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Abstract

In this paper we obtain the orthogonality relations for the super-
group U(m|n), which are remarkably different from the ones for the
U(N) case. We extend our results for ordinary representations, ob-
tained some time ago, to the case of complex conjugated and mixed
representations. Our results are expressed in terms of the Young
tableaux notation for irreducible representations. We use the super-
symmetric Harish-Chandra-Itzykson-Zuber integral and the character
expansion technique as mathematical tools for deriving these relations.
As a byproduct we also obtain closed expressions for the supercharac-
ters and dimensions of some particular irreducible U (m/|n) representa-
tions. A new way of labeling the U(m|n) irreducible representations
in terms of m + n numbers is proposed. Finally, as a corollary of
our results, new identities among the dimensions of the irreducible
representations of the unitary group U (V) are presented.
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1 Introduction

In recent times there has been an enormous amount of work devoted to the
understanding of random surfaces and statistical systems on random surfaces.
The range of application of these ideas include non-critical string theory as
well as Quantum Chromodynamics (QCD) in the large N limit. Progress in
this area has been possible because the mathematical knowledge on random
matrices has increased dramatically in the last fifteen years [l].

An important mathematical concept that appears naturally in the dis-
cussion of random matrices is the integration over the unitary group, which
basis are well understood in the literature. A distinguished particular case
of such integrals, the Harish-Chandra-Itzykson-Zuber (HCIZ) integral [P, f],
has been applied to the solution of the Two matrix model [B, f}] and, more
recently, to the Migdal-Kazakov model of "induced QCD” [f]. In a different
context, it has also been applied to the study of phase transitions in nematic
liquids [f] . The HCIZ integral can also be considered a powerful alterna-
tive tool for deriving results regarding the representation theory of the group
U(N).

On the other hand, since its discovery, there has been considerable ex-
pectation that supersymmetry might play an important role in the physical
world . This hope has motivated, on one hand, the extension of many im-
portant physical ideas to the supersymmetric world [[]. A related example
of direct interest to us is the case of random supermatrices and supermatrix
models [§]. On the other hand, this expectation has also contributed to the
study and development of the associated mathematical tools: supermani-
folds, differential and integral calculus over a Grassmann algebra, differential

geometry over a supermanifold, superalgebras and Lie supergroups among



others [f, [0].

This paper deals with the integration properties of the unitary supergroup
U(m|n). For our purposes we will work in a representation of this supergroup
given by the set of all (m+n) x (m+n) supermatrices U = [Uag], such that
UU' = 1, endowed with the operation of supermatrix multiplication.

The issue of defining an invariant integral for supergroups has been dis-
cussed previously in [, [[T] and [[J], among other references. In Ref.[LT] the
problem is solved by defining the invariant integral over a Lie supergroup as
equal to that over its related Lie group and subsequently using the theory
of invariant (Haar) integrals for topological groups [[3, [4]. References [f
and [[[Z] are on the line of a physicist approach, by keeping the grassmannian
character of the integration volume element. We adhere to the last point
of view and we introduce an integration measure [dU] based on the Berezin
integration properties of the independent elements of the supermatrix. As
first noted by Berezin [f] and also in the paper by Yost in Ref. [{], the
unusual property [[dU] = 0 will hold, thus making the calculation of the
orthogonality relations a much more involved issue. Orthogonality relations
for U(m|n) have been previously obtained by Berezin [d] and formulated in
terms of the classification of the representations of the supergroup via the
Cartan approach . Instead, we use the Young tableaux method for classify-
ing the irreducible representations for U(m|n) [[3]. We have not studied the
relation between Berezin’s result and our way of presenting the orthogonal-
ity relations, which are derived using a completely different approach. Our
method of calculation is based on the result obtained for the supersymmetric
extension of the HCIZ integral [[[6, [7], together with the use of character
expansion techniques.

The paper is organized as follows : Sections P] and [J are basically a



brief review of supermatrices and supergroup representations, respectively,
designed to make the presentation self-contained and also to introduce our
notation and conventions.

Sections il and | deal with the orthogonality relations for the irreducible
representations of U(m/|n). Besides the expected product of Kronecker deltas,
these relations include a representation dependent coefficient gy which cal-
culation, for all three types of representations of the supergroup (ordinary,
complex conjugated and mixed), is the main subject of this section. We show
that in the case of the mixed representations these coefficients can be writ-
ten in terms of those corresponding to the ordinary representations. Some
examples are presented in the Appendix The unusual property of the
integration measure mentioned above has also the consequence that this co-
efficient is non-zero only for a class of representations which are completely
identified in our approach. Some preliminary results regarding this issue were
previously presented in Ref.[I[§]. Here we have completed the determination
of the coeflicients oy for the cases that were missing in [[§] and we also give
a more detailed version of our calculation. Closed formulas for the dimen-
sions and supercharacters of ordinary and complex conjugate representations
with agy # 0 are also presented.

The restriction U(m|n) — U(m) correctly reproduces the result oy —
% in the orthogonality relations, where dy; is the dimension of the corre-
sponding representation. In this way, our expressions for the oy coefficients
of the mixed representation in terms of those of the ordinary representations,
turn into identities for the corresponding dimensions of the U(m) represen-
tations. Up to our knowledge, these identities were not known before and
they are presented in Section f]. Some specific examples can be read off in

the Appendix B, after the replacement v — 2 is made.
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Section [] contains a proposal to label the irreducible representations of
U(m|n), in terms of a finite array of m + n numbers, not all necessarily
independent, instead of giving an arbitrary large array of numbers ( that can
contain infinite numbers in principle) corresponding to the number of boxes
in the rows of the associated Young tableau. The possible advantages of this
relabelling are not further explored.

Appendix B.| contains a brief review of the supersymmetric HCIZ integral
which result is the basic tool used in our calculations. The remaining Ap-
pendices are the detailed calculations of some expressions in the main text,
together with the statement of useful relations which are also used along the
paper.

Finally, Tables I (IT) in the Appendix B.4 contain a list of characters and
dimensions of representations of the group GL(N) ( supercharacters and
dimensions of representations of the supergroup GL(m|n) ) which are an

extended version of those found in Ref. [{].

2 Introduction to supermatrices

Supergroups can be conveniently represented by matrices acting on a su-
perspace (supermatrices). To this end we briefly review some of the basic
properties of the linear algebra defined over a Grassmann algebra. This sets
the stage for the rest of the paper and also fixes our notation. For a more
detailed and complete discussion on these matters the reader is referred to
Refs. [P, [[O].

Let us consider a superspace with coordinates 2¥ = (¢%,6%),i = 1,...m,
a = 1,...,n such that the ¢"’s (#*’s) are even (odd) elements of a Grass-

mann algebra. This means that 2729 = (—1)P€Q)QF where €¢(P) is



the Grassmann parity of the index P defined by €(i) = 0, mod(2);e(a) =
1, mod(2).The above multiplication rule implies in particular that any odd
element of the Grassmann algebra has zero square, i.e. it is nilpotent. Also
we have that e(zP122 .. 20%) = S ¢(B).

Supermatrices are arrays that act linearly on the supercoordinates leaving
invariant the partition among even and odd coordinates. To be more specific,
the supercoordinates can be thought as forming an (m+n) x 1 column vector
with the first m entries (last n entries) being even (odd) elements of the
Grassmann algebra. In this way, an (m 4+ n) X (m + n) supermatrix is an

array written in the partitioned block form

_ Amxm Bmxn
M= < Cnxm ann ) ’ (1>

where the constituent matrices have components A;;, Bin, Coi and Dgg.
Besides, Ai;, Do (Bia, Ca;) are even (odd) elements of the Grassmann
algebra in such a way that the parity array of the supercoordinate vector
columnn is preserved under supermatrix multiplication of that vector. The
parity of any supermatrix element is e(Mpg) = €(P) + €(Q). The addition
and multiplication of supermatrices according to the rules

(My + Mz)pg = (M) pq + (Mz)pq, (MiMa)pg = ;(MI)PR(M2)RQ7

is such that it produces again a supermatrix. The inverse of a supermatrix
can be constructed in block form, in complete analogy with the classical case
and it is well defined provided A=! and D! exist. The inverse of these even
matrices is calculated in the standard way.

The basic invariant of a supermatrix under similarity transformations is

the supertrace

Str(M) = Tr(A) — Tr(D) = %"(—1)E<P>MPP,

P=1



which is defined so that the cyclic property Str(M;Msy) = Str(MyM;) is
fullfilled for arbitrary supermatrices M7, Ms. The above definition of the
supertrace leads to the construction of the superdeterminant in the form
Sdet(M) = exp[Str(InM)], which is explicitly given by the following two
equivalent forms [19]

_det(A—BD7'C) det(A)
Sdet(M) = —— Dy~ 4et(D — CAB)’ @)

The above expression is written only in terms of determinants of even matri-
ces in such a way that the determinant has its usual meaning. The superde-
terminat has the multiplicative property Sdet(M;My) = Sdet(M,)Sdet(M,).

The definition of the adjoint supermatrix follows the usual steps by requir-
ing the identity (y"*Mpgz@)* = 2P*MTpgy?, for an arbitrary bilinear form
in the complex supercoordinates y’, where * denotes complex conjugation.
Since the usual definition of complex conjugation in a Grassmann algebra,
(yFy@)* = y@*yP™, reverses the order of the factors without introduccing any
sign factor , we have the result MTpg = Mgp* as in the standard case.

A hermitian (m+mn) x (m+n) supermatrix M is such that MT = M and
it has (m + n)? real independent components. The following properties are
also fullfilled: (i) (M)t = M, (i) (M, M)t = My"M," and (iii) Sdet(M1) =
Sdet(M)".

A unitary (m+n) x (m+n) supermatrix U is such that UUT = UTU = I
( where I is the identity supermatrix) and also has (m+n)? real independent
components, which have the additional property that (SdetU)(SdetU)* = 1.
The set of all (m + n) X (m + n) unitary supermatrices, under the op-
eration of supermatrix multiplication, constitutes the supergroup U(m|n).
Under very general conditions [B]], hermitian supermatrices can be diago-

nalized by superunitary transformations, thus introducing the correspond-
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ing eigenvalues. Our notation is such that the first m eigenvalues of an
(m+mn) x (m+n) hermitian supermatrix M are denoted by A;, while the re-
maining n eigenvalues are denoted by A,. Such partition is characterized by
the following parity assignment of the corresponding eigenvector components
Vp, Vp 1 €(Vp) = €(P),e(Vp) = €(P) + 1, which are called eigenvectors of the
first and second class respectively. Thus, a diagonalizable hermitian super-
matrix can be decomposed as M = UAUT, where U is a unitary supermatrix

(which is built from the eigenvectors of M) and

o )\mxm 0
A—( . &M), 3)

is a diagonal supermatrix, Apxm (Anxn) being an m x m (n x n) diagonal

matrix with components A; (A,).

3 Basic Properties of supergroup representa-
tions

Supergroups will be represented by linear operators D(g) acting on some
vector space with basis {®;}. Linearity is defined by D(g) (®;a + ®,5) =
(D(g)é[)j) a+ (D(g)CI)J) B, where o and (8 are arbitrary Grassmann numbers.
An alternative choice is produced by having the factors to the left.

The action
D(g) (®1) =3 @,D)(9). (4)

defines a representation (¢) of the supergroup.

In spite of the use of Grassmann variables in our definition of linearity,
the representation property DL(]tI) (g1 % 92) = >k DF}}{(gl)D?I(@) is verified,
thus showing that the representation of the supergroup elements in terms of

supermatrices respects the multiplication rule of supermatrices.
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The above linearity convention applies also to the action of group op-
erators acting upon vectors of the space. Let us consider the vector ¥ =
Yk Prag with components ag. Then we have

D(g) (¥) =3 D(g) (¥x) ax = Y- 1 Dixc(g)a, (5)
K KL
which is consistent with the representation of a vector as a column with
entries o, together with the representation of the action of a group element
upon such vector as the multiplication of the corresponding supermatrix by
the respective columm.

Now, let us recall that there are two fundamental representations of
U(m|n) : The ordinary one (or undotted), DE(U) = U,j, and the com-
plex conjugate one (or dotted), D%(U) = U, = (—1)6i(6i+ﬁj)Ui’; 3. It is
a direct calculation to show that U is a unitary supermatrix and also that
(UV) = UV for arbitrary U(m|n) supermatrices, thus showing that the bar
operation constitutes indeed a representation of the supergroup.

Using the fundamental representations, three types of irreducible rep-
resentations {t} are built : ordinary (undotted) {u}, complex conjugated
(dotted ) {v} and mixed {0}|{u}, which we do, in analogy to the U (V) case,
according to the conventions in Ref. [27. In particular we have {u}={0}|{u}
and {0} = {0}|{0}.

Contrary to what happens in the SU(N) case, the dotted and undotted
representations cannot be related through an epsilon symbol 2], so they are
not equivalent.

We will label the irreducible representations by means of the Young
tableaux notation. Thus, an undotted irreducible representation {t} will

be characterized by the non negative integers (t1,ts, ..., %), where t; >ty >

... > t; are the number of boxes in the corresponding rows of the tableau.



For the moment we assume that there is no restriction upon the number of

t;’s characterizing the tableau. Pictorically the tableau will look like

| I,
t2

(6)

The supermatrix representation D (g) will then be an (my +ngy ) X (myy +
nyy) supermatrix written in the standard form ([[), consisting of elements
t
D3 (9)
So besides the undotted representations pictorically shown in (B) the dot-

ted and mixed ones will look like

(o} = ]

and

{o}{u} =

(8)

Now, we observe that in the case of ordinary groups the determinant det(U)

provides a one dimensional representation which can be constructed as a
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completely antisymmetrized product of fundamental representations. In the
case of supergroups, the superdeterminant Sdet(U) provides also a one di-
mensional representation which, nevertheless, cannot be constructed in terms
of the fundamental representations. This is because the superdeterminant is
a non polynomial function of the eigenvalues.

When considering tensor products of the fundamental representations we

define

(H®...0 D)U) = S, y=p oD U), (9)

p times

where |t| represents the number of boxes of the representation {t} and o,
is a Clebsch-Gordan coefficient which represents the number of times that
the irreducible representation {t} is contained in the above tensor product.
It may be calculated using the Young tableaux rules for the tensor product
of representations in (H) or alternatively using the formula (see Chapter 7,

formula (5.21) of Ref. [RF])

Altir+k—1ta+k—2,...,1
Hp:l(tp + k — p)
in terms of the tableau labels given in (f), where
k
i>j=1

is the Vandermonde determinant.
Some values of oy are given in the tables in Appendix §.4. In particular,

Eq.(B) implies that

(strU)P = Z O’{t}SX{t}(U), (12)

{th.[tl=p
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where the supercharacter of representation {t} is
sxiy(U) = str(D(U)), (13)

and where we have also used the property that the supercharacter of tensor
product of representations equals the product of the corresponding super-
characters. An explicit formula for sy (U) in terms of supermatrix U is
given in Appendix R.4.

Let us emphasize that the Grassmannian character of the supermatrices
involved introduces further sign factors with respect to the classical case in
the case of tensor products. Let us illustrate this point with the direct prod-
uct of two fundamental undotted representations. The corresponding basis
vectors are U;®; which are rotated to W) ®; by the independent actions of
the supergroup V) = W,;U;, and ®; = ®,U;;. Looking for the transformation

of the product we have
WD) = (W,U) (D;U5) = Wy (—1)9 (U, ) (14)
which identifies

(DD X DD) (U) = (=1)9 )y, U, (15)

ij,kl
It is a direct calculation to verify that this assigment constitutes indeed

a representation of the supergroup.

The expression ([J) can be generalized for an arbitrary tensor product

(ﬁ:‘ X ... X DD)]J(U) — (_l)sjl(51'2-1-63-2+...+5¢p+5jp)+...

p times

« (_1)€jp71(6ip+EjP)Ui1j1 UinQ . Uz (16)

pJip)

Wlth [ = {’il,ig, e ,’ip}, J = {jl,jg, e ,jp}.
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As we mentioned before, the construction of the irreducible tensor repre-
sentations symmetrized according to a specific Young tableau, to which we
referred in (), ([]) and (f), proceeds in complete analogy to the U (V) case,
as stated in Ref. [P4]. In particular, the corresponding supercharacters are
exactly those of U(N) with the trace replaced by a supertrace (see appendix
for some examples).

4 Orthogonality relations for U(m|n)

4.1 Unitary supergroup measure

For finding the orthogonality relations we will make use of the Schur’s lemma,
extended to the case of continuous supergroups. We will have to deal with
supergroup integration and for this reason we briefly refer to the unitary
supergroup measure.

In general, the supergroup measure must be left and right-invariant under

the supergroup action. In the case of U(m|n) it is defined by

m—+n
[dU) = [ dUpqdUpq 6(UUT —1), (17)
P,R=1

where the d-function really means the product of (m + n)? unidimensional
O-functions corresponding to the independent constraints set by the condi-
tion UUT = I. The integration over each Grassmann valued element dUpg
is defined according to the standard Berezin’s rules. The arbitrary non null
constant p will be fixed from the convention adopted for our normaliza-
tion of the supersymmetric HCIZ integral. It is important to observe that
although the above measure contains odd differentials and odd variables, it
has 0 Grasmann parity and therefore behaves as an even Grassmann variable

(commutes with everything).
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4.2 General Form of the Orthogonality relations

In order to derive the general form of the orthogonality relations we apply
Schur’s lemma to the quantity X551 = [[dU1DS (U)X, DI (U1), where
X sk is an arbitrary supermatrix. We are assuming sum over repeated indices.
Multiplying this expression to the left by the arbitrary element DEI}(S ) and

using the composition property of the representation we obtain
DR} = [[aUDR} (U)X DL, (18)

Here we used the fact that [dU] behaves like an even Grassmann variable.
Next we rewrite DI (U~1) = DI, ((SU)"1)DIY, (S) and substitute this ex-

pression in the previous equation, obtaining
Dl ()i = ([ 11Dl (5U) XD (SU) ™) ) DEL(S). (19

From the invariance of the measure under left multiplications we realize that
the quantity in brackets is precisely Xéﬁ’{t} and therefore we obtain that
DisH(S)xlshith = x{sh i pith(S). Then, in analogy with the ordinary case,
we have that : (i) if {s} # {t} then X} =0, and (i) if {s} = {¢} then
Xx1shis} s a multiple of the sdys)-dimensional identity supermatrix (where

sdysy is the dimension of the {s} representation). Thus,
200 = [UID )Xok DL = (X)stM6f, (20)

where the coefficient o depends upon the arbitrary supermatrix X. We
can prove that the above equation is invariant under the rotation X' =
Dist X D{s}_l, for a given representation {s}, in virtue of the composition
properties of a representation together with the invariance of the measure

with respect to right multiplication. This means that af*}(X) must be an
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invariant under similarity transformations, which is linear in X. The only
possibility is that a*}(X) = al*}str X, where al*} is now a numerical coeffi-
cient. So, in () we have obtained an equality between two linear expressions
of the X;x’s. Taking care of the Grasmannian character of the indices in-
volved, the comparison of the coefficients of the fully independent variables

X1k leads to the general form of the orthogonality relations

{s}
eJ6

J1avipi )DL (U) = (-1 agy s el (21)

where (UT);; = (U™');; = (U*);;. Our notation is such that the fundamen-

tal representation is labeled with lower case indices i1, 9, ...,7, and capital
letter indices denote a family of lower case indices, i.e I = {iy,1s,...,14,}, for
example.

In equation (RI)) we have restricted ourselves to the supergroup U(m|n).
Except for the (—1)635} factor that appears as a consequence of dealing with
Grassmann numbers, the general form of the orthogonality relations (1))
does not apparently differ from that of the U(N) case. However, as we will
see in the sequel, the determination of the oy coefficients will be crucial in

stating their difference.

4.3 Null integral over the U(m|n) measure

As opposed to what happens in the U(N) case, the determination of the
coefficients oy ’s will be much more involved in our case. The reason for this
is the unexpected normalization condition which is used for the determination
of these coefficients. In the U(NV) case this normalization is [[dU] = 1, while

in our case it turns out to be
/ [dU] =0, U € U(m|n). (22)
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Although this result was known before [J] it emerges naturally when we
deal with the SUSY HCIZ integral (see Appendix B-]]). On one hand, by set-
ting 8 = 0 on its definition, we directly obtain the integral over the measure
of the supergroup. On the other hand, using its explicit result we have to
calculate limg_,o[8™I (A1, A2, B)I (A1, Ag, —3)], where I(A1, Ay, B) is the stan-
dard HCIZ for U(m). Since I(A1,A2,8 = 0) = 1, we obtain the desired
result.

An important application in this work will be the characterization of the
undotted and dotted representations {s} of U(m|n) for which ayy # 0. But
before going ahead with the determination of the ay;’s we briefly show two
immediate consequences of (7).

(i) Choosing a fixed representation {s} and summing with respect to

J = L in equation (BJ)) we are left with the constraint

/[dU] =0= O‘{s}StTI(m{s}—i-n{s})x(m{s}—i-n{s})- (23)

In particular, this means that all representations with oy, # 0 will neces-

sarilly have a null supertrace for the unit supermatrix in the representation

{s}.

(ii) From equations (BI) and (R3) we obtain

J1dU)sx 10y ()33 (U) =0, (24)

even if {s} = {t}, because this relation involves again the supertrace of the

corresponding unit supermatrix.
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4.4 Determination of the oy coefficient for ordinary
representations

If we introduce only one supercharacter in the integration of Eq.(R1l), we are
left with
[0\ @D (V) = agns 5], )

which plays the role of the standard orthogonality condition of the characters
in the classical case.

The condition (PF) implies de following useful

Lemma: The supercharacters sy (U) = >;(—=1)% {t}D%}(U) of the rep-
resentations D (U) for which ayy # 0 constitute a linearly independent
set.

The proof goes as follows: let us consider a null linear combination of su-
percharacters of representations with ays) # 0: Xy asy8x(s(U) = 0. Mul-
tiplying this equation by Dg}L*(U ), integrating over [dU] and using Eq.(27) we
have a{t}a{t}(ﬁg} = 0 for each representation {¢}, which shows that agy =0
provided agy # 0 .

The starting point that leads to the determination of the undotted rep-
resentations {¢} which have non-zero values for oy in (1)) is the supersym-
metric extension of the HCIZ integral given in Refs.[[L6], [[7].

A convenient way of rewriting the standard HCIZ integral (defined in
equation (P§), Appendix B.1)) is in terms of its expansion in characters of the

corresponding irreducible representations of the unitary group [J]

1l gy
)\1a)\27 Zﬁ {n}

where dg, is the dimension of the representation {n} and oy, and |n| were

already defined in () and ([[0).
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It will prove convenient for our purposes, to obtain the analogous su-
percharacter expansion of the expression given in (97) for the SUSY HCIZ
integral. This we do by using the orthogonality relations (PI]). The construc-
tion goes as follows: starting from the SUSY HCIZ integral

[(My, My; B) = / [dU]eBstrMUMUT) / Z D (str (MU MUY, (27)
and using the result in ([J) we get

(M, My; B) Z = {%‘a{t} / [dU]sx g (MyUMU), (28)
where the representations that contribute to the above primed sum are the

ones for which [t| = p, for a given p.

Let us now calculate the integral
Ty (M, My) = / (U] sx (0 (MyUMU). (29)

Using the definition of the supercharacter together with the properties of a

representation we have

sdty

Ty (M, My) = / dU] S (—1)« D (M UMUT)
a=1
sd{t}

= [dU 3 (~1)=Di () D (0)DL (1) DI U

a,b,c,d=1

W (0 0 {1 7t}
- /[dU] Z (_]‘)Ea(_1)(5b+66)(50+5d)pab (Ml)Dcd (M2)Dbc (U)Dda (UT)
a,b,c,d=1

sdgyy
= > (~uye(-nererplion Dl (n) [l o)l t)eo)
a,b,c,d=1

(=1)%cdpadeacriey

18



Finally we obtain

sd{t}
Iy (M, My) = agyy > (—1)(=1)*D{I DL
a,c=1
= [{t} (Ml, Mg) = Oz{t}SX{t} (Ml)SX{t}(Mg) (31)

Substituting this last result in equation (P§) we get the expansion in super-

characters for the SUSY HCIZ integral

Toh, M) = ot (Mo () (32
= ¢!
which contains only undotted representations.

In virtue of the Lemma proved at the begining of this section, we see that
the representations which contribute to Eq.(BJ) have supercharacters that
form a linearly independent set.

Up to now, the ayy’s are still unknowns. Next we identify the repre-

sentations with non-zero ayyy. The basic expression we use is the character

expansion in both sides of Eq.([[01]), which is

i Bel+ld+mn g o
T o sx (Mi)sxy (M) = — d{P}d{q} _ 1yl
@ [t o Il dgydig
XE (A )Xy (M) Xgay (M) E(A2s A2) Xy (A2) X1y (A2), (33)
where

Y\ = I I - o). (34)
i=1a=1
Now we analize this equation by considering the following cases:
4.4.1 Case of |t| <mn

Before making any further analysis, from (BJ) we can immediately conclude
that
agy =0, for [t|=0,1,...,(mn —1). (35)
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This is because in both sides of that equation we have a power series in (3,
and the right hand side (RHS) of it starts with 8" while the left hand side
(LHS) starts with 8°. The proof goes by assuming that some coefficients a
are non-zero. The linear independence of the sy (M)’s associated to those

representations imply that oy must be zero.

4.4.2 Case of [t| > mn

As we just said before, Eq.(B3) is a power series in 3 , so for a given power

|t| of B we obtain

1
ik

Iql o
{p}%{q}
= ey s (Ma)sx i (Ms) = Z
{t} v} {a} \p|‘\q|‘ d{P}d{q}

XD (A1, M) x et (M) X gy (A1) BN, A2) Xy (A2)xgqp (A2),  (36)

where the sum in the LHS is made for all tableaux having a fixed number of

boxes |t|, while the sum over {p} and {¢} in the RHS is restricted to

pl + lq| = [t] = mn. (37)

We now want to prove that Eq.(Bf) necessarily implies that

sxp (M) = ) SO, Nx W xig (V). (38)

for some {p} and {q¢} satisfying (B7) and for a certain representation {t} that
we will determine.

In order to extract more information from Eq.(Bf]) let us consider an
arbitrary supermatrix M,, while we restrict the supermatrix M; = M in
such a way that one of its A-eigenvalues be equal to one of its A- eigenvalues.
Namely, let \; = 5\5, for example. Then, in Eq.(Bg) we are left with

' Z O’{t}a{t}SX{t}(M)SX{t}(Mg) = 0, (39)
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because Y(A;, A1) becomes zero. If we look at this relation as a null linear

combination of the supercharacters sy (M2) with coeflicients

1 .

Yy = WU{t}Oé{t}SX{t}(M ), (40)

we conclude that the coefficients ~yy, are all zero, because the supercharacters
appearing in (BY) constitute a linearly independent set. But ogy and agy
are different from zero, so that we are left with sx{t}(M ) = 0. Recalling that
sxqt} (M) is a polynomial function of the \;’s and the Ao’s, we conclude from

this relation that sy (M) must be divisible by (A; — Ag). That is to say

sxqp (M) = (A = Ag) Fjp (A, V), (41)
where Fjs(\, A) is another polynomial function of the eigenvalues. The same
reasoning can be extended to every \; (i = 1,...,m) and A, (o = 1,...,n),

and this implies that sy} (M) must have the form
sxar (M) =TT TT = A) POVR) = SAX) PAX). (12)

In Eq.(f2), P(A\, \) must be an homogeneous polynomial function of all the
eigenvalues, because sy (M) and (), \) are so. The degree of homogene-
ity of sy (M) and X(\,A) is || and mn, respectively. This means that
the degree of homogeneity of P(\,\) must be |t| — mn. Also, we know
that sx (M) and S(), A) are symmetric functions in the eigenvalues \;, A,
separately, and so should be P(A,\). Summing up then, P(\, ) is: (i) an
homogeneous polynomial function of degree [t| — mn in all the eigenvalues
and (ii) a symmetric function of the \;’s and the \,’s, separately. Since the
characters xq3(A) (X{b}(ﬂ)) are polynomial homogeneous functions of de-

gree |a| (]b]), which are symmetric in the eigenvalues \; (\,) and constitute
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a complete linearly independent set, P(A, \) can be written as

PN = > Cg]j,,{b}X{a}()\)X{b}(j\), (43)

{a}.{0}
where the sum in {a} and {b} is rectricted by |a|+|b| = |t| —mn. Substituing

this last relation in (fg) we have
sx(M) = SO0 X2 efaf oy X (Ve (V). (44)

{a}.{0}

Using the above expression in the LHS of (Bd) and comparing both sides of
this equation, we conclude that the RHS of (f4)) should be saturated only
with one coefficient, for a certain tableaux {¢}, which precise form is yet to

be determined. That is

sx{ (M) = C&}},{q}zo\a E\)X{p} (Mx{a) (),

where {p} and {q} satisfy (B7). Thus, we have proved our result in (Bg).

In order to identify the Young tableau corresponding to the representation
{t} we will make use of the fact that the tableaux structure is independent
of whether we are dealing with a group or supergroup. Of course, the spe-
cific symmetrization ( antisimmetrization) properties will be different in each
case. In this way we will identify the tableaux by looking only at the known

characters of the U(m), U(n) subgroups of U(m|n), in Eq.(BY).
4.4.2.1 The case of {p} = {¢} =0
Here we have |t| = mn and
x4 (M) = c{g) 050 V). (45)

In order to proceed with the required identifications, let us consider the

particular case where the only non-zero block of the supermatrix M is the
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m x m block, i.e.

M 0
M= < i ) . (46)
Then Eq.([[f]) reduces to

X (M) = g o (TT M)™ (47)
=1

Using Weyl’s formula for the character of the representations of the unitary
group [2]

det(A\+77)

et ) (48)

X (A) =

we conclude that the product of eigenvalues in (f7) corresponds to the char-
acter of the representation {r} = (r1,72,...,7y,) with r; = n of U(m), which

we denote by {r} = {mn}. So, pictorically, {r} will look like

{r} ={mn} = m

(49)

In this way we have that y gy (M') = CR%,{O}X("JL ,,,,, n)(M'"), which allows the
identification of the representation {¢} as the one given by the tableau corre-
sponding to t; =ty = ... =t,, = n, pictorically shown in (f9), together with

c%}}’ 0y = 1. We will denote by {mn} the representation just found. Besides,
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we identify Y(\, \) as the supercharacter of the representation referred to

above:

sy (M) =X\, (50)

where Y(\, \) is given in (B4).
4.4.2.2 The case of {p} #0, {¢} =0

Here we have |t| = |p| + mn and sy (M) = c};}}’{O}E(A, A)xgp3(A). Consid-
ering in this expression the same choice of M as in (ff§), we have x4 (M') =
cg,}}’ 0y (ITi21 A)"xgp3(A). Using again Weyl’'s formula we are able to make
the identification (ITiZ; Xi)"X{p}(A) = X{n+p}(A), where by {n + p} we mean
the representation with Young tableau (n + py,n+ pa,...,n+ pp):

{r} = {mn}{p} = m T

(51)

where we have generically drawn

{r} =
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.....

we conclude that ng}h oy = 1 with {t} being the representation (n + pi,n +
P2, .-, + pm) of U(m|n). Besides, we identify

sx(y (M) = Z(A, A)xipy (A) (53)
4.4.2.3 The case of arbitrary {p} and {¢}

Now we discuss the main result of this section which states that the undotted
representations of U(m|n) with agy # 0 are characterized by the following

Young tableaux:

{t} = {mn}{p} = m
{a}" -

— (54)
where {p} is the same as in (b2) and {q} is pictorically identified with
oy =
(55)

which, after interchanging its rows and columns, giving {¢}?, is put in the
bottom left of {mn}{p} , producing (54). The representation {g}* is called

the conjugate representation of {q}.
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Besides identifying the particular representations involved, we are also
able to calculate the corresponding non-zero normalization coefficient ap-
pearing in the orthogonality relations (21]) for the representation {f}. It is
given by

oy = (—1) :
{t} pl'lg]! 0@ dpydig

Let us also remark that our expression (B@) correctly reproduces the result

1

for U(N) (by making m = N and n = 0). Note that in the U(m|n) case,
the aygy coefficient not only depends on the dimension of the representa-
tions involved, but also on the Clebsch-Gordan coefficients oy and on the
characteristic number |¢|.

An important result that leads to the above conclusions is that

sxiiy (M) = (=1D)IIS(\, N x (M) xqar (V) (58)

This relation is proved in Appendix B.3, and after substituting it in equa-
tion (BJ), the result in (B@) is obtained.

None of the results (50), (53) and (B§) seem to be easily proved by stan-
dard methods like the supercharacter general formula ([34) of Appendix B4
or the determinant formulas of Ref. [B4]. This last formula consists in calcu-
lating the determinant of a matrix which components are supercharacters of
completely symmetric representations. These supercharacters are expressed
in terms of sums which, apparently, cannot be cast in closed form. Thus,
our method provides an alternative derivation of the compact results already

mentioned.
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An immediate consequence of our relation (B§) is that we can obtain the
dimension sdy;y for the representations in U(m|n) that arise in the superchar-
acter expansion, in terms of the dimension dy,y (dig) of the U(m) ( U(n))

representations. Taking

Lrsm 0
My - ( ; ) (59)

in (B§) and observing that [2]]

sx ey (Mo) — sdgy

X (A) = dipy

Xiap (=A) = (=1)1%d
BN A) — 2mm,

we obtain the closed expression
sdip = 2™ dyydigy, (60)

for the dimensions of the representations of U(m|n) characterized by the
tableaux in (B4).

Again, it should be possible to derive the general expression (p() for the
dimension of the general tableaux (B4) by using the formula developped by
Balantekin and Bars [B4] as a determinant of the supercharacters of com-
pletely symmetric representations. Nevertheless, we have not been able to
reproduce the general result (B0) in this way.

Before closing this section, let us illustrate the formula (b§). Consider

the representation

=1
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whose supercharacter can be obtained with the aid of the character table of

the symmetric group S; and the general expression ([39), giving

sx iy (M) strM)® + 2(str M) str M? — 4(strM)*str M?

= 51
—6str MstrM* 4 3str M (str M?)* 4 4str M*str M?)]. (62)

Let us consider the tableau (BI) as labeling a U(1]2) representation. So

according our notation (p4)) we have that

{r} =7

w-H

Substituting the supermatrix M in its diagonal form,
At 000
M=10 X 0 [, (63)
0 0 X

in the supercharacter expression (f2) and after some algebra, we obtain
sxgiy (M) = [(A = A1) (A1 — A2)] (A1) (M), (64)

which, for U(1|2), can be equivalently written as

sxqi (M) = (=1)’Z(\, A)x_ (A)x

0

Here X (A) and x_(A) are the U(1) and the U(2) characters of the cor-

(A)- (65)

responding representations, which can be taken from the character table in
Appendix B4 and S(A, \) = (A — A1) (A — Xg). We see, then, that (B5) is in

accordance with our general result (5g).
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5 Determination of ay, for complex conju-
gate and mixed representations

5.1 The case of complex conjugated (dotted) represen-
tations

We will need the following properties of U
(strU) = ((strU)*)?, str (Up) = (strU")", (66)

which are just a consequence of the definition of U together with the group
property of the ~operation. Since the supercharacter corresponding to the
representation {p} has the same expression as the one corresponding to the

representation {p} except that U is replaced by U, the properties (F§) imply

sx1p3(U) = sxipy (U) = sxp (U, (67)

where the Young tableau of the representation {p} is the same as that of the
representation {p} except that all boxes are dotted.

We will prove that
Qgiy = Qg (68)
For this purpose we will look for two equivalent expressions for the integral
(M1, o) = [[dU) s (MUMLU)), (69)

which we already presented in (29) and where M; and M, are hermitian
supermatrices.

The first expression is equation (BI), namely,

Ly (Mo, Ma) = aignysxny (M1)sx ny (Mz).
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Before going to our second way of calculating (69) we observe that
Xy (MiUMoUN) = sy, (UMUT M) = sxgny (MiUMUY),

which implies that for B = MUM,UT we have sxn}(B') = sxn}(B).
So, using (B7) we have that sy (MiUMU") = sx(ay(MiUMU') and

therefore
Liny (My, My) = Ly (M, Ma) = agaysxgay (Mi)sx gy (Mz). (70)

But for a hermitian supermatrix M we have that sx ) (M) = sx g (M), and

therefore
[{n}(Ml, Mg) = Oz{h}SX{n}(Ml)SX{n}(MQ). (71)

Comparisson of ([1]) and (B)) leads to our desired result in ([g).

5.2 The case of mixed representations

We now prove the following expression for the a-coefficients for the mixed

representations in the orthogonality relations:

2 2

Ip|! |q]! ] [ 1 ] 1 {pria} 2

QL = p ’ g Q). (72)
it [(Ipl +la'] Lowo {zt; R

Here the ,og}} 125 are the Clebsch-Gordan coefficients which appear in the

decomposition of the tensor product of representations {p} and {q}

{p}® {q} = @y I {1} (73)

They are obtained by applying the Young tableaux rules for multiplying
irreducible representations [P3]. Our notation, >>'y; and @', means that

the sums are carried only over the representations satisfying [t| = |p| + |q|.
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Let us emphasize that all ingredients in our formula ([J) are known : the
ayy’s are either null or given by (50), the pg’}} 195 are given by (M) and the
opy's are given by ([[0). Some examples of the relations ([[2) are given in
Appendix B.5.

Now, to prove ([[) let us consider
Lipy, (ay (M, M) = /[dU]SX{p}Hq}(MlUMzUT) (74)

and, following the idea of the previous cases, we are going to calculate this
expression in two different ways. The method that will be subsequently
used consists basically in comparing these two expressions as polynomial
expansions in (str M4 (strMy?)™2. For our purposes it will be enough only

to consider the highest power term
(str M) Pl (st V)Pl

Since our argument is based only in the comparison of the highest power
term (str A)PI*ldl in the corresponding expressions, we next present the rele-
vant approximations that will produce such terms. To begin with we consider

the expansion

sx{ay vy (A) = sxar(A)sxpy(A) + .. -, (75)

which complete expression can be found in the Appendix B.3. This is a
function of supercharacters sy (A) and sxs)(A) (with |r| < al, |s] < |b]).
For our purposes it is enough only to consider the term written in ([/F). The
remaining terms will contain the factor (str(AA")?)", thus lowering the power
of (strA). The next step is to express the corresponding supercharacters in

terms of powers of supertraces. Again, what we need is to consider the
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highest power term

SXin}(A) = M(str Ayl 4 (76)

!
of the full polynomial expresion ([37).

In this way, using (1) and (/@) for the case of a hermitian supermatrix

M, we have that

0{a}0{b a
sxqaym (M) = W(str MlalFl 4 (77)
where we have displayed only the highest power term in (strM). We em-
phasize that the coefficient of (str M)“+°l written in this last relation is
exact.
With the above considerations we now proceed with the calculation. The

direct integration over the supergroup in Eq.([4) gives

Lipy (y (M, M) = agpyiiay sXhar (M1) sxqpyi{ay(M2), (78)

in analogy with (BI]). So, the first way of calculating ([(§) leads to

2
g g
Ty oy (M, M) = [W] gy (str My)PFI (st Mp)PHlal 1 (79)

where only the term containing the highest power in (str Mj)(str M) has
been written.

Now, the second way of calculating I,y 1qy (M1, Ms) consists in using the

expansion ([) for the integrand in ([[4)

Iipy gy (My, My) = /[dU] sXp} (MLUMUNY) sy gy (MyUMUT) + ... (80)

sx{py (M1UM2UT)
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and keeping only the highest power term. Next we combine the representa-
tions in the RHS of this relation
/[dU] sX(py (MIUMUT) sx ) (MiUMU")
= /[dU] SXipyeqy (MIUMUT) (81)

and subsequently we use the following Clebsh-Gordan expansion arising from

(&)

SXippotar(A) = 3" o sy (A). (82)
{t}

So we have that

/[dU] sx(py (MyUMU") sx gy (MiUM,UT)

=3 pH Y [ldU sy (MiUMRUY)
!

= Z p{p} Aa} Oé{t} SX{t}(Ml) SX{t}(Mg). (83)
{t}

Therefore, substituting (83) in (BJ), we obtain
Ly (My, M) = 7 o oy sxqn (M) sxqn (Ma) + ..., (84)
{t}

and using ([7) we are left with

I{p},{q}(Ml, M,) = I Z/p}t}} {q}a{t} O’%t}(StT’ Ml)\pHIQI

[(Ip|+|QI !
x (str Mp)PHlal 4 (85)

This is the result obtained by following the second method of calculation.
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Finally we see that comparing the coefficient of the term (str M;)PI+ldl
X (str Ma)PIFldl of the two expressions for I, (1 (M1, Ms), given in ([9) and
(B9)), we obtain the desired result stated in ([(3) for the a coefficients of the
mixed representations.

As a consequence of our results ([2) and (BY) we derive the result
gy = 0, for [p| + |g| < mn, (86)

which is similar to the one in (BJ).

Before closing this section we also observe that

Ap}i{a} = Yq}{p}- (87)

This property can be obtained from the relation ([[) together with the fact

that the tensor product of representations commutes.

6 Identities for the dimensions of the U(N)
representations

The complete procedure already followed for the determination of the a4
coefficients may be repeated step by step for the case of U(IV), obtaining ex-
actly the same relation ('), but with the substitution oy — % everywhere
(see Eq. (B7)) and also with the replacement str — tr. In this way we obtain
the remarkable result

1 pltlgl 17 1) 0 OF
_[< ; S pfoinr %l (38)

Ay L(Ipl+ g oo T dw

for the dimensions of the irreducible representations of U(N). In fact, since
these dimensions are all well known from an independent calculation (dgy =

x¢y(Inxn)), Eq.(Bg) provides an identity relating the dimensions of mixed
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and undotted representations of this group. Many examples of the identity
(BY) are shown explicitly, mutatis mutandis, in the Appendix B Let us
illustrate this, for example, in the case of the representation 11 . According

to Appendix B.§ (second row) we have that

Sl
where
drm = 3NN +2)(N —1), dom= ¢N(N +1)(N +2),
dp = 3NN +1)(N - 1),
(90)

according to the formulas in Table I of the Appendix B4 The reader may
verify that the identity in (B9) is indeed fulfilled by expressions (P().

7 Relabeling of the U(m|n) representations

The irreducible representations of SU(m|n) have been characterized by Bars
and Balantekin in terms of the Young tableaux notation [PF. We referred
to this classification in section 3, when applying it to the U(m|n) case. In
this notation, to completely specify each representation, a set of numbers
(t1,...,tg) is required, counting the number of boxes in the corresponding
rows of the {¢t} tableau. Contrary to what happens in the U(N) (SU(N))
case, where the number of rows of the undotted tableau should not exceed
N ((N —1)), in the U(m|n) (SU(m|n)) case there is no restriction for this
number which, in principle, may be as large as wanted [BJ]. So, using the
number of boxes on each row as a labelling of the U(m|n) representations

requires a non definite number of parameters.
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Using our formula (B§) we will show that it is possible to choose, at most,
(m+n) parameters in order to completly specify the undotted representations

of U(mn). This is because representations of the type

{typ = {mn}{p} =m
{a}"{r}

(91)

do not exist, whenever representation {r} is allowed to be placed there, that
is, when ({q}7); = n for every r; # 0 and 71 < p,,,.

To understand this property from our point of view, let us observe that
formula (BY) can be extended for representations {q}? — {q}*{r}. In fact,
in Appendix B3 we deal with this formula and validate it for a {q}” tableau
having any number of rows and columns, as long as the Young tableaux
rules are kept obeyed. Then for the representation {t}x (for which we mean

‘Extended’ {t}) we have that

s (M) = (DT SON) XN X (g O (92)
("

But any U(n) tableau having more than n rows is forbidden, i.e.

X {q} (5\) =0,
{r}”

so that

sX{tyx (M) = 0. (93)
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Given that the dimension of a supergroup representation can be calculated as
sdgy = sxq(Mo), where My is given in (BY), we have that the dimension for
U(m|n) representations of the type {t} g is 0 and therefore they do not exist.
This fact was already known in the literature 6], but it appears naturally
in our calculations.

The above observation leads us to propose that any legal U(m|n) repre-

sentation can be completely characterized by

{tl|s} = (t1, .., tm||S1,- -+, Sn), (94)

in such a way that
S1 Sn

(95)

where (t1,...,t,) is a U(m) tableau denoting the number of boxes in the first
m rows of {t||s}, while (s1,...,s,) is a U(n) tableau denoting the number
of boxes of the first n columns of {t|[s}. These set of numbers completely
specifies the existing undotted representations of U(m|n).

If the ¢;’s and the s;’s in (D7) satisfy respectively
ti>n, s;>m, (i=1,....m; j=1,...,n), (96)

then these numbers are completly independent. In this case {t||s} is a tableau
of the type {t} in (F4). But if the ¢;’s and the s;’s do not all obey (@) then
they will not be all independent. In fact, if {¢||s} is such that every box of
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the tableaux is contained in the {mn} tableau, then knowing all the ¢;’s is
completely equivalent to knowing all the s;’s. Anyway, it is still true that
knowing the m+n numbers (t1, ..., ty) and (sq,...,s,) (assumed to be given
unambiguously and consistently) is enough to specify any U(m|n) undotted
representation.

Now, the analogue happens when considering purely dotted representa-
tions. Equation (B§) is also valid for dotted representations since the cor-
responding derivation can be completely repeated for this case (the char-
acter and supercharacter expansions of the ordinary and supersymmetric
HCIZ integral may be directly obtained for purely dotted representations).
So following exactly the same arguments we are led to state that every
U(m|n) dotted representation can be completely specified by the notation
{t|8} = (f1, ..., tml|51, .., 5,). The pictorical tableau would be the same as
in (P3) but with all boxes dotted.

In the case of mixed representations, the undotted and the dotted parts
will follow separately the previously established rules and the tableau will be

abbreviated as {p||¢}|{u|v}.
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8 Appendices

8.1 The supersymmetric HCIZ integral

The basic tool we have used to determine the integration properties of the su-
pergroup U(m|n) in this work is the supersymmetric extension of the Harish-

Chandra-Itzykson-Zuber ( SUSY HCIZ) integral defined by [Lg, [[7]
I(0My, My ) = [[dU)e? sty (97)

where M; and My are hermitian (m+n) X (m-+n) supermatrices, the integra-
tion is carried over the supergroup U(m|n) and ‘str’ means the supertrace
operation. This extension is made in complete analogy with the ordinary

HCIZ integral which is [J]
I(Ny, Noi ) = [ [aueftrnvnasy, (%8)

where Ny and N, are N X N hermitian matrices, and the integration is carried
over the group U(N).

The calculation of the SUSY HCIZ integral has been made by following
analogous steps to those taken by Itzykson and Zuber in the ordinary U(N)
case [[[6, []. In this approach, the integral is not calculated directly, but it
is found as the solution of a differential equation. In the ordinary case this
procedure is known as ‘the difussion equation method’, but in our case it was
transformed to ‘the Schrodinger equation method’, in which, for convergence
reasons we incorporated an imaginary factor ‘i’ to the difussion equation [[g].

The result for the calculation of the SUSY HCIZ integral is

m(m—1) _nn-1)
2

(—=B8) "z x
m—1 n-—1 det(eﬂ>\1i>\2j) det(e_ﬁj\l‘D‘;QB)
" pl;ll gy Q!A(Al)A(Az) A(A)AN)

q=1

i<M17M2;B) = E()\h;\l)z()\%jﬂ) B x (5)_

(99)
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where the diagonal supermatrices A; (i = 1,2) contain the eigenvalues of the
respective (m +n) x (m + n) hermitian supermatrices M; (i = 1,2) (see ()
for the conventions).

Here, A is the usual Vandermonde determinant

AN =TT =), AN =TT (A —A9) (100)
i>j a>p
and the new function that appears is
500 =TT T2
We observe that the polynomial (A, \) is completely symmetric under in-
dependent permutations of the \;’s and the \,’s.

The expression (P9) is completely determined up to a normalization factor
related to that of the measure [dU| of the supergroup. This situation is
analogous to the standard IZ case where the required factor can be fixed
directly from the corresponding expression by taking the limit A;, Ay — 0 in
a convenient way and demanding [[dU] = 1, for example. This procedure
leads to the correct factors in Eq.(3.4) of Ref.[f]. In our case, a similar
limiting procedure leads to the conclusion that [[dU] = 0, precisely due to
the appearance of the (A, \) functions in the numerator. This is not an
unexpected result since we are dealing with odd Grassmann numbers. For

this reason we have chosen the normalization factor in such a way that
i(Mh Ma; B) = X( A1, 5\1)2()\2, 5\2)5mnf()\1, A2; 5)1(5\1, 5\2% —B), (101)

where

I(Ay1, Ao 5) : HCIZ integral over U(m|n)
I(M\, A2;8) : HCIZ integral over U(m)
I(\, \o; —B) 1 HCIZ integral over U(n),
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and the HCIZ integral in (P§) is given by

alet(eﬁ’\h)‘2 =

I(Ni, Noi 8) = [ [aU]eraomut) — goniov-n/z ﬂlp ARG
2

(102)

We comment that the derivation of the expression (09) has been per-
formed for purely imaginary  in order to guarantee the convergence of the
method. Since both sides of Eq.(p9) exist for every complex 5 we have made

an analytic continuation of the result to all the 8 complex plane.

8.2 Expression for sy (M)

Here we show that the supercharacter of the particular representation

iy = fradtel (108)

which is pictorically shown in (f4), has the compact expression

sxiny (M) = (=D)IIS(\, N x (M xggy (V) (104)

This formula was previously stated in Ref.[[§] and we now present the com-
plete proof of it.
The basic idea of the proof is to start from Eq.(5J)

$Xgmn} i} (M) = T\, N x gy (M), (105)

valid for every representation {p} € U(m), and subsequently to perform an
induction process in the number of boxes of the representation {q} € U(n).
We will work with the simplified notation ([[03) instead of the one in (p4)).
Let {¢}7 = {v} = (vi,...,v,) be the tableau which is placed in the
bottom left of {mn}{p} in ([03). Our proof will go in two steps. The first

one consists in making induction in the number of boxes of the last row of
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{v}, that is, v,. The second step consists in assuming ([[04) to be valid for
{v} and showing that is also valid for {v}’, which is constructed from {v} by
adding an extra row consisting in only one box, that is, {v} = (v1,..., V4, 1).
Thus, both proofs imply that the {¢}7 = {v} tableau may be as wide and as
long as the Young tableaux rules allow.

(i) Here we perform the induction process in the number of boxes of the last

row of {v,}. We assume that ([[09) is valid for a tableau {¢}* = {v}, with

U2<n(z:1,,a—1)

and for v, =0,...,V, < v,_1. (106)

Our task consists in showing that it is also valid for v, = V, + 1. Let

{vo,} = (v1,...,v4-1). We start by multiplying

X fmnpipy M) = CDIEO X0y Mgy (V). (107)
{vo}

by the expression [24],

Va1

SX(Var1)(M) = ]; (=1 X(Var1=0) (A X1y (A, (108)

where (s) and (s)7 denote the completely symmetric and the completely
antisymmetric tableau, respectively, both with s boxes. Using the Young

tableaux rules for multiplying representations we have

X[ {mnb(p) |, M) T DO X
(s Yo

Vatl )
X > (=1 xpmemeti—n (M) Xy remr (X)) (109)
k=0
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- ;;) X {mn}({py @ (Vy + 1 — k) M) = (=)l (), A) x
{vo} ® (k)

Va+1 B
X Z " Xproati—r) A X oyromwr(A).  (110)

Now, we separate the (V,, 4+ 1)th term in both sides

2 fmnd({py @ (Ve + 1— &) DX fmny () (M) =

({uo} ® () ({vo} ® (Va + 1))
(=1)I5(\, ) §<—1>kx{p}®<va+1_k><A>X{UO}T®@ ()
+(_1)|UO‘+VG+IE(>\= X)X{p}(A)X{vo}T®(Va+1)T (5‘)

(111)

Using the property ({a} ® {b})?T = {a}? ® {b}T and the fact that the rep-
resentations ({vo} ® (k)) are all of the type {v} (for which the hypothesis
of induction ([[0G) is valid), the sums in both sides of ([[11]) are cancelled,
leading to

X fmn}({p}) (M) = (=) 50 2)
({vo} @ (Vo +1))
XX M) X (worevariyr (A). (112)

Using the Young tableaux rules we have that

{UQ}@(V +1) %;;0}_'_ 1) D Z Ul‘l‘ll,---ava—l‘l’la—l,la), (113)

{vo}
(Va+1)
is restricted to i) I3 + ...+, = V, + 1, where all the [;’s are non negative

where (v1,...,04-1,Vy + 1) and the prime means that the sum

integers; i1) I, <V, and #ii) v; > vy + lipq,fori=1,...a— 1.
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Therefore, using ([T3) in ([T3) we have that

ll;la SX {mn}{p} (M) + 55X {mn}{p} (M) =
(v1+ b,y Vam1 + lam1, ) {v0}
(Vo +1)

Z ”(_1)‘UO|+VG+1Z()"S‘)X{p}()‘)x(mﬂl ~~~~~ va71+la717la)T(5\)

_|_(_1)\vo|+Va+1E(>\, )\)X{p}()\))(( E"l;o} ) >T()\)
o+ 1

(114)

Here the double prime means that the summation is further restricted to
le <V, + 1. In virtue of the hipothesis of induction the sums that appear in

both sides of this equation are equal and we are left with

SX {m{n}ip} (M) = (=1)lolVatin ), )\)X{p}()\)x< &{vo} ) )T()\)’
o Vo+1
( (Vo +1) )

which ends this part of the proof.
(ii) We will now prove that if ([04) is valid for v; <n (i = 1,...a), then it

(115)

is also true that

X ey 0 = CDISAANGON y y B (116)
{v} 0
0

We will follow very similar steps to those in (i). We multiply ([04) by

sxo(M) = xa(A) — xa(A), obtaining

5X< {mn}{p} )@D(M) = (_1)|v|2()‘7 S‘)X{p}@m()‘)X{v}T (5‘) +
{v}
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+H(=DPHEEO, Ny (A Xyren(d)  (117)

=X fmny({pr @ ) M+ fnygpy (M) =
{v} ({v} ® 0)
(—1)|v|2(>\7 X)X{p}@D(A)X{u}T(E\) + (—1)‘0‘“2()\7 S‘)X{p}()‘)X({v}@)D)T(;‘)
(118)

Considering ([[04)) for the case {p} — {p} ® O, the first term in both sides is

the same and after cancelling it we have

X fmn}{p} (M) = (=D)FHx(), X1t (M) X(fyeyr (A)- (119)
({v} ®D)
Next we use the analogue formula to ([13) which is
v " . .
{v}®0O= {D} @'Z' (V1 4+ J1, -+ Va + Ja)s (120)
J1y--5Ja

where the triple prime indicates the restrictions that the j;’s are non negative
integers satisfying j; + ...+ j, = 1 together with v; > viyq + jig1, (i =
1,...,a—1). Using ([20) in ([I9) we have that

2 () (D)5 fgny gpy 1) =
h (01 + 71, -, Va + Ja) {v}
O
20 T EDTEO )X N X1t (V) +
HEDIEO A ) () (121)
(5

In virtue of the hipothesis of induction the sums in both sides are the same

and we are left with the desired result.
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8.3 Supercharacter of mixed representations

The general expression for the supercharacter of a mixed representation of

the supergroup GL(m|n) is the complicated expression given by

k{ay, {6}
sxqayr(A) = > Zﬂzﬂé(rl +2ry 4 ...l — 1)

=0 {m} {n}
I
a},{b AL
X 30 At Tt AANT sxp (A)sxm(4),  (122)
T1yeeey Tl 1=
where A is an arbitrary (m+n) x (m+n) supermatrix, |m| = |a|—l, |n| = |b|—{

and kg, pp = min{lal,[b]}. The coefficients ¢l{?n{}bin} (y are known for all

representations {a} and {b} of GL(m) and GL(n), respectively. Again, the
double prime on each summation is to remind the reader of the constraints
over which the sumations are performed.

In particular

@
P0.{a}.(0}.0y = L (123)

which corresponds to the terms in ([[22) which do not contain any factor
[str (AAT)7]". This term is precisely the one that we consider in Eq.(F3).
The formula ([29) is a generalization of the expression appearing in Ref.
(], which correspond to the superunitary case where AAT = 1
Simple examples of the formula ([29) are

sxen(4) = sxa(A)sxo(4) — —— nstT(AAT% (124)
sxerm(4) = sxa(A)sxm(4) — ———str (AAT)sx(A), (125)

SXEH(A) - SXE(A)SXH(A) — ———str(AAT)s\o(A).
(126)
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The reader may verify that these expressions coincide with the ones of
Ref. [[3] when A is a unitary supermatrix.

We are not going to perfom here the derivation of ([29). Instead, we will
present a simple example which illuminates the general procedure. Let us
take the case {a}[{b} =t . In order to construct the result for sxrm(A)
given in ([24) we consider

Dtia(A) = Dsa(A) —

a

— 1_ nabd(—nfepﬂxﬂ(A). (127)

ac,ee

The above expression is obtained starting from the fundamental representa-

tions

D) =4, DA = (—1)raay (128)

) K

and imposing the representation 11 to be irreducible. The representation

[0 x Ois given by
Dari(A) = (—1)letelatalal A, (129)

according to the general rule described in section [.

The construction of ([[27]) leads to
1

m—n

DEL(A) = (—1)ereerel af A, —

a ba

Spa(—1)(AA) .. (130)

Calculating the supercharacter sxrm(A4) = Z(—l)E”ECﬁELC(A),We obtain
).

Let us observe that in order to get ([24) we have begun from ([[27), which
is the product of the representations [ and O to which we have substracted
a similar term with a repeated index e. This index contraction produces the
term AA" in ([30) and subsequently it becomes str(AAY), after calculating

the supercharacter.
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When the same procedure is applied to more complicated cases like that
of the representation CITTT], we will obtain an expression of the type

sY (A) = SXEEE(A)SX (A) + a str(AANsxem(A)sx(A) +
CTTTT] 11

+(b[str(AAN]? + ¢ str(AAY)?) sxm(A), (131)

where the coefficients a, b y ¢ take known numerical values. When the same

procedure is extended to the general case, one obtains the formula ([27).

8.4 Character and Supercharacter tables of GL(N) and
GL(m|n)

The character of any U(N) representation may be written in terms of traces

of powers of the fundamental ordinary and complex representations, U and

U.

A general formula for the character of an undotted representation {¢} is

t
> b(ar+2a+ ..+ [tlag — [¢]) h(a H (trU*)
(132)

where the XES coefficients are the characters of the symmetric group of degree
|t‘, Sm, and

2!
1argq! 292q5! . |t|a‘t‘a‘t|

hay = (133)

is the order of class {a} of S).
The character of a dotted representation has exactly the same expression
([32), but replacing U — UT.
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For the character of a mixed representation see Ref. [[§ and our Ap-

pendix B3, replacing supertrace for trace, whenever it is necessary. Table I

is constructed with these ingredients.

Replacing trace by supertrace [B4], we obtain the analogue of formula

(L32) for the supercharacter of the representation {t} of GL(m|n):

L l
sx(U) = o > blar +2az+ ...+ |tay — [t)h x(a} H (strU")™

(134)

Some examples of this formula appear in Table II.
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Table I. Characters and dimensions for some representations

of the linear group GL(N)
(modified from [J])

Young

Tableau | 7" Xin} (4) diny
O 1 trA N
[ 1 S[(trA)? + trA?] N(N +1)
H 1 L[(tr A)? — trA?] IN(N —1)
OO 1 s[(trA)? + 2tr A® + 3trA trA7] tN(N +1)(N +2)
H 2 L[(trA)® — tr A% IN(N +1)(N - 1)
a 1 £[(trA)® + 2tr A® — 3trA tr A% tEN(N —1)(N -2)
O 1 trAf N
[0 - trAT trA — <trA Al (N+1)(N—-1)
I - | StrAT [(trA)? + trA? — StrA tr(AAY) | IN(N +2)(N — 1)
“H | L AT [(trA)?2 — A% — Lir A tr(AAT) | IN(N 4+ 1)(N - 2)
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Table II. Supercharacters for some representations of

the linear supergroup GL(m|n) (constructed from [B] and [24])

Young
Tableau | 7 sX{n} (B) sd{n}
O 1 strB mtn
D 1 3((strB)” + strB7] L{m+ )+ (m—n))
S U N (€7:) P05 H(m + ) — (m — )
=(strB)® + 2strB°+
- ' i[?gstrB)strBz] s(m+n)((m+n)*+3(m—n) +2)
2 2 il(strB)? — strB’] Ym +n)(m+n+1)(m+n—1)
Ll(strB)? + 2str B3—
: ! 6—[?<)$trB)strB2] s(m+n)((m+n)® = 3(m —n) +2)
= 1 str BT m+n
on - | strB" strB — —=str(B B") mFn+)mrn—1)
Lstr BY[(str B)? + strB%|—
- ] 2—Ls[t(rB st)r(BBT) | s(m+n)((m+n)*+ (m—n)—2)
1 m_nT 2 _ 27
EE‘ _ 28t7’B [(strB) str B?| %(m +n)((m + n)2 — (m—n)—2)

—ﬁstrB str(BBT)
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8.5 apg coefficient table

Some examples of the formula ([[2) are given in the following table

lp[! lq|! IRCIP
A{p}{q} = [<lpl+\q\>!} L{Mq}} E{t}p{t} Ty Ot}
with [f] = |p[ + |q
arr 4a|:|]—|— EI
O = O gaDj:+ EP
| ot Oﬂ
OFEr = OET IGQD]]]+ i6 H:D
R 6‘4“533 I aa*maa:
T 16 IGO/H
L -
‘g T g 1 H:D 1 ﬂj
& o+ ia 4+ +a
EH 9 Ej 36H
4 50+ 10 T 3D
CoEm 9 FH 1o ' s
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