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A RESIDUAL BASED A POSTERIORI ERROR ESTIMATOR
FOR AN AUGMENTED MIXED FINITE ELEMENT METHOD
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Abstract. In this paper we develop a residual based a posteriori error analysis for an augmented
mixed finite element method applied to the problem of linear elasticity in the plane. More precisely, we
derive a reliable and efficient a posteriori error estimator for the case of pure Dirichlet boundary condi-
tions. In addition, several numerical experiments confirming the theoretical properties of the estimator,
and illustrating the capability of the corresponding adaptive algorithm to localize the singularities and
the large stress regions of the solution, are also reported.
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1. INTRODUCTION

A new stabilized mixed finite element method for plane linear elasticity was presented and analyzed recently
in [10]. The approach there is based on the introduction of suitable Galerkin least-squares terms arising from the
constitutive and equilibrium equations, and from the relation defining the rotation in terms of the displacement.
The resulting augmented method, which is easily generalized to 3D, can be viewed as an extension to the
elasticity problem of the non-symmetric procedures utilized in [8] and [11]. It is shown in [10] that the continuous
and discrete augmented formulations are well-posed, and that the latter becomes locking-free and asymptotically
locking-free for Dirichlet and mixed boundary conditions, respectively. Moreover, the augmented variational
formulation introduced in [10], being strongly coercive in the case of Dirichlet boundary conditions, allows the
utilization of arbitrary finite element subspaces for the corresponding discrete scheme, which constitutes one
of its main advantages. In particular, Raviart-Thomas spaces of lowest order for the stress tensor, piecewise
linear elements for the displacement, and piecewise constants for the rotation can be used. In the case of
mixed boundary conditions, the essential one (Neumann) is imposed weakly, which yields the introduction of
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the trace of the displacement as a suitable Lagrange multiplier. This trace is then approximated by piecewise
linear elements on an independent partition of the Neumann boundary whose mesh size needs to satisfy a
compatibility condition with the mesh size associated with the triangulation of the domain. Further details on
the advantages of the augmented method can be found in [10] and also throughout the present paper (see, in
particular, Sect. 5 below).

According to the above, and strongly motivated by the competitive character of our augmented formulation,
we now feel the need of deriving corresponding a posteriori error estimators. More precisely, the purpose of this
work is to develop a residual based a posteriori error analysis for the augmented mixed finite element scheme
from [10] in the case of pure Dirichlet boundary conditions. A posteriori error analyses of the traditional mixed
finite element methods for the elasticity problem can be seen in [5] and the references therein. The rest of
this paper is organized as follows. In Section 2 we recall from [10] the continuous and discrete augmented
formulations of the corresponding boundary value problem, state the well-posedness of both schemes, and
provide the associated a priori error estimate. The kernel of the present work is given by Sections 3 and 4, where
we develop the residual based a posteriori error analysis. Indeed, in Section 3 we employ a suitable auxiliary
problem and apply integration by parts and the local approximation properties of the Clément interpolant
to derive a reliable a posteriori error estimator. In other words, the method that we use to prove reliability
combines a technique utilized in mixed finite element schemes with the usual procedure applied to primal finite
element methods. It is important to remark that just one of these approaches by itself would not be enough in
this case. In addition, up to our knowledge, this combined analysis seems to be applied here for the first time.
Next, in Section 4 we make use of inverse inequalities and the localization technique based on triangle-bubble
and edge-bubble functions to show that the estimator is efficient. We remark that, because of the new Galerkin
least-squares terms employed, most of the residual terms defining the error indicator are new, and hence our
proof of efficiency needs to previously establish more general versions of some technical lemmas concerning
inverse estimates and piecewise polynomials. Finally, several numerical results confirming reliability, efficiency,
and robustness of the estimator with respect to the Poisson ratio, are provided in Section 5. In addition, the
capability of the corresponding adaptive algorithm to localize the singularities and the large stress regions of
the solution is also illustrated here.

We end this section with some notations to be used below. Given any Hilbert space U, U? and U?*? denote,
respectively, the space of vectors and square matrices of order 2 with entries in U. In addition, I is the identity
matrix of R?*2 and given 7 := (7;5), ¢ := ({;;) € R?*?, we write as usual

2 2

1
T = (1), tr(r) = Zm, T4i=7— §tr(7')I7 and 7:¢ = Z Tij Cij -

i=1 ij=1

Also, in what follows we utilize the standard terminology for Sobolev spaces and norms, employ 0 to denote a
generic null vector, and use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants
independent of the discretization parameters, which may take different values at different places.

2. THE AUGMENTED FORMULATIONS

First we let Q be a simply connected domain in R? with polygonal boundary I' := 9. Our goal is to
determine the displacement u and stress tensor o of a linear elastic material occupying the region 2. In other
words, given a volume force f € [L2(£2)]2, we seek a symmetric tensor field o and a vector field u such that

o =Ce(u), diviec)=—-f in Q, and u=0 on T. (1)

Hereafter, e(u) := 3 (Vu + (Vu)®) is the strain tensor of small deformations and C is the elasticity tensor



AUGMENTED MIXED FINITE ELEMENT METHOD IN LINEAR ELASTICITY 845

determined by Hooke’s law, that is
CCi= AB(OT + 2u¢  VC € [LHQ)22, (2)

where A, > 0 denote the corresponding Lamé constants. It is easy to see from (2) that the inverse tensor

C~! reduces to ) \
Cli¢i=—¢ - ———
24 dp A+ p)

We now define the spaces H = H(div;Q) = {7 € [L}(Q)]**? : div(r) € [L*(0)]*}, Hy := {T € H :
Jotr(T) = 0}, and note that H = Hy @ RI, that is for any 7 € H there exist unique 79 € Hy and
d = %Q‘ Jotr(T) € R such that 7 = 79 + dI. In addition, we define the space of skew-symmetric tensors

[L2(Q)252 == {n € [L2()]**? : n+n* = 0} and introduce the rotation v := (Vu—(Vu)*)) € [L*(Q)]2%2 as
an auxiliary unknown. Then, given positive parameters k1, k2, and k3, independent of A\, we consider from [10]
the following augmented variational formulation for (1): Find (o, u,y) € Hy := Hp x [H§(Q)]? x [L2(Q)]23

skew
such that

tr(Q)I V¢ e [LAQ)*2. (3)

A((Uvua'7)a (T,V,n)) = F(Tvvan) V(Tavan) € Hy, (4)
where the bilinear form A : Hy x Hy — R and the functional F' : Hy — R are defined by

Allowy).(rvin) = [ eloirt [wedivin)+ [ yir— [ vodivie)- [ nio

+ K1 /Q(e(u)—C*a) t(e(v)+ChT) + Kg/div(a).div(r)

Q
1 1
+ K3 / ('7 — §(Vu — (Vu)t)) : (17 + E(Vv — (Vv)t)) , (5)
Q
and
F(r,v,n) = / f-(v — kadiv(T)) . (6)
Q
The well-posedness of (4) was proved in [10]. More precisely, we have the following result.

Theorem 2.1. Assume that (K1, k2, k3) s independent of A and such that 0 < k1 < 2p, 0 < Ka, and
0 < k3 < k1. Then, there exist positive constants M, «, independent of A\, such that

|A((e,u, ), (7, v,m) | < M [[(o,u,7)]n, |(7,v,n)]a, (7)
and
A((r,v,m), (1,v,m) > all(r,v,n)ll, (8)
for all (o,u,7), (7,v,n) € Hy. In particular, taking
~ 1 K1 ~
k1 = CLp, ﬁgz—(l——), and k3 = C3 K1, 9)
Iz 2p

with any C, € 10,2[ and any Cs € 10, 1[, this yields M and « depending only on p, l%, and ). Therefore,
the augmented variational formulation (4) has a unique solution (o,u,vy) € Hy, and there exists a positive
constant C, independent of A\, such that

(e, w, ), < CIF| < C|fllz2ay2 -

Proof. See Theorems 3.1 and 3.2 in [10]. O
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Now, given a finite element subspace Hy, C Hp, the Galerkin scheme associated with (4) reads: Find
(oh,un,vp,) € Hop such that

A((n, un¥p)s (Thy Viomy)) = F(Th,vi,my) YV (Th, Vi, my) € Hon, (10)

where k1, k2, and k3, being the same parameters employed in the formulation (4), satisfy the assumptions of
Theorem 2.1. Since A becomes bounded and strongly coercive on the whole space Hy, we remark that the well
posedness of (10) is guaranteed for any arbitrary choice of the subspace Hg . In fact, the following result is
also established in [10].

Theorem 2.2. Assume that the parameters k1, K2, and k3 satisfy the assumptions of Theorem 2.1 and let Hy p,
be any finite element subspace of Hy. Then, the Galerkin scheme (10) has a unique solution (o p,up,~;,) € Ho n,
and there exist positive constants C, C, independent of h and X\, such that

| F(Thvvhanh) |

[(on: up, yp)llw, < C sup < Clfllizz@yz
I = e 1) [ el
(Trthﬂ”lh)#O
and
”(0'71177) - (o'hvuha'Yh)HHo < C inf H(aaua’Y) - (Thavhvnh)”Ho : (11)
(Th:vhM,)EHO,
Proof. Tt follows from Theorem 2.1, Lax-Milgram’s Lemma, and Céa’s estimate. O

It is important to emphasize here that the main advantage of the augmented approach (10), as compared
with the traditional mixed finite element schemes for the linear elasticity problem (see e.g. [3]), is the possibility
of choosing any finite element subspace Hy , of Hy.

On the other hand, an inmediate consequence of the definition of the continuous and discrete augmented
formulations is the Galerkin orthogonality

A((o —on,u—wn,y —v), (Th, vi,m,)) =0 YV (Th,vi,my) € Hop (12)

Next, we recall the specific space Hy j, introduced in [10], which is the simplest finite element subspace of Hy.
To this end, we first let {75 }r>0 be a regular family of triangulations of the polygonal region 2 by triangles T

of diameter hp with mesh size h := max{hy : T € 7j }, and such that there holds Q = U{T: T € T7,}.
In addition, given an integer £ > 0 and a subset S of R?, we denote by Py(S) the space of polynomials in two
variables defined in S of total degree at most ¢, and for each T" € 7} we introduce the local Raviart-Thomas
space of order zero (cf. [3,12]),

RTo(T) := Sp&ﬂ{(é) , <(1)> , (2 )} C [P(D))?,

where (g; ) is a generic vector of R?. Then, defining
HZ ={1,€ Hdiv;Q): 74|y € RTo(T)*]* VT €T}, (13)

Xn = {Uh S C(Q) vh|T S Pl(T) VT € 777,} , (14)
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and
HY = X), x X, (15)
we take
Ho) = HZ, x HY), x H) . (16)
where
HE), : = {’ThEH}?Z /tr(rh)O}, (17)
Hgy = {vn € Hy: th:O on I'}, (18)
and
H = {m, € [PQIZS: mlr € Po(T)]>? VT € T, } . (19)

The following theorem provides the rate of convergence of (10) when the specific finite element subspace (16)
is utilized.

Theorem 2.3. Let (o,u,v) € Hy and (on,un,v;,) € Hop = gh x Hg'y, % H,:y be the unique solutions of the
continuous and discrete augmented mized formulations (4) and (10), respectively. Assume that o € [H"(2)]?*2,
div(e) € [H"(Q)]?, u € [H™YQ))?, and v € [H"(Q)]**2, for some r € (0,1]. Then there exists C > 0,
independent of h and X\, such that

(e, u,9) = (@n, un, V)1, < CB™ { |||z @yzx2 + 1div(e) | @)z + [l @2 + 1Y @) -

Proof. 1t is a consequence of Céa’s estimate, the approximation properties of the subspaces defining Hy p, and
suitable interpolation theorems in the corresponding function spaces. See Section 4.1 in [10] for more details. O

3. A RESIDUAL BASED A POSTERIORI ERROR ESTIMATOR

In this section we derive a residual based a posteriori error estimator for (10). First we introduce several
notations. Given T' € T, we let E(T') be the set of its edges, and let Ej, be the set of all edges of the triangulation
Tp. Then we write B, = ER(Q)U ER(T), where Ep(Q) :=={e€ E: eCQ}and Ep(T') :={ec€ E,: eCT}
In what follows, h. stands for the length of edge e € Ej,. Further, given 7 € [L2(Q)]?*? (such that 7|r € C(T)
on each T € T3), an edge e € E(T) N Ex(02), and the unit tangential vector tr along e, we let J[Ttr] be the
corresponding jump across e, that is, J[1tr] := (7|7 — T|1/)|ctr, where T" is the other triangle of 75 having e as
an edge. Abusing notation, when e € E}(T"), we also write J[Ttr] := T|.tr. We recall here that t7 := (—vo,11)"
where vy := (v1,12)" is the unit outward normal to 9T. Analogously, we define the normal jumps J[rvr|. In
addition, given scalar, vector, and tensor valued fields v, ¢ := (p1, p2), and T := (7;;), respectively, we let

Ov t ot ot
_ v 1 12 _ 911
curl(v) := < Qe ) ; curl(yp) = < et (%)t ) , and curl(r) = ( Joo fe ) .

curl(p9)

ox1 Oxa
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Then, for (o, u,~v) € Hy and (op, un,7v;,) € Ho , being the solutions of the continuous and discrete formulations
(4) and (10), respectively, we define an error indicator 67 as follows:

. 1
07 = |f+div (Uh)||[2L2(T)]2 + llon - UZH[QL2(T)]2X2 + [l — §(Vuh - (vuh)t)||[2L2(T)]2><2

Lo {n curl(Con + ) [Barype + [l curl(C(e(un) clah>>|fL2<T>]2}

+ > he {|J[(C_10h = Vuy, + 5tz o2 + 171(C (e(un) —C_lah))tT]||[2L2(e)]2}
ecE(T)

. 1., _
+ R div(e(un) = 5(C o + (€ o)) ey

. 1
+ R || div (v, — §(Vuh — (Vur) )ty

1 _
+ > he [ T[(e(un) = 5(C 7 on + (€ an))wrllfraey
e€E(T)NER(Q)
1
+ > he [ 1(vh = 5 (Van = (Van))wr] [z ey - (20)

e€E(T)NERL(Q)

The residual character of each term on the right-hand side of (20) is quite clear. In addition, we observe that
some of these terms are known from residual estimators for the non-augmented mixed finite element method
in linear elasticity (see e.g. [5]), but most of them are new since, as we show below, they arise from the new
Galerkin least-squares terms introduced in the augmented formulation. We also mention that, as usual, the
expression 0 := {ZTGT’L 9%}1/ % is employed as the global residual error estimator.

The following theorem is the main result of this paper.

Theorem 3.1. Let (o,u,v) € Hy and (o, up,~;,) € Hop, be the unique solutions of (4) and (10), respectively.
Then there exist Cess, Cre1 > 0, independent of h and X\, such that

Ceffe < H(O'_0}l7u_u}la’7_’yh)HH0 < CVrele- (21)

The so-called efficiency (lower bound in (21)) is proved below in Section 4 and the reliability estimate (upper

bound in (21)) is derived throughout the rest of the present section. The method that we use to prove reliability

combines a procedure employed in mixed finite element schemes (see e.g. [4,5]), where an auxiliary problem

needs to be defined, with the integration by parts and Clément interpolant technique usually applied to primal

finite element methods (see [13]). We emphasize that just one of these approaches by itself would not suffice.
We begin with the following preliminary estimate.

Lemma 3.1. There exists C > 0, independent of h and X\, such that

C (o —onu—un,vy—7;,)lH,
A((O‘ — Oh,U— Up,Y — '7h)a (TaVﬂ?))

< sup + ||If +div (on)|liL2):2 - (22)
0£(T 7)€ [EXREDIET A
div (7)=0
Proof. Let us define o* = e(z), where z € [HJ(2)]? is the unique solution of the boundary value problem:

—div(e(z)) =f+div(epn) in 2, z =0 on I It follows that o* € Hy, and the corresponding continuous
dependence result establishes the existence of ¢ > 0 such that

lo" | a@ivie) < clf +div(on)|r): - (23)
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In addition, it is easy to see that div (0 — o, —0*) = 0 in Q. Then, using the coercivity of A (¢f. (8)), we find
that

OéH(O‘ —op—0o',u— uha'Y_'Vh)H%-Io
= A((U ~Oh 70*7u*uh”777h)7(0-7 Oh — 0'*,117 uha‘Y*’Yh))
= Allo —onu— w1, (70— 0wy )

—A((67,0,0),(0c —op — 0", u—un,v—v4)),

which, employing the boundedness of A (cf. (7)), yields

all(oe—on—0o",u—unvy—7,)H

A((e —op,u—up,y —,). (7, v,n))

< sup + M ||lo* || geaivio) - (24)

0#(T v, 1) €Hy (7, v, n)llx,
div (T)=0
Hence, (22) follows straightforwardly from the triangle inequality, (23), and (24). 0

It remains to bound the first term on the right-hand side of (22). To this end, we will make use of the
well known Clément interpolation operator Ij, : H(2) — Xj (c¢f. [7]), with X}, given by (14), which satisfies
the standard local approximation properties stated below in Lemma 3.2. It is important to remark that I is
defined in [7] so that Ij,(v) € X, N HL(Q) for all v € H}(Q).

Lemma 3.2. There erist constants c1, co > 0, independent of h, such that for all v € H*(Q) there holds
v —In()lL2(ry < erhr vllaamy) VT € T,

and
HU_Ih(U)HLQ(e) < Cghé/QH’UHHl(A(e)) Ve € Fy,
where A(T) :== U{T" €T, : T'NT #0}, and Ale) := U{T" €T,: T'Ne#0}.

Proof. See [7]. O

We now let (7,v,n) € Hy, (7,v,n) # 0, be such that div (7) = 0 in Q. Since 2 is connected, there exists
a stream function ¢ = (p1,¢2) € [H1(2)]? such that / p1 = / w2 = 0 and 7 = curl(yp). Then, denoting

Q Q
wn = (1, 92,h), With @ == In(p;), © € {1,2}, the Clément interpolant of ¢;, we define 75, := curl(yp}).

fQ tT(Th

Note that there holds the decomposition 74, = 74,0 + dp I, where 71,0 € th and dj, = 510 ) € R. From the

orthogonality relation (12) it follows that

A((U — Ohp, 0 — Up,Y — '7h)7 (Tvvvn)) = A((U — Ohp,0— Up,?Y — '7h)7 (T — Th,0,V — Vh, TI)) ) (25)

where vy, 1= (In(v1), In(v2)) € Hg'), is the vector Clément interpolant of v := (vi,v2) € [HE ()% Since
fQ tr(c — o) = 0 and u — up, = 0 on I', we deduce, using the orthogonality between symmetric and skew-
symmetric tensors, that

A((oc —op,u—up, vy —7y),(dr1,0,0)) =0.
Hence, (25) and (4) give

A((U*Uhaufuha'v*')/h)a(’ravan)) - A((U*Uhaufuha')/*')/h)a(’r*’rhvvahan))
= F(T—va—vhﬂ”l) - A((ahauh77h)7(7-_Th;v_vh7n))'
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According to the definitions of the forms A and F' (¢f. (5), (6)), noting that div (7—75) = div curl(p—¢;) =
0, and using again the above mentioned orthogonality, we find, after some algebraic manipulations, that

Ao = anu—wy =) (rvem) = [ (E+divien) (v =)
1 t 1 t .
+ [{3en-ob - m (v 57w - @9 ) b .
— {(Clah — Vu, + "Yh) + K1 Cil(e(uh) - Clah)} : (T - Th)

- /Q {lﬁ (e(uh)Q %(C‘lah + (C_lah)t)) + K3 (‘Yh - %(Vuh - (Vuh)t))} :V(v—wvi).

The rest of the proof of reliability consists in deriving suitable upper bounds for each of the terms appearing
on the right-hand side of (26). We begin by noticing that direct applications of the Cauchy-Schwarz inequality
give

1
[ om0 < low = ot Inliuzayeee, )
and
1 £ 1 t
Q(7h - g(vuh - (vuh) ))in| < H'Yh - §(vuh - (vuh) )H[Lz(g)]zm H”?H[L2(Q)]2X2 . (28)

The decomposition 2 = Ureg;, T and the integration by parts formula on each element are employed next to
handle the terms from the third and fourth rows of (26). We first replace (7 — 75) by curl(¢ — ¢,,) and use
that curl(Vuy) = 0 in each triangle T' € 7p, to obtain

/(071% — VY, +7;) (T —Th) = Y /(071% = Vuy +,,) : curl(ep — @)
Q TeT) T

= Z /Tcurl(C_la'h—i-’Yh)'(‘P_‘Ph)

TeT,
= Y UUCT on = Vun + y)trl e — epdipeer s (29)

ecEyp

and

/Q C Y e(un) — Clan) s (r—Ta) = 3 /T C Y e(uy) — C o) : curl(p — )

Te€Th

= Z /T curl(C " (e(un) — C lon)) - (¢ — 1)

TeT,
— Y Wl ) = €Tl on)tr] @ — @ipape - (30)

e€Ey
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On the other hand, using that v — vy, = 0 on I', we easily get

[ (etun) = 5 an (€M) V(v = vi)
Q

= = > [ divietw) 5 on+ (€M) (v = vi)

TeT,

+ Y (Jl(e(un) - %(C_lah +(C o) )], v = Va)iprer s (31)
e€ERL(Q)

and

[ o= 5V~ () Vv - va)
Q

= - /Tdivm—%(Vuh—(vuh)t)).(v_vh)

Te€Th

1
+ > Ul - 5 (Vun = (Vun))erl,v = vz - (32)
ecERL(Q)

In what follows, we apply again the Cauchy-Schwarz inequality, Lemma 3.2, and the fact that the numbers
of triangles in A(T') and A(e) are bounded, independently of h, to derive the estimates for the expression

/(f +div op) - (v — vp) in (26) and the right-hand sides of (29), (30), (31), and (32), with constants C'
Q

independent of h and A. Indeed, we easily have

< Z Hf—l—dlv O'}LH[L2(T)]2 ||V_Vh||[L2(T)]2
TeTn

/(f +div op) - (v —vp)
Q

S C1 Z Hf + diV a'hH[Lz(T)]? hT ||VH[H1(A(T)]2
TeT)

1/2
§ C{ Z h%« ||f+ div 0h|[2L2(T)]2} ||VH[H1(Q)]2 . (33)
TEeT,

In addition, for the terms containing the stream function ¢ (¢f. (29), (30)), we get

> /Tcuﬂ(C*th +n) - (P — )

Te€Th

< Y lewlC o+ vi)llizeayz I — enllizemy
TeTy

< Y llewlC  on +yn)lizacryz hrllelm ey
TeTh

1/2
< C{ Z h% H curl(C_lah + 7h)|[2L2(T)]2} ||‘PH[H1(Q)]2 ) (34)

Te€Th
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S [ eunte etw) ¢ o) (o - )

Te%z
< Z ||Cur1(c_1(e(uh) _C_lo'h))H[L2(T)]2 H‘P—<Ph”[1:2(:r)]2
TeT)
< a Y llewlC M e(un) = C on)lliacrye b @l

TeTy

IN

1/2
c { > by IICurl(C_l(e(Uh)C_lah))lfpmz} el 2 »

TeTn

Z (JI(C on — Vun +v,)tr], 0 — @1) 1202

eckEy,
< Z [JI(C on = YV, +vp)tr ]2 ¢ — enllizee
eckEy,
< e Z ||J[(C_1Uh = Vu, + ’Yh)tT]H[Lz(e)]? hi/Q ||<P||[H1(A(e))]2

ecEy,

IN

1/2
C { Y hellJ(C o — Vuy +’Yh)tT]||[2Lz(e>]2} el ()2 »
ecEy

and

Y (JlC e(un) —Cran))br], o — @n)ire ey

ecEy,

< > IC  e(an) = Cron)tr]llizzee e — @nllizee?
ecEy

< e Y €T e(un) = T o)trlllaee b el ae)?

e€E),

IN

1/2
C { > heIJ[(C_l(e(uh)C_lﬂh))tT]l[Qme)]z} el e a2 -

e€Ep
We observe here, thanks to the equivalence between ||@||(z1(q)2 and |@[[z1(q)?2, that
el @2 < Clelm @p = Clleatl()|i2@p = CllTlla@ivie)

which allows to replace [|¢||(g1(qy2 by [Tz (div ;o) in the above estimates (34)—(37).

(38)
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Similarly, for the terms on the right-hand side of (31) and (32), we find that

Z/dlv e(uy, f—(C lon +(Ctan)) - (v —vi)

TeT,
< > div(e(us) - —(C on+ € on) Nz IV = Vol
TeT),
< e Yy |ldiv(e(u) - —(C an+ (€ o) Nlizacrye hr Vil e
TeT,
) 1/2
< { > bz div(e(us) - 5(0*10;1 + (Clah)t))lfmmz} NI EIGER
TE€Th
Z / div (v, — = Vuh — (Vup)®)) - (v —vp)
TeT)
< ) |ldiv(y, - §(Vuh = (Vw) N2z IV = valliz ()2
TeT,
. 1 t
< e Y lldiviy, = 5 (Van = (Van)))llzzerye b [Vl acn
TE€Th

IN

1/2
] 1
c { > b lldiv(y, - 5 (Vun — (Vuh)t))”[2L2(T)]2} [Vl @2 »

TeT),

S (lle(w) ~ 5 on+ (€ o) Nwrl v~ Vi

CEE;L(Q)
< J ~ L Clop)" -
< > le(un) 5 (€ on+ (€ on) )vrlllizzen: IV = Vil
SEE},,(Q)
1, _
< oy, 1/[(e(un) — 5 (€ Lon+ (€ ton) ) vrllipeeye b2 VI age):
CEE;L(Q)
1/2

IN

e€EpL(Q)

{ > hellJl(e(un *—(C ton+(C )" ))VT]||[2L2(6)]2} Ivllta @2 »

853
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and

5= Wl — 5 (Van — (Fun)wrlv = vidwagors

SEE},,(Q)
1
< > v - §(Vuh = (Vun))vrlliczen IV = valliza ey
CEE;L(Q)
1
< o Y v, - 5 (Van — (Vun) Nerlllizz e b VI ey
SEE},,(Q)
1/2
1 t 2
< CQ D helJlv - 5 (Vun = (Vun)))vrllize ey (N[ 2 ERNER (42)
CEE;L(Q)

Therefore, placing (34)—(37) (resp. (39)—(42)) back into (29) and (30) (resp. (31) and (32)), employing the
estimates (27), (28), and (33), and using the identities

RSPV

ecERL(Q) TeT, ecE(T)NEL(Q

and
Y- X > |
ecEy e€Ey, T€Th ecE(T)NEL(T

we conclude from (26) that

sup Al —op,u—up, vy =), (T,v,n))

0#(T,v,1)EH, H(TaVﬂ?)”Ho
div (7)=0

<C#o.

This inequality and Lemma 3.1 complete the proof of reliability of 6.
We end this section by remarking that when the finite element subspace Hy j, is given by (16), that is when
onlr € [RTo(T))?, uplr € [P1(T))? and ~,|r € [Po(T)]?*?, then the expression (20) for % simplifies to

. 1
07 = |If +div (Uh)||[2L2(T)]2 + llon — ‘TZH[QB(T)VM + llvn — §(Vuh - (Vuh)t)H[Qp(T)]?X2
+ h2T{llcuﬂ(c_lah)|[2m(m]2 + ”Curl(C_l(C_la'h))'[2L2(T)]2}

+ Y he {IJ (€™ on = Vup +3)tr]l[f2 e + 17C7 (e (uh)clah))tT]”[QL?(e)]?}

ecE(T)

N _
+ hy Hd“’(§(c Yon + (C on))IFLe ey

1 _
+ > he || J[(e(un) = 5(C Lo+ (€ o)) vrllte e
c€E(T)NEW(2)
1
+ > he | 71(yn = 5 (Van — (Var) Dvrllifzaeye - (43)

e€ E(T)NEy ()
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4. EFFICIENCY OF THE A POSTERIORI ERROR ESTIMATOR

In this section we proceed as in [4] and [5] (see also [9]) and apply inverse inequalities (see [6]) and the
localization technique introduced in [14], which is based on triangle-bubble and edge-bubble functions, to prove
the efficiency of our a posteriori error estimator @ (lower bound of the estimate (21)).

4.1. Preliminaries

We begin with some notations and preliminary results. Given T € 7}, and e € E(T), we let ¢p and 9. be
the usual triangle-bubble and edge-bubble functions, respectively (see (1.5) and (1.6) in [14]). In particular,
Wy satisfies Y € P3(T), supp(vr) C T, ¥r = 0 on 9T, and 0 < ¢ < 1 in T. Similarly, ¢.|r € P2(T),
supp(e) Cwe :=U{T' €Ty 2 e € E(T')}, e =0 0on 9T \e, and 0 < ¢, < 1 in w,. We also recall from [13]
that, given k € NU {0}, there exists an extension operator L : C(e) — C(T') that satisfies L(p) € Pp(T") and
L(p)|le = p Vp € Pi(e). Additional properties of ¢, 1., and L are collected in the following lemma.

Lemma 4.1. For any triangle T there exist positive constants c1, co, c3 and cq4, depending only on k and the
shape of T, such that for all ¢ € Pr(T) and p € Py(e), there hold

1/2
lor alifacry < lallieer) < enlldr™ alisem) . (44)
e plZace) < 122y < callveplZee) (45)
C4 herH%z(e) < ||?/J;/2 L(P)Hiz(T) < czhe ||p||2L2(e)' (46)
Proof. See Lemma 1.3 in [13]. O

The following inverse estimate will also be used.

Lemma 4.2. Let l,m € NU{0} such thatl < m. Then, for any triangle T, there exists ¢ > 0, depending only
on k,l,m and the shape of T, such that

lalamery < by ™ lalgiry Vg € Pu(T). (47)
Proof. See Theorem 3.2.6 in [6]. O
Our goal is to estimate the 11 terms defining the error indicator 62 (c¢f. (20)). Using f = — div o, the

symmetry of o, and v = (Vu — (Vu)*), we first observe that there hold
£+ div (en)lfrairye = [1div(e —on)llte(rye (48)
lon — UZ|‘[2L2(T)]2x2 < 4o - Uh||[2L2(T)]2><2 ) (49)

and )

lvn — §(Vuh - (Vuh)t)H[QL?(T)]zm <2 {H’Y - ’YhH[QB(T)]?w + Ju— uh|[2H1(T)]2} : (50)

The upper bounds of the remaining 8 residual terms, which depend on the mesh parameters hp and he, will
be derived in Section 4.2 below. To this end we prove four lemmas establishing, in a sufficiently general way,
some results concerning inverse inequalities and piecewise polynomials. They will be used to estimate the terms
involving curl and div operators, and the normal and tangential jumps.

The result required for the curl operator is given first.

Lemma 4.3. Let p;, € [L?(2)]**? be a piecewise polynomial of degree k > 0 on each T € Tp,. In addition, let
p € [L3(Q)]?*2 be such that curl(p) = 0 on each T € T;,. Then, there exists ¢ > 0, independent of h, such that
for any T € Ty,

leurl(py)llizzryz < chg' llp = pullize(ryz=e - (51)
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Proof. We proceed as in the proof of Lemma 6.3 in [5]. Applying (44), integrating by parts, observing that
¥p = 0 on JT, and using the Cauchy-Schwarz inequality, we obtain

- 2
011 ||Cur1<ph)||[2L2(T)]2 < ||¢;/ Curl(Ph)HfL?(T)P = /T¢T curl(py,) - curl(py, — p)

(52)
= / (p—py) s curl(yr curl(py,)) < | — pplliL2(r)2x2 |leurl(Yr curl(py,))|l L2 (y2<2 -
T
Next, the inverse inequality (47) and the fact that 0 < ¢p < 1 give
leurl(yr curl(py))llz2(yexz < chp' g cwrl(py)llj2ryz: < chp' [ eurl(py)ll 2z »
which, together with (52), yields (51). O

The tangential jumps across the edges of the triangulation will be handled by employing the following
estimate.

Lemma 4.4. Let p,, € [L2(2)]**? be a piecewise polynomial of degree k > 0 on each T € T;,. Then, there exists
c > 0, independent of h, such that for any e € Ep,

[ Tlontr 2z < cha 2 1lppllz2w.exe - (53)

Proof. Given an edge e € Ej,, we denote by wy, := J[p,tr] the corresponding tangential jump of p,. Then,
employing (45) and integrating by parts on each triangle of w,, we obtain

o IWallfracee < 102 Wallfracee = 1108 L(wa) 1Tz (o2

- / e Liws) - Tlopt] = / curl(py) - e L(w) + / py - curl(eL(w)), (54)

e e

which, using the Cauchy-Schwarz inequality, yields
3 IWhllfzaeye < llewrl(pn)llizz .z l1ve LWl
+  enlliz2woex2 lleurl(ye L(wn))ll[z2(w,))2x2 - (55)
Now, applying Lemma 4.3 with p = 0 and using that h;l < h;', we find that
[eurl(pp)lizzwor < Chet lpullize (. - (56)
On the other hand, employing (46) and the fact that 0 < ¢, < 1, we deduce that
e Lwn)lliz2qwor < Che?Iwallizaen: (57)
whereas the inverse estimate (47) and (46) yield
lewrl (e L)l iz ypee < Ch wallizeqeys (58)

Finally, (53) follows easily from (55)—(58), which completes the proof. O

The estimate required for the terms involving the div operator is provided next.
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Lemma 4.5. Let p;, € [L%(Q)]>*? be a piecewise polynomial of degree k > 0 on each T € Tp,. Then, there exists
c > 0, independent of h, such that for any T € Ty,

[ div (pp)lliL2(ry2 < Ch%l lonllz2(ryzxe - (59)

Proof. Applying (44), integrating by parts, and then employing the Cauchy-Schwarz inequality, we find that

e div (p) By < Nl div (py) o irye = /T Yr div (py,) - div (py)

(60)
= - /T pn: V(Wr div(py)) < llpyllizzeryzxe IV(@r div (pp))l| 2 ryex: -
Next, the inverse estimate (47) and the fact that 0 < ¢r <1 in T imply that
IV (br div (p)lliL2(ry2xe < ehp! [Yrdiv (pp) 2y < chzt [[div ()2 ez ,
which, together with (60), yields (59). O

Finally, the estimate required for the normal jumps across the edges of the triangulation is established as
follows.

Lemma 4.6. Let p,, € [L2(Q2)]**? be a piecewise polynomial of degree k > 0 on each T € T;,. Then, there exists
c > 0, independent of h, such that for any e € Ej,

1T lonvrlllizzene < che 2 llonllize oo - (61)

Proof. We proceed similarly as in the proof of Lemma 4.4. Given an edge e € Ej, we now denote by wp =
J[p,vr] the corresponding normal jump of p,. Then, employing (45) and integrating by parts on each triangle
of w., we obtain

¢y Witz < [ Wit = [ L(Wh)||[2L2(e)]2
(62)
= / Ye L(wn) - Jppvr] = div (py,) - e L(wn) + / P V(e L(wn)),
e We We
which, using the Cauchy-Schwarz inequality, yields
e IWnlfragen: < 1AV (pp)lliz2 o2 1ve LWa)ll 22 (oo
+  llonllizeoee IV(@e L(Wn)) 22 (w22 - (63)
Now, applying Lemma 4.5 and using that h;l < h;t, we deduce that
1div (pp)lliz2worz < Chet llpnllizeqwoe<e - (64)
On the other hand, employing (46) and the fact that 0 < ¢, < 1, we deduce that
e Lwa) g2z < C R [wallzeeys (65)
whereas the inverse estimate (47) and (46) yield
IV @ LWl iz2azxe < Ch? whllzaeye - (66)

Finally, (61) follows easily from (63)-(66), which completes the proof. O
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We note that the generality of Lemmas 4.3-4.6 allows to apply them not only in the present context, but
also in the a posteriori error analysis of other primal and mixed finite element methods.

4.2. The main efficiency estimates

As already announced, we now complete the proof of efficiency of 8 by conveniently applying Lemmas 4.3-4.6
to the corresponding terms defining 6.

Lemma 4.7. There exist Cp, Cy > 0, independent of h and A, such that for any T € Ty,

3 k(€ o + 4 Barype < Co {na R wh|%L2<T>]2xz} (67)

and

h% || curl(C_l(e(uh) - C_IO'}l))H[QL2(T)]2 < Oy {|u - uh|[2H1(T)]2 + HO’ - o'}l|[2L2(T)]2><2} . (68)

Proof. Applying Lemma 4.3 with p, := C~lo), + 7, and p := Vu = C~'o ++, and then using the triangle
inequality and the continuity of C~!, we obtain

chrl(cila'h—|—’7h)||[L2(T)]2 S Ch;l H(Cila'"i"Y) - (Cilo-}l +’Yh)||[L2(T)]2X2
= chi' |C7 o —on) + (v — vu)llpa(ry2xe
< Chp! {HO'—O'}LH[L2(T)]2X2 + Hv—%ll[Lz(TﬂM}v

which yields (67). Similarly, (68) follows from Lemma 4.3 with p, :=C~!(e(u,) —C lo}) and p := C~1(e(u) —
Clo) = 0. 0

Lemma 4.8. There exist Cs, Cy > 0, independent of h and X\, such that for any e € Ej
he J[(Cilo'h —Vu, + '7h)tT]H[2L2(e)]2

< {|a oy 18— WP + w—vhﬁmenm}

and
pe1C eton) =~ €t s < Co{lu =il + o= oulfisgupes f (0

Proof. Applying Lemma 4.4 with p, := C~lo), — Vuy, + 7, introducing 0 = C~'o — Vu + « in the resulting
estimate, and then using the triangle inequality and the continuity of C~!, we get

HJ[(C_IO'h — Vuy, + 7h)tT]H[L2(e)]2 < Chg1/2 ||C_10'h — Vuy + 'Yh”[Lz(we)]“?

=ch 2| on — o)+ (Vu— Vun) + (v, = Nz e

< Ch'? {|U = onll2 oz + [0 —un|Ew2 + v — ‘Yh||[L2(we)]2x2} :
which implies (69). Analogously, the estimate (70) is obtained from Lemma 4.4 defining p, := C~1(e(uy,) —
C~'o,) and then introducing 0 = C~!(e(u) — C o). O

Lemma 4.9. There exist Cs, Cg > 0, independent of h and A, such that for any T € Ty,

. 1, _
hz | div (e(un) — (€ ton + (€ on) ) feery < Cs {|u — Wnlfy e + o — Uh|[2L2(T)]2“} (71)
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and

. 1
v (3 = 5(Fun = (T Do < Co{ b= malBiaqppe + 0= w72

Proof. We apply Lemma 4.5 with p, := e(up) — 3(C 1oy + (C 'o,)"), introduce the expression 0 = e(u) —
%(C’la + (C71o)%) in the resulting estimate, and then use the triangle inequality and the continuity of the
operators e and C~!, to obtain

_ 1 .

Idiv (e(un) = S (€ on+ (C™ o) D2y

<chy'lle(un) = S(C o+ (C7 on)") ey

=chy'[l(e(un) —e(w) + 5 (€7 (@ = an) + (C” (o = on))") [ jz2(y2=e

< Ch;1 lu—unlimgr (12 + o — onllpz(ryexe ¢

which gives (71). Similarly, applying Lemma 4.5 with p, = v, — 1(Vu, — (Vu,)*) and introducing 0 =
v — 2(Vu— (Vu)*), we obtain (72). .

Lemma 4.10. There exist C7, Cg > 0, independent of h and X\, such that for any e € Ej,

he || J[(e(un)

1 - _
—5(C o+ (€ on) vl < C7{|u_uh|[2H1(we)]2 + ||o'_0'h||[2L2(we)]2X2} (73)

and

1
e l910m = 5V un = (V) Dwrlloe < Ca{l = malBinguope + = wlipop - (79

Proof. We apply Lemma 4.6 with p;, := e(u,) — 2(C~ 1o, + (C~'o)*), introduce the expression 0 := e(u) —
%(C’la + (C o)), and then employ again the triangle inequality and the continuity of the operators e and
C~1, to find that

1 _
||J[(e(uh) — §(C 10'h + (C 1Uh)t))VT]||[L2(e)]2
< Che_l/2 He(uh) — §(C_10'h + (C_IO'}l)t)H[Lz(we)]mz
= ch?|(e(un) — e(u)) + 3o —an)+ (o = an))lz2 oy

§ Chg1/2 |117uh|[H1(we)]2 + ||0'70'h||[L2(w6)]2><2 y

which yields (73). Analogously, the estimate (74) follows also from Lemma 4.6 defining p;, := v, — %(Vuh +
(Vuy)®) and then introducing 0 = v — £(Vu + (Vu)®). O

Finally, the efficiency of € (lower bound of (21)) follows straightforwardly from the estimates (48)—(50), (67), (68)
(cf. Lem. 4.7), (69), (70) (cf. Lem. 4.8), (71), (72) (¢f. Lem. 4.9), and (73), (74) (¢f. Lem. 4.10), after summing
over all T' € 7, and using that the number of triangles in each domain w, is bounded by two.

5. NUMERICAL RESULTS

In this section we provide several numerical results illustrating the performance of the augmented mixed
finite element scheme (10) and of the a posteriori error estimator € analyzed in this paper, using the specific
finite element subspace HY x Hg'), x H,:Y, defined at the end of Section 2 (see (13)—(19)). We recall that in this

case the local indicator 62 reduces to (43).
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Now, before presenting the examples, we would like to remark in advance that, as compared with more
traditional mixed methods, and besides the fact, already emphasized, of being able to choose any finite element
subspace, our augmented approach presents other important advantages, as well. Indeed, let us first observe
that in the case of uniform refinements each interior edge (resp. interior node) belongs to 2 (resp. 6) triangles,
which yields corresponding correction factors of % and % when counting the global number of degrees of freedom,
say N, in terms of the number of triangles, say M. Then, it is not difficult to see that the number of unknowns
N of (10) behaves asymptotically as 5M, whereas this behaviour is given by 7.5M when the well-known PEERS
from [1] is used in the Galerkin scheme of the non-augmented formulation. In other words, the discrete system
using PEERS introduces about 50% more degrees of freedom than our approach at each mesh, and therefore
the augmented method becomes a much cheaper alternative. Furthermore, it is important to note that the
polynomial degrees involved in the definition of HZ x Hg'), x H,:Y, being 1, 1 and 0, yield simpler computations
than for the PEERS subspace, whose polynomial degrees are 2, 0, and 1, respectively. Similarly, as compared
with BDM (see e.g. [2,3]), the augmented scheme also becomes more economical. In fact, as detailed for
instance in [2], just the unknowns associated with the displacements and rotations of BDM are given by 6M.
To this amount, one still needs to add the degrees of freedom for the stresses which are given locally by a
15-dimensional space. Only after a static condensation process, BDM reduces to 6 unknowns per each edge,
which yields N behaving as 9M. Naturally, the competitive character of our augmented method has strongly
motivated the need of deriving corresponding a posteriori error estimators in this paper. To this respect, and
because of the introduction of the Galerkin-least squares terms needed to define the augmented formulation,
we must recognize that @ is certainly more expensive than, for instance, the error indicator introduced in [2].
However, it is also clear that the reliability and efficiency of 8 become more advantageous features than the
sole reliability of the estimator in [2]. Finally, in connection with the residual-based a posteriori error estimator
developed in [5] for PEERS and BDM, which is also reliable and efficient, we point out that the advantage of 0,
though a bit more expensive, is still the freedom to choose the finite element subspaces defining the augmented
scheme.

On the other hand, in order to implement the integral mean zero condition for functions of the space Hg h=

{Th e HY : fﬂ tr(tp) = 0} we introduce, as described in [10], a Lagrange multiplier (¢, € R below). That
is, instead of (10), we consider the equivalent problem: Find (o, up, vy, ¢n) € HZ x Hg'y x H}?’ x R such that

A(@ns 1), (T Vi 1)) + / tr(rn) = F(rnvnm),

(75)
whftr(o'h) 0,
Q

for all (71, vh,np,, Yn) € HP X Hpy, x H;LY x R. In fact, we recall from [10] the following theorem establishing
the equivalence between (10) and (75).

Theorem 5.1.

a) Let (op,up,vyy,) € Hop, be the solution of (10). Then (oh,up, vy, 0) is a solution of (75).
b) Let (op, un,vp, pn) € HP x Hgy, < H,:Y x R be a solution of (75). Then ¢n =0 and (o, un,7y;,) is the
solution of (10).
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Proof. See Theorem 4.3 in [10]. O

In what follows, as indicated before, N stands for the total number of degrees of freedom (unknowns) of (75).
Also, the individual and total errors are denoted by

e(0) = llo—onlaaivie), e):=u—wlm@iz, ) :=v =l @)z,

and
e(o.u,7) = {[e(@)? + [e(@)? + [e(m]* }/* .
respectively, whereas the effectivity index with respect to 6 is defined by e(o,u,~)/6.

On the other hand, we recall that given the Young modulus E and the Poisson ratio v of a linear elastic
material, the corresponding Lamé constants are defined by p := ﬁ and A := mlﬁﬁ Then, in order
to emphasize the robustness of the a posteriori error estimator @ with respect to the Poisson ratio, in the
examples below we fix £ = 1 and consider v = 0.4900, v = 0.4999, or both, which yield the following values

of pand A :

v ‘ I ‘ A
0.4900 | 0.3356 16.4430
0.4999 | 0.3333 | 1666.4444

In addition, since the augmented method was already shown in [10] to be robust with respect to the parameters

K1, K2, and k3, we simply consider for all the examples (k1, k2, k3) = (u, QLM, ﬁ), which corresponds to the

2
feasible choice described in Theorem 2.1 with C; =1 and C5 = %

We now specify the data of the five examples to be presented here. We take Q as either the square ]0, 1[?
or the L-shaped domain | — 0.5,0.5[2 \ [0,0.5]%, and choose the datum f so that v and the exact solution
u(xy,x2) = (ur(x1,z2),uz(x1,22))* are given in the table below. Actually, according to (1) and (2) we have
o = Adiv (u)I+ 2 pe(u), and hence simple computations show that f := —div(e) = — (A+p) V(div u) —
1t Au. We also recall that the rotation v is defined as 1 (Vu — (Vu)*).

We observe that the solution of Example 3 is singular at the boundary point (0,0). In fact, the behaviour
of u in a neighborhood of the origin implies that div (o) € [H'/3(Q)]? only, which, according to Theorem 2.3,
yields 1/3 as the expected rate of convergence for the uniform refinement. On the other hand, the solutions of
Examples 1, 4, and 5 show large stress regions in a neighborhood of the boundary point (1, 1), in a neighborhood
of the interior point (1/2,1/2), and around the line x; = 0, respectively.

EXAMPLE 9] v ui(z1,z2) = ua(w1,z2)
— 1) X2 (1’2 — 1)
1 1P 4 21 (@1
]07 [ 0.4900 (371 — 1)2 + (.TQ — 1)2 +0.01
0.4999
2 10,1 0.4900 z1 (z1 — 1) @2 (22 — 1) (23 4 23)'/?
0.4999
3 ] —0.5,0.5[% \ [0,0.5]* | 0.4900 | 122 (27 — 0.25) (23 — 0.25) (23 + x3)~ /3
4 12 4 sin(m z1) sin(w x2)
10,11 04900 1 1600 (21 = 1/2)2 + 1000 (22 — 1/2)% £ 10
5 ] —0.5,0.5[ \ [0,0.5]* | 0.4900 | x1 22 (zF — 0.25) (x3 — 0.25) (2§ + 0.0001) /3

The numerical results given below were obtained using a Compaq Alpha ES40 Parallel Computer and a
Fortran code. The linear system arising from the augmented mixed scheme (75) is implemented as explained in
Section 4.3 of [10], and the individual errors are computed on each triangle using a Gaussian quadrature rule.
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We first utilize Examples 1 and 2 to illustrate the good behaviour of the a posteriori error estimator 0 in
a sequence of uniform meshes generated by equally spaced partitions on the sides of the square ]0,1[%. In
Tables 5.1 through 5.4 we present the individual and total errors, the a posteriori error estimators, and the
effectivity indices for these examples, with v = 0.4900 and v = 0.4999, for this sequence of uniform meshes.
We remark that in both cases, and independently of how large the errors could become, there are practically
no differences between the effectivity indices obtained with the two values of v, which numerically shows the
robustness of 8 with respect to the Poisson ratio (and hence with respect to the Lamé constant A). Moreover,
this index always remains in a neighborhood of 0.89 in Example 1 (resp. 0.46 in Ex. 2), which confirms the
reliability and efficiency of 8. In fact, as established by our main Theorem 3.1, the effectivity index must lie
between the constants Cesr and Crer (see (21)).

Next, we consider Examples 3, 4, and 5, to illustrate the performance of the following adaptive algorithm
based on @ for the computation of the solutions of (75) (see [14]):

Start with a coarse mesh 7},.

Solve the Galerkin scheme (75) for the current mesh 7.

Compute 01 for each triangle T € 7;,.

Consider stopping criterion and decide to finish or go to next step.

Use blue-green procedure to refine each element T’ € 7; whose local indicator O satisfies 67 >
1 max{0r : T €T}

6. Define resulting mesh as the new 7 and go to step 2.

G o =

At this point we introduce the experimental rate of convergence, which, given two consecutive triangulations
with degrees of freedom N and N’ and corresponding total errors e and €', is defined by

re) = — log(e/e’)
' log(N/N')

In Tables 5.5 through 5.10 we provide the individual and total errors, the experimental rates of convergence,
the a posteriori error estimators, and the effectivity indices for the uniform and adaptive refinements as applied
to Examples 3-5. In this case, uniform refinement means that, given a uniform initial triangulation, each
subsequent mesh is obtained from the previous one by dividing each triangle into the four ones arising when
connecting the midpoints of its sides. We observe from these tables that the errors of the adaptive procedure
decrease much faster than those obtained by the uniform one, which is confirmed by the experimental rates of
convergence provided there. This fact can also be seen in Figures 5.1 through 5.3 where we display the total
error e(o,u,-y) vs. the degrees of freedom N for both refinements. As shown by the values of r(e), particularly
in Example 3 (where r(e) approaches 1/3 for the uniform refinement), the adaptive method is able to recover, at
least approximately, the quasi-optimal rate of convergence O(h) for the total error. Furthermore, the effectivity
indices remain again bounded from above and below, which confirms the reliability and efficiency of 8 for the
adaptive algorithm. On the other hand, some intermediate meshes obtained with the adaptive refinement are
displayed in Figures 5.4 through 5.6. Note that the method is able to recognize the singularities and the large
stress regions of the solutions. In particular, this fact is observed in Example 3 (see Fig. 5.4) where the adapted
meshes are highly refined around the singular point (0,0). Similarly, the adapted meshes obtained in Examples 4
and 5 (see Figs. 5.5 and 5.6) concentrate the refinements around the interior point (1/2,1/2) and the segment
x1 = 0, respectively, where the largest stresses occur.

Summarizing, the numerical results presented in this section underline the reliability and efficiency of 8 and
strongly demonstrate that the associated adaptive algorithm is much more suitable than a uniform discretization
procedure when solving problems with non-smooth solutions.



TABLE 5.1. Mesh sizes, individual and total errors, a posteriori error estimators, and effectivity
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indices for a sequence of uniform meshes (Ex. 1, v = 0.4900).

N h e(o) e(u) e(v) e(o,u,7) 7 e(o,u,~)/0
163 0.25000 0.9067E+42 0.2756E+1 0.1899E+1 0.9073E+42 0.1277E+3 0.7102
363  0.16667 0.9112E+2 0.2576E+1 0.2452E+1 0.9118E+2 0.1085E+3 0.8397
643  0.12500 0.7570E+2 0.2050E+1 0.2458E+1 0.7577E+2 0.8784E+2 0.8625
1003  0.10000 0.6100E+2 0.1673E+1 0.2321E4+1 0.6107E+42 0.7070E4-2 0.8637
1443  0.08333 0.5047E+2 0.1422E+1 0.2168E+41 0.5054E+42 0.5854E+2 0.8633
1963  0.07143 0.4348E+2 0.1227E+1 0.2026E+1 0.4355E+2 0.5026E+2 0.8663
2563  0.06250 0.3859E+42 0.1060E+1 0.1899E+1 0.3865E+42 0.4435E+2 0.8714
3243  0.05556 0.3483E+42 0.9191E+0 0.1784E+4+1 0.3489E42 0.3980E+2 0.8766
4003  0.05000 0.3174E+2 0.8000E+0 0.1681E+1 0.3179E+4+2 0.3609E4-2 0.8810
4843  0.04545 0.2911E+2 0.7009E4+0 0.1587E+1 0.2916E+42 0.3297E4-2 0.8846
5763  0.04167 0.2685E+2 0.6187E+0 0.1501E+1 0.2690E+2 0.3031E+-2 0.8874
6763 0.03846 0.2489E+2 0.5503E+0 0.1423E+1 0.2494E+2  0.2803E+-2 0.8898
7843 0.03571 0.2318E+4+2 0.4930E40 0.1352E+1 0.2323E+2 0.2605E+2 0.8918
9003 0.03333 0.2169E+2 0.4446E+0 0.1286E+1 0.2173E+4+2 0.2432E4-2 0.8936

10243 0.03125 0.2037E+2 0.4034E4+0 0.1226E4+1 0.2041E42 0.2280E4-2 0.8951
11563 0.02941 0.1919E+2 0.3681E4+0 0.1171E4+1 0.1923E42 0.2145E4-2 0.8965
12963 0.02777 0.1815E+2 0.3375E+0 0.1120E+1 0.1818E+2 0.2025E+2 0.8978

TABLE 5.2. Mesh sizes, individual and total errors, a posteriori error estimators, and effectivity

indices for a sequence of uniform meshes (Ex. 1, v = 0.4999).

N h e(o) e(u) e() e(o,u,v) 0 e(o,u,~v)/0
163 0.25000 0.9045E+4 0.2534E+3 0.1713E43 0.9050E+4 0.1257TE+5 0.7198
363  0.16667 0.8986E+4 0.2439E+3 0.2248E+3 0.8992E+4 0.1065E+5 0.8446
643  0.12500 0.7447E+4 0.1962E+3 0.2268E+3 0.7453E+4 0.8609E+4 0.8657
1003  0.10000 0.5991E+4 0.1610E+4+3 0.2152E43 0.5997E+4 0.6926E4-4 0.8659
1443  0.08333 0.4948E+4 0.1372E+3 0.2019E43 0.4954E+4+4 0.5729E+44 0.8647
1963 0.07143 0.4255E+4 0.1183E+3 0.1894E+4+3 0.4261E+4 0.4914E+4 0.8671
2563 0.06250 0.3771E+4 0.1022E+3 0.1781E+43 0.3777E+4 0.4332E+4 0.8719
3243 0.05556 0.3401E+4 0.8848E+2 0.1677E+4+3 0.3407E+4 0.3885E+4 0.8769
4003  0.05000 0.3098E+4 0.7688E+2 0.1583E+3 0.3103E+4 0.3521E+4 0.8813
4843  0.04545 0.2841E+4 0.6721E+42 0.1497E+4+3 0.2846E+4 0.3216E+4 0.8848
5763 0.04167 0.2620E+4 0.5918E+2 0.1418E+43 0.2625E+4 0.2957E+4 0.8877
6763 0.03846 0.2429E+4 0.5249E+2 0.1345E+43 0.2433E+4 0.2733E+4 0.8901
7843 0.03571 0.2262E+4+4 0.4688E+2 0.1279E+3 0.2266E+4+4 0.2540E+4 0.8922
9003 0.03333 0.2116E+4 0.4214E+42 0.1218E+43 0.2120E+4 0.2371E+4 0.8940
10243 0.03125 0.1987E+4 0.3810E+2 0.1162E+4+3 0.1991E+4 0.2223E+4 0.8956
11563 0.02941 0.1873E+4 0.3462E+2 0.1110E+4+3 0.1876E+4 0.2092E+4 0.8970
12963 0.02777 0.1771E+4 0.3161E4+2 0.1062E43 0.1774E+4 0.1975E+4 0.8983

863
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TABLE 5.3. Mesh sizes, individual and total errors, a posteriori error estimators, and effectivity
indices for a sequence of uniform meshes (Ex. 2, v = 0.4900).

N h e(o) e(u) e(v) e(o,u,7) 7 e(o,u,~)/0
163 0.25000 0.2730E+1 0.1483E+0 0.2631E4+0 0.2747E+1  0.8203E+1 0.3349
363  0.16666 0.1841E+1 0.1108E+0 0.2492E+0 0.1861E+1 0.5159E+1 0.3607
643  0.12500 0.1386E+1 0.8231E-1 0.2236E4+0 0.1406E+1 0.3696E+1 0.3804
1003  0.10000 0.1110E+1 0.6260E-1 0.1978E+0 0.1129E+1 0.2855E41 0.3955
1443  0.08333 0.9259E+0 0.4904E-1 0.1751E40 0.9436E40 0.2315E+1 0.4074
1963 0.07143 0.7939E+0 0.3952E-1 0.1561E4+0 0.8101E+0 0.1941E+1 0.4171
2563 0.06250 0.6947TE4+0 0.3264E-1  0.1403E40 0.7095E+0 0.1668E+1 0.4252
3243 0.05556 0.6176E4+0 0.2753E-1 0.1271E4+0 0.6311E+0 0.1460E+1 0.4320
4003  0.05000 0.5558E+40 0.2364E-1 0.1160E+0 0.5683E+40 0.1297E+1 0.4378
4843  0.04545 0.5053E+4+0 0.2061E-1 0.1066E+0 0.5169E+4+0 0.1166E+1 0.4429
5763 0.04167 0.4632E4+0 0.1820E-1  0.9852E-1 0.4739E+0 0.1059E+1 0.4474
6763 0.03846 0.4276E4+0 0.1626E-1  0.9153E-1 0.4376E+0 0.9695E+0 0.4513
7843 0.03571 0.3970E4+0 0.1466E-1  0.8543E-1 0.4064E+40 0.8935E+0 0.4548
9003 0.03333 0.3706E+0 0.1333E-1  0.8006E-1  0.3794E+0 0.8284E40 0.4579

10243 0.03125 0.3474E+0 0.1221E-1  0.7532E-1  0.3557E+0 0.7719E4-0 0.4608
11563 0.02941 0.3270E+0 0.1126E-1  0.7109E-1  0.3348E+40 0.7226E+0 0.4633
12963 0.02777 0.3088E4+0 0.1044E-1  0.6730E-1 0.3162E4+0 0.6791E+0 0.4657

TABLE 5.4. Mesh sizes, individual and total errors, a posteriori error estimators, and effectivity
indices for a sequence of uniform meshes (Ex. 2, v = 0.4999).

N h e(o) e(u) e() e(o,u,v) 0 e(o,u,~v)/0
163  0.25000 0.2707E+43 0.1356E+2 0.2536E+2 0.2722E+3 0.8067E43 0.3374
363  0.16666 0.1825E+3 0.1053E+2 0.2375E+2 0.1843E+3 0.5070E+3 0.3635
643  0.12500 0.1373E+3 0.7847E+1 0.2126E+2 0.1392E+3 0.3628E+3 0.3837
1003  0.10000 0.1100E+3 0.5913E+1 0.1879E+42 0.1118E+43 0.2801E+3 0.3990
1443  0.08333 0.9176E+2 0.4558E+1 0.1665E4+2 0.9337E+42 0.2270E43 0.4112
1963 0.07143 0.7867E+2 0.3599E+1 0.1484E+2 0.8014E+2 0.1903E+3 0.4211
2563 0.06250 0.6884E+2 0.2903E+1 0.1334E+42 0.7018E+42 0.1634E+3 0.4293
3243 0.05556 0.6119E+42 0.2386E+41 0.1209E42 0.6242E+2 0.1430E+3 0.4362
4003  0.05000 0.5507E+2 0.1993E+41 0.1104E42 0.5620E+2 0.1270E+3 0.4422
4843  0.04545 0.5007E+2 0.1689E+1 0.1014E+42 0.5111E+2 0.1142E+3 0.4474
5763 0.04167 0.4589E+2 0.1449E+1 0.9377E+1 0.4686E+2 0.1036E+3 0.4519
6763 0.03846 0.4236E+4+2 0.1256E+1 0.8712E+1 0.4327E42 0.9490E+2 0.4559
7843 0.03571 0.3934E42 0.1099E+4+1 0.8132E+1 0.4018E+2 0.8745E42 0.4595
9003 0.03333 0.3671E+2 0.9697E+0 0.7622E+1 0.3751E+2 0.8106E+2 0.4627

10243 0.03125 0.3442E+2 0.8617E+0 0.7171E+1 0.3517E+2 0.7553E+2 0.4656
11563 0.02941 0.3239E+2 0.7708E+0 0.6768E+1 0.3310E+2 0.7070E4-2 0.4682
12963 0.02777 0.3059E+2 0.6935E+0 0.6408E+4+1 0.3126E+2 0.6644E4-2 0.4706




TABLE 5.5. Individual and total errors, experimental rates of convergence, a posteriori error
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estimators, and effectivity indices for the uniform refinement (Ex. 3).

N o) e(u) ) eouy) 1@ 6 c(o,u,7)/8
123 0.2182E+1 0.1994E+0 0.9131E-1 0.2193E+1 —_— 0.2898E+1 0.7567
483 0.1525E+1 0.9385E-1 0.9919E-1 0.1531E+1 0.5254 0.1840E+1 0.8323
1923 0.1122E+1 0.4040E-1 0.7723E-1 0.1125E+1 0.4455 0.1242E+1 0.9058
7683 0.8585E+0 0.2246E-1 0.4795E-1 0.8601E+0 0.3885 0.8996E+0 0.9561

TABLE 5.6. Individual and total errors, experimental rates of convergence, a posteriori error

estimators, and effectivity indices for the adaptive refinement (Ex. 3).

) e(w) @) elomr) e 6 c(0,u1)/0

123 0.2182E+1 0.1994E4+0 0.9131E-1 0.2193E4+1 —— 0.2898E+1 0.7567
243 0.1795E4+1 0.1516E40 0.7951E-1 0.1803E+1 0.5745 0.2340E+1 0.7707
483 0.1372E+1 0.9211E-1 0.8634E-1 0.1378E+4+1 0.7839 0.1702E+1 0.8094
543 0.1259E+1  0.9159E-1 0.8658E-1 0.1265E+4+1 1.4583 0.1609E+1 0.7860
663 0.1137E4+1  0.8250E-1 0.8357E-1 0.1143E+1 1.0150 0.1476E+1 0.7746
778 0.1045E+1 0.8113E-1 0.8228E-1 0.1051E+4+1 1.0454 0.1386E+1 0.7583
1228  0.8540E+0 0.7469E-1  0.6693E-1 0.8599E+0 0.8821 0.1100E+1 0.7814
1518 0.7810E+0 0.7270E-1  0.5604E-1 0.7864E+0 0.8423 0.9562E+0 0.8224
1783 0.7100E+0 0.7233E-1  0.6058E-1 0.7162E+0 1.1622 0.8812E40 0.8127
2288 0.6381E4+0 0.7912E-1 0.6245E-1 0.6460E4+0 0.8269 0.7869E+0 0.8209
2533  0.6040E4+0 0.7605E-1 0.6008E-1 0.6117E+0 1.0727 0.7569E+0 0.8082
3663 0.5089E+0 0.9206E-1 0.5993E-1 0.5206E+0 0.8745 0.6383E+0 0.8156
4703  0.4449E+4+0 0.7418E-1 0.5634E-1 0.4546E+4+0 1.0850 0.5560E+0 0.8175
5698 0.4056E+4+0 0.7651E-1 0.5628E-1 0.4166E4+0 0.9091 0.5052E+0 0.8246
7243  0.3654E4+0 0.7278E-1 0.5394E-1 0.3764E+0 0.8448 0.4506E+0 0.8355
8203 0.3428E+0 0.6653E-1 0.5370E-1 0.3533E+0 1.0209 0.4290E+0 0.8234
10818 0.3138E+0 0.8197E-1  0.5696E-1 0.3293E+0 0.5078 0.3865E4-0 0.8520
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FIGURE 5.1. Total errors e(o, u,~) vs. degrees of freedom N for the uniform and adaptive refinements (Ex. 3).
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TABLE 5.7. Individual and total errors, experimental rates of convergence, a posteriori error
estimators, and effectivity indices for the uniform refinement (Ex. 4).

N e e(u) ) elowy)  re) 6 c(0,u,7)/
163 0.3813E+2 0.5025E+1 0.2685E+1 0.3855E+2 —— 0.4070E+2 0.9472
643 0.3593E+2 0.2015E4+1 0.1361E+1 0.3601E+2 0.0991 0.3692E+2 0.9755
2563 0.2021E+2 0.1035E+1 0.8087E+0 0.2025E+2 0.8327 0.2093E-+2 0.9673

10243 0.9898E+1 0.7493E+0 0.6000E4+0 0.9944E+1 1.0267 0.1027E+2 0.9677

TABLE 5.8. Individual and total errors, experimental rates of convergence, a posteriori error
estimators, and effectivity indices for the adaptive refinement (Ex. 4).

N o) e(u) ) elo,wy)  r(e) 6 c(o.u,)/9
163 0.3813E+2 0.5025E+1 0.2685E+1 0.3855E+2 —— 0.4070E+2 0.9472
343 0.3594E+2 0.1913E+1 0.1156E+1 0.3601E+2 0.1827 0.3686E+2 0.9771
643 0.2042E+2 0.1255E+1 0.8721E+0 0.2048E+2 1.7958 0.2122E+2 0.9654
883 0.1174E+2 0.1232E+4+1 0.6751E+0 0.1183E+2 3.4620 0.1237E+2 0.9559
2583 0.6525E+1 0.1246E+1 0.7400E+0 0.6684E+1 1.0638 0.7092E+1 0.9424

4988 0.4748E+1 0.1109E+1 0.6405E+0 0.4918E+1 0.9324 0.5114E+1 0.9615
9748 0.3540E+1 0.8796E+0 0.5435E+0 0.3688E+1 0.8591 0.3785E+1 0.9743

uniform refinement —&$—
adaptive refinement - - 4 -

10

100 1000 10000
N

FIGURE 5.2. Total errors e(o,u,~) vs. degrees of freedom N
for the uniform and adaptive refinements (Ex. 4).
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TABLE 5.9. Individual and total errors, experimental rates of convergence, a posteriori error
estimators, and effectivity indices for the uniform refinement (Ex. 5).

N o) e(u) ) elo,wy) 1) 6 c(o.u,)/9
123 0.1399E+4+2 0.4737E+0 0.1629E+0 0.1400E4+2 —— 0.1436E+2 0.9745
483  0.2522E+2 0.2957E+0 0.1577E+0 0.2522E+2 ——  0.2527E+2 0.9980
1923 0.2494E+2 0.1375E+0 0.1454E+0 0.2494E+2 0.0162 0.2496E+2 0.9992
7683 0.1449E+2 0.6395E-1 0.1742E+0 0.1449E+2 0.7834 0.1453E+2 0.9975

TABLE 5.10. Individual and total errors, experimental rates of convergence, a posteriori error
estimators, and effectivity indices for the adaptive refinement (Ex. 5).

N e(o) e(u) e(v) e(fo,u,y)  r(e) 4 e(o,u,7)/0
123 0.1399E+4+2 0.4737TE4+0 0.1629E4+0 0.1400E42 —— 0.1436E+2 0.9745
263 0.2524E4+2 0.3215E4+0 0.1510E4+0 0.2524E4+2 —— 0.2535E+2 0.9957
513  0.2498E+2 0.2298E+0 0.1420E40 0.2498E+2 0.0309 0.2507E+2 0.9963
988  0.1507E+2 0.2026E+0 0.1888E+40 0.1507E+2 1.5421 0.1523E42 0.9894
2383  0.8488E+1 0.1927E4+0 0.1773E4+0 0.8492E+1 1.3033 0.8603E-+1 0.9871
4038 0.6955E+1 0.1424E+0 0.1249E+0 0.6958E+1 0.7556 0.7042E+1 0.9881
7938 0.5361E+1 0.1458E+0 0.1082E40 0.5364E+1 0.7696 0.5439E+1 0.9862
12743  0.4272E+1 0.1353E+0 0.1044E+0 0.4275E+1 0.9587 0.4331E+1 0.9870
T T T T T T T T T T T T T T T |
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+
10 |- .
I o 1
L e + i
- - + . -
100 1000 10000

FIGURE 5.3. Total errors e(o, u,~) vs. degrees of freedom N
for the uniform and adaptive refinements (Ex. 5).



868 T.P. BARRIOS ET AL.

FIGURE 5.4. Adapted intermediate meshes with 1783, 3663, 8203, and 10818 degrees of free-
dom (Ex. 3).

FIGURE 5.5. Adapted intermediate meshes with 883, 2583, 4988, and 9748 degrees of freedom (Ex. 4).
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FIGURE 5.6. Adapted intermediate meshes with 2383, 4038, 7938, and 12743 degrees of free-
dom (Ex. 5).
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