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Loop quantum gravity and ultrahigh energy cosmic rays
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There are two main sets of data for the observed spectrum of ultrahigh energy cosmithoagscosmic
rays with energies greater thand x 10*® eV), the high resolution Fly’s EygHiRes Collaboration group
observations, which seem to be consistent with the predicted theoretical spéamdntherefore with the
theoretical limit known as the Greisen-Zatsepin-Kuzmin cufathd the observations from the Akeno Giant
Air Shower Array(AGASA) Collaboration group, which reveal an abundant flux of incoming particles with
energies above 1 10?° eV, violating the Greisen-Zatsepin-Kuzmin cutoff. As an explanation of this anomaly
it has been suggested that quantum-gravitational effects may be playing a decisive role in the propagation of
ultrahigh energy cosmic rays. In this article we take the loop quantum gravity approach. We shall provide some
techniques to establish and analyze new constraints on the loop quantum gravity parameters arising from both
sets of data, HiRes and AGASA. We shall also study their effects on the predicted spectrum for ultrahigh
energy cosmic rays. As a result we will state the possibility of reconciling the AGASA observations.
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I. INTRODUCTION [7], and Scully and SteckdB] have made progress in the
In this article we are concerned with the observation oftheoretical study of the spectrudiE) (i.e., the flux of arriv-
ultrahigh energy cosmic raydJHECR), i.e., those cosmic ing particles as a function of the observed enek)ythat
rays with energies greater thand x 10'® eV. Although not UHECR should present. As a result, the GZK cutoff exists in
completely clear, it has been suggested that these high enerthe form of a suppression in the predicted flux of cosmic rays
particles are possibly heavy nuclgi,2] (we will assume with energies above-8x 10'° eV.
here that they are protonsind, by virtue of the isotropic At present there are two main different sets of data for the
distribution with which they arrive at us, that they originate observed fluxJ(E) in its most energetic sectorE¢4
in extragalactic sources. X 10'® eV). On one hand, we have the observations from the
A detailed understanding of the origin and nature ofhigh resolution Fly’s EygHiRes Collaboration groud9],
UHECR is far from being achieved; the way in which the which seem to be consistent with the predicted theoretical
observed cosmic ray spectrum appears to us is still a mystegpectrum and, therefore, with the presence of the GZK cut-
and a matter of great debate. The first subject of interestff. Meanwhile, on the other hand, we have the observations
(faced with the lack of reasonable mechanismshow such  from the Akeno Giant Air Shower ArragAGASA) Collabo-
energetic particles have been accelerated to energies wedtion group10], which reveal an abundant flux of incoming
above 4x10'8 eV by their sources. A second subject of in- cosmic rays with energies abovex1.0?° eV. The appearance
terest is the study of their propagation in open space througbf these high energy events is greatly opposed to the pre-
the cosmic microwave background radiatidi€MBR), dicted GZK cutoff, and a great challenge that has motivated
whose presence necessarily produces friction on UHECRy vast amount of new ideas and mechanisms to explain this
making them release energy in the form of secondary paphenomenor11-18. If the AGASA observations are cor-
ticles and affecting their ability to reach great distances. Theect, then, since there are no known active objects in our
first estimation of the characteristic distance that UHECRneighborhoodlet us say within a radiu®=100 Mpg able
can reach before losing most of their energy was simultato act as sources of such energetic particles and since their
neously made in 1966 by GreisdB] and Zatsepin and arrival is mostly isotropic(without any privileged local
Kuzmin (GZK) [4], who showed that the observation of cos- sourcg, we are forced to conclude that these cosmic rays
mic rays with energies greater thark40™ eV should be come from distances larger than 100 Mpc. This is commonly
greatly suppressed. This energyX40'° eV) is usually re-  referred as the Greisen-Zatsepin-Kuzn@ZK) anomaly.
ferred as to the GZK cutoff energy. Similarly and a few years  One of the interesting notions emerging from the possible
later, Steckef5] calculated the mean lifetime for protons as existence of the GZK anomaly is that, since ultrahigh energy
a function of their energy, giving a more accurate perspectivgosmic rays involve the highest energy events registered up
of the energy behavior of the cutoff and showing that cosmiao now, then a possible framework to understand and explain
rays with energies abovex110?° eV should not travel more  this phenomena could be of a quantum-gravitational nature
than~100 Mpc. More detailed approaches to the GZK cut-[19-24. This possibility is indeed very exciting if we con-
off feature have been made since these first estimations. Feider the present lack of empirical support for the different
example Berezinsky and GrigorieJ&], Berezinskyetal.  approaches to the problem of gravity quantization. In the
context of the UHECR phenomena, all these different ap-
proaches motivated by different quantum gravity formula-
*Email address: jalfaro@puc.cl tions have usually converged on a common path to solve and
TEmail address: gpalma@astro.puc.cl explain the GZK anomaly: the introduction of effective mod-
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els for the description of high energy particle propagationenergy scale is currently>10™° eV. Also, we shall attempt
These effective models, pictures of the yet unknown fullto predict(under certain assumptiona modified UHECR
qguantum gravity theory, offer the possibility of modifying spectrum arising from the LQG corrections to the conven-
conventional physics through new terms in the equations ofional theory, and consistent with the AGASA observations
motion (now effective equations of motignleading to the (although we shall analyze both HiRes and AGASA sets of
eventual breakup of fundamental symmetries such as Lorenttata throughout this paper, we will be more concerned with
invariance (expected to be preserved at the fundamentathe possibility that the AGASA results are the correct gnes
level). These Lorentz symmetry breaking mechanisms ar8o accomplish these goals, we have organized this article as
usually referred as Lorentz invariance violatioih$V's ), if ~ follows. In Sec. IlI, “Ultrahigh energy cosmic rays,” we give
the break introduce a privileged reference frame, or Lorenta brief self-contained derivation of the conventional spec-
invariance deformationd.ID’s), if such a reference frame is trum and briefly analyze it jointly with HiRes and AGASA
absent[25-27. Their appearance on theoretical as well asobservations. In Sec. lll, “Loop quantum gravity,” we
phenomenological groundsuch as high energy astrophysi- present a short outline of loop quantum gravity and its effec-
cal phenomenahas been widely studied, and offers a largetive description of fermion and electromagnetic fieldsl-
and rich array of new signatures that deserve attentioevant for the description of UHECR propagatiom Sec. IV,
[28-34. “Threshold conditions,” we analyze the effects of LQG cor-
To deepen the above ideas, we have adopted the loagctions on the threshold conditions for the main reactions
guantum gravityLQG) theory[37,38, one of the proposed involved in the UHECR phenomena to take place. In Sec. V,
alternatives for the yet nonexistent theory of quantum grav*Modified spectrum,” we show how the modified kinematics
ity. It is possible to study LQG through effective theories thatcan be relevant to the theoretical spectrii() of cosmic
take into consideration matter-gravity couplings. Along thisrays (we will present the modified spectrum obtaine8ec-
line, in the works of Alfarcet al.[39—41], the effects of the tion VI, “Conclusions,” is reserved for some final remarks.
loop structure of space at the Planck level are treated semi-
classically through a coarse-grained approximation. An inter-
esting feature of these methods is the explicit appearance of
the Plank scalé, and the appearance of a new length scale In this section we review the main steps in the derivation
L£>1, (called the “weave” scalg such that for distances  of the UHECR spectrum. This presentation will be useful
<L the quantum loop structure of space is manifest, whileand relevant for the description of the kinematical effects
for distancesi= L the continuous flat geometry is regained. that LQG corrections can have on the predicted flux of cos-
The presence of these two scales in the effective theories hasic rays. The following material is mainly contained in the
the consequence of introducing LIV's to the dispersion relawork of Stecker[5], Berezinskyet al. [7], and Scully and
tionsE=E(p) for particles with energ¥ and momentunp. Stecker{8].
It can be shown that these LIV’s can significantly modify the
kinematical conditions for a reaction to take place. For in-
stance, as shown in detail [42], if the dispersion relation

Il. ULTRAHIGH ENERGY COSMIC RAYS

A. General description

for a particlei is (from here onfi=c=1) Two simple and commonly used assumptions for the de-
velopment of the cosmic ray spectrum af® that the
E2=A%p?+m? (1)  sources are uniformly distributed in the Universe, 4@y

that the generation fluk (E,) of emitted cosmic rays from

(whereE; ,p;, andm; are, respectively, the energy, momen- the sources is corr_ectly described by a power law behavior of
tum, and mass of thith particle, and; is a LIV parameter the formF(Eg)=E "9, whereE, is the energy of the emit-
that can be interpreted as the maximum velocity of itthe  ted particle andy, is the generation index.
particle), then the threshold condition for a reaction to take One of the main quantities in the calculation of the
place can be substantially modified if the differenéa UHECR spectrum is the energy lossE *dE/dt. This
=A,— A, is nonzero & andb are two particles involved in quantity describes the rate at which a cosmic ray loses en-
the reaction leading to the mentioned threshdP]. An  ergy, and takes into consideration two chief contributions:
interesting consequence of the above situation — for théhe energy loss due to the redshift attenuation and the energy
UHECR phenomenology — is that the kinematical condi-loss due to collisions with the CMBR photons. This last con-
tions for a reaction between a primary cosmic ray and dribution depends, at the same time, on the cross sections
CMBR photon can be modified, leading to new effects andand the inelasticitie of the interactions produced during
predictions such as an abundant flux of cosmic rays welthe propagation of protons in the extragalactic medium, as
beyond the GZK cutoff energgexplaining in this way the well as on the CMBR spectrum. The most important reac-
AGASA observations tions taking place in the description of proton propagation

The purpose of this paper is to provide some techniques teand which produce the release of energy in the form of
establish and analyze new constraints on the LQG paranparticles are the pair creation
eters(or any other LIV parametersthat will surely arise o
when the experimental situation is clarified in a reliable way pty—pte +e 2
up to a certain energy scale. In the present case, and for the
practical purposes of this paper, we shall assume that such amd the photopion production
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p+y—p+ . 3 The inelasticityK of the reaction is defined as the average
fractional differenceK=AE/E, where AE=E—E; is the
This last reaction happens through several chanifietsex-  difference between the initial ener@yand final energye; of
ample, the baryonid andN and mesonip andw resonance the proton(in a single collision with the CMBR photops
channels, just to mention some of themnd is the main For the particular case of the emission of an arbitrary particle

reason for the appearance of the GZK cutoff. a (that is to sayp+ y—p+a), expression9) allows us to
write
B. Some kinematics m2— m2
To study the interaction between protons and the CMBR, Ka(s)=5| 1+ £ S p), (10)

it is useful to distinguish between three reference systems;
the laboratory systemK [which we identify with the whereK, is the inelasticity of the process described. This is
Friedmann-Robertson-Walke(FRW) comoving reference one of the main quantities involved in the study of the
systenj, the center of masg.m) system/C*, and the sys- UHECR spectrum, in particular, when the emitted particle
tem where the proton is at redf/. In terms of these sys- is a pion.

tems, the photon energy is expressedvai® £ and ase in

K'. The relation between the two quantities is simply C. Mean life 7(E)

e=7yw(1l—Bcosh), (4) To derive the UHECR spectrum it is imperative to know
the mean lifer(E) of the cosmic rayor proton with energy

where y=E/m, is the Lorentz factor relatingC and £',E E propagating in space, due to the attenuation of its energy
andm, are the energy and mass of the incident pro{en, by the interactions with the CMBR photons. The mean life
=\1- 572, and# is the angle between the momenta of the 7(E) is defined through the relation
photon and the proton measured in the laboratory sygtem

To determine the total enerdy;,,=E* +¢€* in the c.m. HE) 1=
system, it is enough to use the invariant energy squared
=E2,—p2, (WhereE=E+ o andp, are the total energy _
and momentum in the laboratory systerm this way, we where the label “col” refers to the fact that the energy loss is

, 11

have due to the collisions with the CMBR photons. To explicitly
determine the form of(E), let us express Ed11) in terms
EX?=s= m,2)+ 2mpe. (5)  of the microscopic collision quantities
As a consequence, the Lorentz faciqr, which relates théC T(E)*:A—E i (12)
reference system to th€* system, is E At
Eto E whereAE is the difference between the initial and final en-
Y= ~— i (6) ergies of the proton before and after each collision, ahib
Vs (mh+2mye)? the characteristic time between collisions. Introducing the

_ _ _ ~ inelasticity through its definitioik = AE/E, and expressing
Let us consider the relevant case in which the reactionhe characteristic time in terms of the scattering cross section
between the proton and the CMBR photon is of the type  and densityp of the target photons, we can then write

p+yath, (7) (E) =Kopve, (13

wherea and b are two final particles of the collision. The Wherev ¢ is the relative velocity between the incident proton
final energies of these particles are easily determined by th@nd the background. The above relation can be driven to a

conservation of energy_momentum_ In th& System these moare accurate version if we consider that b@m ando are
are functions of the energy and direction of propagation of the

CMBR photons relative to the incident proton. Considering
1 these elements, we are able to write
Ap= T (sTmi,—mp ). (8

2\s

Transforming this quantity to the laboratory system, and avWhere 7(w)dw is the CMBR density of photons with ener-
eraging with respect to the angle between the directions ddi€s in the rangéw,w+dw], anddQ/4m=sin ododp/4m is
the final momenta, it is possible to find that the final averagéhe section of solid angle. With the above quantities, it is
energy ofa (or b) in the laboratory system is simple to rewritev ¢ through

2 —m? eded
Map” Toa mbva)_ ©) o= 0P
w

d7(E) " '=Kov,en(w)dwdQ/4r, (19

1+ (15

E _E
< a,b>_§ 477.,),
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with e€[0,2yw] and ¢ €[0,27]. Substituting Eq.(15) in Equation(20) can be numerically integrated to give the en-
Eqg. (14) and using the fact that the CMBR density corre-ergy E4(E,z) of a proton generated by the source irza
sponds to a Planck distribution(w)dw=w?dw/7?(e®’*T  epoch and that will be detected with an enefgyere on
—1), it is finally possible to show that the mean [#f€E) Earth. Let us designate this solution by the formal expression
can be written in the form

E4(E,2)=\(E,2)E. (21
7(E) 1=— k;l' szdecr(e)K(e)eIn[l—e*f’ZV“T]. It is also possible to manipulate E¢R0) to obtain an
2wy e expression for the dilatation of the energy interd&l,/dE.

(16)  To accomplish this it is necessary to integrate &) with
respect toz and then differentiate it with respect # to
D. Energy loss and spectrum obtain an integral equation falE, /dE. The solution of such

The energy loss suffered by a very energetic proton dur®” equation is found to be

ing its journey, from a distant source to our detectors, is not dE,(z,) 2.dz db(E")

only produced by the collisions that it has with CMBR at a Y (142 )exr{f g_(1+z)1/2_ ,

particular epoch. There will also be a decrease in its energy dE ’ o H '

due to the redshift attenuation produced by the expansion of (22)

the Universe. At the same time, this expansion will affect the ,

collision rate through the attenuation of the photon gas denwhereE’=(1+2)A(E,z)E. _ )

sity, which can be understood as a cooling of the CMBR The total chngJ(zE) of em|tted particles from a.volume

through the relatiof = (1+2) To, wherezis the redshiftand €/émentdV=R*(z)rdrd(2, in the epocfz and coordinate,

T, is the temperature of the background at the present timneasured from Earth at present with enefgys

To calculate the spectrum we need to consider the rate of

energy loss during any epoaof the Universe. dJ(E)dE= F(Eo,2)dEon(2)dV
For the present discussion, we shall assume that the Uni- (1+2)47R3r?

verse is well described by a matter dominated Friedmann-

Robertson-Walker space-time, and that the ratio of densitywhereJ(E) is the particle flux per energ¥;(Eq,z)dE, the

Qo= plp. (Wherep is the energy density of the present Uni- emitted particle flux within the rangekg,Eq+dEy), and

verse andg. is the critical energy density for the Universe to n(z) the density of sources in As previously mentioned, it

be flah is such thaf),=1. The above assumptions give rise is convenient to study the emission flux with a power law

to the following relation between the temporal coordinate spectrum of the typ&(E)=<E™ 9. It can be shown that with

: (23)

(proper time in the comoving systérand the redshift: this assumption the relation between the emission flux and
the total luminosity L, of the source isF(E)= (v,
dz —2)L,E" 7. To describe the evolution of the sources we
dt:_H—s/z' 17) shall also use a power law behavior. This will be done
o(1+2) :
through the relation
whereH, is the Hubble constant at the present time. Since _ 3+m
the momentum of a free particle in a FRW space behaves as Lp(z)n(z)—(1+z)( )Lp(O)n(O)
poc(1+2z), we will have, with the additional consideration =(1+2)G*mg (24)
p>m (wheremis the particle magsthat the energy loss due 0
to redshift is in such a way tham=0 corresponds to the case in which
sources do not evolve. If we consider th=(1+2)R(2)
(_ E d_E) =Ho(1+2)%2 (18) andR(z)dr=dt for flat spacegandv=1 for very energetic
E dt/ particles, using Eq.(17) to express all in terms df, and,

finally, integrating Eq.(23) from z=0 to somez=z,,,, for
On the other hand, the energy loss due to collisions withwhich sources are not relevant for the phenomena, it is pos-
the CMBR will evolve as the background temperaturesible to obtain
changeg[recall thatT=(1+2)T,]. This evolution can be

. . . 1 E
parametrized through and is given by J(E)=(yg—2)ﬂ H_oE_yg
0

! dE) (1+2)°7([1+2]E)~* 19 dE
T EAdr = 7 : Zmax
E dt col Xf dzg(l_i_zg)me/Z)\*yg(E,Zg) C@jlfzzg)
0

The total energy loss can be expressed as the addition of (25)
the former contributiongusing z instead oft)

The above expression constitutes the spectrum of UHECR. It

+OE_ 1 -1 12 1 remains to fix(observationallythe volumetric luminosity,
E dz (1+2) "+ H (1+2)T([1+2]8) 7 (20 and they, andm indices.
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FIG. 1. UHECR spectrum and HiRes observations. The figure FIG. 2. UHECR spectrum and AGASA observations. The figure
shows the UHECR spectrud(E) multiplied by E2, for uniformly shows the UHECR spectrud(E) multiplied by E3, for uniformly
distributed sources, without evolutiorm&0), generation index  distributed sources, without evolution, and a maximum generation
¥¢=2.7, and a maximum generation enetgy,,~=. Also shown  energyE,=. Also shown are the AGASA observed events. The
are the HiRes observed events. best fit for the low energy sectoE& 4x 10'° eV) corresponds to

Yg=2.7.
E. Ultrahigh energy cosmic ray spectrum

To accomplish the computation of the theoretical specthe theoretical spectrumd(E) the idealized cas& yq,= .
trum we need information about the dynamical processe3o reconcile the data of the low energy regiok<(4
taking place in the propagation of protons along the CMBR.X 10*° eV), where the pair creation dominates the energy
As we already emphasized, the most important reactions takess, it is necessary to have a generation ingigx 2.7 (with
ing place in the description of a proton’s propagation are thehe additional supposition that sources do not evoared a
pair creationp+ y—p+e~ +e" and the photopion produc- volumetric luminosity £o=4.7x 10°* ergs/Mp¢ yr. It can
tion p+ y—p+ m. This last reaction is mediated by several be seen that for events with energes 4 x 10'° eV, where

channels. The main channels are the energy loss is dominated by the photopion production,
the predicted spectrum does not fit the data well. To have a
p+y—N+m (260 statistical sense of the discrepancy between observation and

theory, we can calculate the Poisson probabHitpf an ex-

— A+ (27 cess in the five highest energy bins. ThisPis1.1x 108,
Another statistical measure is provided by the Poisgén

—R (28 given by[43]

—N+p(770 (29

x?= 2 [2(N'= NP9 +2NPIn(NPIYND) ] (3D)
N+ w(782. (30) !

The total cross sections and inelasticities of these process€omputing this quantity for the eight highest energy bins, we
are well known and can be used in E§f) to compute the  obtain y?=29. These quantities show how far the AGASA
mean lifetime of protons as a function of their energy. Thenmeasurements are from the theoretical prediction given by
with the help of expression@2) and (25), we can finally  the curve of Fig. 2. Other more sophisticated models have
find the predicted spectrum for the UHECR. also been analyzed in detdif]; nevertheless, it has turned
Figure 1 shows the obtained spectrudifE) of UHECR  out that conventional physics does not have the capacity to
and the HiRes observed datavo detectors, HiRes-I and reproduce the observations from the AGASA Collaboration
HiRes-ll). In order to emphasize the appearance of the GZKgroup in a satisfactory way.
cutoff in the spectrum, we have selected the idealized case Whether HiRes or AGASA data are pointing in the right
when the maximum generation enerBy,,, for the emitted direction to describe the correct pattern present in the arrival
particles from sources B,,,,=. To fit the HiRes data, the of UHECR is still an open issuesee, for example, Ref44]
generation index for the theoretical spectrum shown in théor a detailed comparison between the two experimental re-

figure is yy=2.7, while the evolution index im=0. Addi-  sults. In the rest of the paper we shall focus our attention on
tionally, the volumetric luminosity is L£,=2.96 the possibility of an absence of the GZK cutoff as a conse-
X 10°* ergs/Mp@ yr. quence of LQG effects. For this reason, we will later return

Figure 2 shows the obtained spectruitE) of UHECR  to the AGASA observations in order to contrast the results of
and the AGASA observed data. Again, we have selected fothe following sections.
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1. LOOP QUANTUM GRAVITY us to consider that the Lorentz symmetry is spontaneously
Loop quantum gravity is a canonical approach to thebroken in the effective theory level. . .
problem of gravity quantization. It is based on the construc- In What follo_ws we will briefly summarize the equations
tion of a spin network basis IaBeIed by graphs embedded iﬁf motion obtained .for bo.th 1/2'-sp|n fer.m|ons and photons,
! i . .' ) . as well as the obtained dispersion relations.
a three-dimensional insertiod in space-time. A conse-
guence of this approach is that the quantum structure of
space-time will be of a polymerlike nature, highly mani-
fested in phenomena involving the Planck sdale The LQG effective equations of motion for a 1/2-spin
The above very brief outline of loop quantum gravity al- fermion field, coupled to gravity, af&9]

lows us to figure out how complicated a full treatment of a

A. Fermions

physical phenomenon could be when the quantum nature of | 9 .. B .

gravity is considered, even if the physical system is charac- | ! ; ~1A0V+ 5718(x)=m(C=iD o V)x(x)=0,
terized by a flat geometry. It is possible, however, to intro- ’ (34)
duce a loop state which approximates a flat three-metric on

> at length scales greater than the length sad ,. For R B | R

pure gravity, this state is referred to as the weave $wie i EJF iAg-V— o7 x(X)—m(C—iDo-V)é&(x)=0,

and the length scal€ as the weave scale. A flat wea)w) (35)
will be characterized by in such a way that for distances

d</ the quantum |00p structure of space is manifest, Whi|a/vhere f(X) and X(X) are the spinor components for the
for distancesi= L the continuous flat geometry is regained. Dirac field ¥ (x) = (¢(x), x(x)) and the Hermitian operators

With this approach, for instance, the metric operatgysat- A andC are given by the following expressions:
isfies

5 A=14 i 24 s 2 2+ 3)2y2 (36)
(W[Qap|W) = 8apt+ O,/ £). (32 e "L 2 P
A generalization of the former idea, to include matter . Iy Iy 2 Ky s
fields, is also possible. In this case, the loop state represents B=rs7+wxe| 7| T35 V"% (37)

a matter field coupled to gravity. Such a state is denoted by

|W, ) and, again, is simply referred to as the weave. Asand the constant€ andD are given by
before, it will be characterized by the weave scéland the

Hamiltonian operator§1¢ are expected to satisfy a relation

lp
analogous to Eq(32), that is, we shall be able to define an =1+ K87 (38
effective HamiltoniarH,, such that
- _ X9
Hy= (W, ¢[Hy[W, ). (33 D=55le- (39)
An approach to this task has been performed by Aletral.  In the above expressions the quantities are unknown co-

[39-41] for 1/2-spin fermions and the electromagnetic field. efficients of order 1 which need to be determined. In the case
In this approach the effects of the loop structure of space ahat W (x) is a Majorana field, the(x) and y(x) spinors
the Planck level are treated semiclassically through a coarseatisfy the reality condition
grained approximatiof45]. This method leads to the natural
appearance of LIV's in the equations of motion derived from EX)=—io’x*(x) and y(X)=i02&*(x). (40
the effective Hamiltonian. The key feature here is that the
effective Hamiltonian is constructed from expectation valuesVith the help of this condition, Eq€34) and (35) can be
of dynamical quantities from both the matter fields and theSimplified to
gravitational field. In this way, when a flat weave is consid- 5
ered, the expectation values of the gravitational part will ap- | ¢ - - I L= 2k on
pear in the equations of motion for the matter fields in the |zt 7"V ~ 57 |¢(X)~M(C=iDa-V)og (x)=0.
form of coefficients with dependence in both scalesnd (41
l,. When a flat geometry is considered, the expectation val- ) ) ) )
ues can be interpreted as vacuum expectation values for tfequations(34) and(35) are invariant under charge conjuga-
matter fields considered. tion C and time inversiofT, but not under parity conjugation

A significant discussion is whether the Lorentz symmetryP- AS a consequence, the fermion equation of motion violates
is present in the full LQG theorfas in its classical counter- the CPTsymmetry througfP. The terms that produce tie
par) or not[46]. For the present work, we shall assume thatviolation are those related #® andD.
Lorentz symmetry is indeed present in the full LQG theory. Some comments need to be made at this stage. Of spe-
This assumption, jointly with the consideration that the newcially importance to the development of the above effective
corrective coefficients are vacuum expectation values, leadsquations of motion is that they are valid only in a homoge-
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neous and isotropic system. From the point of view of a . 1¢E ) R
spontaneous symmetry breakup such a system is unique and, A(VXB)———+ 2I§03V2(V>< B)—26gl pVZB
therefore, a privileged reference frame. It is possible then to c ot
put the equations of motiofand therefore the dispersion L)\2Y .
relations in a covariant form through the introduction of a +404£2(|—> I,%VX(BZB)=O, (48)
four-velocity vector explicitly denoting the existence of a p
preferred system. From the cosmological point of view, such -
a privileged system does exist, and corresponds to the A(VXEH—EE—I—ZIZB V2(VXE)—20gl V2E=0
CMBR comoving reference system. For that reason, we shall c Jt p73 8p '
assume that the preferred system denoted by the presence of (49
LIV's is the same CMBR comoving reference frame and will h
use it as the laboratory system. where

The dispersion relation for fermions can easily be ob-
tained through the development of a Klein-Gordon-like A=1+6,
equation. The dispersion relation obtained is

2+2Y
P

7 (50

To calculate a dispersion relation for photons we need to
consider only the linear part of Eqé48) and (49) and try
solutions of the typeE=Eqe'®*~ ) and B=Bye' k¥~ Y
for the electric and magnetic fields. In this way, the disper-
where the* signs correspond to the helicity state of the sion relation obtained between the enetggnd the momen-
described particlénote that these signs are produced by thetum k of photons is
parity violation coefficients and where now we have

2
+m?(C+Dp)?, (42

E2 = Ap+E
* 2L

w.=K[A,— 03(1 k)2 = bgl 1k, (51)
| | 2 K3
A=1t iyt kol 2] + 51507 where
| 2+2Y
, Ay=1+KY(Z"> (52)
B gt g 2| + 7 12p2
576l 2 'oP . : .
In the previous expression the, and ¢; coefficients are

adimensional parameters of order 1. As before, theigns
b refer to the helicity state of the photons described. The
C=1+kg—, o . )
L quantity is a free parameter that measures a possible nonca:
nonical scaling of the gravitational expectation values in the
semiclassical statdet us note that the presence %fin the
(43) fermionic sector was not considered[i89]). To be consis-
tent with the dispersion relation of fermions, we shall con-
sider only possibilitiesY =—1/2, 0, 1/2, 1, etc., in such a
For our purposes, it will be sufficient to consider the lowerway thatA ~1+O[(l,/£)"], wheren=2+2Y is a posi-

Kg

b=%

.

contributions in both scaldg, and £ [24]: tive natural number. With this supposition, we can find a
tentative value fofY', through the bound of the lower order
E2 =p?+2ap?®+ yp*+ 2 p+m?, (44)  correction SA~O[(l,/£)"] (where 6A=A,—A,, beinga

another particle
Considering the lower order contributions in both scales

where we have defined the new set of correctieng, and\ S ) )
I, and £, we are able to simplify the photon dispersion re-

depending on the scalgsandl, in the following way:

lation to
a=ra(lp/L)?, (45 02 =K+ 2a K220, ) K3, (53
= |? here «., is defined by the relationA =1+a.,=1
n=kK,l%, (46) w y y y Y
e +ay(Ip1£)7H2Y.
A=Kyl pl2L2, (47

C. Other particles

KorKoy, and Ky being adimensional parameters of order 1. We have so far examin(—?‘d the d_ispersion relations Coming
from LQG for both 1/2-spin fermions and photons. A rel-

evant issue for the following development is the establish-
ment of a valid extension of the former results for other

For the electromagnetic sector of the theory we have thearticles. In particular, we are interested in considering dis-

following set of effective equations: persion relations for 3/2-spin fermions and 0-spin massive

B. Photons
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bosons. A precise and rigorous procedure would require ementap>\, the momenta can be taken as being collinear
complete calculation of the effective field equations of mo-and with the same direction of the initial quantiby.

tion coming from LQG for each particle flavor in which we | this work, we will focus on those cases in which two
are interested. For present purposes we will assert that theyrticles(saya andb) collide to subsequently decay into the
valid dispersion relation for more general fermions is simplyaforementioned final states. For the present discussion, par-

Ez: =p?+2ap?+ pptE2np+mP. (54) ticlesa andb have momentﬁ)a1 angﬁb, respectively, and the
total momentum of the system [x. It is easy to see from
This assertion preserves the basic symmetries and assuntpe dispersion relations that we are considering that the total
tions that led to the equations of motion for 1/2-spin fermi-energy of the system will depend only n=|p,| andp,

ons. , . . _=|py|. Therefore, to obtain the threshold condition for the
On the other hand, in the case of bosonic 0-spin particleg, e ntioned kind of process, we must find the maximum pos-
we will assert that the valid dispersion relation consists of sible total energyE,,, of thé initial configuration, given the
E2=p?+2ap?+ pp*+m?. (55) knowledge ofp, andp,. To accomplish this, let us fii)a
and vary the incoming direction qf,=npy, in
This assertion is based on the fact that the symmetries in-
volved in the construction of the effective Hamiltonian for Eo=E.(Po— PuN) + Ep(pp) + x(N2—1). (59)
0-spin bosons would prevent the appearance of termsilike
(which depends on the helicjty _ _ _ Varying Eq.(59) with respect ton (y is a Lagrange multi-
To conclude, let us mention that the dispersion reIauorbner), we find
(54) will be used for the physical description of electrons,
protons, neutrons, andl andN baryonic resonances. Mean- N
while, the dispersion relatiofb5) will be used for the me- n'= >y
sonsm,p, andw. X

i
UaPp

(60)

In this way we obtain two extremal situationg=
*v,Pp/2, or simply

A useful discussion around the effects that LIV's can have i
on the propagation of UHECR can be raised through the ﬁi:+ﬁ_
study of the threshold conditions for the reactions to take Va
place[42]. To simplify our subsequent discussions, let us use
the following notation for the modified dispersion relations: A simple inspection shows that, for the dispersion relations

that we are considering, the maximum energy is given by
E?=p?+f(p)+m?, (56)  ni=—vl/v,, or, in other words, when a frontal collision

takes place.

Summarizing, the threshold condition for a two-particle
(a andb) collision and subsequent decay can be expressed
through the following requirements:

IV. THRESHOLD CONDITIONS

(61)

wheref(p) is the deformation function of the momentiyn

A decay reaction is kinematically allowed when, for a
given value of the total momentumpy= = itial D= Zfinal P>
one can find a total energy valli&, such thatEy=E,,.
Here E,yi, is the minimum value attainable by the total en-
ergy of the decaying products for a given total momentum E.t ED>E Es, (62
Bo. To find E,, it is enough to take the individual decay final
product mo[r1enta to_ be collinear \_N|th_respect 0 thg tOtalvvith all final particles having the same velocity;Gv; for
momentumpo_and with the same dwe_cupn. To see this, We any final particles andj), and
can varyEg with the appropriate restrictions

p%)_z pg), (57) Pa=Pp ﬁ;&ﬂ Pt (63)

I
where the sign of the momeni,, ps is given by the di-
rection of the highest momentum magnitude of the initial
particles.

Our interest in the next subsections is the study of the
reactions involved in high energy cosmic ray phenomena
Ev{':&,_ (58)  through the threshold conditions. To accomplish this goal

through simple expressions that are easy to manipulate, we

shall further use, for the equal velocities condition, the sim-
That is to say, the velocities of all the final particles producedlification

must be equal tg. Since the dispersion relations that we are
treating are monotonically increasing in the range of mo- Eym,=E,my, (64)

EOZEi Ei(pi) +§

where¢; are Lagrange multipliers, and theéndex specifies
theith particle and th¢ index thejth vectorial component of
the different quantities. Doing the variation, we obtain

JE;
ap!
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valid for the study of parameters coming from the region 25aE§+ 577Eg+ 2[(i)p)\p+|)\A|]Ep+4pr
f(p)<m?. This simplification will allow the achievement of

bounds over the order of magnitude of the different param- Bmi—mf,, (69
eters involved in the modified dispersion relations, which are

precisely our main concern. whereE, is the incident proton energyia= a,—a,, and

In the following subsections we will study the kinematical 7= 7,— 74 . Additionally, (+), refers to the incident pro-
effects of LIV's through the threshold conditions for the re-ton helicity. In the absence of LQG corrections, the conven-
actions involved in the propagation of UHECR. Since, in thistional threshold condition is naturally reobtained:
phenomenon, photons are present in the form of low energy ) )
particles(the soft photons of the CMBRthe LQG correc- E= my—mp
tions in the electromagnetic sector of the theory can be ig- P 4w
nored. LQG corrections to the electromagnetic sector, how-
ever, have already been studied for other high energy
reactions such as the Mkn 504rays[24].

(70

C. Pair creation y+p—p+et+e”

Pair creationy+p—p+e*+e~, is very abundant in the
sector previous to the GZK limit. When the dispersion rela-
tions for fermions are considered for both protons and elec-

Let us begin with the photopion productiop+p—p trons, it is possible to find
+ . Considering the corrections provided in the dispersion

A. Photopion production y+p—p+

relations(44) and(55) for fermions and bosons, we note that, Me 5 3 my(my+2my)

for the photopion production to proceed, the following con- Sa——— —E*+2| dn+ T 2
dition must be satisfied: P N e

3
m 1
) me(my+m,)| ——— | E*+Ew+|NJE+ S (N | EA)E
26aEL+| n+3n,———5— | EZ+ 2E.(I\p| =) Mp+2m, 2
m
) g =me(mMy+me), (71)
+4E o= m (65) with da= a,— a, and dn= n,—
™ my+m, p~ %e N= T~ Te-

As in the case of photopion production, there will always
be an incident proton helicity that can minimize the inequal-
ity (71). Therefore, to study the production of the electron-

| positron pair under its threshold condition, we shall set

necessarily be a proton helicity that can minimize the term*p| =Xp=0. On the other hand, since our intention is to
associated with , and, therefore, minimize the energy con- estimate an order of magnitude for the value of the diverse

figuration for the threshold condition, we must insert, in Eq.Parameters present in the theory, let us ignoredheterm,
(65), the following equality: since the presence of, is of greater relevancirecall that

we are considering tha®(»)=O(67)]. With these consid-

where E, is the energy of the emergent pioda= a,
—a,, and én=n,— n,. In expression65), the = signs
refer to the helicity of the incident proton. Since there wil

2E (I\p| =N ) =0. (66)  erations, we obtain
In addition, we are assuming that the difference between Me _, 3 Me_,
' . . . Sa—E“+ =n—E"+ |\ ]E+ Ew=m,(m,+m,),
parameters from different particles is of order dx(~1). amp 2 nmp el ©=Me(Mp-F M)
Therefore, if not null, we can takeg, to dominate oveb7 in (72

Eq. (65). With these considerations in mind, we are left with o
where we have also useah,+me=m,, to simplify the

m2(2m,+m.) above expression.
2 4 m<ip T g . . .
28k +168n,E +4E 0= n (67) Finally, if no corrections are present at all, the threshold
Mp ™My condition would be reduced to the conventional one,
Note that in the absence of LQG corrections the threshold Ewo=mg(m, +m,). (73
condition is simply e e
mi(Zmp_,_ m,) D. Bounds
4E 0= me+m, (68) In order to study the threshold conditio(&7), (69), and

(72) in the context of the GZK anomaly, we must establish
some criteria.
First, as we have seen in Sec. Il, the conventionally ob-
The main channel involved in the photopion production istained theoretical spectrum provides a very good description
the resonant production of the(1232). It can be shown that of the phenomena up to an energy4x 10*° eV. The main
the threshold condition for the resonak{1232) decay re- reaction taking place in this well described region is pair
action to occur is creationy+p—p-+e*+e~ and, therefore, no modifications

B. Resonant production y+p—A
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are present for this reaction up te4x 10'° eV. As a conse- mi(gmer m,,)
guence, and since threshold conditions offer a measure of 25aEfT+4EWw> —m (77
how modified the kinematics is, we will require that the P

threshold conditior{72) for pair creation not be substantially It is possible to find that for the above condition to be vio-

altered by the new corrective terms. lated for all energie€ . of the emerging pion, and therefore

Second, we have the GZK anomaly itself, which we aret, g reaction to take place, the following inequality must
committed to explain. Since for energies greater thad

X 10'° eV the conventional theoretical spectrum does not fit

the experimental data well, we shall require that LQG cor- 204 (Mmy+m.)
rections be able to offer a violation of the GZK cutoff. The = ap>——————=3.3x10 X w/w,]?, (78
dominant reaction in the violatell>8x 10'° eV region is mZ(2my+m,)

photopion production and, therefore, we shall require further 4 )
that the new corrective terms present in the kinematical calWhere @o=KT=2.35<10"" eV is the thermal CMBR en-
culations be able to shift the threshold significantly to pre-ergy- If we repeat these steps for th¢1232) resonant de-
clude the reaction. cay, we obtain the following condition:

As a last possibility, we shall also examine the bounds 92
arising for the case in which no GZK anomagnd therefore W i 2
no violations to the threshold and kinemajicsally exists. aA_ap>m2 —m? =1.7X10" " w/wo]". (79
Since the HiRes data have reached.8x 10°° eV, we will AP
consider the scenario in which no violation at all is con-  To estimate a range for the weave scélédet us use as a
firmed by the data up to a reference enelfigy=2x10eV.  reference energyo = wmn, Where ., is the minimum

In order to study the different corrections, given that weenergy for the reaction to take place, in inequality), when
do not have a detailed knowledge of the deviation paramthe condition for a significant increase in the threshold con-
eters, we shall take account of them independently. Natudition is taken into accour(for the primordial proton refer-
rally, there will always exist the possibility of having an ence energyE,=2x10?° this is wmin~2.9X wy), and
adequate combination of these parameter values that coultbmbine the results deduced from the mentioned require-
affect the threshold conditions simultaneously. However, agnents. Assuming that the, parameters are of order 1, as
will soon be evident, each one of these parameters will bgell as the difference between them for different particles,
significant at different energy ranges. we can estimate—for the weave scafe—the preferred

range

1. a correction

—18 -1 — 17 —1
We shall begin our analysis with the correctianand 2.6X10°°° eV "=L=1.6x10""" eV ", (80

consideration of the threshold condition for pair production.

In this case we have where the left-hand and right-hand sides come from the

bounds(76) and(78), respectivelysince theA (1232 is just
Me one channel of photopion production, we shall not consider it
5am—E2+ Ew=my(my+my), (74)  to set any bounfd
P If no GZK anomaly is confirmed in future experimental
with a=a,— ae. As is clear from the above condition, the observations, then we should state a stronger bound for the
minimum soft photon energy,;, for the pair production to  differenceéa, —a;,. Using the same assumptions to set the
occur is restriction(76) when the primordial proton reference energy
is E,e=2%x10? eV, it is possible to find

me me
C’)min:E(mp""me)_((Sa'm_pE- (75 |aw—ap|<2.3>< 10 %, (81
It follows therefore that the condition for a significant in- In terms of the length scalé, this last bound may be read as
crease or decrease in the threshold energy for pair production
becomeq Sa|=m,(m,+m)/E?. In this way, if we do not
want the kinematics to be modified up to a reference energ
E,or=3x 10 eV, we must impose the following constraint:

£=1.7x10 Y ev 1 (82)

Which is a stronger bound ovet than Eq.(76), offered by
pair creation.

(mp+ rzne)mp —98x10° 2 (76) 2. 77 correction

ref Let us now turn our attention to the parameter. The

Similar treatments can be found for the analysis of othefhreshold condition for the pair production, when only the
astrophysical signals like the Mkn 5G4rays[47], when the ~Parameter is considered, is
absence of anomalies is considered. 3

Let us now consider the threshold condition for photopion =z ,7%E4Jr Ew=me(my+m). (83)
production. Taking only ther correction, we have 2°mp

|ap—ael<
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Repeating the same analysis we did for thparameter, it is From the dispersion relatio89), the threshold condition
possible to find the following constraint: for photopion production is

2m
< _ — 60 -2 m_m
|7,|<3 0 (mpvL mg) =1.6X10 eV “°. (84) AwE+2¢ p 2E3>mw(2mp+mw). (90)

ref mp+m,)
Recalling thaty= K,7|'2), the result{84) can be reexpressed in
the form Clearly, when¢ is negative, it can be observed from Eg0)
that the threshold energy for photopion production can be
|k,|=2.4x107%, (85 easily shifted, preventing the reaction from taking place for

o high energies. The condition for this to be the case is
which is, of course, a strong bound over a parameter of order

1.
Since the basis of the effective LQG methods which we _§>%3 ; mp+ M, Z[w/w 13
have developed rely on the fact that the coefficientsre of 27 mimp 2my+m, 0
order 1, we must conclude that a correction of typshould
be discarded, in opposition to the expectations of our previ- =7.75<10 M wl/wo]® eVt (91)
ous work[24], when only photopion production was ana-
lyzed. It can be seen therefore that in the particular casé=of

—lp (1,=8.3x10 * eV 1) the reaction can be consider-
ably suppressed.

Finally, we have to consider the correction. In our pre- Let us note, however, that the pair productiof y—p
vious work [24], having studied photopion production +e*+e~ imposes strong restrictions over a negativpa-
through theA (1232) channel decay, we emphasized the posrameter. Following the methods that we have used up to now,
sibility of a helicity-dependent violation. For this effect to it is possible to find that the threshold condition for pair
take place, the following configuration must be satisfiegt ~ production is
iNg againw ef= wmin) !

3. \ correction

—3 m.m
INp|=[Nal+1.3x107° eV. (86) wE+ g(f—zp)zﬁz Me(Mp+M). (92)
m m
However, when pair production is analyzgéad the same way P ¢

as witha and7), the following condition emerges for.: Since we cannot infer modifications in the description of pair

N/ <1.6x10°5 eV, (87)  Production in the cosmic ray spectra up to enerdtes4
X 10'° eV, we must at least impute the following inequality
which is more than one order of magnitude stronger than the

required value for protons in Eq86). This weakens the (My+me) (My+2me)?
possibility of a limit violation through helicity-dependent ef- |¢[< 3
fects. MpEres
Another stronger bound can be found [#8], where a =3.26x10"% eV {(=3.98x 10" 13 0, (93

dispersion relation of the type

E2=p24+ \p+m? (88)  Where we have uselfl = 3% 10'° eV. This last result shows
the strong suppression ové&rAs a consequence, the particu-
is analyzed, and it is found that the caser1x10"" eV lar case|&=1,=8x10"?% eV~* should be discarded. A
should be discarded because of the highly sensitive measurkeund like(93) seems to have been omitted up to now in the
ments of the Lamb shift. GZK anomaly analysis.

E. The cubic correction V. MODIEIED SPECTRUM

A commonly studied correction which has appeared in

several recent workg21,23,33, and which deserves our at- In this section we shall show how the only surviving LQG

tention, is the case of a cubic correction of the form correction from our previous analysis in Sec. A=1+a,
can affect the prediction of the theoretical cosmic ray spec-
E2=p%+m?+ ¢p3 (899  trum. Our approach will be centered on the supposition that

the LQG corrections to the main quantities for the
(where ¢ is an arbitrary sca)e It is interesting to note that calculation—such as cross sections and inelasticities of
strong bounds can be placed over the deformati¢p) processes—are, in the first instance, kinematical corrections,
=¢p3. We will assume in this section thatis a universal and that the Lorentz symmetry is spontaneously broken.
parametetian assumption followed by most of the work in These assumptions will allow us to introduce the adequate
this field). corrections when a modified dispersion relation is known.
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A. Kinematics wheref,(E,p) is a function of the energy and the momen-

When spontaneous Lorentz symmetry breaking occurs wéim, which represents the LIV provided by the LQG effec-
can use the still valid Lorentz transformations to expresdive theories. Let us note that expressi@9) is just the
physical quantities observed in one reference system in arfmodified dispersion relation
other one. This is possible since, under spontaneous symme-
try breaking, the group representations of the broken group E2=p2+fa(E,5)+m§. (100
preserve its transformation properties. In particular, it will be
possible to relate the observed four-momenta in different reffo be consistenf,(E,p) must be invariant under Lorentz

erence systems through the usual rule transformations and, therefore, can be written as a scalar
P_A function of the energy and the momentum.
Pp="AuPw, (94) We have already made mention of the fact that LIV’s

. ) inevitably introduce the appearance of a privileged system;
where p,=(—E,p) is an arbitrary ,fo_ur—momentum €X- in the present discussion we will choose as such a system the
pressed in a given reference syst&qp,, is the same vector isotropic system(which by assumption is the comoving

expressed in another given systéth, andA ;' is the usual  cpBRr system, and will express‘a(E,ﬁ) in terms ofE and

Lorentz trapsformation ponngcting both systems. Such % measured in that system. As may be expected in this situ-
transformation will keep invariant the scalar product ation. f. will be a function'only of the energ and the
s la

p“p,=—E2+p?, (95 ~ momentum nornp=|p|, since no trace of a vectorial field
. could be allowed when isotropy is imposed. For example, in
as well as any other product. the particular case of the dispersion relation for a fermion,

Let us illustrate, for transformatiof®4), the situation in  the functionf,(E,p) depends uniquely on the momentum,
which K’ is a reference system with the same orientation ofand can be written as
K and which represents an observer with velogitywith ) 4
respect tokC. In this caseA ” will correspond to a boost in fa(P)=2a,p"+ 7,p" =2\ ,4p. (10D

the 3= B/|B| direction, and expressiof@4) will be reduced

o For simplicity, we shall continue usind@,(p) instead of

fa(E.p).

., s Through the recently introduced notation and the use of
E'=v(E=5-p), (96) expression98), the c.m. energy of am particle with mass
. - m, and deformatiorf 4(p) will be
p'=v(p—BE), (97)

1/2 2
sy =Af +mg. 102
wherey=(1-8%) 2. A particular case of this transforma- é a(P)* Mg (102

tion will be that in whichB has the same direction @s and  Of course, the validity of this interpretation will be subordi-
K’ corresponds to the c.m. reference system, that is to sapate to those cases in which

the system in whictp '=0. In such a case we will havg

N _ 2
=p/E and y=E/(E2—p?) 2 jointly with the relation Sa=fa(p)+mz>0, (103

E'=E/y=(E2—p?)12 (98) or, equivalently, to those states with a timelike four-
momentum. Conversely, particles with energies and correc-

In other words, the c.m. energy of a particle with enefgy tions such thas,=f,(p) + m>=<0 will be described by light-

and momentunf) in KC will correspond to the invariants? like _physical states _if the _equality holds, or spacelike
—p?)Y2. Furthermore, such energy is the minimum measurPhysical states if the inequality holds.

able energy by an arbitrary observer; this can be confirmed A NéW effect provided by LIV's is that, if a reference
by solving the equatio@E’/dB=0 from the relation(96) system wheregp=0 exists, then in that system the particle

and by verifying that the solution {§=p/E. This allows us will not be generally atrest. To un_derstand this it is sufficient

to interpretE’ = (E2— p?)!*2 as the rest energy of the given to verify that in general the velocity follows

particle. To simplify the notation and the ensuing discus- JE

sions, let us introduce the variabte=(E’)?, whereE’ is V= — B,

given by Eq.(99). ap E
So far in our analysis, the relativistic kinematics has not . i

been modified. Nevertheless, a difference from the conver@nd therefore does not generally vanistpat0. Returning

tional kinematical frame is that in the present theory thef® Eds.(96) and(97), we can see that whefi=v =JE/dp,

product(95) will not be independent of the particle’s energy; the following result is produced:

conversely, we will have the general expression

(109

JE’
p“p,=—fa(E,p)—m?, (99) ap

JE ) ap 0 (109
ap " ap'
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wherey,=(1—v?) 2 The result(105 shows that the ve- by the energyE in the deviation functiori(p). That is to say,
locity of the system where the particle is at rest is effectivelywe may consider as a valid relation the following expression
v. There emerges, then, an important distinction between the s 5

phase velocity3=p/E of the c.m. system of a particle and E“=p°+f(E)+p%, (111

the group velocityw = dE/dp of the same particle. : i
The above results, for a single particle, can easily be genv_vhere we have madg th‘? replacemﬁ(rpi_)—>f(E). This pro
edure will greatly simplify the next discussion.

eralized to a system of many particles. For instance, the total
four-momentum of a system of many particlp,==,p!

will transform through the rul€94), and the scalar product
(P*P )t Will be an invariant under Lorentz transformations ~ Following the same methods as in Sec. Il let us obtain the
(as well as any other prodyctAs in the case of individual modified inelasticityK for a process of the typp+ y—p
particles, we defing/s as the total rest energy measured in -+X, wherex is an emitted particle that, in the present physi-

B. Modified inelasticity: p+ y—p+x

the system of the c.m. That is to say, cal problem in which we are interested, can be,a, or
. meson. We note that the dispersion relation for the emerging
$=E{ot— Piot - (106 proton(after a collision with a photoncan be written in the

form

In the case in which we have a system composed of a proton
with energyE and momentunp, and a photon(from the Ef,— p§=fp(Ep)+mf,, (112
CMBR) with energyw and momentunk (all these quantities
are measured in the laboratory isotropic syste€ thes  whereE, is the final proton energy. Since the left side of Eq.
guantity will acquire the form (112 is invariant under Lorentz transformations, we can

o write

s=(E+w)*~(p+k)?
(E3)2=(p})?="1p(Ep)+m3, (113

_ ’ IN2__ (1 L\2
=(BE'+o)"=(p"+k)% (107 where the asterisk denotes the quantities measured in the
where theE’ andp’ quantities are measured in an arbitrary &:M- System. On the other hand, in such a system, the fol-
reference system. In particular, we are interested in the sydWing conservation refations of energy and momentum are

tem where the proton momentuﬁ1’ is null; that is to say, satisfied:
the system in whiclE’ = \s,. If € is the photon energy in E* +E* = s (114
such a system, then p X
and
s=( Sp+ 6)2— €2
(py)?=(p})>. (115

=2\spe+s,, (108 o o _
Substituting both quantities in the relati¢hl2), we can ob-
where we have used the dispersion relatiork (or € tain
=Kk’") for the CMBR photons. These results will allow us to
express the main kinematical quantities in termeadnds,
= fp(p)+m2. For example, the Lorentz factor that connects

P
the K system with the/C" system whergp’ =0, will be

2\SEf =s+f,(Ep) —f(E)+mi—m3, (116
or, in a more convenient form,

2/SE% =s+5,(Ep) — S,(Ey). (117
— (109

’y:
Vs

Meanwhile, the Lorentz factor connectirig with the c.m.
system(that in whichp ' +k=0) will be

In the same way, we also have the energy conservation rela-
tion in the laboratory system:

Ep+Ex=Eqo- (118

Using the definition for the inelasticitit,= AE/E for a pro-

_ E+ow cess, wherd E=E;— E;=E;— E;, it is possible to rewrite
Ye Spt2\/s€ Eqg. (118 in terms ofK, through the expressions
E E,=K,E, (119
=_— (110
Sp+2spe Ep=(1-KyE, (120

As a last comment, let us note that to the first order in thewvhere E is the initial energy of the initial proton. Having
expansion of the dispersion relations in terms of the scales done this, Eq(117) now acquires the form
andl,, when we consider high energy processes such that
p?>f(p)+m? we can freely interchange the momentym 2\SEy =s+5,[(1- K )E] =S, [KE]. (121
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To simplify the development of the inelasticity, let us write Following our previous interpretation, we can view the re-
the former relation a&; =F(E,K,), whereF=F(E,K,) is  cently described process as a reaction between a proton with
defined through masssrl,’z, which loses energy emitting particlasvith mass

s2? calculated in the previous form. This idealized reasoning
gives us a clear prescription to kinematically modify those
dynamical quantities with which we must work and where

energy conservation is involved. This prescription is

F= L{S+sp[(1—KX)E]—SX[KXE]}. (122
S

2\s

On the other side, the Lorentz transformation rules give us
the relation between the proton energies in the laboratory mgﬁsa(E):fa(E)erg, (127
system and the c.m. system. This relation is
E =~ (E* + 8.0* cOSO whe_re_ we have expresged_the correctigras a function of
p=YelEp + APy ) the initial energy of the incident proton.
_ )’c(ES + B, E’gz—sp(Ep)cosa)_ The prescription(127) establishes the notion of an effec-

tive mass that is dependent on the initial energetic content of
(123 ; ; g
a reaction. As a consequence, given the explicit knowledge
Combining Eqgs.(122 and (123, it is possible to find the of the dependence that a cross section has on the masses and

general equation foK, : energies of the involved states, to obtain the modified ver-
sion, it will be appropriate to use the discussed prescription.
(1—- KX)\/§=(F(E,KX) Let us note, however, that an important weakness of the

> present method is the inability to determine whetiney

+ VFA(E.Ky) — sl (1~ K, E]cosé). comes from the initial state protdwith initial energyE), or

(124) the final state protofwith final energyE,=(1—K)E]; es-
pecially since that distinction gives rise to different values
It should be noted, however, that the solution K from  for s,. To overcome this difficulty, and therefore any ambi-
Eq. (124 will depend on theg angle. For this reason, once guity in the prescription, we shall restrict our treatment to the
this last equation is resolved, it is convenient to define thftaseap:O.
total inelasticityK as the average d€, with respect to they
angle. That is to say, D. Redshift
Another important problem related to the introduction of
LIV’s in the dispersion relations is whether the redshift rela-
tion for the propagation of particles in a FRW universe is
It is relevant to mention that now, as opposed to the resulmodified. This could be of great relevance because of the
(10), the inelasticityK will be a function of both the energy large distances involved in cosmic ray propagation and,
E of the initial proton and the energyof the CMBR photon. therefore, the possible cumulative effects. We shall examine
this issue through the study of a classical pointlike particle
C. The m2—s,=m2+f(E) prescription propagating in a FRW space-time.

) ) ) The most general action for a point particle in a given
Let us recall our interpretation relative to the fact thatspace-time is

st2=(f4(E,) + m)¥2 can be understood as the rest energy

of a particlea, as a function of the enerdy, that it has in

the laboratory systen’. As we have already emphasized, S= f

this interpretation will be valid for particles with timelike

four-momenta. . . .
In the reactions given between high energy protons an&mh—T an afﬁyne parametgr chosen to accomphdh

the photons of the CMBR, the whole scenario consists of the ~9,,dx“dx” [we are using the mpstly plus signature

collision between two particlgsandy, with the subsequent (—»**,+)]. The variation of the action can be realized

production of a certain number of final particles. Let us supnfough two separated terms:

pose thatk is one of these particles in the final state. Knowl-

edge of the inelasticitK for the reaction will allow us to 58:f

estimate the average enerdy,) with which such a particle

emerges(since K provides the average fraction of energy

with which such a particle is producedrhat is to aY, 0N Starting with the first term, it is possible to writigl in the

average, the rest energy of the final partialevill be s; following way (using u*=dx*/d+ and identifying the free
=[fa((Ea))+m;]"2 Moreover, the knowledge of the in- torsion connectionE” ):
pnal:

elasticity K will allow us to expresss, as a function of the
energyE of the initial proton:

1 (=
K= —f K, do. (125
mJo

b
Adr, (128

a

b b
A5d7'+f SAdr. (129

a a

"

dx
odr= _gMV_5dXV_FZGuMuvd75XU‘ (130

S;=Sa(E). (126 dr
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Naturally, in the above expression we can allaydx*
=d(6x*) andédr=d(57). The variation of the second term
in Eqg. (129 can be developed through

A IA
— X7+
ox” au”

SA su’. (13D

PHYSICAL REVIEW D67, 083003 (2003

Note that in the preceding expressidp; is given by the
dynamical equation€l35). Using these equations to simplify
Eqg. (137, it is possible to deduce that

For the du* variation we must proceed carefully since thereWhere; is defined through

will be constraints betweedu” and 5x*. We have su*
where u’#=dx'#/d7’, with dx'#=dx*
+6(dx*) andd7'=d7+ 8(d7). In this way, to the first or-
der in the variations, it is possible to find the following con-
straint betweensu* and §x* [where we used Eq.130 to
work out the relatiof

:u’/’«_u#,

(ouk)dr=d(ox*)+u*[g,,u7dodx"+TI", u,dréx7].
(132)

Using the former relations, the complete expression for th
variation of the action is

0S= —(9 +A OxH b+ jb _t? +AT7” v
Ju* tu |a a| gx* prtinl

- —(9 +A drox* 133

dr JuH Un T ’ ( )

where we have defined=(dA/du”)u’—A. Let us now
define the momentp,, as follows:

(134

This definition is concomitant with the canonical approach
and allows us to write the equations of motion in a very

simple and convenient way:

dp,= on Al? ’|d 13
pM_ ax_ﬂ«_l— MVU,?U T. ( 5)

We are interested in obtaining an expression for the red-
shift relation having as a starting point the equations of mo-

tion (135 deduced from thé& action. For this we must con-
sider the FRW metric

g L R2(t)
,=diad —1; ,
In 1—kr2

To accomplish our goal, let us calculate the variatiorpof
=g' p;p; through a path parametrized by

R2(t)r?, Rz(t)rzsinzel .
(136)

p2= i(g”lo-p-)
dr dr ™

dp;

dr ' "dr
(137

d R .

d_T(pR)ZBQinQj, (139
T

Qi=| ——uTj—], (139
X Ju

and thel“ikj are the FRW spatial connections given by

koL
rijzzg (i1, T 9j1,i—9ij.1)- (140

To conclude, we now turn our attentionfl . If we want to

Be loyal to the spirit of the FRW space-time formulation, we
must impose isotropy and homogeneity on the Lagrangian
A, when expressed in the comoving FRW frafaecharac-
teristic present in our previous development of LIV$hat

is to say,A=A(u%t), whereu?=g;;u'ul. In this way, the
spatial dependence will be throug}j . If we differentiateA

with respect tax¥ then

JA A Ju?
axk  qu? axk
IA lom
=— 'uli'k', (141)
Ju X
which implies that
2L 142
—=—ulT!,.
ax< oul

Note that this in turn will mean thd®,=0. So, as a general
result, the usual redshift relation is reobtained:

d
E_(pR)=O. (143

E. Spectrum and results

Introducing the above modifications to the different quan-
tities involved in the propagation of protorike the cross
sectiono and inelasticityK), we are able to find a modified
version for the UHECR energy loss due to collisions. Since
the only relevant correction for the GZK anomalyds we
focused our analysis on the particular céép) =2ap?. To
simplify our model we restricted our treatment to the case
a>0 (consistent with the effective mass interpretatiand
used onlya,,#0, wherea,, is assumed to have the same
value for mesonsr, p andw.

Figure 3 shows the modified energy losgE) for
UHECR obtained for different values at,,. These are,
curve 1, ¢y =9x10 23 (£=8.6x10"18 eV 1); curve 2,
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FIG. 3. Modified energy loss for UHECR due to collisions. The _ FIG. 4. Modified UHECR spectrum and AGASA obsesrvations.
figure shows the case,,#0, for three different values of the The figure shows the modified spectrdifE) multiplied by E”, for

weave scalef. Curve 1:a,,=9x10 2 (£L=8.6x10"18 eV~ 1); uniformly distributed sources and without evolution, for the case
curve 2:am=5x10"2 (£=1.2x10" eV~ 1): curve 3: ;=0  a@m=1.5x10?*(L=6.7x10 eV 1. Three different maximum
(without modifications generation energieg ., are shown. These are, curve 1x 50%°

eV: curve 2, X107 eV; and curve 3, X107 eV.
ap=5x10 % (£L=1.2x10 " ev™!); and curve 3,e, _ .
—0, which corresponds to the case without modifications!ons andﬁgrzle predicted LﬁJlI—;ECijectrum in the cage
given by the conventional theory. It can be seen thereforg 1-9X10° %" (£=6.7X10""" eV for three different
how the corrections can affect the main lifetime of protonsMaximum generation e”elrg'&nax- These are curve 1,5
propagating through the CMBR, allowing a great improve-><102 eVv; curve 2, ]><102 eV; and curve 3, 3192 ev.
ment in the distances that protons can reach before losingh® Poisson probabilities of an excess in the f_'\[’le highest
their characteristic energyfor energies greater than 1 €Nergy b[”45 for the three eurves aFQ=.3.6><120 P2
X 102 eV). The effects that the LQG corrections have on the=2:6X10"%, and P3=2.3x10 5 The Poissony for thg
propagation of UHECR are manifest through a decay of th&ight highest energy bins ig,"=10,,'=10.9, and x5
energy loss in the rangé~ 1x 10°° eV. To understand this, =11.2, respectively. The possibility of reconciling the data
recall relation(77) for the threshold condition of photopion With finite maximum generation energies is significant given

production: that conventional models require infinite maximum genera-
tion energiesE ., for the best fit. For the lower part of the
5 me(Zmp+ m.) spectrum(underE=4x 10'° eV), the parameters under con-

26aE7+4E 0= Tmyrm, (144 sideration leave the spectrum completely unaffected. This is

due to the fact that in such a region the dominant reaction is
As we saw in Sec. 1V, the condition for a significant increasepair production, which has not been modified to obtain the
or decrease in the energy threshold can be calculated a&pectrum. A more accurate study on this issue would require
|8a=(2my+m,)(m,+ m,)/2E2. Therefore, for a given the computation of a modified inelasticity for pair creation.
value of §a>0, the energy at which the LIV effects start to Meanwhile, we must content ourself with the semiqualitative
take place is criteria given in Sec. IV to rule out the parameters.

1
B2 =5 (2my m,) (M, m,). (145 VI. CONCLUSIONS

The scientific challenge that represents the search for new

In the casex,,=9x 10 23 (curve 1 of Fig. 3, this energy is empirical backgrounds to test quantum gravity theories is at
E=1.1x10% eV, while in the caser,,=5x10 23 (curve 2  the embryonic stage. In this context, the possibility that ul-
this corresponds t&=1.5x 10°7° eV. Beyond these energy trahigh energy cosmic rays could be experiencing quantum
scales, at abouE~2x 107° eV, a sharp decay is observed in gravity effects places us in a very challenging situation
the behavior of the curve. This is due to the fact that thewhich deserves attention. Nevertheless, the present stage of
modified inelasticityK will strongly constrain the energy- UHECR observations demands that we proceed with caution
momentum phase space accessible to the final states depemttd patience.
ing on the initial energyE that the primary proton carries We have seen how the kinematical analysis of the differ-
(recall that nowK is a function of the energi of the inci-  ent reactions taking place in the propagation of ultrahigh
dent proton and the energyof the CMBR photoi energy protons can set strong bounds on the parameters to

We can also find the modified version of the UHECR the theory. In comparison with our previous work, we have
spectrum fora,,#0. Figure 4 shows the AGASA observa- eliminated some previously open possibilities by the particu-

083003-16



LOOP QUANTUM GRAVITY AND ULTRAHIGH ENERGY . ..

lar study of pair creatiop+ y—p+e* +e™, in the energy

PHYSICAL REVIEW D67, 083003 (2003

our Eq. (44) gets an extra factorl (/£)*~*. This freedom

region where this reaction dominates the proton’s interaccan be used to move the scaledown if needed, so that the

tions with the CMBR. In this way, the only possibility still

cosmic ray momentunp always satisfies the bounpl

open([for the corrective terms considered in the expansion<1, without changing our prediction of the UHECR spec-

(54) for the dispersion relatiogsand favored by the LQG
scales is the correctiom. If this is the case, a favored region
for the scale lengtl estimated through the threshold analy-

sis would be
2.6x10 18 eV l=£=<16x101 eVl (146

Similarly, the kinematical corrections can be studied in
more detail when their effects are considered in the theore

ical spectrum. In this regard, we have seen how to develop g

modified version of the inelasticity for photopion production,
and its implications in the mean lifetime of a high energy
proton as well as on the spectrum. To accomplish this la

task we have assumed a spontaneous Lorentz symmet

breakup only in the effective equations of motion, allowing

trum.

Future experimental developments like the Auger array,
the Extreme Universe Space Observat@y SO, and orbit-
ing wide-angle light collectofOWL) satellite detectors will
increase the precision and phenomenological description of
UHECR. On the more theoretical side, progress in the direc-
tion of a full effective theory, with a systematic method to

gompute any correction with a known value for each coeffi-

ient, is one of the next steps in the “loop” quantization
program[49,50. Therefore, it is important to trace a phe-
nomenological understanding of the possible effects that

S<fould arise as well as the constraints on LQG, in the high and

w energy regimengfor other phenomenological studies of
LQG effects, see, for examplgs1] and[52)).

the use of Lorentz transformations on the dispersion rela-

tions. Therefore, the resull124) can be used in a more gen-
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