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TUTORIAL REVIEW

Quantum correlations in cavity QED networks
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aFacultad de Física, Pontificia Universidad Católica de Chile, Santiago, Chile; bFacultad de Ingeniería, Universidad Diego Portales,
Santiago, Chile

(Received 13 May 2014; accepted 25 June 2014)

We present a review of the dynamical features such as generation, propagation, distribution, sudden transition and freezing
of the various quantum correlation measures, as Concurrence, Entanglement of Formation, Quantum Discord, as well
their geometrical measure counterparts within the models of Cavity Quantum Electrodynamics Networks. Dissipation and
thermal effects are discussed both in the generation of quantum correlations as well as their effect on the sudden changes
and freezing of the classical and quantum correlations in a cavity quantum electrodynamical network. For certain initial
conditions, double transitions in the Bures geometrical discord are found. One of these transitions tends to disappear at
a critical temperature.

1. Introduction

Quantum correlations play a fundamental role in quantum
computation and quantum information processing [1–3],
where entanglement is usually considered a popular mea-
sure of such correlations. Entanglement (verschränkung)
introduced in physics originally by Schrödinger [4] and
considered a native feature of the quantum world is the most
outstanding and studied phenomenon to test the fundamen-
tals of quantum mechanics, as well as an essential engineer-
ing tool for the quantum communications. However, entan-
glement is a property that is hard to reach technologically
and even when achieved, it is a very unstable quantum state,
vulnerable under the effects of decoherence, any dissipative
process as a result of the coupling to environment. Con-
ventionally, these effects are considered mainly destructive
for entanglement, nevertheless some recent studies of this
subject attest results different from the common conviction,
even appearing as counterintuitive at first glance [5–7].

An alternative approach to measure the entire correla-
tions in a quantum system was suggested originally in Refs.
[8,9]. By using the concepts of mutual information and
quantum discord (QD), the quantum correlations may be
distinguished from the classical ones. Further, the QD could
be compared to the entanglement of formation (E) [10] or
relative entropy of entanglement (REE) [11] in order to find
out if the system is in a quantum inseparable state (entan-
gled), or in a separable state with quantum correlations,
such as QD [12–15]. In the last few years, some alternative
measures of the QD were proposed and studied intensively.
These measures are related basically to the entropic and geo-
metric quantities of QD-like correlations, for an exhaustive

∗Corresponding author. Email: morszag@fis.puc.cl

review see Ref. [2], where the most common non-classical
correlations are: quantum dissonance proposed in [16]; ge-
ometric QD (GQD) based on the trace norm as Hilbert-
Schmidt distance [17], Schatten p-norm [18] and Bures
distance [19,20], etc. The QD has shown to capture non-
classical correlations including the completely separable
systems, e.g. deterministic quantum computation with one
quantum bit (DQC1) model [21].

In this Review, we propose to analyze broadly the phe-
nomena such as generation, propagation, distribution and
measurement of quantum and classical correlations in a par-
ticular kind of quantum systems known as cavity quantum
electrodynamics (CQED) networks which deal with atoms
placed in cavities interconnected by fibers, in the framework
of the physical model suggested in Ref. [22], which attracted
a high interest for quantum information applications and
subsequently developed from different aspects [23–27]. The
inclusion of the interaction of the quantum system (atoms
+ fields) with the environment plays an important role in
physics, implying a more realistic picture because the dis-
sipation is always present in the real devices. The entire
system is considered open because of the leakage of the
electromagnetic field from the cavities and fiber into their
own reservoirs. We initiated our investigations few years
ago by proposing a 2-node CQED network: two atoms
(qubits) each one trapped in a cavity and interconnected
by fiber, with coupling of each quantum subsystem to the
individual Markovian thermal environment, see Figure 1 in
[28]. In this system, in the approximation of one excitation,
for all the reservoirs at zero temperature, we found the effect
of generation and oscillation in time of the entanglement
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measured by the concurrence as shown in Figures 3–4 in
[28] for an initially separable state and sharing one ex-
citation between the two qubits. Also, in the same work,
the possibility of preservation of the entanglement at its
maximal value for a period of time even in the presence of
losses was proposed, by managing the atom-cavity detuning
as shown in Figures 5–8 of [28]. Next, we investigated the
influence of the reservoirs’ temperature on the classical and
quantum correlations. For example, in the paper [29], we
have shown that for the initial states similar to the ones
considered in [28] it is possible to stimulate the enhance-
ment of the maximal entanglement by the thermal reservoirs
up to a particular “critical” temperature, beyond which the
entanglement starts decreasing, as shown in Figure 3 in [29].
Inspired by this effect of entanglement gain by the thermal
environments in the given CQED network, we developed
our study further. So, in [30], we demonstrated that it is
possible, for a two-qubit system, initially in zero-excitation
state, to generate long-lived quantum correlations as entan-
glement and quantum discord with the assistance of thermal
environments, see Figures 2–5 in [30], and the optimal
situation is found using the fiber thermal reservoir, as shown
in Figure 6, in [30]. Hence, we came to the conclusion that
it is possible to generate atomic quantum correlations in
CQED networks with dissipation channels by the processes
of absorption and emission, i.e. exchanging excitations with
the thermal reservoirs.

The propagation of quantum correlations, over the past
decades, have captured the attention of many researchers
due to its powerful applications in a wide range of physics
[1]. Cavity QED networks are particularly convenient for
the creation and propagation of these correlations. There
are several ways to build a system for quantum computa-
tion or communication, depending on the distribution of
the cavities, the way these are coupled together, boundary
conditions, etc. The most typical is a chain of cavities, see
(Figure 1).

We can in principle couple neighboring cavities in two
ways, either via an optical fiber [23–25,28,30–33] or by
tunnel effect [34–36]. In the latter, the cavities need to
be close enough so that photon hopping can occur due to
the overlapping of the spatial profile of the cavity modes.
The former type of coupling becomes important mainly

when large distance needs to be covered, e.g. quantum com-
munication between two distant nodes in the network, for
experiment see [27]. Also, it may be useful in generating
photon phases when going from one cavity to the other [25].

Multipartite quantum correlation is one of the most rele-
vant indicators of the quantumness of a system in many body
systems. This remarkable feature is in general difficult to
characterize and the known definitions are hard to measure.
Besides the efforts dedicated to solve this problem, the
question of which is the best approach remains open.

Many attempts of extending the bipartite correlations to
the multipartite case have been made [37–44], but still ques-
tions remain about these generalizations. The first approach
was the Tangle [37], which is related to the entanglement.
In that paper, the authors argue that unlike classical cor-
relations, quantum entanglement cannot be freely shared
among many objects. For example, in the case of three
partite system, labeled as “1”, “2” and ‘3”; the amount of
entanglement that the first system can share with the two
others must satisfy the inequality:

C2
12 + C2

13 ≤ 4 det[ρ1] (1)

with ρ1 = tr23[ρ123]. The above equation can be rewritten
as C2

12 + C2
13 ≤ C2

1(23), for the case of pure states. Then, it
is defined the quantity,

τ123 = C2
1(23) − C2

12 − C2
13 (2)

This residual entanglement represents a collective prop-
erty of the three qubits that is unchanged by permutations; it
measures an essential three-qubit entanglement. In words,
the entanglement of “1” with “23” can be manifested in
three forms, entanglement with “2”, entanglement with “3”
and an essential three-way entanglement. These three forms
must share the total entanglement.

For the case of mixed states ρ,C1(23)(ρ) is not defined.
However, one can consider all possible pure-state decompo-
sitions of the state ρ, that is, all sets {(ψi , pi )} such that ρ =∑

i pi |ψi 〉〈ψi |. For each of these decompositions, one can
compute the average value 〈C2

1(23)〉(ρ) = ∑
i pi C2

1(23)(ψi ).
Then, with the minimum of this average over all decomposi-
tions of ρ, the analog of Equation (2) for mixed state will be;

τ123(ρ) = (C2
1(23))

min − C2
12 − C2

13 (3)

Atom 2

Cavity 2

Atom 1

Cavity 1 Cavity 3

Atom 3

Figure 1. Array of three cavity-atom systems.
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This task is usually computationally expensive, but there
are some good approximations [45–48]. The first two refer-
ences correspond to an upper and lower bound, respectively.
The main idea is to narrow down the values of the tangle
with these bounds to get closer to the real value. Before ex-
plaining both methods, it is important to notice that the term
in the right side of Equation (1) can be rewritten such that
C2

1(23) = 2(1 − tr [ρ2
1 ]) [49]. This form is more convenient

as we will see next. The upper bound is found by taking
just a pure state, which means using Equation (2) as if the
system was pure. The lower bound comes from computing
C2

1(23)(ρ) = 2(tr [ρ2] − tr [ρ2
1 ]), where tr [ρ2] is the purity

of the total system.
In the reference [47], the authors did a quasi-pure ap-

proximation, but their procedure is not as simple as the one
used in [45,46]. In order to find an exact solution, a con-
servation law for the distributed entanglement of formation
and quantum discord has been found [50,51]. This method,
which works fine only for small-dimensional systems, is
well explained in reference [42].

Another kind of interesting effects observed in quan-
tum open systems is related to the unusual dynamics of
the classical and quantum decoherence originally reported
in [52,53] and confirmed experimentally in [54,55], hence
stimulating a high interest in the investigation of the phe-
nomena of sudden changes in the correlations for different
physical systems. During the last years, intensive efforts
have focused to explain the nature of the sudden transi-
tions and freezing effects of the quantum correlations and
the conditions under which such transitions occur. Also,
from the perspective of the applications, it is explained
how efficiently one could engineer these phenomena in
quantum technologies.As has been shown in the studies [20,
52–59], the puzzling peculiarities of the sudden transitions
and freezing phenomena are hidden in the structure of the
density operator during the whole evolution of a bipartite
quantum system for particular decoherence processes. Nev-
ertheless, important questions remain open – how these fas-
cinating effects are affected by the presence of the noisy en-
vironments and if there are efficient mechanisms to control
them in both non-dissipative and dissipative decoherence
models? The state-of-the-art research of CQED networks
has shown so far a modest progress on the influence of
the environments on the sudden transitions and freezing
phenomena [56], with very little research on the influence of
thermal baths in such quantum open systems. Motivated by
this interest in the field, very recently in [60], we presented
some novel results concerning the sudden transitions and
freezing effects of the quantum correlations for the same
CQED network as in Figure 2, but developed for many exci-
tations in the whole system and including the environments.
We have shown that the detrimental effect of the thermal
reservoirs on the freezing of correlations can be compen-
sated via an efficient coupling of the fiber connecting the two
cavities. Furthermore, for certain initial conditions, a double

sudden transition in the dynamics of the Bures geometrical
quantum discord was observed. Similar double transitions
were reported for Schatten one-norm geometric quantum
correlations (GQD-1) in [61,62]. In our system, the second
transition tends to disappear at a critical temperature, hence
freezing the discord. We concluded that by controlling the
dissipation mechanisms it is possible to engineer sudden
changes and freezing periods in the temporal evolution of
the quantum correlations with multiples effects which can
find practical applications. This kind of critical thermal
effects appears in CQED networks as well as other systems
[63,64].

2. Classical and quantum correlations

2.1. Entanglement of formation

For a given ensemble of pure states {pi , | ψi 〉}, the entangle-
ment of formation is the average entropy of entanglement
over a set of states that minimizes this average over all
possible decompositions of ρ, [65].

E(ρ) = min
∑

i

pi E(ψi ), (4)

where the entanglement E(ψ) is defined as the von Neu-
mann entropy of either one of the subsystems E(ψA/B) =
S(ρA/B), with S(ρ) = −tr [ρ log2 ρ]. However, it is very
difficult to know which ensemble {pi , ψi } is the one that
minimizes the average. A concept closely related to the
entanglement of formation is the concurrence [10,66].

For a general mixed state ρAB of two qubits, we define ρ̃
to be the spin-flipped state ρ̃AB = (σy ⊗ σy)ρ

∗
AB(σy ⊗ σy)

where ρ∗ is the complex conjugate of ρ and σy is the Pauli
matrix. The concurrence is defined as

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (5)

where {λi } are the square roots in decreasing order of the
eigenvalues of the non-hermitian matrix ρρ̃.
Finally, the entanglement of formation is related to concur-
rence as follows

E(ρ) = H

(
1

2
+ 1

2

√
1 − C2

)
(6)

with H(x) = −x log2 x − (1 − x) log2(1 − x).
The entanglement vanishes for a separable state, defined

as
ρ =

∑
i

piρi
A ⊗ ρi

B (7)

and it is equal to one for maximally entangled states.

2.2. Quantum discord

The total correlations of a quantum system are quantified by
the quantum mutual information I (ρ) = S(ρA)+ S(ρB)−
S(ρ). The total amount of correlations can be separated into
classical and quantum correlations I (ρ) = C(ρ) + Q(ρ).
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In search of a formula for measuring the classical correla-
tions, Henderson and Vedral proposed a list of conditions
that the measure of classical correlations must satisfy [8].
Correspondingly, they proposed a quantifier that fulfilled all
the conditions, so the classical correlations are measured as

C(ρAB) = max{Bk }

[
S(ρA)− S(ρAB |{Bk})

]
(8)

with the quantum conditional entropy of A defined as
S(ρAB |{Bk}) =

∑
k

pk S(ρk), where {ρk, pk} is the ensem-
ble of all possible results for the outcome from the set of
von Neumann measurements {Bk}made in the subsystem B.
Also ρk = (I ⊗ Bk)ρ(I ⊗ Bk)/pk is the state of the system
after a measurement, where pk = tr(I ⊗ Bk)ρ(I ⊗ Bk) is
the probability for obtaining the outcome k after the mea-
surement. The maximization in Equation (8) is done over
all possible measurements of B, which implies to look for
the measurement that disturbs the least the overall quantum
state.
With this definition for the classical correlation, we get
the Quantum Discord as Q D(ρ) = I (ρ) − C(ρ). For
pure states, this formula coincides with entanglement of
formation.

A problem with the QD is that it is asymmetrical with
respect to which part of the bi-partite system is measured.
However, it becomes symmetrical for particular systems
with S(ρA) = S(ρB).

2.3. Geometric quantum discord (GQD) and geometric
entanglement (GE)

In this Review, we will use the calculations of GQD for
two-qubit states with maximally mixed marginals (Bell-
diagonal) as in Equation (11) measured by the Bures dis-
tance, which is the minimal geometric distance of a quantum
state of a bipartite systemAB to the set of classical states for
subsystem A [19]. Based on this reference, we present here
the main formulas used in our computations of the Bures
GQD quantified by the normalized quantity D̃A as follows

D̃A(ρ) =
(

1 − 1√
2

)−1
(

1 −
√

1 + bmax

2

)
(9)

with

bmax

= 1

2
max

{√
(1 + c1)2 − (c2 − c3)2 +

√
(1 − c1)2 − (c2 + c3)2,√

(1 + c2)2 − (c1 − c3)2 +
√
(1 − c2)2 − (c1 + c3)2,√

(1 + c3)2 − (c1 − c2)2 +
√
(1 − c3)2 − (c1 + c2)2

}
,

(10)

and the Bell-diagonal (BD) density matrix is defined as

ρB D = [I ⊗ I + �c · (�σ ⊗ �σ)]/4

= 1

4

⎛⎜⎜⎝
1 + c3 0 0 c1 − c2

0 1 − c3 c1 + c2 0
0 c1 + c2 1 − c3 0

c1 − c2 0 0 1 + c3

⎞⎟⎟⎠ , (11)

where �σ = (σ1, σ2, σ3) is the vector given by Pauli matri-
ces, I is the identity matrix, and the vector �c = (c1, c2, c3)

defines completely the state with −1 ≤ ci ≤ 1.
Similarly to the entropic entanglement such as entangle-

ment of formation (E) and REE [2,10,11], which are used
often for comparison to the entropic QD, one can define the
geometric measure of entanglement (GE), that for the two
qubits case is given by [19]

G E(ρ) = 2 − √
2

(
1 +

√
1 − C(ρ)2

)1/2

, (12)

where C(ρ) = max{|c1 − c2| − 1 + c3, |c1 + c2| − 1 −
c3, 0}/2 is the Wooters concurrence [10] computed here
for the BD matrix. The normalized geometric entanglement
is G̃ E(ρ) = G E(ρ)/(2 − √

2) whose dynamics will be
compared to Bures GQD, D̃A(ρ), in the next section.

3. Generation and criticallity of Correlations

3.1. 2-node CQED network with dissipations to thermal
reservoirs

We present here the model schematically shown in Figure
2 where the two remote qubits (two-level atoms) interact
with individual cavity and coupled by a transmission line
(e.g. fiber and waveguide). For simplicity, we consider the
short fiber limit: only one mode of the fiber interacts with
the cavity modes [25]. The Hamiltonian of the system under
the rotating-wave approximation (RWA) in units of � reads

Hs = ω f a†
3a3 +

2∑
j=1

(
ωa S j,z + ω0a†

j a j

)

+
2∑

j=1

(
g j S+

j a j + Ja3a†
j + H.c.

)
, (13)

where a1(a2) and a3 is the boson operator for the cavity
1(2) and the fiber mode, respectively;ω0, ω f andωa are the
cavity, fiber and atomic frequencies, respectively; g j (J ) the
atom(fiber)-cavity coupling constants; Sz , S± are the atomic
inversion and ladder operators, respectively.

One of the important advance in our proposal of CQED
network model is based on the generalization to large num-
ber of excitations in the whole system. To the best of our
knowledge, this approach of many excitations in similar
systems [22–26] is not common, and may be one of few ex-
istent studies. To describe the evolution of an open quantum-
optical system usually, the approach of the Kossakowski-
Lindblad phenomenological master equation is considered
with the system Hamiltonian decomposed on the eigenstates
of the field-free subsystems. However, sometimes, a CQED
system is much more realistically modeled based on the
microscopic master equation (MME), developed in [67,68]
where the system-reservoir interactions are described by a
master equation with the system Hamiltonian mapped on the
atom-field eigenstates, known as dressed states. In our case,
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Figure 2. Two atoms trapped in distant coupled cavities. The
cavities and transmission line exchange the energy at the rates
γ1, γ2 and γ3 with their baths having the temperatures T1, T2 and
T3, respectively. (The colour version of this figure is included in
the online version of the journal.)

the system consists in two atoms within their own cavities
connected by a fiber and we consider the leakage of the two
cavities and the fiber via a coupling to individual external
environments, thus identifying three independent dissipa-
tion channels. Commonly, in CQED the main sources of dis-
sipation originate from the leakage of the cavity photons due
to the imperfect reflectivity of the cavity mirrors. Another
mechanism of dissipation corresponds to the spontaneous
emission of photons by the atom; however, this kind of
loss is negligibly small in the CQED regime considered
in our model, and consequently is neglected. Hence, it is
straightforward to bring the Hamiltonian Hs in Equation
(13) to a matrix representation in the atom-field eigenstates
basis. To define a general state of the whole system, we use
the notation: |i〉 = |A1〉 ⊗ |A2〉 ⊗ |C1〉 ⊗ |C2〉 ⊗ |F〉 ≡
|A1 A2C1C2 F〉, where A1,2 correspond to the atomic states
that can be e(g) for excited(ground) state, while C1,2 and
F define the cavities and fiber states, respectively, which
may correspond to 0, 1, …, n photon states. Because the
quantum system is dissipative, the excitations may leak to
the reservoirs degrees of freedom, hence the ground state of
the system, |0〉 = |gg000〉, should be also considered in the
basis of the states. Therefore, in the case of N excitations in
our system, the number of dressed states, |i〉, having mini-
mum one excitation, i.e. excluding the ground state |0〉, is
computed by a simple relation: dN = N +2

∑N
k=1 k(k +1).

For example, in case of N = 2 excitations, the Hamiltonian
Hs in Equation (13) is decomposed in a state-basis of the
dimension 1+d2, i.e. is a 19×19 matrix; for six excitations
Hs is represented by a 231 × 231 matrix and so on. Hence,
it is evident that for large N the general problem becomes
hard to solve even numerically. In our work [28–30,60], we
developed the calculations from the simplest case of N = 1
up to six excitations, which is an improvement as compared
to some previous works at similar subject, e.g. with two

excitations [25]. In the present Review, we present some
results with N = 9 excitations.

Considering the above assumptions and following the ap-
proach of [67,68], the MME for the reduced density operator
ρ(t) of the system is derived

∂ρ

∂t
= −i [Hs, ρ] + L(ω̄)ρ + L(−ω̄)ρ, (14)

where the dissipation terms are defined as follows (with
ω̄ > 0)

L(ω̄)ρ

=
3∑

j=1

γ j (ω̄)

(
A j (ω̄)ρA†

j (ω̄)− 1

2

[
A†

j (ω̄)A j (ω̄), ρ
]
+

)
.

(15)

In the above equations, the following definitions are con-
sidered: A j (ω̄) = ∑

ω̄α,β
|φα〉 〈φα| (a j + a†

j )
∣∣φβ 〉 〈φβ ∣∣ ful-

filling the properties A j (−ω̄) = A†
j (ω̄), where ω̄α,β =


β − 
α with 
k as an eigenvalue of Hamiltonian Hs

and its corresponding eigenvector |φk〉, denoting the k-th
dressed-state (see Figure 3).

In order to solve such a MME we will use the numer-
ical simulations, because in the most general case there
is almost impossible to find the analytic solution for the
eigenvalue equation based on Hamiltonian Hs (13). In the
following, we develop the equation for the density operator
ρ(t)mapped on the eigenstates basis, 〈φm | ρ(t) |φn〉 = ρmn

for the case of N excitations in the system

ρ̇mn = −iω̄n,mρmn

+
dN∑

k=1

[γk→0

2
(2δm0δ0nρkk − δmkρkn − δknρmk)

+γ0→k

2
(2δmkδknρ00 − δm0ρ0n − δ0nρm0)

]
,

(16)

here δmn is the Kronecker delta; the physical meaning of
the damping coefficients γk→0 and γ0→k refers to the rates
of the transitions between the eigenfrequencies 
k and 
0
downward and upward, respectively, defined as follows
γk→0 = ∑3

j=1 c2
i γ j (ω̄0,k)

[〈n(ω̄0,k)〉Tj + 1
]

and by the
Kubo-Martin-Schwinger (KMS) condition, we have
γ j (−ω̄) = exp

(−ω̄/Tj
)
γ j (ω̄), where ci are the elements

of the transformation matrix from the states {|0〉 , |1〉 , . . . ,
|dN 〉} to the states {|φ0〉 , |φ1〉 , . . . ,

∣∣φdN

〉} (similar to Equa-
tion (14) and Appendix A in [28]). The KMS condition
insures that the system tends to a thermal equilibrium for
t → ∞. Here 〈n(ω̄α,β)〉Tj = (

e(
β−
α)/Tj − 1
)−1

corre-
sponds to the average number of the thermal photons (with
kB = 1). The damping coefficients play a very important
role in our model because their dependence on the reser-
voirs temperatures imply a complex exchange mechanism
between the elements of the system and the baths. Further,
one solves numerically the coupled system of the first-order

D
ow

nl
oa

de
d 

by
 [

Po
nt

if
ic

ia
 U

ni
ve

rs
id

ad
 C

at
ol

ic
a 

de
 C

hi
le

] 
at

 1
3:

05
 1

7 
M

ay
 2

01
6 



598 M. Orszag et al.

Figure 3. The schematic representation of the transitions in the space of dressed states of the system Hamiltonian Equation (13) for N
excitations. (The colour version of this figure is included in the online version of the journal.)

differential Equation (16) and compute the evolution of dif-
ferent kinds of correlations between the two distant atoms,
given some finite temperature of the reservoirs. In order to
get the reduced density matrix for the atoms one performs
a measurement on the cavities and the fiber vacuum states,
|000〉 = |0〉C1 ⊗ |0〉C2 ⊗ |0〉F . Later, we will explain how
this task can be realized experimentally. We find that, after
the projection, the reduced atomic density matrix has a X-
form and the quantum and classical correlations can be
computed easily as developed in [12,13,15,19].

In the following, we present the results obtained recently
using this model. Beginning with the first explorations in
[28], we observed few interesting effects. Considering the
baths at zero temperature and the initial two-qubit state as
separable sharing one excitation, the generation and oscilla-
tion in time of the entanglement was found.Additionally, the
conservation of the maximal value of the entanglement for
a period of time in the presence of losses was obtained with
specific atom-cavity detunings, as can be seen in Figures 5–
8 of [28]. Inspired by these findings, we proceed further [30]
exploring the time evolution of the atomic entanglement
measured via concurrence and entanglement of formation,
as well as the classical correlations and quantum discord,
all these quantities as functions of the temperature of the
reservoirs.

The system under numerical study in [30] considered
atoms with long radiative lifetimes, each coupled to its own
cavity. The two cavities are connected by a fiber with the
damping rates γ1 = γ2 = γ3 ≡ γ = 2π MHz, respectively,

which are within the current technology [25]. The transi-
tion frequency of the atom is chosen to be mid-infrared
(MIR), i.e. ωa/2π = 4 THz and hence, for experimental
purposes, the coupling between the distant cavities can be
realized by using the modern resources of IR fiber optics,
e.g. hollow glass waveguides [69], plastic fibers [70], etc.
We choose the range of MIR frequencies in order to limit
the thermal reservoir only up to room temperature (300 K),
which corresponds to one thermal photon and so satisfy the
approximation of maximum one excitation (N = 1) in the
system during the evolution. The values of the coupling
constants and the atom-cavity detuning varied in order to
search for the optimal result. We mention that to satisfy
the RWA we should have 2g � γmax(ω̄) [68]. We take
the values g1 = g2 ≡ g = J = 5γ , considering all
the reservoirs at the same temperature and study how the
atomic entanglement evolves as a function of the atom-
cavity detuning, �. The result is shown in Figure 4 from
which we conclude that the atom-cavity detuning facilitates,
in this case, the generation of a quasi-stationary atomic
entanglement and for � = 0.1ωa the system reaches a
long-lived entanglement state. Of course, in the asymptotic
limit the concurrence will vanish and the atoms eventually
disentangle themselves due to the damping action of the
reservoirs.

Nowadays researchers tend to use quantum discord rather
than entanglement as a good measure of the quantum corre-
lations [8,9,12–15]. Since, in our case, the two-qubit density
matrix has a simplified X form (see Equation 4 in [30]), we
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(a) (b) (c)

Figure 4. Evolution of the concurrence for g = J = 5γ and different atom-cavity detunings: (a) � = 0 , (b) � = 10−4ωa and (c)
� = 0.1ωa . The baths have the same temperature with the average number of thermal photons given by 〈n(ω̄6,5)〉T . The axis of the
dimensionless time, γ t , is in a logarithmic scale. (The colour version of this figure is included in the online version of the journal.)
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Figure 5. Evolution of the quantum discord (QD), entanglement
of formation (E) and classical correlations (CC) for one thermal
excitation and the parameters chosen as in Figure 4(c). The inset
represents the same quantities as a function of the temperatures of
the reservoirs calculated for a late time, t = 1s.

easily compute the quantum and classical correlations in the
system by using a particular case for the algorithm discussed
in [13], as well we checked by the approach proposed in
[15] and got the same results. So, in Figure 5, one finds
the time evolution of the QD is very similar to that of the
entanglement, but the initial growth of the discord is steeper
which implies the appearance of the quantum correlations,
quantified by QD, prior to the entanglement. For a better
illustration of the thermal effect under discussion, we show
in the inset the temperature dependence of the steady values
(flat time plateau) of the quantum and classical correlations.

Next, interesting results are also found in [60] that are
related to the phenomena of sudden transitions and freezing
of the classical and quantum correlations, observed and
analyzed in quite different physical systems [20,52–59].
To search for similar effects in our system we improved
considerably the approximation by increasing the number
of the excitations from N = 1 to N = 9, and therefore we
had sufficient degrees of freedom to engineer the desired
initial state of the two qubits and consider many thermal

excitations from the baths. For the following analysis, we
consider the initial state of the two qubits (atoms) in a Bell-
diagonal (BD) state, described by an X-type density matrix
defined in Equation (11).

As a result, we find, in the dynamics, the sudden tran-
sitions between the classical and quantum correlations. In
the Figure 6, we show the time evolution of the classical
and quantum correlations for the case of two excitations
with the qubits initially prepared in a BD state and all the
reservoirs at zero temperature. One observes the quantum-
classical sudden transition in our model similar to other
studied systems like [20,53–58] and others. Besides the
classical correlations (CC), entropic quantum discord (QD)
and REE, we also studied two geometrical measures, the
geometric entanglement (GE) and geometric quantum dis-
cord (GQD) defined with Bures distance [19]. We evidence
here that the Bures GQD and QD show similar behaviors,
having flat regions not affected by the dissipation processes
during a particular time period, effect known as freezing of
the correlations. At the same time CC decay and meet QD
in a point where a sudden change occurs.After this point the
CC remains constant during another time period until other
sudden change follows and so we observe periodic revival
of the correlations found in other systems too [54,58]. On the
other hand, the entanglement shows a different dynamics,
evidencing oscillations and no flat regions.

Next, we study the dynamics of the various correlation
measures for ωa/2π = 10 GHz (for many experimental
data, see ref [71]). The atom-cavity couplings satisfy the
constraint of the MME in a Markovian environment, i.e.
2g � γ and we set the values g1 = g2 = g = 10γ in
the Figures 6 and 7. The values of γ and J are tuned to
evidence the effects of the thermal baths. We find that the
detunings do not have an important impact on the effects of
sudden transitions and freezing. We set the values ω f = ωa

and ωa − ω0 = 0.1ωa . We compute the time evolution of
the atomic correlations keeping in mind the main objective
of our explorations is to find the influence of the thermal
baths on these correlations. In order to compute the general
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600 M. Orszag et al.

Figure 6. Time evolution of the correlations: CC (blue solid),
QD (red solid), GQD (green solid), REE (magenta dotted) and
GE (brown dashed) for the reservoirs at zero temperatures. The
parameters are the same as in Figure 7(a). (The colour version of
this figure is included in the online version of the journal.)

correlations - classical and quantum for the given system,
we consider the concepts of mutual information, classical
correlations and entropic quantum discord [8,9], as well the
geometric quantum discord with Bures distance, recently
developed by one of us [19] and independently in [20].

Figure 6 shows the effects of sudden change and sudden
change and freezing of the correlations for the reservoirs
at zero temperature. In our numerical analysis, we find
that the freezing effects of the QD and GQD decay by
increasing individually or collectively the temperatures of
the cavities or the fiber. In Figure 7(a), we show the effect
of heating the fiber to four thermal photons and observe
that the thermal effects act destructively on the freezing
of both the entropic and geometric discords. However, the
sudden transitions persist. Now, could one recover from
the damaging effects of the system being coupled to the
thermal reservoirs? Exploring this task, we find that it is
possible to engineer such a recovery by a suitable increase
in the fiber-cavity coupling. Hence, in Figure 7(b), we show
that keeping the fiber’s bath temperature at four thermal
excitations, such recovery of the correlations is feasible if
we increase the fiber-cavity coupling. Through this effect,

we understand the important role of the photon as the carrier
of the quantum correlations between the remote qubits in
such a network.

To finish with the analysis of this model, we point out
here on some different effects of multi-sudden transitions
in the correlations. Very recent results reported in [61] show
theoretically another interesting class of sudden transitions
and freezing of the quantum correlations, which later was
observed experimentally in NMR setups [62]. They found
the formation of an environment-induced double transi-
tion of Schatten one-norm geometric quantum correlations
(GQD-1), which is not observed in the classical correlations,
thus a truly quantum effect. So, stimulated by this recent
findings we compute the dynamics of the Bures GQD for
our model and find a type of double sudden transitions
somewhat different from the ones observed in [61,62]. By
this result, we come to the conclusion that both, GQD-1 and
Bures GQD evidence similar quantum effects. In Figure 8,
we see the double sudden changes in the dynamics of Bures
GQD for the reservoirs at zero temperatures, meanwhile the
CC and QD suffer only one sudden change. Next, if increase
the temperature of the fiber’s bath, there is a peculiar ten-
dency to freeze the GQD and the second transition tends
to disappear, at a critical temperature. Even though we do
not have an adequate explanation of the physics of these
effects, they still remain attractive for further fundamental
and applied research.

The experimental realization of the 2-node CQED net-
work hinges on the possibility of realizing quantum non-
demolition (QND) measurements of the photon states in
the fiber-cavities system. There is an extensive literature on
QND measurements in CQED, for review see [72]. In our
scheme, we propose to measure the two-qubit density matrix
under the condition that all the fields are in the vacuum state,
so it is feasible to monitor the probability of this state during
the temporal evolution of the system, similar to the results
presented in Figure 6 of [30].
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(a) (b)

Figure 7. The dynamics of the correlations: CC (blue line), QD (red line) and Bures GQD (green line) for γ = 0.008ωa and (a) varying
the temperature of the fiber’s reservoir given by the average number of the thermal photons, i.e. n̄3 = 0 (solid line) and n̄3 = 4 (dashed
line) for constant cavity-fiber coupling J = 10γ ; (b) varying the cavity-fiber coupling, J = 10γ (dashed line) and J = 100γ (dotted
line) for constant n̄3 = 4. The initial state is defined by �c = (1,−0.9, 0.9) in Equation (11). (The colour version of this figure is included
in the online version of the journal.)
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Figure 8. Dynamics of the classical and quantum correlations: (a) GQD (green line) evidencing double sudden transitions, and (b) CC
(blue line) and QD (red line) with only one sudden change. The parameters considered here are γ = 0.1ωa, J = g = 5γ for n̄3 = 0
(solid line) and n̄3 = 7 (dotted line). The initial state is given by �c = (0.85,−0.6, 0.36). (The colour version of this figure is included in
the online version of the journal.)

3.2. Other types of QED networks studied in literature

Areliable quantum network scheme that implies the transfer
of information between two particles in the presence of
decoherence was proposed by Pellizzari [23] more than a
decade ago.

As was shown, even when cavities and fibers are lossy,
that is connected to reservoirs, one can still transfer suc-
cessfully the quantum information between locally distinct
nodes (atoms) of the quantum network. The ideas of quan-
tum network with optical fibers were developed for arrays
of cavities QED [31], where the same protocol of coupling
is used. The phenomenon of entanglement sudden death
(ESD) was observed, where the influence of the initial state
preparation of the system plays an important role.

Another interesting model that involves the effective real-
ization of quantum gates between two qubits in a QED net-
work was suggested by Serafini et al. in [25]. The influence
of the spontaneous emission and losses on the propagation
of entanglement was investigated. It was observed that the
coupling strengths (between the cavity mode and atoms,
as well as atoms and fiber mode) can serve as the main
parameters for the interaction control and distribution of
quantum information.

To realize this idea in a quantum computer seems more
complicated, as the number of trapped qubits should be ex-
tended and the manipulation and control between multiple
particles need additional requirements. However, a many
atoms interaction scheme in quantum state transfer and log-
ical gates for two remote cavities connected via an optical
fiber was investigated [73]. In the absence of collective
effects between the atoms, the coupling between the fiber
and the cavity modes is sufficiently strong as compared to
the atom-cavity coupling strength, and the system can be
considered as two qubits resonantly coupled to a harmonic
oscillator. The state transfer operation and the evolution of
entangled multi-qubits are discussed in detail.

Diamond nitrogen-vacancy centers (NV) are considered
as promising candidates for qubits in the quantum

applications nowadays since they have a long electronic
spin coherence [74]. A model of entanglement generation
between two separated NV centers coupled to a photonic
molecule has been proposed recently [75]. A strong de-
pendence on the hopping strength of the photonic crystal
cavities and NV qubit-cavity detuning in the entanglement
dynamics was remarked. Controlling with the NV the qubit-
cavity coupling constants, a long time entanglement plateau
was achieved. Several interesting schemes that are based on
two NV centers coupled to a common whispering-gallery-
mode microresonator (WGM) have been investigated [76,
77]. The dynamics of entanglement generation was studied
as function of the coupling strengths of NV centers with
WGM, distance between the NV centers and the state prepa-
ration of the system. The defect centers in diamond are
sufficiently stable at room temperature that allow a good
control with WGM interaction. Manipulating the distance
between two NV centers, a maximum entanglement can be
achieved.

4. Propagation of quantum correlations

The Hamiltonian of an N -atom-cavity system in the rotating
wave approximation, joined by optical fibers, can be written
as follows

H = H free + H int, (17)

with

H free =
N∑

i=1

ωa
i |e〉i 〈e| +

N∑
i=1

ωc
i a†

i ai +
N−1∑
i=1

ω
f

i b†
i bi (18)

H int =
N∑

j=1

g j

(
a†

j |g〉 j 〈e| + a j |e〉 j 〈g|
)

+
N−1∑
j=1

J j

[(
a†

j + eiφa†
j+1

)
b j + H.c.

]
, (19)

where |g〉 j and |e〉 j are the ground and excited states of the
two-level atom with transition frequencyωa , and a†

i (ai ) and
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b†
i (bi ) are the creation(annihilation) operators of the cavity

and fiber mode, respectively. The first, second and third term
in H free are the free Hamiltonian of the atom, cavity field and
fiber field, respectively. In addition, the first term in the H int

describes the interaction between the cavity mode and the
atom inside the cavity with the coupling strength g j , and
the second term is the interaction between the cavity and
the fiber modes with the coupling strength J j . Notice that
the phase φ is due to the propagation of the field through
the fiber of length l: φ = 2πωl/c [25]. Also, we assume
that 2lμ/2πc � 1(short fiber limit), withμ being the decay
rate of the cavity fields into a continuum of fiber modes.

The first two terms of H free and the first term of H int can
be jointly diagonalized on the basis of polaritons. These
states are given by,

|n−〉 = sin(θ)|n, g〉 − cos(θ)|n − 1, e〉
|n+〉 = cos(θ)|n, g〉 + sin(θ)|n − 1, e〉
En± = ωcn + �

2
±
√
�2 + 4g2n

2
(20)

with � = ωa − ωc, θ = 1

2
arctan

(
g
√

n
�/2

)
and n represent-

ing the number of photons. For simplicity we consider the
resonance between atom and cavity ωa

i = ωc
i = ωi . Then,

we can only have one photon per cavity, at most, because
of the photon blockade, thus double or higher occupancy of
the polaritonic states is prohibited [78,79].

In the rotating wave-approximation and interaction pic-
ture, the hopping terms between different polaritons
L−†

i L+
i+1 and L+†

i L−
i+1, with L±† = |1±〉〈0| defined as the

creation operator, are fast rotating and they average zero.
This implies that if we started creating a polariton with L−†

,
the state |1+〉 will never show up. Finally, we restrict the
subsystem to only two states, |G〉 = |0〉 (ground state) and
|E〉 = |1−〉 = 1√

2
(|1g〉 − |0e〉) (excited state), and from

now on we will omit label “−” on L.

H =
N∑

i=1

(ωi − gi )|E〉i 〈E | +
N−1∑
i=1

ω
f

i b†
i bi

+
N−1∑
i=1

Ji√
2

[(
L†

i + L†
i+1

)
bi + (Li + Li+1)b

†
i

]
(21)

In the present model, we are not interested in the fiber,
so we want to eliminate it. One way is solving the complete
Hamiltonian and finally trace or measure with a projecting
operator on the fiber [28,30]. Another way is to eliminate
the fiber first, and then analyze the time evolution of the
system. We propose to discuss two different approaches in
the latter case.

On the one hand, we can eliminate adiabatically the fiber
mode and obtain the effective Hamiltonian [33]

H eff
a =

N∑
i=1

ω′
i L

†
i Li +

N−1∑
i=1

J ′
i

(
L†

i+1Li + L†
i Li+1

)
, (22)

whereω′
i = ωi −gi − 2J 2

i

ω
f

i

+ J 2
i

ω
f

i

δi,1+ J 2
i

ω
f

i

δi,N and J ′
i = − J 2

i

ω
f

i

.

On the other hand, we can use perturbation theory to
eliminate the fiber [80,81]. We assume first that all cavities
and fibers, and their corresponding coupling constants are
equal, i.e. ωi = ω,ω

f
i = ω f , gi = g and Ji = J , and

second, that the total detuning δ = (ω − g) − ω f � J .
Then, we project the fiber state into the zero photon mode,
generating an effective Hamiltonian given by

H eff
p =

N−1∑
i=1

λ(|E〉i 〈E | + |E〉i+1〈E |)

+
N−1∑
i=1

λ
(

L†
i Li+1 + L†

i+1Li

)
, (23)

where λ = J 2

2δ . For this approach, it is important that the
fibers be weakly coupled to the cavities. Also, when obtain-
ing this effective Hamiltonian we allow just one excitation
in the chain.

A different model, still having an optical fiber, was pro-
posed by Zhong [32]. In this work, he used a configura-
tion where one cavity (e.g. the central cavity) is connected
through optical fibers to several cavities, which are not
connected between them. In this proposal, it is possible
to generate entangled states for multiple atoms trapped in
distant cavities, connected by optical fibers. There is also
considered resonant interaction between atoms, cavities and
fibers, so the interaction time is short, which is an important
factor when dealing with decoherence.

A straight generalization of the one chain model was
studied by Zhang et al. [31], proposing a system with two
non-interacting chains, see Figure 9. This idea is quite inter-
esting, since it opens a new series of applications, different
from the one chain models. However, this model does not
include losses and it is limited to the analysis of the propaga-
tion of one kind of quantum correlation (entanglement). In
an endeavor to improve the model, we added losses and did
a more exhaustive study [81], including the propagation of
entanglement and quantum discord, the distribution of the
entanglement and we discussed a possible application for
quantum communications [82].

We are interested in sending information through both
chains. This implies that starting with two correlated qubits
corresponding, for example, to the 11′ cavities. We then
study the dynamics of our system such that after some time,
the 33′ pair becomes correlated. We used the following
notation, |�〉 = |X1 X1′ X2 X2′ X3 X3′ 〉, where X could be G
or E . The time evolution of the whole system is given by the
Hamiltonian H = H1 ⊗H2, with H{1,2} defined in Equation
(23). We took the parameters: J = 2π · 30 G H z, δ =
2π · 300 G H z and studied the dynamics for two different
initial states:

|�〉a = sin(θ)|G EGGGG〉 + cos(θ)|EGGGGG〉
|�〉b = sin(θ)|GGGGGG〉 + cos(θ)|E EGGGG〉 (24)
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Figure 9. Array of two rows of three cavity-atom systems.
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Figure 10. Concurrence, C in case of the cavities 33′ for the initial
condition |�〉a with constant γ = 0.01 and varying the angle as:
θ = π/4 (solid line), θ = π/3 (red-dotted) and θ = π/8 (blue-
dashed). (The colour version of this figure is included in the online
version of the journal.)

We found that the transmission properties of the entangle-
ment depend strongly on the initial conditions. For example,
we observed that for the initial state |�〉a , 74.2% of the
concurrence in the cavity-pair 11′ is transmitted to the 33′
pair, independent of the angle θ . On the other hand, for |�〉b

the transmission depends strongly on θ . For example, for
θ = π/3 we get 63% and for θ = π/8, 28%. The final
concurrence 33′ is shown in Figure 10, for the initial state
|�〉a .

Now, we compare the quantum discord and the entangle-
ment to enquire which of these quantifiers is more robust
against decoherence in this system. In some of the follow-
ing calculations, when comparing the various measures of
correlations, it will be more convenient to calculate the
entanglement of formation (E), rather than the concurrence.
Next, we plot both, for the cavity 33′, and study the time
evolution of the system.

From Figure 11 it can be seen that the quantum discord
remains bigger than the entanglement of formation. Notice
that near the origin, QD grows up before than E, being
as a precursor of the generation of quantum correlations.
Asymptotically for all γ , QD tends to be larger than E,
even when the latter vanishes, which is in agreement with
previous work in cavity QED [83].

As another example, we extend the comparison changing
the previous pure initial condition for a Werner state(W) for
the cavities 11′, with the rest of the cavities being in the
ground state(|G〉)

ρ(0) =
(

1 − a

4
I + a|ψ〉〈ψ |

)
⊗|G2G2′ G3G3′ 〉〈G2G2′ G3G3′ | (25)

where I is the identity operator for two qubits and |ψ〉 =
1√
2
(|E1G1′ 〉 + |G1 E1′ 〉).

In figures (12), we plot the Q D and E , and see the
behavior arising from varying the mixedness of the initial
state. When the system is nearly a pure state (a = 0.9), there
is not a big difference between the two curves (Figure 13).
However, when the system becomes more mixed (a = 0.6),
there is a substantial difference between QD and E and
obviously the QD is the better option for the propagation of
the information (Figure 12).

Next, we analyze the effect on QD of 33′ if a third person
(an eavesdropper) performs a measurement on cavity 2
for example. Let’s choose a projective measure such as
� = |G2〉〈G2|. The main idea behind this is to compute
the QD after the measurement(QDM ) at the 33′ pair and
compare it with the undisturbed case. From Figure 13 left,
we can see that for a nearly pure maximally entangled state,
the curve corresponding to the Quantum Discord after the
measurement is reduced to almost zero (blue-dashed) as
compared with the undisturbed Quantum Discord without
any measurement (red-dotted). It is quite apparent that in
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Figure 11. Quantum discord, QD (red solid) is more robust than entanglement of formation, E (blue-dashed) in case of the cavities 33′ for
the initial condition |�〉b with constant θ = π/4 and varying γ as: γ = 0.05 (left panel) and γ = 0.5 (right panel). (The colour version
of this figure is included in the online version of the journal.)
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Figure 12. Quantum discord, QD (red solid) and entanglement of formation, E (blue-dashed) for the cavities 33′ with Werner initial state,
where a = 0.9 (left panel) and a = 0.6 (right panel). (The colour version of this figure is included in the online version of the journal.)

this case we have a very good instrument to detect any
external measurement. However, if the state becomes more
mixed (a = 0.6), the discrimination becomes inconclusive,
since in Figure 13 right, we do not observe relevant differ-
ences anymore between the two curves.

5. Distribution of quantum correlations

As we discussed in the Introduction, Coffman et al. [37]
consider “distributed entanglement” or the fact that quan-
tum correlations cannot be freely shared among several
particles. They go even further and define the “tangle” as a
measure to describe the multipartite (beyond the bipartite)
entanglement.

In particular, in a three particle system, τ123 represents the
collective entanglement of the three qubits, or the “three-
qubit entanglement”.

Unfortunately, these concepts are only valid for pure
states. For mixed states, which is the more realistic case of
open systems, governed by Master Equations, if the losses
are not too large, we can only estimate the lower and upper
bounds of the tangle.

In the present section, we study the tangle for pure states
as well as the upper and lower bounds for mixed states,
under various initial conditions. We take relatively moder-
ate losses, in order to have reasonable good approximate
bounds.

Going back to the previous models, for one chain, with the
system evolving with the Hamiltonian defined in Equation
(23), no tangle was found. A possible reason is because
of the restriction of only one excitation in the chain, since
the tangle is a collective effect and needs more than one
excitation in the system. We can see this more clearly in the
two chain model. Here, for the initial state |�a〉 in Equation
(24), the tangle is always zero, independent of θ . On the
other hand, the state |�b〉 has non-vanishing tangle, see
Figure 14. Then, the presence of two excitation in the last
case is responsible for the multipartite correlation.

In Figure (14) we plotted the tangle, taking cavity 1 as
the reference one, τ = C2

1(23...) − C2
12 − C2

13 − C2
11′ −

C2
12′ − C2

13′ . We set the cavity losses to zero ,such that the
whole system remains pure and Equation (2) is correct. In
all cases, the initial tangle is zero, since we start with a bi-
partite entanglement between the first pair of cavities and
therefore there are no higher-order correlations.

D
ow

nl
oa

de
d 

by
 [

Po
nt

if
ic

ia
 U

ni
ve

rs
id

ad
 C

at
ol

ic
a 

de
 C

hi
le

] 
at

 1
3:

05
 1

7 
M

ay
 2

01
6 



Journal of Modern Optics 605

0 2 4 6 8 10 12

0.0

0.1

0.2

0.3

0.4
Q

D
,Q

D
M

0 2 4 6 8 10 12
0.00

0.05

0.10

0.15

0.20

Q
D

,Q
D

M

Figure 13. Quantum discord after the measure, QDM (blue-dashed) varies considerably for highly pure states, as compared with quantum
discord, QD (red-dotted) for the cavities 33′ considering: a = 0.9 (left panel) and a = 0.6 (right panel). (The colour version of this figure
is included in the online version of the journal.)
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Figure 14. Tangle for the initial condition |�〉b with γ = 0 for
different angles: θ = π/4 (black solid), θ = π/3 (red-dotted), θ =
π/8 (blue-dashed). (The colour version of this figure is included
in the online version of the journal.)

If we now turn on the interaction with the individual reser-
voirs, the situation becomes more involved, and in principle
it would require a complex convex roof optimization pro-
cedure. Nevertheless, when the system experiences losses,
if these are moderate, we can still estimate lower and upper
bounds to the tangle, in the case where the mixedness of the
system, measured through tr [ρ2], varies slowly between 1
and 0.89 for γ = 0.01. For higher losses, like γ = 0.5,
the gap between the bounds is significantly bigger and the
above approximations fail. In Figure 15, we observe the
upper and lower bounds of the tangle. In the lower bound
approximation, we need to guarantee that the system is
weakly mixed and strongly entangled. In particular, for
λt ≈ 9, the lower bound becomes negative. On the other
hand, we notice that in this region, C2

1(23...) is compara-
tively small, thus violating the assumptions made by the
lower bound approximation, and therefore the results are
unreliable. However, for λt ∈ {0, 6}, the area between the
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Figure 15. Tangle for the initial condition |�〉b with θ =
π/4, γ = 0.01 and two different bounds: upper bound, UB (solid)
and lower bound, LB (red-dotted). (The colour version of this
figure is included in the online version of the journal.)

upper and lower bound is rather small, giving us a good
estimation of the tangle.

Finally, if the system is used as a channel, our best option
is to use states like |�a〉 as the initial condition, since the
distribution or multipartite entanglement vanishes, finding
only bi-partite quantum correlations and as a consequence
we get higher values of the concurrence at the extreme of
the chains. For low losses, the entanglement of formation
is a good measure of the quantum correlations. However,
as previously shown, the quantum discord is more robust
against decoherence, thus is a better measure for higher loss
rates. If our purpose is to distribute the quantum correlations
among the various elements of our system, we choose |�b〉
as our initial condition, since we have a considerable mul-
tipartite entanglement or tangle. Furthermore, we observed
from Figure 14 that the tangle deteriorates rapidly, as we
depart from the Bell states (θ = π/4).
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6. Summary and discussion

In this Review, we have dealt with various aspects of the
quantum correlations using different measures such as the
Entanglement of Formation, Concurrence, Quantum Dis-
cord, REE and Geometric Quantum Discord with Bures
Distance. The studies we have covered are related to the
phenomena as generation, propagation, distribution, ther-
mal and critical effects of these correlations in the models
of cavity QED networks. We have discussed the possibil-
ity of generating atomic entanglement with atoms located
at distant cavities and connected via an optical fiber, and
finding a wide time plateau of the concurrence between
the atoms, even when the system is connected to various
reservoirs, implying lossy cavities and fiber. Dissipation and
thermal effects are normally considered destructive from
the quantum correlations viewpoint. However, examples
are shown that under certain conditions, these effects may
contribute to the generation of these correlations. These
effects are found in cavity QED networks as well as in other
physical systems. The way the quantum correlations propa-
gate and distribute themselves between various components
of a given physical system is still an open problem. We
explore analytically and numerically the propagation and
distribution of quantum correlations through two chains of
atoms inside cavities joined by optical fibers. This particular
system can be used as a channel of quantum communication
or a network of quantum computation. One can readily
select the appropriate initial condition in order to optimize
the performance for the former or latter application. Fi-
nally, we discuss the thermal effects on the sudden changes
and freezing of the classical and quantum correlations in
a cavity quantum electrodynamic network with losses. For
certain initial conditions, double transitions in the Bures
Geometrical discord are found. One of these transitions
tends to disappear at a critical temperature, hence freezing
the discord.
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