have the Da A integral so we have to use (4.11) as well

E(k, e, 1%, 1) = GA,H(l)[?)/ de Ka(z1, %1 — 1) Ka(21, 71 — ) (4.77)

_ 1 0(th — 42)
= —GAﬁ(l).[g (EZAd N _ d + ...

N € Y (A) —9 (A3
7 — |2 <log (\?71 — gz’) * 2 ’

The Sunset diagram

In this case we use (4.24) which will leave the Da a, therefore we use (4.11)

S(’fa 67?717?72) = 03/ d$1KA(Z1,fl - 51)KA(21751 - 52)

zZ=€

:Cg( 1 6(sh — %)

e2h-d 9N — (
A)— (A -2
—_,QCéQA log(_,e_,>+¢<> ¢( 2) ‘
17 — B ] 2

Despite the notation, c3 and ca are not related. The constant ¢z is defined in (4.24) and

ca is defined in (3.35).

The double tadpole

Here we have to notice that there is a double IR divergence. First, working the x5 integral

that corresponds to a GK integral given by (4.18)

To(k, €, 91,1) = — 22’_ 1 /z=e do1 Ka(z, @1 — 1h) Ka(21, 1 — 42) [10g (Z% Y. 52)2>

ﬂ/)(A)—@/J(A—g)]



This integral is given by (4.34), so the double tadpole diagram is

(i — i) 2cs  Gan(1)? c Y
T U1, Ua) = 1)2¢ L ki 1 _
et i) = Canll 0 T ol s |\ )

(4.79)

S A R )

Summing and renormalisation

So far, we have computed the loop Witten diagram for the two-point function. Generally,
each diagram has the tree-level 2-point function structure times a logarithm. Because of
the presence of the logarithm, we see that each loop diagram does not correspond to a CF'T
2-point function, nor does the sum of the loop Witten diagram. However, to understand
the existence of the logarithmic term in the quantum diagrams, we must remember that
the leading term corresponds to the tree-level computation done in section 3.2 and that

the loop Witten diagram corresponds to correction to the tree-level computation.

Explicitly this means that the 2-point function up to A\? is given by

A 1

(Oa(171)O0a(Y2)) = (Oa(th)Oa(Y2)) tree — §T1 + A2 <iE + %S + ZT2> , (4.80)

which is diagrammatically given by Figure4.6

Just as a matter of introduction, we will first work to order A\. The order \? is analogous.



(OA(11)Oa(i)) = yl@yz b yl@yz +1 0 12
+1 J 7 +1 7 T
6 U1 Yo 1 Y1 Y2

Figure 4.6: Witten diagram for the 2-point function up to two loops

Two-point function up to order \

We now study the 1-loop correction to the 2-point function. For this purpose, we split
the problem by considering the non-local part, which gives the correlation functions, and

the local part, which corresponds to the IR divergent terms.

Let us start with the non-local part. The regularised 2-point function (4.80) up to

order A is given by

QA — d)CA )\
OO (T non-local __ _(— — T .
< A(y1> A(y2)>reg |g’1 _ 372|2A 2 ! non-local

(4.81)

Where we made explicit the non-local part obtained from the tree-level computation, and
for the quantum correction, we must consider the non-local term. The role of the local
IR divergent term in (4.11) will soon become apparent.

Writing explicitly the 1-tadpole diagram (4.76) we will have

v — y\non-local __ 7% < € ) w(A) — w (A — %)
<0A(y1)0A(y2)>reg - \?]1 — 372|2A (1 + 2)\’}/1 <log |371 — 272| +




where we defined

Gax(1)

M= 20A —d) (4.83)

which is divergent in the limit of K — 0. The form of this 2-point function is full of
divergences. On one side, we have a UV divergent term in ~; and IR divergent pieces

given by e.

To have a well-defined bulk theory, we must renormalize the UV divergences. To

do this, we will understand the mass as a bare parameter, such that

m? =m> 4 6, O = ar A+ a4+ .. .. (4.84)

Where ¢,, is the mass counterterm. Rather than working with the mass, it is better to

use the conformal dimension

_ ax 2
A_AS+A2AS_d+O(>\ ). (4.85)

The mass counterterm can be seen as an interaction, which will give the following

term to the action

SUV,ct = / dl’&m@gl (486)

Taking two derivatives with respect to the source ¢,

(Oa(i)Oa () Vo™ = 5m/ drKa(z, T — §)Ka(z, T — §2) (4.87)
A) — 1 (A -2
_ _)25mfA2A log( _ € _ )+¢( ) ¢( 2)
|th — B 71 — 2] 2

Adding the counterterm, the non-local part of the regularised 2-point function with



the UV counterterm is

2A —d)ea A

(OA(71) O (o)) ronis™, = R §T1 + (Oa(11)Oa(%2))uv, ot (4.88)

) (2A—d)%(1+%(%+ a )1Og< ¢ +w<A)—w(A—§)>>.

non—local

i — A 2A —d 17 — 1| 2

Diagrammatically is shown in Figure 4.7

— — \\ non-loca. — — 1 — — — —
((’)A(yﬁoA(yz))reg,tljv W= 0 @yz 5 @?/2 + U @?/2

Figure 4.7: Witten diagram for the 2-point function up to one loop with UV counterterm

At this point, we are in a position to renormalise the UV divergence. This is done

by adequately choosing a;.

Usually, in standard QFT, the renormalisation scheme is given by defining the
value of the mass at some energy scale. In the current computation, we should know the
conformal theory that lives in the boundary of a ®* theory in the bulk. So far, we do not

have this information and it goes beyond this work’s scope.

However, as we can choose the renormalisation scheme, we can choose a; to cancel
the divergent part of v, or the total value of ~;. The more straightforward solution
corresponds to choosing ay, which contains the total value of v; and then we will be left

with the original conformal dimension and quantum fluctuation has no effect.

We will choose a; such that it cancels only the purely divergent piece of 7;. In

standard QFT, this is the minimal subtraction scheme and corresponds to

ay = %div [Gak(1)] (4.89)



Furthermore, we leave only the convergent part of Ga .(1). Thus, we define the renor-

malised conformal dimension as
A, = lim (A, + 2 Gax(1 4.90
= lim | A+ Sconv [Gau(1) (£.90)

Defining the renormalised anomalous dimension as

Y1 = lim
’ K—0

conv (Ga k(1))
{ 2G5 d) } (4.91)

which is finite by construction. So the 2-point function at 1-loop correction is

(Oa (1) Oa(B2) i e

_ M(HW%( a +¢<A>—¢<A—%))>

AR 1 — 12| 2
20, —d
= —(’ — ’)QCAAT e (4.92)
Y — Y277

We have two issues: On the first hand, on the r.h.s, we have to remove the IR regulator.
On the other hand, comparing both sides of the equation, we notice that the lL.h.s, we
have operators of dimension A and, keeping aside the € factor, the r.h.s corresponds to
the 2-point function for operators with conformal dimension A,. Both problems, the IR
regulator and the mismatch among the conformal dimensions are two sides of the same

coin.

To obtain the loop diagram, we used the bare source, which has conformal di-
mension d — A. After renormalization, the operator has conformal dimension A,. As
we changed the conformal dimension, the problem tells us that we took derivatives with
respect to the wrong source ¢o. The way to deal with this is by doing the equivalent to

wavefunction renormalisation, but the renormalisation has to deal with the IR divergence.



So, defining

do =/ Zs0 (4.93)

where gb(()r) is the renormalised source. Then the correlation function are related by

Wig] 1 W go]
— — — 5 (’I") (7”) (4.94)
0do(51)000(52)  Zs 567 (51:)0y (i)
(ZAT — d)CA ’Y
= #TE Lr 495
|t — a|?2 ( )
so choosing Zg = e="5" we will have the correct two-point function
20, — d)CA
O 7O — \\non-local _ ( - T _ r 4.96
< Ar(yl) Ar(y2)> |y1 _ y2’2AT ( )

which is fully consistent and has exactly the form of the 2-point function.

Even though we have obtained the renormalised correlation function, we have to
understand the role of the IR divergent parts of the (4.11) integral. By looking at the
regularised action (3.25) and taking two derivatives with respect to the source ¢g, we will

find

5Sreg
d¢0(1)0¢0(¥2)

= (A= d)8(ih — )" 2 + .. (4.97)

which has the same structure as the divergent piece of (4.11).

The local part of the correlation function up to 1-loop with the mass counterterm

corresponds to

<OA(g1>OA(g2)>local _ (d2A ((d — A) — )\Q(Cgiﬁilzl) _ /\QZéT_n d) 5(:&’1 — y}) + ...

(4.98)



in the bracket, the first term comes from the classical computation, the second term from
the loop, and the third is the mass counterterm. It exactly agrees with the non-local
computation. We choose d,, = a1\, such that cancel the UV divergent part of Ga ,.(1).

Doing so and using the renormalised conformal dimensions (4.90) we have
(OA(F1)Oa(52)) = €22(d — A)5(5h — %) + .- . (4.99)

Again we find a mismatch between both sides of the equality. Source renormalisation

solves this, and we have
(Oa, (§1)0a, (§2)) " = €22 (d = D)3 — o) + .- (4.100)

From holographic renormalisation, all local terms are cancelled by the local boundary

counterterm

Two-point function up order )2
Going to two-loops, the procedure is similar to the 1-loop computation, so we will skip
some details.

The 2-point function is given by (4.80). Similarly, as we did for the 1-loop compu-

tation, we first focus on the non-local part,

— — \\non-loca (QA - d)cA A 1 1 1
<OA(y1>OA<y2)>reg focal — _W - §T1 + >\2 ZE + ES + ZT2 . (4101)

The diagram is shown in Figure 4.6. The way to deal with this problem is exactly as was



done for the 1-loop problem, but now we have

— — \\non-loca 2A —d €
<0A(y1)oA(y2)>reg local _ —ﬁ (1 + 2 ('71 - )\72) (log (m) (4102)
+¢(A)_w(A_%) —2A2’72 10g< _ € _ )
2 %1 — 3o
1) — @ _d —_ _ d))?
RACRIACES IO I Chs ) D |

where we called

Gax(1)
— _am) 4.1
Cs3 GAH(l) GA,{<1>[3
= — - : : 4.104
YT TERA—d)  H2A—d) | A2A—d)2 (4.104)
_ GA H(]-)Q
=2 4.1
T 4ea—ay (4.105)
We may notice that 77 = 7,. Defining
v =71+ A (4.106)

and using 7% = 35 + O()\) we may write,

— _d
OaTIOATE " =~k (1 e <10g <|g1 - ﬁzl) PR 2)>

| — 2|2
e VL @) -l (A-g)  (wA) - (A-9)
—2)2~2 [log (!:ﬂi — ﬁz\) + 1 20 4 1 2 .

This has the same structure of (4.82), but now it considers corrections up to the second

order in the coupling. Following precisely the same steps, we must understand the mass as

a bare parameter such that m? = m?2+4,,, with 6,, = a1\ +a»)? is the mass counterterm,

At the level of the action, the mass redefinition leads to new action on the path



integral

Stvier = / dx6, %, (4.107)

which is the UV counterterm action.

Now we proceed exactly as at the beginning of this section. We consider the field

2

to be composed of a classical field that solves the equation of the motion with mass m?

and a quantum fluctuation. Consider the UV counterterm as an interaction rather than
part of the kernel. Following the holographic dictionary, we will find the UV counterterm

two-point function

(O () O (G2))iRElowt = 5, / KAz T — ) Ka(e, 7 — )
+ >\5mGA,m(1)/ d$1d$2KA(21, T — gl)GA($1, IE2)KA(21751 - 52)

+ 53,1/d551d332KA(217 1 — 1) Ga(z1, 22) Ka(21, 71 — ).

Through the integrals (4.11) and (4.34), we notice that §,, will sum to the correlation

function (4.102).

So, we define the regularised plus UV counterterm correlation function as

(Oa)OA(R)) g ive = (Oa(i) Oal@))reg ™ + (Oa (i) Oa (@) iV (4.108)
(

2A — d)ca ( < 2a4 2a5 2) ( ( € )
== o4 (2ny+ A+ AT (log | =——
1 — 2’2A K 2A—d QA—d & |y1—y2|

Y
v(a-9) s2 2 Gan(l)  adN ©_ Y
; )_(2/\7—6”/\ Qz—d_2A—d) llog(m)
+w(1)(A) _ﬁ(l) (A— g) n (w(A) _Ii(A_ g)) ]) )

To renormalize the UV theory means to find a; and as. Having renormalized, the 1-

loop correction immediately fixes the a; counterterm. On the other hand, as cancels the



divergent term of 5. Then we have a UV finite theory. So defining
7 =7 + 27, (4.109)

we will have the equivalent of (4.92), but now up to two-loops

— — \\non-local __ (2A7" — d)CAr 1
<OA(y1)(9A(y2)>UV ren ‘?71 _ gQIZAT R )
where,
A, = lim [A, + 1] (4.110)
K—

Having found ("), we may claim that the UV problem is solved. We are still left with
the IR regulator and the mismatch between conformal dimensions. These problems are

solved by source renormalisation.

The renormalisation of the boundary terms proceeds precisely as the 1-loop prob-
lem. This is through local boundary counterterms with renormalized conformal dimen-

sions.

4.4.2 4-point function

Following the same procedure dictated by (4.62) we have for the 4-point function up to
order \? the exchange diagram and the tadpole diagram. We will start with the former

and then work on the exchange diagram.

Tadpole

For simplicity, we will work on the tadpole diagram with the loop in one leg. The other

tadpole diagrams in the 4-point function are equivalent.



The tadpole diagram is given by

4
By = /dmdﬂchA(thE —1)Ga(1)Ga(z1, 22) HKA(ZQan — i) (4.111)

j=2

It is easy to check that the presence of the bulk-to-bulk propagator at coincident points
demands UV regularisation. Also, we may notice that the z; integral corresponds to a
K@ integral, so it needs IR regularisation. The regularised K'G integral is given by (4.18).

Then the tadpole in the 4-point function is,

Bile, 7)) = —(2;2’*”"_(162 /d:z: f[ Ka(z @ — i) [log <M> FO(A) — 1) (A -~ g)} .

Jj=1

(4.112)

It becomes evident that the tadpole in the 4-point function correlation function is IR
divergent and UV divergent. This also happens on each 2-point function finding that
renormalises the mass. Then we may expect that this diagram gives corrections to the

mass.

Using (3.53) we have,

Bile, ;) = _C;gﬁ_(ld) /dg; [H Ka(z, @ — ;) log (ﬁ)] (4.113)

j=1

d Gax(l Lo L
- (Q/J(A) — <A - 5)) 22’_( ;DAAAA(ylay%y&lM)'

As we already know, this diagram may correct the mass. Let us consider the
tree-level result plus the 4-point tadpole diagram,
4 \2
(JTOa@))1reg = (Oa@) - - - Oalii))iree + 5B (4.114)

=1

The subscript 1 denotes that the tadpole is in the leg that connects the point boundary

point g to the bulk. The Witten diagram is given in Figure 4.8.



(Oa(i1) - - Oa(Ya))1,eg =

Figure 4.8: The tadpole correction to the 4-point function

Using the tree level result for the 4-point function (3.52) and reorganising the

terms,

<ilj Oa(Gi))1reg = )‘/jlleA(Z’f_ ) (1 - )‘% {log <m>

we-s(s-9)

The term in brackets has the same form as the expansion of the two-point function up to
one loop, but here we have more bulk-to-boundary propagators. Let us write the former

equation in a known way,

<ilj Oa(¥i))1reg = A/ﬁKA(z,f— 7;) <1 — [log (ﬁ) (4.116)

j=1

+w<A>—w(A—§)D,

with v, defined as was defined in the 2-point function analysis,

Gax(l)

"= SR (4.117)

As v, is UV divergent, we need to add the counterterm to cancel the divergence. The

mass counterterm does this job. Therefore, we shall follow exactly the steps done for the



2-point function. Understanding the mass as a bare parameter, such that m? = m? + §,,,,
where the counterterm ¢, leads to the new interaction to the action given by the UV

counterterm action,
SUVct :5m/dl'q), 6m :al)\—l—.... (4118)

In an identical procedure, we will find that the counterterm action will add a UV coun-

terterm 4-point function,

4
H OA 1 JUVet = A(S /d.l’ld[EQG(ZEhl’Q) HKA(ZQ,fQ — y_;), (4119)

=1

up to a constant, this integral is given by (4.116). Then, considering the regularised

4-point function plus the UV counterterm 4-point function we have,

HOA 17“egUVct_ HOA yz 17“eg+ HOA yz 1,UVect (4120)
=1
I 51
:)\/daz jl;[lKA(z,x—yj) (1—)\<71+2A_d))

pos () o v (a-3)])

In the minimal subtraction scheme, we will define a; to cancel the purely divergent term

of v;. This means,
: L.
a; = —div(y) = —EdIV [Ga(1)], (4.121)

which is exactly the counterterm found in the 2-point function renormalisation.

Defining the renormalised conformal dimension as

(4.122)

1
=t [ DeonviGa(t] . on = pimgeony [ G2 ),

22A — d)



we will have,

4

4
(JTOa(@)) 1 5en = A / Ka (2,2 =) [ Kalz, 2 = gj)e (4.123)
i=1

=2

The € regulator is removed by source renormalisation. The source that needs renormal-
isation is the one that gives the operator at the point 7, because v;, depends on the
conformal dimension of the operator at this point. With the renormalised source, both

sides of the equality hold and the 4-point function is consistent with the expected result.
Generalising the procedure to loops on the other legs leads to the same conclusion.

So the tadpole diagram in the 4-point function renormalises the mass. Even more,
just renormalising the 2-point function up to 1-loop, we will immediately renormalise the

tadpole diagram in the 4-point function.

The exchange diagram

There are three exchange diagrams, one for each channel. We will study the diagram
shown in Figure 4.5 for simplicity. We shall consider the three diagrams to study the
renormalisation of this diagram. However, for simplicity, we will work on one channel

only, and the other will follow by doing permutations of the boundary points /.

Let us consider the exchange diagram given by

X5 = /d$1KA(21,fl — 1) Ka(z1, 71 — 172)/d$2KA(22,52 — §3) Ka (22, %2 — §1)G (w2, 71)?

(4.124)

the xo integral is exactly the one that worked in the section 4.2. Keeping in mind that



a1 can be UV divergent, we consider the regularised version of oy, which is given by,

oy — yigg_ A)(A)d); T (2A — 4 +1+4) 1\ 2A+2i+2
ai(k) = (=1)"(d—1) (2);1! r (A + % + Z) T(A+1+14) (1 i H) (4.125)

d 3 1 \?
W 2A — =+ 1+ 1,1, d4+ 6 A+ = +i, A+i+1,2+1, .
2 2 1+k

Just quoting the result, we will have,

d+1 2_2ACA 2 o o - .
XS =T 2 /de’lKA(Zl,.fEl — yl)KA(Zl,.fﬁl — y2) (4126)
2A —d
KA(Z1,f1—?33)KA(Z1,51—174)i< 5 S 573 SL— 2\534\2)Z[a¢(m)
o \A1 T (%1 — 93)% 21 + (T — ¥a)
z Z1 - 12
+05; 4+ o;lo — —
0 : [22 + (7 — 13) 27 + (T — Ua)? 4 ”

The first term of the series is proportional to a product of two bulk-to-boundary propa-

gator. Arranging,

1 (272N = (] L L
Xy=m2 SA —d Z 5 de1Ka (21,21 — th) Ka(z1, &1 — §a)

a1 (2728A ‘& |34 ] Lo L
=2 Z 7 [Daaaviari(9, U2, s, ¥a) [u(k) + i) (4.127)

+/d331KA(21,551 — 1) Ka(z1, 71 — 9o) Kati(z1, 1 — 43)

21

— — z —
X Kayi(21, 71 — Ya)oi log [ 3 )2|y34|2H .nonumber (4.128)

2’2 + (Zlf yg) 21 + (fl — ?74

To work on the renormalisation problem, we must also consider tree-level computation.

We will keep just the UV divergent piece of X given by the «; coefficient to do that. The



ao(K) ai(K) as (k) as(k)

d =2 | Convergent | Convergent | Convergent | Convergent
d = 3,4 | Divergent | Convergent | Convergent | Convergent
d=15,6 | Divergent Divergent | Convergent | Convergent

d>"7 Divergent Divergent Divergent Divergent

Table 4.1: Convergence behaviour of the a; coefficient for kK — 0 expansion in different
dimensions.

UV-regulated 4-point function is,

4 4
TTO@) v re = (TT Q@) eree + 5 Xl ses
=1 =1
= ADanaa (1, Y2, Y3, Ya)+ (4.129)
d+1 —_9A 92 2 oo - 120
o T 2 2 CA |54 N,
D 7 i ; ) 3 7 il -
5 (QA — d) ;0 —CQAH AnA+i A+ (T 2, Uss Ua) [aa(K) + Bi)

As we check in the section 4.2, the divergence term is hidden in ;. A summary of the

behaviour for the different coefficients is shown in table 4.1

The d = 2 case is finite, and no renormalisation is needed. In higher dimensions,
divergences demand renormalisation. From (4.129), we notice that the only way to renor-

malise the exchange diagram is by considering the coupling constant to be,
A=A +0y, On=bA+ ... (4.130)

where 0, is the coupling counterterm. In the same way, as we did for the mass, the

modification of the coupling can be seen as adding a new counterterm action given by
Suver = (5A/dx<1)4. (4.131)

To deal with the renormalisation, we must consider the three diagrams X, X,

and X,. In practice, this means that we ought to consider exactly (4.129) plus the



combinations 75 <> 3 and 5 <> Uy

4 4 4
<H O(Ui)) UV reg, UV & = (H O(Yi) Jtree + ?X|Uv reg + 5,\<H O(#:))uv et

i=1 i=1 i=1
= ADaana (1, Jo, U3, Ua) + b2 A2 Dannn (i1, U2, U3, Ua)
2

e (270G s il DR
+ 9 IA — d ; 02A+i AA,A+i,A+i(y1’y27y37y4> [Oéz'(fi)—l—ﬁi]

+ (G2 < ¥3) + (2 > §a)- (4.132)

We shall work on the renormalisation in different dimensions.

e For d = 3,4, the term «q of the sum is divergent. This is proportional to Daaan,

so choosing b, such that it cancels the divergence, we have renormalised the theory.

For d = 5,6, the divergent pieces come from «g and «y. To cancel the ag part is
direct because it is proportional to Daaaa. To deal with the ¢ = 1 term of the sum,

we must work the Da a a+1,a41 such that it can be written in terms of the Daaaa.

This relation between D-functions is fairly well-known [(67] and is given by
0 2A2
WDAAAA = _mDA,A,A—H,A—H- (4.133)

We may change the Da A at1,a+1 by derivatives of the D function. This relation is

not useful. However, in [67] is also proven,

0 0 0
(s il

—~ + + D u,v) =0 4.134
i oy + iy ) Pesatun 30

where D is given in (3.54) and u and v the crossing ratios (2.30). So, at this point, is

where becomes clear why we need to consider the three possible exchange diagrams.



Then, we can write,

2A — ¢

Daantiasr + Dantiantt +Dansiacin = A 2 DAAAA- (4.135)

So, the divergent term in the a; coefficient can be cancelled by the d, countertem.

e For dimension d > 7 it is not possible to re-write the Da a at2a42 @8 Daaaa,

then the counterterm J, cannot cancel the divergent term cs.

In summary, it is possible to renormalise the coupling constant only up to d = 6 or
equivalently up to AdS;. In [37], by studying the CFT, they find that bulk ®* theory is

renormalisable only up to AdS;.

4.5 Quantum Effective action

In the previous section, we used the connected diagram generator to obtain the quantum
correction to the holographic correlation function. However, regarding the functional
generator, we can go another step forward and work on the same problem using the

Quantum Effective action.

The quantum effective action was introduced as perturbative series in [72] and
the non-perturbative definition was given by the equation (4.140) by B. de Witt in [73].
Following this approach, we can work the loop correction and renormalisation by looking
at the quantum effective action and the equation of motion. This will significantly simplify

the whole renormalisation problem.

As before, the starting point is the action for a ®* interacting theory,

1 1
S = / dx {59’“’3“(1)8”(1) + §m2<1>2 + %@4} + / dzB. (4.136)



The partition function with the bulk source is
Z[J] = / DPe= S+ dw®, (4.137)

In contrast with section 4.4, we will not split the field into a classical field plus a quantum
fluctuation. Instead, by using standard QFT tricks, we add a bulk source J such that we

can take out of the path integral the interaction,

|>

ZlJ|=e

'

e B (4.138)

A st
-4 fdm&l(z>4 67% fdxldng(xl)GA(xl,xQ)J(xQ)

e

Y

where Ga(z1,x2) is the bulk-to-bulk propagator (3.48). Then, we can compute the con-

nected diagram generator. Up to order A is,

4!

/dx (/ d:z:lG(x,xl)J(xl))4

(4.139)

WlJ] = —/dd;ﬁB + % /dydzJ(y)G(y, 2)J(2) + A

+6/d:rG(:v,1') (/dxl\/EJ(xl)G(x,xl))2—|—3/de($,$)2] :

The connected diagram function W[J] is a functional of the source.

To obtain the quantum effective action, we must find a functional that depends on

the field. To do this, we perform a Legendre transformation
r[®] = /deq>(x)<I>(x) — W(Jg| (4.140)

where Jo = J[®] is defined as a solution of

= O(2). (4.141)



So we will have

4 / dz’ ( / d:plG(x',xl)J(x1)>3G(x,x')
+12 / dz'G(1) ( / dxl\/aj(xl)a(x',xl)) G(x,g;')]

= ®(x).

_ /dyG(a:,y)J(y) + %

We must invert this equation such that J depends on ®. The former equation
suggests that ®(x) = &g+ APy + ..., meaning that the source J has its own expansion

on the coupling J = Jy + AJ; + .. ..

Applying the wave operator we have

(-O+m*) @ = (-0+m?) @+ A (-O+m?) & +... (4.142)
= Jo(x) + A1 (x) + % (/ d:ch(a;,xl)Jo(xl))

+%G($,l‘)/dale(xvxl)JO(Il)'

Solving order by order

Jo(z) = (=0 + m?)d. (4.143)

The order A of (4.142) is
(~O 4 m2)®, = Ji(x) + %@0(1;)3 + %G(m, )®o(z) (4.144)
= Ji(z) = (-0 +m?)®, — Lop_ 3(;(:@, 7)®g(x). (4.145)

3170 9l



Then we can write the source up to order X as

J®]| = Jo+ M
O
A

= (—-O0+m*) Py + A(-0O + m?*)®; — %@3 - 5G(1)<I>o
=(-0+m*)® — %@3 — %G(l)@.
So, building the effective action,
r[®] = /dde - /dx B@(—D +m?)® + 2%(1)@2 + %@4 - 20(1) . (4.146)

This gives the effective action to O(\). The renormalisation of the vacuum term AG(1)
is trivial by adding a constant term into the Lagrangian, so we will not consider it in the

following discussion.

Following the same steps, the effective quantum action up to order A\? is

I[®] = /dx Bg*‘”aﬂaﬁ + %mQ(I)Q + %GA(l)d)? + %@4} (4.147)
)\2 3 >\2 2 2
BED) drdz,®(2)Ga(r, 1) ®(21) — gGA(l) drdr,D*(2)Ga(z, z1)
)\2

BT da:dxltb2(x)GA(x,x2)2<I>2(x1)—I—/de,

where A(A — d) = m? and B is a boundary term.

In the first line of the quantum effective action, it is tempting to absorb the UV
divergent piece Ga(1) into the mass parameter and renormalise the theory without further
information about the field. Despite this being correct, it is just an accident of the ®* up
to order A and cannot be generalised to higher order in the coupling or other interaction.
Indeed, by looking at the A%, there are non-local terms that cannot be renormalised just
by looking at the off-shell action. To deal with the renormalization problem, we will

demand a well-defined variational problem for the quantum effective action.



An arbitrary variation of the quantum effective action is,

6T = / AT 286D + / d?x[Adg], (4.148)
0AdS

where the equation of motion £ has to be finite.

The equation of motion is,

A A A2
(-O0+m*)® + 5(133 + §GA(1)® + 3 /d:ng(:v, 29)2®(25) (4.149)

2 2
+ )\ZG(l)CI)/dQ:QG(x,@)Q + %@/dng(:E,m)QCD(xQ)Q =0.

If the theory is renormalisable, then every UV divergence has to be absorbed in the

theory’s parameters, in this case, m? and ), and eventually, the field.

So, we understand the parameters as bare quantities such that,

m? =m2+ 6, Om = a1)s + a2+ ..., (4.150)

A=A +0n,  Ox=0oA2 +D03\3+ ., (4.151)

where 0,, and §, are the counterterms and the coeflicient a1, as, by are the counterterms

coefficients. If we find the coefficient, then we have solved the UV divergence problem.

The equation of motion for the quantum effective action with the UV counterterm

18

As ) As AsOm
(—O+m>)P 4 6,® + 20 + &> + 5 Ga.(z,2)® + /

3! 3! (2A, — d) a.(1)e

2 2
+ %GAS(l)CD — %/deGAS(x,lQ):s@(.TQ) — %GAS(l)(I)/d$2GAS<$,$2)2
2

— % /deGAS (z,12)?®(22)*> =0 (4.152)



where /7 denotes derivative with respect to A, As the equation is non-linear, so we solve

it perturbatively in the field

® = By + APy + N2Dy+ ..., (4.154)

this leads to the following equation of motions

(=0 +m2)® =0, (4.155)
1 1
(~O0+mA))d, = —a; Py — 5G(1)<1>0 — 5@3, (4.156)
2 1 a1 / bz 1 9

1
— g dangAs (Qf, ZEQ)SCI)()(ZL'Q) — EGAS(l)(I)O/d:BQGAS (1‘,272)2

1 1
— Z@o/dl‘zG(ﬂf,ﬂ?g)zq)o(wg)z — 6[92@8 — qu)o — &1(131

As we want to compute holographic correlation functions, the boundary condition is

q)o(Z — O,f) ~ deAqu.

4.5.1 Order 0 in the coupling

The equation of motion of order \° is solved by the bulk-to-boundary propagator related

to the mass m?2. This is

Do(z, 7) = / 05K a. (2% — §)do(7). (4.158)

2In appendix C.3 is proven that

1 d ,



4.5.2 Order 1 in the coupling

Up to order A, now we have two ways. Either to solve (4.155) by itself and sum it with
the solution (4.158) or to solve (4.155)+ (4.156) as one equation. For simplicity, we will
follow the second option

As

2 3 (4.159)

1
<—|:| -+ mg)(q)o + )\SCI)l) = —)\S (a1 + §GAS(1)) q)o -
which is nothing but
2 1 )\5 3

From here, we can find a; such that the equation of motion is finite. As matter of
consistency with the previous sections, we will use minimal subtraction as renormalization

scheme

1
a; = —Ediv [Ga,(1)]. (4.161)
Defining the renormalised mass as
As
m? = lim [m? + ZZconv [Ga,(1)]], (4.162)
k—0 2
we will have
2 As 23
(—O0+m))® = ——°. (4.163)

3!



So the field is

B, = Dy, + APy, (4.164)

Do, = / 05K a, (2,7 — DS @), (4.165)
_ 1 / / NS

Dy, = 3 dx'Ga, (z,2") (Do (2))", (4.166)

we labelled the field with the subscript (r) to denote that it is built from the renormalised

mass m? and the renormalised source qb((]r).

4.5.3 Order 2 in the coupling

Having a finite ®; and ®;, we move to the equation of motion of order A2, where a; is

already fixed, so we have to work with as and b,.
Consider (4.152) and place each linear term on ® to the Lh.s and the non-linear

term to the right

1 1 1 b
(—D + mz + A <a1 + §GA5(1)) + /\g (ag ~35 <a1 + §GA5(1)) I3+ ;GAS(1)>) iiJ

% NN, A2
=2 [ G, (2B () = —%@3 -0 / d2sGa. (1, 72)°®(w)>  (4.167)

where we used (4.153) and I3 is (4.26). Working the Lh.s first.

Keeping in mind that ® = &y + A\, ®; + \2®,, with &, and ®; known we can

compute,

= 2g3P(2) (4.168)

with g3 given by (4.24).



So, the equation of motion up to the second order in the coupling is,

1 1 1 b 1
<D +m? 4 A (a1 - 2GA3(1)> + A2 <a2 -5 <a1 - 2%5(1)) Iy + 5 Ga,(1) - 03)> P

6
Ases  y2g (P22, 1 2 2
_§® — AP y@ —1—1 droGa,(x,22) P(x2)” ) . (4.169)

We see that a; already renormalises some divergence. This aspect is known from standard
QFT, whereby we renormalise the tadpole and automatically renormalise the loop on top

of the eight diagram shown in Figure 4.4. We can determine ay as well

a) = —%div [Ga, (D], (4.170)

1. L. L.
as = Zdw [I3conv [Ga,(1)]] — §d1V [b2Ga,(1)] + édlv cs] - (4.171)

On the r.h.s of equation (4.169) in the bracket, we can consider ® = &+ O(\;). To
renormalise the theory, i.e. find by, the divergent part of [ G*K? has to be proportional
to [ K2 If the divergent part is not proportional to [ K2, then the theory is non-

renormalisable.

In section 4.4.2, we checked that [ G?KK is proportional to [ KK only up to
d = 6, meaning that the ®* theory in the bulk is renormalisable only up to AdS7. So, if
we are in d < 6, we may find the renormalisation coefficient for the coupling, and it is

given by

by = gdiv {/ d$2GAs(xvx2>q)(x2)2}

= gdiv {/ dIQGAS(I,lEQ)(I)Q(ZEQ)2:| :

with @y given by (4.158).

Having found the counterterm a;, as and by we may define the renormalised pa-



rameters as

m? =m? + %conv [Ga,(1)] + N2 [—iconv [Isconv [Ga,(1)]] + %conv [b2GA,(1)] — éconv [c3]

(4.172)

2
A= Xs + %conv [/ dzoGa, (x,x')Qq)(x')Q} (4.173)

By demanding a finite equation of motion with a given Dirichlet boundary condition,
we found only UV divergent terms and the corresponding counterterm such that bulk
equations of motion are finite. As we already know, the problem of obtaining the CFT
correlation function is not yet solved. To solve this, we have to do Holographic Renor-

malisation

4.5.4 UV Renormalised Quantum Effective Action

We have found the UV counterterms by demanding finiteness of the equation of motion,

so the quantum effective action (4.147) is UV finite on-shell. The on-shell field is given

1 1 A ,

e (@] = dr |=¢g"0,80,® + —m2®* + =20t + [ diB, d<6. (4.174)
0—s 9 K 2T 4!

Ade+1 *

We are sure that the bulk action is UV finite. So now we have to work on the IR divergence
that will naturally appear. To do this, we follow exactly the holographic renormalisation

presented in section 3.1, but now we impose as a boundary condition
(2 — 0,F) — 272", (4.175)

where the renormalised conformal dimension, A, is the positive solution of A,.(A, —d) =
m?2. The next steps are exactly as presented in section 3.1 but replacing A — A,. While
the computation of the correlation function is the same as the one done in section 3.2 but

replacing A — A, and A — A,.. However, in contrast with the tree-level computation,



now we can only compute the 4-point function if we consider a bulk theory of dimension

seven or lower.



Chapter 5

Holographic Correlator: Momentum

space

In section 2.1, we found the general structure of 2- and 3-point functions using confor-
mal symmetry. However, these relations only hold at separated points, and correlation
functions should be well-defined distributions, i.e. they must have a well-defined Fourier
transformation. If we have operators with conformal dimension A = %+k, k=0,1,2,...,
the 2-point function (2.27) in position space does not have a well-defined Fourier trans-

form.

Rather than taking the Fourier transform of the well-known position space correla-
tion function, we may use Ward identities to obtain correlation functions. In momentum
space, to solve the 2-point function, regularisation and renormalisation are necessary and
lead to new conformal anomalies [74, 75, 76]. For the 3-point function, the problem be-
comes more involved. We refer to [55] for the 3-point function for scalars, and [54, 77, 78]
for the 3-point function of tensor fields. Recently has been some progress on working the

4-point function for CFT in momentum space [79, 80, 50]

In general, the problem of the correlation function for CFT in momentum space is

not trivial, mainly because Ward identities in momentum spaces become a second-order
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PDE that may be difficult to solve. However, we can use the AdS/CFT correspondence

to work the computation of the holographic correlation function.

In momentum space, at tree level, the general scheme is essentially the same as
presented in section 3.1, so in the asymptotic expansion of the on-shell field, we must
find the term z®¢oa_q and (OA) X ¢on_q. From the former equation, we may compute
holographic correlation functions. Going to loop correction leads to the Witten diagrams
found in section 4.4, with similar integrals to be solved. However, now the propagators

are given in momentum space along the transverse coordinate.

In contrast with the study of the correlation function in position space, in this
chapter, we will condense the complete analysis of holographic correlation functions in
momentum space. This includes the tree level and quantum computation of the dual cor-
relation functions. This is because most of the discussion is equivalent to the discussion on
position space, so we will quote the necessary results and translate them into momentum

space.

The structure of the chapter is as follows: in section 5.1, we work on the solution of
the equation of motion and introduce the bulk-to-boundary and bulk-to-bulk propagator
in momentum space. In particular, we compute the 2-point function and give an example
of calculating the 3-point function for a ®? interacting theory. In section 5.2, we move to
work on the quantum correction in the momentum space following the background field

method and solve the 1-loop correction to the 2-point function.

We will follow the notation

(OaA(PL) ... Oa(Pn)) = (27T>d5(]71 + . D) {((Oa(PL) - .- Oa(Dn))), (5.1)

and mainly focus on ((...)) part.

As we will see, both propagators are composed of modified Bessel functions; there-



fore, in this chapter, we will refer to the integral according to what Bessel function com-

poses. For example, an [K-integral is the integral of the I-Bessel times K-Bessel function.

5.1 Holographic Correlator in Momentum space:

Tree level

To work the background field, we must understand the semi-classical approach in momen-
tum space. To do this, we solve the classical equation of motion with the bulk-to-boundary
and bulk-to-bulk propagator in momentum space along the transverse coordinates. Fur-
thermore, following the holographic dictionary, we find the corresponding tree-level holo-

graphic correlation function.

5.1.1 Perturbative solutions

We will consider the same scalar field with action (4.48). As we did before, we solve
the equation perturbatively in the coupling ® = @y, + APy + O(A?), where each term
satisfies the equation (3.43) and (3.44) respectively. As we are interested in the correlation
function in momentum space we will do a Fourier transformation to the field along the

transverse coordinate & while the radial direction z remains unchanged; this is
O(2,p) = F((2,7)). (5.2)
The equations of motions in momentum space are

Laa(z,9)®0y(2,0) =0, @(z,5) ~ 27 2¢0(p), (5.3)

1

3
Laa(z D)2 (20) = =5 (P0))" (5.4)



where

Laa(z,p) = —2°07 + (d — 1)20, + m* + 2°p°. (5.5)

In the field, we will demand regularity in z — oo. Similarly, as we did for the position
space problem, the perturbative solution of the equation of motion is given by the bulk-

to-boundary propagator and the bulk-to-bulk propagator

where Ka(z,p) and Ga(z1, 7, z2) represents the bulk-to-boundary and the bulk-to-bulk
propagator respectively and are given in terms of the K and I-Bessel functions ! which

depends on p = [p]. The derivation of both propagators is in appendix B.

The solution to the equation of motions are

P0y(2,p) = Kalz,p)d0(p), (5.8)

1 [ dk,dk
@{1}<Z7ﬁ> - §A le\/ggA('%prl)/W

X Ka(21,— k1 — ka)do (5 — K — ko) do(K1) o (k).

ICA(ZQ,El)ICA(ZQ,EQ) (59)

Compared with the solution in position space, both have the same structure, but the

homogeneous solution does not have integration in momentum space.

To obtain the tree-level holographic correlation function, we will consider (3.30)

(O)s = —=(2A — d)pan—a(¢o) + X[d], (5.10)

where ¢oa_q is the coefficient of 22 in the asymptotic expansion of ® and X [¢,] are local

Do not confuse with the K presented in the position space discussion



functions of ¢.

5.1.2 Tree Level: 2 point function on CFT

To compute the 2-point function, we only need the homogeneous solution of the equation

of motion. If we consider A — %l =k, k=0,1,2,... the coefficient of 22 is

Pan—a = aap™ log(p)do + Bp*" ¢o. (5.11)

So, it is direct to compute the 2-point function by computing the derivative with respect

to ¢g. Logarithmic terms are found at the tree-level computation for A — g = k with k

integer.

For A — g non-integer, there is no logarithmic term. Explicitly this is

2SI (- )

{(OAOA)) = —(2A — d) p*Ae (5.12)
NG
5.1.3 Tree level: 3-point function
Most of the discussion presented in this subsection is based on [55]. For example, let us

consider a ®3 bulk interaction.

In a ®3 interaction theory, the solution of the equation of motions with the non-

normalisable boundary condition is

+%/o dz14/99a (2, p, zl)/dlglCA(zl,k)lCA(zl,p— kYo (K)o (5 — &) + O(A2).

The first line is the solution to the homogeneous equation, and the second line is the order

A\ solution.



From (3.30) follows that the 3-point function will come from the term of ® that
depends quadratically on the source ¢y. This is given in the second line of (5.13). Expand-
ing this equation such that we find the 2* dependence and computing a double functional

derivative to (O); = —(2A — d)®(a) we will find

({On, (1) O, (P2)Oas (1)) = —ARA = d) (1(z, Py, P2) + 1(2, D1, P3)) ) (5.14)

0X (p1)
T 5.15
0o (P2) do(P3) ( )
where the subscript (A) denotes that we look for the z* term, and
I(Zaﬁ]g) - / dzl\/ﬁg(Z,p, Zl)]CA<Zlak)’C<Zla‘ﬁ_ E') (516>
0

This integral is IR divergent, so we regulate by adding a cut-off, €, in the lower limit of the
integral. In the early days of AdS/CFT, computation of the 3-point function [65] did not
consider the IR structure of the holographic 3-point function. We realise from the current

computation that IR is divergent, and we must regularise. We will denote I.(z, 7, k) to

the regularised KKK-integral.

Then, the 3-point function to study is

<<OA1(ﬁ1>oA2(ﬁ2)0A3(ﬁ3)>> = _A(QA - d) lg% [-[6(27]717]72) + Ie(z7ﬁ17ﬁ3) + ]stj| (A)

(5.17)
02X (p1)

" 00 (P2)0do(Ps)’

(5.18)

with I is a suitable counterterm.

The I, integral depends on the bulk-to-bulk propagator (5.7), so the integral will
split into two regions: a near boundary region z; < z, that we will denote as I=; and an

inner region z; > z denoted as 1.



The near boundary integral, e < z; < z is
d # _d_ - -
IR = Kayp) [ due L yon)alan Dala =B (5.9

Any divergences that arise are regulated with ¢ and can be removed via holographic
counterterm. To obtain the 3-point function, we must find the 22 term. By power
expanding the integrand (look at Appendix A for Bessel functions expansions), we find

that the 22 term exists if

giﬁiﬁi—ﬁ:—%, B:A—g, k=0,1,2.... (5.20)

Consider now the contribution to the 3-point function from the inner region, z < 21,

whose integral is

- d

0o 4 . .
I7(z,p, k) = 22 [Ag(pz)/ dz1z, ? 1KA7%(pz1)ICA(zl,k:)/CA(zl, P — k). (5.21)

When 2z — 0, the expansion of the bulk-to-bulk propagator is

ZA

A dICA(zl,ﬁ) + O(2212), for z; > 2 (5.22)

gA('%ﬁ’v 21) ==

the inner region integral gives

- 2ZA

I>(Z7ﬁ7k> = 2A_d

/ dzlzigillCA(Zlap)ICA(Zla E)Ka(z1, |p — E‘) + O(ZAH) (5.23)

When we use the explicit form of the bulk-to-boundary propagator, this integral is pro-

portional to a triple-K-integral with a lower cut-off.

We have to study how this integral behaves when z — 0. The convergence at



z — 0 demands

d d d| d
‘A—§'+‘A—§‘+‘A—§ <3 (5.24)

However, we can extend the treatment of these integrals considering the analytical con-

tinuation. From the expansion (A.4) we may consider the analytic continuation if

R R

holds for any choice of independent signs and non-negative integer j. When equality

holds, the triple- K-integral has poles, and we must keep the cut-off.

If (5.25) is satisfied, the boundary integral, I< vanishes and does not add local
terms, while the inner region integral, 1=, reduces to a triple-K- integral and the 3-point

function is

2%—A+1

((Oa(1)Oa(P2)Oa(Ps))) = —2X (m) /000 dzzglgp?_gKA—g(ij)- (5.26)

2

This triple- K-integral is finite, but it may be necessary to use the analytic continuation

to define its precise value.

Meanwhile, if (5.25) does not hold, the boundary region is expected to contribute

with a non-local part of the correlation function.

For further details and some examples, we refer to [57].



5.2 Quantum Correction

The holographic dictionary does not change whether we work in position or momentum

space. Thus, the discussion presented in section 4.1 holds, and we will not repeat it now.

In agreement with the space position, we have to check whether the relevant in-
tegrals converge. The subsection 5.2.1 studies the convergence of integrals composed of

Bessel functions.

Having the relevant integral, we move on to compute the corresponding Witten
diagram. For this purpose, the strategy is to take the integrals obtained in position space,
for instance, the diagrams dictated by (4.64)-(4.67) and perform the Fourier transform
along the transverse coordinate. The associated Witten diagram and the computation of

the one loop 2-point function are done in subsection 5.2.2.

5.2.1 Relevant integrals
The KK integral

We will work the general K K-integral, where K stands for the K —Bessel function

IC{‘({Iﬂ(hﬁQ}(plﬁp2) = / dx xaKﬁH (pll‘)K52 (thT)P/flng- (5'27)
0

The variables p; and p, will be relevant for the coming discussion of the renormalisability
of the Witten diagram, and the superscript K K denotes that we are considering the
double- K-integral. Along the subsection, we will not use the superscript to saturate the

notation, but we will recover it when we study the corresponding Witten diagram.

The integral converges if

a> |6 +|Ba] — 1. (5.28)



We want to check whether we can go beyond the convergence region. To do so, we will
split the x integral into a lower and upper region and see how it behaves. Each integral

is defined as

Ly sy = Lathe sy + Lotos gy (5.29)
with
-
L5y = /0 dz 2 K, (p1) K g, (p22)pl* 03, (5.30)
Lohrsey = /:z dz 2 K, (p10) K s, (p22)p1' (5.31)

where py, p2 > 0 and p some positive constant.

From eq (A.7) and eq (A.16), we can prove that the upper integral has no poles.

Therefore, we say that the K K-integral has no UV divergence.

The lower integral demands more attention. Assuming the index of the Bessel
function to be an integer, i.e. § =mn, n =0,1,2,... and using the eq.(A.6) we will find

the following kind of integrals

-1

| ator@) = = flog” (1) (~(a+ ytog () (532

a+1
(T(n+1,—(a+1)log (k")) =T(n+1)) + (=1)"(a+1)""T(n+1)] .

where T'(n,z) is the incomplete gamma function. The lLh.s integral is convergent for

a>—1.
Using the representation (A.17) give by, I'(n, ) = (n—1)le=* 37— 2* /!, we have

-1

o (=1)"™n!  _ "\ (a+1)Ylog’
2%log"(2)dr = ————@DNTE T IO Py 2 0,1,2, . 5.33
| et @ = o > (53

We may notice that a = —1 is a pole of order n + 1. Apart from this value, the r.h.s is



analytic. Expanding around a = —1, the integral behaves as

-1

# (—1)"n! (=) log" ™ (™)
“log" xdx = @) 1 5.34
/0 L log vax (a+1)n+1+ n+1 + (CL+ ) ( )
so any possible pole at a = —1 does not depend on p.

For the double-K- integral (5.27)

a=a+pf£B+2k k=012... (5.35)

with k representing the power in the series of the Bessel function. This is the same con-

dition found for the triple K-Bessel integral (5.20), but for the double K-Bessel integral.

To avoid poles, we must demand

at Bt fo+14£ -2k (5.36)

This equation has to be read, keeping in mind that it must hold for every combination of
signs. If at least one combination of signs satisfies the equality, there will be poles in the

integral.

So the existence of pole is given by the o; € {1} such that

a+1+0151+02ﬁ2:—2k‘, ]{:O,l,Q,... (537)

The combination of sign that satisfies (5.37) will be called (+,+), (—,—) and (4, —)
depending on which holds. More than one combination may be satisfied giving more

divergences.



The KI integral

Another very important integral is the KT integral. We will proceed similarly as we did

with the K K- integral.

Consider the general integral

]‘{;{ﬁlﬁz}(pl’]b) = /O dZZaKﬁﬁ (p12)152 (p2z)7 (5'38)

with «, 1, B2 > 0. To simplify the notation, we will omit these labels.

In the same way, as we did for the KK integral, we will split the range of the

integrals
] = Ilower + Iupper (539)
with,
ul
Jlover :/ dzz"Kpg, (p12)1p,(p22), (5.40)
0
I“pper:/ dzk®K g, (p12)13,(p22), (5.41)
pul

and study each integral separately.

In the lower integral, we will consider (A.4) or (A.6) depending on whether f; is

an integer or not; and (A.3). So we find the following kind of integral

-1

/ON dzz"log" (2). (5.42)

The result of this integral is given by (5.33) for a > —1. Thus following the same steps as
we did for the K K-integral, we may consider the analytical continuation and check that

there is a pole at a = —1 of order N + 1.



The pole existence condition for (5.38) is

at+obi+Pe+1=-2n n=0,1,2,... (5.43)

for some o € {£1}. If no-combination of ¢ € {£1} gives the equality, then there is no

pole, and we can consider the result of the analytical continuation.

In the upper integral using (A.7) and (A.8) we will find the following kind of

integral

o0 1 _
/ dze_(pl_pQ)zza_nl_nQ_l - a—ni1—ng F (a o n]‘ - n?’ pl p2> .
pt (p1 — p2) iz

Where ni, ny are the powers in the power expansion of each Bessel function, then nq, ns
are non-negative integers. The z integral is convergent for @ < ny + no, or equivalently

a < 0and p; —ps > 0; or p; > po. [21].
However, we shall check whether we can go beyond the convergence regime.

The possible poles arise for p; = p».

e For « — ny — ny > 0, the pole is due to the denominator. In this case, expanding
around p; — po we find
I'a—ny—n 1
om o) YO -p).  (5a1)

(p1 —p2)> ™2 pomm2 (a0 —my — np)

Then, the pole of order a — ny — ny at p; = py does not depend on pu.

e On the other hand, if &« — ny — ny < 0, then the pole comes from the incomplete

Gamma function.

While if p; # po, the incomplete gamma function is well behaved as long as p; > py [32].



The G? integral
We will study how to work the integral

d - - -
I3(21) :/Zd—izl/dth(Zh—k’hZz)gA(Zl,—k?h%)- (5.45)
2

Explicitly this integral is

1 dZQ

13(21) = Z?Sd |:/ dk’lk’(lj_lKAd(k’lZlF/ —
0 ? 0 2

o] [o.¢] d
+ / dhaki ™ Ty s (ka2 )? / ﬁKAg(/ﬁzQ)?}
0 z

. *2

Iy_a(kyz2)® (5.46)

Where Sj is the area of the d dimensional sphere. On each z, integral, we can do a change

of variables zy — u = k29 for fixed k;

00 ki1z1 du
I3(z) = 248, U dklkf—lKAg(k:lzl)Q/ " A,g(u)z (5.47)
0 0
o0 o0 d
+/ dklkf_llAd(klzl)Z/ au Ad(u)ﬂ
0 2 kiz U 2

Notice that in the second line, we have a K K integral where the lower limit works as a
cut-off, ensuring the finiteness of this integral. Working for the k; integral we may change

k1 — w = kqz1, such that

oo w d
I = S, [ / dww K, (w)? / Wy () (5.48)
0 ? o u ?
[e.e] Ood
+/ dwwd_llA_g(w)2/ ZUKA_g(u)z].
0 w

So, in exact agreement with (4.26), the I3 integral is just a constant.



5.2.2 2-point function

Having studied integrals of Bessel functions, we focus on computing the 1-loop correction
to the 2-point function for a ®* theory in the bulk. The corresponding Witten diagram
is exactly like Feynman’s diagram in standard QFT, where momentum in the loop is

conserved.

The tadpole

By considering the Witten diagram 4.4
> dz

(OsFIOsEN = [ farp [ AR F DK 2), (549

whose Witten diagram is in figure 5.1,

T =

St
ks
[\

Figure 5.1: Tadpole Witten diagram in momentum space.

Using the propagators (5.6) and (5.7), we will have

2d72A+2
2A—d
2p1

/0 d2Kn_ g (zp1) K5 _a (2p1) / k=" g (k2) Ky a(k2). (5.50)

(Oa(p1)Oa(p2))g = 6(P1 + P2)



First, we will work the k integral. Using spherical coordinates k= kp we will have

/dEIAd(kZ)KAd(kZ) = Sd/ dk’k’d_llA,d/g(kIZ)KA,d/Q(k’Z) (551)
2 2 0
= Sd[{lé(—l,A—g,A—%}(Z’Z)’ (552)

d
with S; = % the area of the sphere.
2
Comparing with equation (5.51), we identify a = d—1, so the integral is convergent

for 0 < d < 1. The integral is finite in this range so we can manipulate it. Doing a change

of variable u = kz, we will have

S o0
IK d d—1
I{d*l,A*%,A*%}(z72) = ;/O duu KA—%(U)]A—%(U) (553)
S
= ZdIK (1,1).

d d
~d {d-1,A-5,A—35

So, we have isolated the z-dependence and we are left with a constant integral for d < 1.

However, we may still be able to consider the analytic continuation to d > 1.

Indeed,

Ile,Ag,Ag}(Ll):/ du“d_IIA—%(U)KA—%W)
0

_IG-9rE)TrE)
= ATAdrD) for d < 1. (5.54)

In the last line, we shall notice that it is possible to consider the analytic continuation
to d > 1. It turns out that it is finite for d : even but may diverge for d : odd. In the
former case, we can use dimensional regularisation such that d — d — k, where & is the

UV regulator. The former formula is the result in (4.45).

Having regularised the UV problem, we now focus on checking whether the I K

integral has IR divergences.



The pole condition (5.43) determines the behaviour of the lower integral. For

B=A—d/2>0is
S0-0)+ A +0) = —2m o= {£1} (5.55)

The different conditions come from the sign of o,

e [f o = —1 then d = —2n, this never happens.

e If o = 41 we have A = —n and this never happens because we are considering

A>d/2>0.

So, for A > g, the K I-integral is always IR convergent. This is the conformal dimensions

that we are working

Aside Commentary It is well known that unitarity allows having A > %. So
considering % <A< %l this is having negative 8. To work this, we will take 8 — —p,
keeping (3 positive. The function Kz(z) = K_g(x), while Iz(z) = I_g(x) for § € N and

we notice that the pole existence (5.43) in the lower limit becomes

o+ O'ﬁl — ﬁg +1=—2n. (556)
e If o =1 we have d = —2n which is not possible.
o Ifo=-1,
A—d=n, n=0,1,2,..., (5.57)

which may hold depending on certain values of d and A.

In summary, when A > d/2, the loop integral (5.51) is IR finite but UV divergent. While
if (d—2)/2 < A <d/2 there can be IR divergence.



In [52, 53], they notice that for d = 3 and A = 2 there are no IR divergences, and
for d = 3 and A = 1 there are IR divergences. This is in complete agreement with our

conclusions.

We will only consider A > g

We are still left to work on the KK integral. As we saw in section 5.2.1, the

integral is UV convergent,

Iﬁimg,mg} = p%A_d/ dzz_lKA_g (zp1) KA_g (zp1) - (5.58)
0

Through a change of variables, w = zp;, we can prove that the integral, in principle, does
not depend on p;. However, this is incorrect because the pole condition (5.37) tells us

that there can be IR divergences. In this case, the pole condition is
d
(A_ﬁ) (0'1—|—0'2):—2k5, k?:O,]_,Z (559)

despite 81 = o = A— %, the o’s are different because they come from the series expansion
of each Bessel function. Here are three different situations that we have to check case by

case,

(+,4) This correspond to
d
A-S——k k=012 (5.60)

For A > g is never satisfied. But if we are in % <A< %’ it can be satisfied for

some values of k.
(4, —) It is direct to see from the Lh.s of (5.59) is satisfied identically for k& = 0.

(—,—) This is
A—S—k k=012, .. (5.61)



Is satisfied for A = %l +k, k=0,1,2,....

From the condition (4, —), we see that there is at least one pole. From condition (+, +)

there will be more poles for A —d/2 € Z.

As at least one pole existence condition is always satisfied, IR divergence will always
exist. To regulate the divergence, we use the same regulator used in tree-level holography;

this is a cut-off € in the lower limit. Defining the regulated KK- integral as

I{K_IiA_%VA_g}(E?pﬁ = lii%p%A_d/ dZZ_lKAig(Zpl)KAfg(Zpl). (562)

€

Doing a change of variable w = zp;, we will have

IKK |y o gy = limptad /Em dww Ky g(w)Ky_y(w) (5.63)

Here is explicit the importance of performing the change of variable on the regulated
integral rather than the original integral (5.58). The regulated integral depends on the

momentum p; through the lower limit.

To compute the K K integral, we can follow the idea of the Da A in position space
by taking a derivative with respect to the lower limit of the integral and integrating

it back. However, it is possible to compute the full integral using some software, for

instance, Mathematica [33]. The result is given in Appendix C.4. Assuming A — ¢ £
n, n=0,1,2,..., for simplicity, and expanding around € — 0 the I%¥ ig
22A-dp (4 4 A+ 1)2
KK _ 1 d—2a [ 2 2
I{_LA_gyA_%}_llj)% [6 ( (d—2A)3 +O(€ ) (564)

1 _ d d d d 4
et (G- a)r(a-g) (v (5-8) v (a-5) vios (s ) )+

The first terms are local divergences that can be removed with local counterterms. On

the other hand, the second line is a non-local term that comes from the regulated integral

and plays a crucial role. For the case A — g =n, n=0,1,2,..., there is an additional



term that goes as log® in the series. This can be seen from the pole existence condition
for the K K integral where two conditions are satisfied. Either we have just a log or a

log? term; both play the same role in interpreting the result.

Then, the finite 1-loop correction to the 2-point function is

2d—2AF

(Oa(P)OAP2)) )it = ' (—2log(pe) +1log(4)  (5.65)

IIK

where is a constant given by equation (5.54) and is a constant, in position is the

equivalent of G .(1).

Renormalisation
The renormalisation problem is very similar to what is done in position space. We will
sketch the important feature; for further details, we refer to section 4.4.1.

The 2-point function is given by the tree level computation (5.12) plus the 1-tadpole

correction (5.65)

({Oa(1)Oa(72))) = ((Oa(F1) O (D)1 finite — %((m(@)%(@))ﬁfﬁf ot

9d—2A] (d _ A p2A—d
=—(2A—4d) - ((2A — %))p (1 4+ 2My (log(pe) — log(2)
0) (d _ (0) _d
O3 A)-ZH/f (A 2)>> (5.66)
where we called
[IK
7T oA —a) (5.67)

which is UV divergent.

Equation (5.66) has the same structure as (4.82). So, as we did in subsection 4.4.1,



we renormalise the UV divergence by introducing a mass counterterm.

Having renormalised the mass, we still have the IR regulator in the log(e) term.
This divergence cannot be renormalised by adding a boundary counterterm. Nevertheless,

the log(e€) term is renormalised by source renormalisation.

The renormalised holographic two-point function up to 1-loop for operators with

conformal dimension A — % non-integer is

d—2A,1 (d _
(O (7)0s. ()} = — (28, — ) (G = A

(5.68)

5.2.3 Further Diagrams

As we did in position space, it is natural to go beyond order \? for the 2-point and 4-point
functions. Similarly, as we did in position space, we can perform the eight-diagram. In
other diagrams, such as the double tadpole or the sunset, the bulk-to-boundary propa-
gators are connected through bulk-to-bulk propagators leading to difficulties in working

these diagrams.

However, let us start with the eight-diagram.

The eight-diagram

The eight-diagram in momentum space is dictated by

> dz . .
k= d l1 Ka(z1, 01)Ka(z1, =p1)1(21), (5.69)
0 21+



where

dz - - . . -
Z1 / d+21 /dklgA(Zly_khZQ)gA(ZlaklaZQ)/deQA(Z%_k2,22)

dz
:/ z/dklgA Zl,—l{?l,Zg)gA(Zl,kl,Zg)/dk}QKA d(ZQkQ)IA_7<ZQk2) (5 70)
0

are the loops. The Witten diagram is shown in Figure 5.2. The s integral is given by

Figure 5.2: eight-diagram in momentum space. The bottom loop is composed of two
bulk-to-bulk propagators, one with momentum k1 and the other with momentum k:l,
the top loop has momentum K.

(5.51). Using this, we have

o le

(Oa(P)OAP2)) 5 = Sal () o_ 4 /0 W’CA(Zhﬁl)ICA(Zla —Ph) (5.71)

dzy [ - , ,
/ d+21 /dklgA(zla_klaZQ)gA(ZlakhZZ)- (5.72)

The former line corresponds to a constant given by (5.2.1).

Then, the structure of the eight-diagram in momentum space is

oo le

((Oa(P1)Oa(P2))) E Sdf{d LA-dA- d}fz/ F’CA(Zlaﬁl)KA(Zh_ﬁl) (5.73)
0 2

which has the same structure obtained in the position space (4.77).



Other diagrams

Consider, for example, the sunset diagram

© dz dz . B o .
S:/o _zf*ll Z—gfliCA(szl)/CA(Zm—p1)/dl€1k2 [QA(zl,kl,zz) (5.74)

Ga (21, EQ, 22)Ga(21, 0 — ky — EQ; 22)]

We know from the position space treatment that this diagram is proportional to the X2
integral. However, we have not been able to isolate the structure of this integral. This
is because the bulk-to-boundary propagator does not coincide in a single point, so they
are connected through a bulk-to-bulk propagator that exchanges momentum. The same
problem arises in bulk ®3 interacting theory, where the holographic 4-point function at

tree level has not been explicitly computed ? yet.

Other diagrams, like the double tadpole or the loop 4-point function, have the

same problems.

2Private communication with Kostas Skenderis.



Chapter 6

Introduction to Graviton Propagator

We have worked on loop corrections for scalars on an AdS background. In this sense, it
corresponds to a toy model that shows the structure of how to work quantum correction

to holographic correlation functions and how to deal with the renormalisation problem.

However, as we know from GR, spacetime interacts with matter. Therefore, to
work with more realistic models, we must include the interaction between scalar fields
and gravitons. Additionally, it is well-known [841, 85] that type IIB SUGRA contains

scalar fields interacting with gravity and has a CF'T dual.

As we have seen in previous chapters, propagators are crucial for studying quantum
correction for holographic correlation functions. To include gravitons, we need the bulk-to-
boundary propagator [25] and the bulk-to-bulk propagator. The former has been reported
on-shell only[384, 86]. This means that it is obtained by inverting linearised Einstein
equations that do not have an arbitrary source because it must be covariantly conserved.

To include loops of gravitons, we need the off-shell graviton propagator.

As gravity is a gauge theory, we will use standard QFT techniques to quantise gauge
theories. Following the Becchi-Rouet-Stora-Tyutin (BRST) quantisation [59, 87, 88, 89]

for gravitons.
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This chapter is still a work in progress. However, the general idea of how to obtain

the off-shell graviton propagator in AdS is proposed.

6.1 Short introduction to BRST

The path integral can be seen as the sum over all possible configurations; these include
those related through a gauge transformation. So in the path integral, we will be over-

counting different configurations that are physically the same.

Consider a gauge transformation €“d,, where « is not necessarily a discrete label.

A gauge transformation satisfies an algebra [0q, 65] = 7,50,

The way to deal with the gauge invariance in the path integral is by fixing the

gauge condition F4(®) = 0 and consider

Do,
675

thauge

7 —

7 (6.1)

where Vjguge is the volume of gauge transformation, ®; denotes all the gauge invariants

fields, and S is the gauge invariant action.

Then, following the Faddeev-Popov procedure, the path integral becomes
7 = / D®;DB Dby Dc*e 5% =5rp, (6.2)

where B, is an auxiliary field, called Nakanishi-Lautrup; b4 is the anti-ghost, and ¢ is a
ghost, S is the original gauge invariant action, S,; is the gauge fixing action and Sgp is

the Faddeev-Popov action. Each new action is given by

Sar = —i / d™ .\ /gBAF*, (6.3)

Spp = / A\ /gbac® 5, FH (D), (6.4)



where §,F4 is a gauge transformation over the gauge fixing function. Notice that the
integration over B, gives a Dirac delta that ensures the gauge fixing. By fixing the

gauge, we are breaking the gauge invariance

Becchi-Rouet-Stora- Tyutin (BRST) notice that the path integral has a new symme-
try, larger than the gauge symmetry, called the BRST symmetry. The BRST symmetry

has associated BRST transformations

5Bq)i = —iECa(Sa(I)i, (65)

SpBa =0, (6.6)

5BbA = GBA, (67)
1

dpct = ief%cﬁcv, (6.8)

that leaves the whole path integral unchanged. The field change is just a gauge symmetry
but exchanging the parameter by a ghost. As BRST symmetry is a symmetry of the path
integral, the physical state must be BRST invariant. The proof is in [59] and referenced

therein.

In the next section, we will compute the quadratic expansion of the Einstein-Hilbert

action and include the gauge fixing action.

6.2 Einstein Hilbert action up to quadratic order

To obtain the graviton propagator, we start from the Einstein-Hilbert action with cosmo-

logical constant

S = /dd“x\/g (R —2A), (6.9)

and consider the metric to be split into a classical part and a quantum fluctuation, g, =

Guv + Iy, where g, solves free Einstein equations G, +Ag,, = 0 and h,, does not follow



the equation of motion. The expansion reads,

0S 1 628
Slgl = S[g [ —— V0 R 6.10
l9) = 510+ 50| " S5 gwegaB s (6.10)
It is well known that
000 = —Guadvpdg"”, OR = 69" Ry + g" 0 Ry, (6.11)

1 loa
(5R/w = vp (5Fpuu) -V, (5Fppu) ) (5qu = égp (VM(Sg,,)\ + V,,(SQ,\N - VA(SQW) : (6'12)

Considering that the linear term in h vanishes because of the equation of motion, we will

have
S = S[g] + / A o\/Gh"™ D yesh®” (6.13)

with
S[g) = % d 2\ /gA, (6.14)
Dyap = igwgww — iguagygvz + %gywavu — %gagvyvu (6.15)

1 - 1
- Zg,u,agl/ﬂ(R - 2A) + Zg,uuRa,B

where the covariant derivative act with the background metric.

Using the Ricci tensor in Poincare coordinates, Ricci scalar and cosmological con-

stant for AdSy,; we have

1 1 1 1 d d
Dyvap = 70mw9asV" = 70uadvsV" + 5908V aVi = 5008Vo Vi + 50ualvs = 79w as

(6.16)

The quadratic action is invariant under local change of coordinates dx# = &#(x), which



leads to the finding that the change of the perturbation is given by
Ohy = —=V,.6 — V.6 (6.17)

where the covariant derivatives act with the AdS;,; metric.

6.2.1 Fixing the Gauge

We will fix the gauge. Demanding the axial gauge h,o = 0 [90] the metric is

ds® = g datdz”

1 1 o
= ;d?ﬂ + (;gm + hl]) dac’dxj, (618)

where we used the Poincare coordinates of AdS and fixed the axial gauge over the fluctu-

ation.

Although we have already fixed a gauge, there remains a gauge invariance. To see

this consider 0h,, = —V,€, — V€, such that
1
€0 = O, € = ;wl(m) = 5}1” = —82'00]' — iji. (619)

To fix the remaining gauge freedom, we use the de-Donder gauge over the transverse

coordinates,
\V4 J 1V J 1

where we explicitly compute the covariant derivatives in the Poincaré coordinates.



In summary, the gauge fixing we are going to use

huo =0, Axial gauge (6.21)
] :
ok, — §8ih =0 De-Donder gauge.

To work the path integral, we will impose the axial gauge to the action (6.13) and fix the

De-Donder gauge via the gauge fixing action.

6.2.2 The path integral

Once we have obtained the Einstein-Hilbert to second order and fixed the gauge, we
will build the path integral. As we are looking for the graviton propagator, we will not

compute the ghost action.
7 = / Dh,,DBDbDce 5~ 5cr=5Srp, (6.22)

where B is the Nakanishi-Lautrup fields, b anti-ghost and ¢ ghost. The ghost action is
Spp, S is given by (6.13) together with (6.14) and (6.15). While the gauge fixing action

1s
Sgr = —i/dd+1$\/§ {Bi (ajhji - %aih)] : (6.23)

To integrate the Nakanishi-Lautrup field we shall add the BRST invariant term

1 .
08 =3¢ / d™x,/99" B, B;. (6.24)

The path integral over B’ is gaussian so we can integrate it.



Then, imposing h,o = 0, the partition function is
7 = / Dhi;DbDce 5~ Ccr=5rr
with

_i d+1 ey} m_l, n_l.
SGF—2£/CZ /g7 |0uh'} = SOk | |8l — S05h

y 4\
S:/ddﬂx\/ﬁ [huDi]’klhkl‘f‘d_l}

The Sgr is quadratic on h so we may write the path integral as
Z= / Dh;;DbDc e~ 5w =5rr
where

. 4A
Spz = / d*xy/g lthljklhkl +-— J

with

_ 1 1
Dijii = Dijiy — 2% (gilvjvk — guViV; + ZlgijgleZ) -

The action Sz is the Einstein-Hilbert action plus the gauge fixing action.

To compute the propagator, we will consider the functional

1 _ T R
Z[T] — m/DhU e Sh2+fd T" hij

— o1 JdzdyT G TH
Y

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)



where the operator D satisfies
D™ Glyj (w1, 22) = 0(; 07)0 (w1, T2) (6.33)

with G, the graviton propagator.

To solve the differential equation (6.33), we will consider the Fourier transformation

1 i ik (&~ 7
Gijra (21, 02) = W/dke“‘“( RIG (2, K, 22). (6.34)
Similarly, as in [91, 92], we write the graviton propagator in the most general bi-tensor ba-

sis in momentum along the transverse coordinate. Then we proceed to solve the ordinary

differential equation for each basis.



Chapter 7

Conclusions

In this thesis, we worked on the role of bulk quantum fields in holographic correlation
functions. According to the holographic dictionary, each bulk field corresponds to a gauge-
invariant conformal operator. The boundary condition for the bulk field corresponds to
the source of the dual conformal operator theory. An operator with conformal dimension

A has a source with conformal dimension d — A.

Using the strong/weak duality, we study the bulk’s semi-classical approximation
and compute the dual theory’s correlation functions. However, the infinite volume of AdS
leads to IR divergence that demands regularisation. We regularise the bulk theory by
adding a cut-off when approaching the boundary. All IR divergences are local terms of the
source and depend on the conformal dimension; then, all IR divergences are renormalized

by adding local counterterms to the boundary.

Having solved the classical problem, we presented the general procedure to deal
with quantum corrections in the bulk. As we deal with quantum fields in the bulk, both
UV and IR divergences are present. From the holographic dictionary, IR divergences on
one side corresponding to UV divergences on the other. In the CFT, we do not expect
low-energy anomalies. From the point of view of the bulk, this means that we must

regularise the UV divergences with an AdS invariant regulator. To renormalize the UV
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divergences, we re-defined the mass and the coupling of the bulk theory such that the
corresponding countertem cancels the UV divergence. Having finite bulks parameters,
we shall deal with the IR divergences. The renormalization is done by modifying the

semi-classical boundary counterterms and, eventually, the source.

To better understand how to proceed with loops in the bulk, we consider interacting
quantum scalar fields over an AdS background. We solved the problem of renormalization

in three different ways,

In position space, we solved the problem in two ways, i) background field method
and ii) quantum effective action. In momentum, we solved the renormalization problem

using the background field method.

In the background field method, we consider the field to have a classical part and a
quantum fluctuation. The classical part of the partition function demands standard holo-
graphic renormalization, therefore adding boundary counterterms. Meanwhile, for the
quantum correction, we used the GKPW rules finding that the corrections to the tree-
level correlation function correspond to loops Witten diagrams. In general, the two-point
function at loop order is IR and UV divergent. UV divergences demand mass renormaliza-
tion or equivalent conformal dimension renormalization. The boundary counterterms in
the semi-classical approach depend on the conformal dimension; they must also be renor-
malized. Thus, any 2-point function at loop order has to be IR divergent to correct the
boundary term. Even though we have renormalized the mass and corrected the boundary
counterterm, an IR divergent piece remains. To renormalize this divergence, we have to
renormalize the boundary condition for the bulk field. The source renormalization gives
the source with the correct renormalized conformal dimension, such that it corresponds to
the source of an operator with renormalized conformal dimension. In the one-loop 4-point
function, the tadpole 4-point function demands mass renormalization. The counterterm is
precisely the one obtained in the 2-point function single tadpole. The exchange diagram

demands coupling renormalization and is UV renormalizable only up tod +1 = 7.



From the point of view of quantum effective action we study the same problem of
quantum correction to holographic correlation functions. Using the standard techniques
of QFT, we obtain the quantum effective action up to the second order in the coupling
constant. The quantum effective action is UV divergent, so we need to renormalize the
bulk. To do that, we need to have a well-defined variational problem. In particular,
the equation of motion must be UV finite. To solve the scalar equation of motion, we
demand a non-normalizable boundary condition for the bulk field. Solving the equation
of motion order by order, we found that each UV divergence can be cancelled by adding
the corresponding bulk counterterm. In particular, we shall renormalize the mass and
the coupling constant. The coupling constant is only renormalizable up to d +1 = 7.
After UV renormalization of the mass and the coupling, the bulk action is finite. We can
do standard holographic renormalization with the renormalized conformal dimension and

coupling constant.

Both methods, background field, and quantum effective action lead to the same
conclusions. However, both share different aspects of the problem. In the background
field methods, we realised that the renormalization of the source is a must, while in the
quantum effective approach, this is implicit. However, the effective quantum approach
does not lead (explicitly) to the Witten diagram, while the background field conduces to

a nice diagrammatic formulation of the problem.

To work the holographic CFT correlation function, we used a third method. We
computed quantum corrections to the correlation function in momentum space. Using the
background field method adapted to the field in momentum space, we computed the 1-
loop correction to the 2-point function. Similarly, as in position space, the 1-loop 2-point
function Witten diagram is both IR and UV divergent. We used dimensional regulari-
sation to deal with the UV divergences. The regularisation of the IR divergence is done

with the standard cut-off. The loop UV divergence is cancelled by mass renormalization.

Furthermore, with this, we renormalize the semi-classical boundary counterterm.



To renormalize the leftover IR divergence, we use source renormalization. However, the
problem of working quantum corrections in momentum space up to the second order in
the coupling is still not solved. We do not have a systematic way to deal with exchanges

of scalar fields.

We presented a systematic renormalization procedure for loop diagrams in AdS,
and we illustrated the method using the scalar ®* theory, which is only renormalisable up
to d+1 = 7. Bulk renormalisation is consistent with expectations based on the AdS/CFT,

supporting the duality.

We obtain the result considering a scalar field over an AdS background. However,
it is known that the scalar field interacts with the background. So in a more realistic
model, the computation of the holographic correlation function for scalar fields in the
bulk must include the interaction of bulk graviton. The first step to this objective is to

obtain the off-shell graviton propagator.

To obtain the off-shell AdS graviton propagator, we follow the BRST quantisation
method. Introducing the gauge fixing action to the path integral, we fix the gauge and
must include ghost action. We fix the axial gauge directly to the graviton action, while
the De-Donder gauge is fixed through the gauge fixing action. Merging the gauge fixing
action with graviton action, the quadratic graviton action is no longer gauge invariant.
However, the whole path integral is invariant under BRST transformations. Solving the
gaussian path integral naturally demands finding the inverse of the kernel that corresponds
to the propagator. To obtain the explicit form of the graviton, we will consider the
Fourier transformation and solve the corresponding differential equation. This is a work

in progress.

7.0.1 Future Work and open questions

Some future work, in no particular order, corresponds to,



In the current work, we studied A > g. However, CF'T unitarity allows to consider
g —1<A< %. This case was not studied, and it would be interesting to know the

behaviour of each integral in this regime and how renormalisation works.

To go beyond on loops, consider other bulk interactions and higher point functions

to study the renormalisation problem.

To finish the computation of the off-shell graviton propagator. The off-shell propa-
gator will allow us to work on the interaction between matter and gravity to study

the bulk gravitons loop corrections.

The fact that we can use the semi-classical approximation on the bulk side relies
on the large N expansion on the CFT side. Then, computing loops in the bulk
corresponds to the correction of order -5 and beyond. It is worth comparing the

N

loop in bulk results with known models.

The most studied example of AdS/CFT corresponds to the duality between type
IIB SUGRA on AdSs x S° and N’ = 4 Super Yang-Mills in d = 4. In the CFT
theory, are known operators with protected conformal dimensions. Then, from the

point of view of the bulk, the quantum correction should vanish.

Recently [93, 91] proposed that the Witten diagram can be related to amplitudes
in celestial holography. It would be interesting to relate the loops Witten diagram

and their renormalisation with celestial amplitudes.



Appendix A

Special Functions

A.1 Modified Bessel fucntions

By considering the differential equation [95, 90]

d*y dy
2 2 2
oSt (x° 4+ %)y =0, (A1)
the solution is,
y(r) = AK,(x) + BI,(z), (A.2)

with A and B constant and the functions K and [ are known as modified Bessel functions.

The series representation of each is [96],

> 1 N\ v+2j
I(z) = ;j!r(yﬂﬂ) (5) A —1,-2,-3 .. (A.3)
K,(z) = Z [a; (V)2 + af (V)2 ], v¢Z (A.4)
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with

(=1 (—ov

—J)

For non-negative integer n, the expansion is,

Qov+2j+1 j|

,o € {£1}.

with ¢ (x) the digamma function.

1 <x)nzd)(]—l—1)+@/)(n—l—j—l—1)

Jjlin+7)! (5) ]’

For x >> 1, we have the asymptotic series,

with B, () = (—

o0

Ko () ~ (%)” =S ) (5)

1/32(

Am(ﬁ) =

(27z) 1/2

1) A, (5) and,

eac

m=
o0

m=

9 (3:)

T(1/2 4 B +m)

and for r << 1 each modified Bessel function is,

I(x) = 2* <W

=2 (277'T(—

K,(z)

271/

)+O(x2)),

v)+ 0 (2%)) + 2~

m!l(1/24+ 6 —m)’

V(27T (v) + O (7)) .

(A.6)

(A.9)

(A.10)

(A.11)



A.2 The (Incomplete-)Gamma Function

The Gamma function may be defined as,

and is analytic for any z except for z =0,—1,—2,....

(A.12)

The logarithmic derivative of the Gamma function is known as the digamma func-

tion,

d
90(z) = < log((=).
While polygamma functions are defined as,
dTL
(n) — = 50
Y (z) = 90 (2)

We may define the upper incomplete Gamma function as,

F(n,:c):/ e~ " dt.

Forn=0,1,2,..., we can write,

k

—n— ax U
a " 'T(n+1,az) =e I

n
k=0

We also have,

' o0
n_a :/ the=aTdt, x> 0.

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)



with

Ei(z) = —Ei(—z) = /00 et tdt =T(0, )

—7+1ogx+z nhi . (A.18)

with v the Euler-Mascheroni constant.

By using I'(z + 1) = 2I'(2) we can write,

_ I'(e+1)
ele—1)...(e—n)

Expanding around € — 0 we have,

I(e—n) = (;‘)n + (_nll)nw(o) (n+1)4++0 (e),

where 1™ is the n-polygamma function.

A.3 Hypergeometric function

The hypergeometric function is defined as,

o Fi(a,b;c;2) = nZ:O ) n" |z] <1 (A.19)

, where (a),, is the rising Pochhammer symbol defined as,

(@), = W (A.20)



The Euler transformation allows us to write,

oFi(a,b;c;2) = (1= 2) P yF(c—a,c— b, c,2). (A.21)

For z =1, the hypergeometric function is

['(c—a—-0b)(c)

e bial) = 5= ore o)

c>a+b. (A.22)

However, we may use the analytic continuation to ¢ — a — b non-negative integer.



Appendix B

Propagators in momentum space

We have two types of propagators. The bulk to boundary propagator is the solution to

with boundary condition, in Poincare coordinates, ®(z — 0, ) = 2472 ¢o(7), where ¢o(T)

is an arbitrary function, we also demand regularity in the interior.
On the other hand, the bulk-to-bulk propagator comes from solving the non-

homogeneous equation (—[+m?)®(z,7) = f(®) by solving the Green function equation

(=0 4+ m2)G(ay, 72) = %5(% _ ). (B.2)

demanding that the Green function G(x1,x2) vanishes when z; — 0 and z; — oc.

Considering the field ®(z, ) as the Fourier transform of the field ®(z,p). The

equation becomes

Laa®(z,p) =0, (B.3)

Laa®(z,p) = f(®(2,0)) (B.4)
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where

Loan = —2202 + (d — 1)20, +m?* + 2%p*. (B.5)

B.1 Bulk to Boundary Propagator

Doing ®(z,p) = 2z%%f(z,p) the equation (B.3) becomes a Bessel-type equation over
f(z,p).

The explicit solution to (B.3) is

O(z,p) = C’A(ﬁ)zd/zKA,d/g(pz) + BA(ﬁ)zd/QIA,d/g(pz), (B.6)

where K and [ are the modified Bessel function, and Ba and Ca to be determined. The
A parameter solves A(A—d) = m?. As a quadratic equation, it has two solutions, namely

Ay and A_ where Ay =d — A,. Along the next line, we will call A, = A > g.

For the free scalar field, we demand Dirichlet boundary condition and regularity

in the interior
(2 — 0,p) = 27200 (p) + O(2%), ®(z — 00,p) = 0. (B.7)

When z — oo, the I(z,p) ~ €P* so to ensure regularity in the interior we have Ba(p) = 0.

So, we are left with

(2, 5) = Ca(@)z"* Ka—ay2(p2), (B.8)



looking at the limit of 2 — 0, we have

B(z — 0,p) = Cap 222 (2 (B.9)

d d d d
+ Caz2p2 2 (2‘2+A—1F (A — 5) +0 (zz)>

ol
|
d
=l
R
|
I
>
N————
+
G
—
I\
o
~
N———

= 27200 ().

The first line is sub-leading in z, so the second line gives the relevant term in the limit.

From here, we can read the constant to be

(B.10)

Finally, the solution to the homogeneous equation with the appropriate boundary condi-

tion is
Q)(Zv@ = ICA(Zap)QbO(@? (B].].)
where
9d/2-A+1 Y
Ka(z,p) = ——p" 227 K a(p2) (B.12)
rE-9 2

is the bulk to boundary propagator and satisfies,

LiaKa =0, (B.13)
lim KCa(z,p) = 2475, (B.14)
z—0

Ka(z — 00,p) =0. (B.15)



B.2 The bulk to bulk propagator

To solve (B.4), we will consider the equation

5 _
L500a(7,0) = (3g_f>, g = 9(0), (B.16)
with the conditions
lim [2279GA(2,p;0)] =0, Galz = 00, p;¢) =0 (B.17)

where Lj o denotes the operator Lga acting with the z coordinate.

First consider z # (, then the equation becomes
LgaGa(z,7,¢) =0 (B.18)
which is essentially (B.3). The solution is

Ga(2, 7, C) = Aa(C, P2 Ia—a2(pz) + Ba(C, 9)27* Ka—apa(p2). (B.19)

From the condition z — 0 and z # ( we have z < (. In this regime, the non-zero solution
is

G (2, 7:0) = Aa(C, )2 Ia_aya(p2), (B.20)

while if z — oo, lead us to

G (2,7:C) = Ba((, 9)2* K a—aya(p2), (B.21)

demanding continuity in z = ( we have

Ga (2,7, 2) = Aa(2, 9)2**Ia_4/2(pz) = Ba(z,9)2Y*Ka_ay2(pz). (B.22)



Here is easy to read
In—a/2(p2)

Ba(z,p) = AA(Z7]§>KA—d/2(pZ).

(B.23)

To find A consider (B.16). It is convenient to define Ga(z,p,¢) = 2%%ga(z, P, C),

where ga can be read from, either (B.20) or (B.21). So (B.16) becomes
m? + d?/4 4/
0.(:0.95) — 2 (" g2 g = - IEGC - (Ban)

Integrating over z between ¢ — € and ¢ + €, we find the discontinuity slope

20:9a(z,p, C)‘ IR NG LY —(. (B.25)
Taking the limit of € — 0, we find
As(CF) = Aa(Cp) = CV2K 5y (pO). (B.26)

So the function Ga(z,p, () has been fully determined and is,

/2
Gulo () = (2Q)*In—qj2(kz) Ka—qs2(k¢) for z < (, (B.27)

(ZC)d/ZIA_d/Q(kC)KA_d/Q(kZ> for z > C



Appendix C

Integrals

Along the main text, we used several integrals. In this appendix, we will prove or quote
some of our principal integrals. For some, we give an alternative proof of the result

presented in the main text.

C.1 Position space: Master integral

We want to compute the following integral

- o0 P
I =1, (abc :/ dz/ dx . C.1
AR i S vy N T
doing a Schwinger parametrization which is given by
1 1 o
- d n—1_—uA C2
A"~ T(n) /0 weee (€2)
we have
]. o 2 2 2 N\2 =3 2
I = —/ dudwdz/ dzz0uP e (utw) g mwb” o —u(@=a)" —w(@=0)7, C.3
LBT() Jo Rd (C3)
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The z integral is, after a change of variable, a Gamma function, and the ¥ integral can

be done by completing squares. The result of each integral is

/dzza —z (u+w):1F (a+1> 1 —
2 2 (u+w)2"2

d
2 uw(a—c)2

/ dfe—u(f—ﬁ)z—w(f—az — T y e~ utw
R4 (u -+ w)i

Then we are left with

7T2F (%) /OO dudw Uﬁ_lw’y_l wh?— uw(j— o)?
T A(B)T() (u+w) st '

atd+l
2

For simplicity lets call A = . Now we work the double integral

-1 71

urow 2_uw(a—c)?

f= /dudw wht T
u+w)

doing u — z = -~ we have
w—+u

1 o]
f= / dzzﬁ_l(l _ Z)A—ﬁ—l/ dwwb’ﬂ—A—le—w(b2+(c—a)QZ)
0 0

J/

-

F(fAJFB*l”Y)(Z(a—c)QerQ)A—ﬁ,,y

1 B (1 _ Z)A*ﬁfl
=T6+y-4) /0 d== (12 + (a — c)22)P A

Using the following representation of the hypergeometric function

R 1 ) b ()t
oFy(a,b;c;x) = m/o dzz" W,

(C.10)



we finally have

a

- o0 A
I.3,(d,b,c :/ dz/ dx
6y( C) 0 R [22+|f—é’|2]’3[z2+b2+|17—8|2]7

RAT (1) (54 - =348 T (24441 — )

- 9T (7)T (a+¢21+1) p2B+27—a—d—1 (C.11)
a+d+1 a+d+1 (a—c)?
F — :
2471 (ﬁ + Y 92 7ﬁ7 2 ) b2
C.2 Alternative Proof of GK integral
This proof relies upon using the quantum effective action worked in 4.5.2.
If we directly solve the equation (4.156), the solution is
o(2,7) = o} + o1, (C.12)
1
q)i}s} = —/dQZIGAS (QJ,:U/) (al + §GAS(1)) @0757 (Cl?))
1
o = 2 / 4o/ Ga, (2, 2') (Do ()’ (C.14)

The superscript {-} denotes the power on ®,. Here, we can choose the counterterm a,
such that ®; is finite. This depends on the reduction scheme. For instance, if we choose

to have
1.
a; = —§d1V [GAS(l)] s (C15)

i.e a; only cancel the purely divergent piece of Ga,(1). We will still have the finite part



of Ga,(1). Then, we will have

¢, = o) + ol (C.16)
1
@‘1{’15} = —conv {iGAsﬂ)} /da:’GAS (z,2") Do ("), (C.17)
: 1 / / /
ol = —5/61:5 Ga.(z,7") (Dgs(z). (C.18)

The full field is (at this point A = Ay = A,)

(I)s = (bo,s + )\S(I)l,s (019)
— — — S — )\s / / /
= [ s, o7~ 68 @) — Sreonv G, ()] [ /G, (.4
As

T da' Ga,(z,2") (Bo(2")*,

where ®() is the field built with the propagator given by the subtracted mass A,. This

field is already UV renormalized and, therefore, UV finite.

It turns out to be that (C.19), and (4.164) must be equals, but their solutions are

built with different sources, i.e. gzﬁgs) and gbés).

So, we have to find how both sources are related. This is done by comparing the

asymptotic behaviour of both fields
Dy(e—0,8) =2 4 B(e—0,7) =€) 4. (C.20)
As ¢, =P, ,

Bl = BBl (C.21)



using (4.162)

conv [Ga, (1)]

oA (C.22)

m? =m? — gconv Ga, ()] = A=A, — A

then,

() _ gy, o 1Ga, (D]

0 =0 AT g sl + 0. (C.23)

So, expanding the field ®) given by (C.19) in terms of the renormalized parameters and

source we find

2, =) 2 [ 4G, (2, 2') (@0,(2))°
conv [Ga, (1)] / - oo ()
)\S 2(2A7-—d) log(E) dyKAT(Z,.T y)¢0 (y)
conv [GA (1)]/ L d o (r) / —
_ r K _

As — / / ! =l — r —
—?conV[GAr(l)}/dy/dx Ga, (z, 2K, (7,7 — 7)) 8)(9)-

Comparing with (4.164) and computing the derivative of the bulk-to-boundary propaga-

tor, we will have

[ 650 @ | [ s,z 22K 7 -7

1 L d
A, dKAT(ZJC ) {log <ﬁ> —© (Ar - 5) + w(o)(Ar)” =0.

As ¢y(y) is arbitrary, then we find

_|_

/dm'GAr(z, T2 VKA, (2,7 — 1)

1

== - L BTN N B
= A, dKAT(Z,IE y) {log ((f— g»)z +Z2) (0 (Ar 2) + (Ar):| (0.24)




which is exactly the result obtained in (4.18).

C.3 Proof of equation (4.153)

The proof relies on the free path integral. We can take the mass counterterm as part of

the propagator or as an interaction.

The starting point is the partition function
Z[J] — /D(I)efdmé'i’(D+m2)CD+J<I>. (C25)

We will work it in two different ways:

1. Compute the path integral for the mass m? that gives

ZI[J] _ 1 G% fda:ldargJ(aq)G(ml,mg)J(mg)’ (026)
Vdet(—O + m?2)

where G(x1, z3) is defined through, (—0; + m?)G(z1, x2) = §(x1, x2).
2. Consider m? = m3 + ,,, and use the 4,,®? term in the action as interaction

52

ZQ[J] _ 1 e—‘STm fdxmeéfdl‘1dx2J(I1)Go(l‘171‘2)J(1‘2) (027)
Vdet(—O + m2)

where Gy(1, z2) is defined through, (—0; + m3)Go(x1, 2) = §(xq, 232).

Notice that the normalisation factor is different in both cases. It is easier to work with

the connected diagram generator, W[J| = log Z[J].



Expanding the propagator

First, we will solve the path integral using the mass parameter m?2. The partition function

(C.26)
| oy 1
WilJ] = —Elog (det (—O 4 m?)) + 5 /dxdyJ(x)GA(x,y)J(y), (C.28)

where G (z,y) is the bulk-to-bulk propagator with parameter A(A —d) = m?. The mass

is m? = my+9,,. So we have to expand the determinant and the bulk-to-bulk propagator.

e The determinant becomes

det (—O 4 mg + 6,,) = det ((—Dz +mg) (1 + 0 / dyGa, (z, y))) (C.29)

= det (-0, + mg) det <1 + 0 / dyGa,(z, y))

where we made explicit that the differential operator acts on the x coordinates.
So, using log(det(A) det(B)) = log(det(A)) + log(det(B)) and using log(det(B)) =

tr(log(B)) on the second term, we find

log (det(—0 4+ m?)) = log (det(—O +mg)) + tr (log (1 + 5m/dyGA0 (z, y)>) :

(C.30)

Expanding in small §,, and using the linearity on the trace, we finally get

log (det(—0 +m?)) = log (det(—0 + mg)) + dptr (/ dyGa,(z, y)> .



e Expanding the solution for A

Om

A:A0+2A0_d, (C.31)
Gale.y) = Gagle.y) + 5 om— 2 Ga(ey)
AT, Y) = Gag\T, Y 2A0—ddA AT, Y A:Ao'
So, the partition function is
1 1
WhlJ] = —3 log (det(—0 +mg)) + 5 /dxdyJ(m)GAO(x,y)J(y) (C.32)

([ wGaton) - g | [ass@Gse ]| ).

As interaction

If we consider the mass parameter to be m? = m2 + 4,,, we have,

Z[J] _ 1 e*%m fda:% /D¢€—;fdx®(—m+mg)q>+m (0.33)
Vdet (=0 + m)
1 o [de 2 e3 [ dedy ) (@)Ga, (2:9) ) (w)

N Vdet (=0 + m?)

where Ag(Ag — d) = m3. Working the exponential with the counterterm, we have,

WalJ] = —% log (det (—O+mg)) + /dmdyJ(x)GAo (x,y)J(y) (C.34)

_ 57’” [/ drGay(z,7) + /dxdmldeGAo(x,xl)GAo(x,xz)J(xl)J(xz) '



Wy =W,

By construction, Wi [J] = W[ J], then to first order in 4,, and computing two derivatives

with respect to the source J we find

1 d

(20, — d) d_AGA(xl’x2>‘AAO = —/diﬂGAo (2, 21)Gaq (2, 2). (C.35)

An important case is to consider x; = x,. Of course, this demands to consider the

regulated bulk-to-boundary propagator

_ﬁ%m) _ / d2Ga(r, )G, 71). (C:36)

The r.h.s integral is the known integral that appears in the eight-diagram.

This computation gives an ultra-simple way to compute the integral (C.35) that
will be useful for the triple tadpole diagram. However, this computation goes beyond the

scope of this work.

C.4 Integrals over Bessel functions

A useful integral consist is the integral (5.2.1) for « = —1. This integral diverges in the

lower limit, so we consider the regulated integral. The result is obtained using Mathe-



matica [33].

csc(mv)
8v

o - 3
/ v K, (2)K,(z) do = (7r2ye2 cse(mv) 3By (1, 1, o1 2,2,2—v,v+2; 62)

(C.37)
1
+47" sin(mv)e (16’T(V)2 o F3 (5 —v,—v;1—2v,1—v,1—v; €2>
1
—T(—v)*" ,Fy (V, vt it Lv+1,2v+1; 62))

=27 (O (—v) + O (v) — 21og(e) + log(4))) .

We shall notice that the result only holds for v & Z.

This integral is useful for studying the regulated integral of two bulk-to-boundary
propagators colliding into a bulk point. To obtain the position space result (4.11) we have

to take the limit of ¢ — 0 and use[97]

4\ o2y
/dEk2veiE-f _T (v +g) w222+
F(—V) |i»’|2l/+2 ?

. ~. T 4y r§92vtd d _
/ AR log(k)e'™ = IE?—J;;)TH?I%Q <10g(2)—log(\f!)+w(y+2)2+ “ V)>.

(C.38)

From here we can obtain the result of (4.11).
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