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“(...) And no one showed us to the land

And no one knows the where’s or why’s

But something stirs and something tries

And starts to climb toward the light (...)”
— Pink Floyd in Echoes (1971)
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ABSTRACT

This work comprises three different lines of research related to the study of cosmological
inflation and the propagation of gravitational waves. In the first issue, we developed -for the
first time in a systematic way- the slow-roll approximation for a single field inflaton within
the framework of f(R,T') gravity, a modified model of gravity such that the Lagrangian
is a function of the scalar curvature and the trace of the energy-momentum tensor. We
obtained the modified slow-roll parameters and the spectral indices by choosing a minimal
coupling between matter and gravity. We computed these quantities for several models and
contrasted the predictions with the constraints of the Planck data, obtaining corrections to

the Starobinsky model.

In the second line of research, we studied how a free Lorentz-valued bosonic 0-form cou-
pled to Einstein-Cartan gravity’s action can be considered the inflaton field. In this model,
the interacting terms of the fields come directly from the torsionful contributions of the
action. Hence, the inflationary dynamics can be extended so that we can define an effective
potential that describes the evolution of the background fields. We found that for a partic-
ular combination of initial conditions, the model could adequately guarantee the slow-roll
conditions over more than 55 e-folds. However, a more detailed analysis is required to

confirm the viability of this inflationary scenario.

Finally, we addressed a different problem related to the propagation of low-frequency grav-
itational waves coming from sources located at cosmological distances. Within the lin-
earized regime of gravity, we performed a coordinate system transformation between a
frame which origin is the source of gravitational waves and the comoving frame of the
FLRW metric. Then, we studied the observational consequences in Pulsar Timing Arrays
experiments, finding a non-trivial modification to the timing residual of pulsars that de-

pends on the value of the Hubble constant.
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NOTATION AND CONVENTIONS

Along this thesis, natural units will be used (i.e. ¢ = h = 1) except where is indicated; with
c as the speed of light in vacuum, while / is the reduced Planck constant. In this units, the

reduced Planck mass is given by Mp = (87G)~Y/2.

In general, latin indices (e.g. i, 7, k,...) will correspond to the three-dimensional spatial

coordinates and they will take the values 1, 2 or 3 (z, y or 2)

On the other hand, greeks indices (e.g. u, v, ...) will correspond to the four-dimensional
spacetime coordinates and they will take the values 0, 1, 2 0 3 (¢, x, y 0 2). The component

20 will be generally considered as the temporal coordinate of the system.

Additionally, we will use the Einstein summation convention: The appearance of two re-

peated indices implies the sum in these indices. For example, pp,, = >, p"p,.

A metric of spacetime will be denoted by g,,, and the spacetime interval will defined as

ds? = g, da#da”. The metric of Minkowski flat spacetime will be 7,5 = diag(—1,1,1,1).

Some abbreviations used:

GR: General Relativity

EFE: Einstein Field Equations

EC: Einstein-Cartan

ACDM: Cosmological Constant + Cold Dark Matter
FLRW: Friedmann-Lemaitre—Robertson—Walker
GW: Gravitational Wave

PTA: Pulsar Timing Array

Xvi



MOTIVATION AND OUTLINE

Understanding the laws that govern the dynamics of the Universe has always been the pri-
mary goal of physics. In that sense, two regimes encompass a vast range of phenomena:
The fundamental particles regime, accurately described by different Quantum Field The-
ories (QFTs), and the cosmological regime, which can be described by the equations of
General Relativity (GR). Since full GR cannot be described by a renormalizable QFT [1],
the relationship between these two regimes of the Universe is not fully understood, and

sadly, no quantum theory of gravity has been derived yet.

Nonetheless, there is a period where these two regimes played an important role, i.e., dur-
ing the early epoch of the Universe. The classical theory of the Big Bang describes a much
hotter and denser Universe 13.3 billion years ago, and in the last decades, we have gathered
a lot of observational evidence of this description [2]. However, some theoretical problems
remain if we consider that the existence started with an initial singularity at the Big Bang.
These problems (Flatness, Horizon, and Monopoles problems are just some of them) were
addressed by the pioneering inflationary models proposed by Starobinsky [3], Guth [4], and
Linde [5], among many others during the early eighties. In the most straightforward real-
ization of this model, a quantum scalar field produces an epoch of exponential expansion
before reaching the period of reheating (which is how now we understand the big-bang).
The quantum fluctuations of this field provide the seeds of the large-scale structure of matter
within the Universe and produce a mechanism for the generation of primordial gravitational
waves, 1.e., tensor perturbations in spacetime that propagates through the entire Universe.
Therefore, the quantum description of the inflaton field can explain the dynamics of the

cosmos at larges scales, combining both regimes beautifully.

Although GR still has great predictive power and provides the framework of many astro-
physical events, there are many cosmological puzzles where we cannot provide a natural
explanation. For instance, the accelerated expansion of the Universe [6] requires the ad-

dition of a strange component into the field equations, the so-called Dark Energy [7]. We
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also have problems at the galactic scale since the rotational speed of galaxies requires an
extra ingredient, i.e., Dark Matter, to be accurately described [8]. These puzzles have been
addressed mainly from different perspectives. First, by considering new particles, like Ax-
ions [9] and WIMPS [10], or contributions from Primordial Black Holes [11]. Another -and
maybe a more intriguing- alternative has been revisiting the equations of GR and consider-
ing modified models of gravity. Since we do not have a full quantum theory of gravitation,
it is expected that at the quantum scale, some corrections arise, which can account for the

solution of the puzzles.

In this thesis, we will study two different models of gravity that differ from standard Gen-
eral Relativity. The first one is called f(R,7) gravity, developed by Harko et al. [12],
which in its more general form can be understood as a generalization of the Einstein-Hilbert
action of GR by including an arbitrary function depending on the Ricci scalar R and the
trace of the energy-momentum tensor 7'. In this model, many authors have addressed the
cosmological puzzles, but here we will discuss the consequences of cosmic inflation. Sec-
ondly, we will study the Einstein-Cartan model of gravity, which was developed by Elie
Cartan in 1924 [13]. He extended the Riemannian geometry by including a contribution of
torsion, which gives an intrinsic characterization of how tangent spaces twist about a curve
when they are parallel transported, while curvature describes how the tangent spaces roll
along the curve. This generalization has different consequences at the cosmological scale,
e.g., it avoids the occurrence of an initial singularity and, by considering spinor-fields,
could mimic the dynamics of inflation [14]. However, here we will discuss how a bosonic

0-form coupled to EC gravity can be considered a source of inflation.

Finally, we will change the subject a little bit. We will discuss the tensor perturbations,
i.e., gravitational waves not sourced by primordial fluctuations but with an astrophysical
origin. The first observation of gravitational waves was done by LIGO in 2015 [15], where
the merger of two black holes produced enough gravitational radiation to be measured
at Earth. In particular, it i1s expected that the ground-based detectors can measure GWs
with a frequency between 1 — 10* Hz. However, there are other kinds of sources, like

binary systems of Supermassive Black Holes, that could produce gravitational waves with
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a frequency between 10° — 107!% Hz. These systems are usually located at intermediate
cosmological distances, so it is expected that the accelerated expansion of the Universe
could generate some modifications in the observed wave. This is the problem that we
will address in the final part of this thesis. By analyzing the linearized regime of GR and
using a coordinate transformation, we will relate the comoving frame of the cosmology
expansion with a frame at the source. Thus, we will describe how the Universe’s expansion
changes the timing residual of pulsars, having several consequences for Timing Pulsar

Arrays experiments

This thesis is structured as follows: In Chapter 1 we will review the foundations of General
Relativity, the linearized regime, gravitational waves, and the description of the cosmolog-
ical evolution of the Universe, including the formalism of cosmic inflation and primordial
fluctuations. In Chapter 2 we will discuss the model of f(R,T') gravity and develop the
slow-roll inflation formalism within this theory, applying the results to well-known infla-
tionary models and comparing the predictions with the data from the Planck collaboration.
In Chapter 3 we will review the foundations of Einstein-Cartan gravity and discuss how a
bosonic 0-form can be the source of a two-field model of inflation. In Chapter 4 we will
address the problem of studying gravitational waves propagating through an expanding
Universe and discuss the consequences of this expansion to Pulsar Timing Arrays experi-

ments. Finally, in Chapter 5 we will give the main conclusions of this thesis.
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1. INTRODUCTION

The best theoretical description of the classical gravitational interaction is given by the
Theory of General Relativity (GR), developed by Albert Einstein between 1905 and 1915,
and where the Newtonian concept of gravitational force was replaced by a much more
elegant geometric explanation: The acceleration felt by a free-falling body is, in fact, an

inertial consequence of moving along a geodesic on a curved spacetime.

The predictions of General Relativity have been tested for decades: From the precession
of the perihelion of Mercury [18], passing by the deflection of light during a solar eclipse
[19], to the development of GPS [20] and, more lately, the detection of gravitational waves
[21], the measurement of the accelerated expansion of the Universe, and the observation
of a Black Hole. Thus, it is commonly accepted that General Relativity is the most robust

theory of gravity, at least at the classical scale.

In this chapter, we will briefly discuss the foundations of GR and some applications to
the study of the Universe. A detailed development of the theory can be found in the clas-
sic textbooks of Weinberg [22] and Carroll [23], which are the primary references of this

chapter.

1.1. General Relativity

In order to introduce the gravitational interaction to the Special Theory of Relativity, which
only applies to inertial frames, Einstein postulated the Principle of Equivalence, i.e., an ac-
celerating reference frame is identical to an equivalent gravitational field in small enough
regions of space, and the Principle of General Covariance, i.e., equations must be covari-

ant, preserving their form under general coordinate transformations [24].

The Equivalence Principle induces us to describe the spacetime as a 4-dimensional differ-
entiable curved Lorentzian manifold, which is a topological space equipped with a metric

tensor g, (z*), that satisfies the following properties as a second rank tensor,

oxP 0x°
Guv = Gup, u'v' = ngpm gu)\gz\u = 55; (1.1)



such that the line element between two events in spacetime is given by,
ds? = G dxt dz” = — dr?, (1.2)

where 7 is the proper time.

1.1.1. Geodesics on the spacetime

If we want to find the path between two time-like separated events, we can use the following
action principle: The world line of a free test particle between two time-like separated

events extremizes the proper time between them. Thus,

B A2 dx# dxv
_ . 2 _ o D
7_/A V= ds A G o - A (1.3)

where A\ describes an affine parametrization of the 4-coordinates. Therefore, varying 7,

Ap da# dav Ap 5(_%”%%})
5 :/ 51— g e S d/\:/ d\ = 0, 1.4
T ' ( gl d)\ d)\) A 9 dzt dzv ( )

Yy

where we applied the Hamilton’s Principle, i.e., 7 = 0. Using that dg,,, = %g;: ox®, and

dr / dxr dzv
a = —guuaay (L.5)

we can exploit the product rule to obtain

Ao ([ dat da d(dz#) da”
&:0:/3(“’ “”aagu,,axuzgwi(“ “:)dx
A

L Ud) dr d\  dr
A (dxH dx¥ d da”

= —— 0,00, 0% — 202" — g, ——1| | d
A (dT dr T OF . dr [‘qu dr ]) 7

B AB d?z¥ 1dz®dz

WA (g’w dr2 +§ dr dT(

aozguu + az/g,ua - a,u,goa/)) (;xu dr )

Therefore, the Euler-Lagrange equation for this action, after multiplying by the inverse of

the metric tensor g"°, is known as the geodesic equation,

d2z? I dx® dz”

p— 1-
dr? T dr dr 0, (1.6)



where the components of the Christoffel symbol are defined as

1
Fﬁau = 59115(8&9“” + augua - augoa/)- (17)

Notice that the geodesic equation can also be expressed in terms of an affine parameter

(which is commonly used in null geodesics),

2P 5 dx® da”
+ _ fry
d)\2 AN dA

0. (1.8)

1.1.2. The Field Equations

Furthermore, from the study of curved differential manifolds, we can assign a tensor to each
point of the Lorentzian manifold that measures the extent to which the metric tensor is not
locally isometric to the Minkowski spacetime. This tensor field is known as the Riemann

curvature tensor, and its components are given by the following expression
A A
R"UW =0,07%,, — 8,,Fplw + F”MF Vo — LP T Lo (1.9)
Additionally, we can define the components of the Ricci Tensor as,

R,, = R® (1.10)

pov
Similarly, the Ricci scalar is defined as the trace of the Ricci Tensor,

R=g¢"R, =R\, (1.11)

With the above objects, we can ask ourselves what the equations of motion of the gravita-
tional field are. Again, we can use the action principle to obtain the dynamics of the gravi-
tational interaction for an arbitrary manifold. The simplest action of gravity was found by

David Hilbert in 1915 and is currently known as the Einstein-Hilbert action, given by

R—2A
Seuls] = | [ - +cm]¢——gd4x, (1.12)



where g = det(g), kK = 8:—? while G is the Newtonian gravitational constant, £,, is

the Lagrangian of the matter fields contained within the spacetime, and A is the so-called
cosmological constant. Therefore, by taking variations with respect to the inverse of the
metric, we obtain,

5SEH:/[\/__9 on + Rov=g M\/_ O(V=9Lm) Sg" d*z.  (1.13)

2k Ogtv - 2K dgHv K (Sg”” ogHv

We have three different terms to compute:

a) The variation of R: The Palatini identity states that the variation of the Ricci tensor
is given by,

Ry, = 6R.,, = V,(6T%,) — V,(6T%,), (1.14)

wpv
. . . . . 1
where V, represents the covariant derivative acting on a certain tensor'. For a (, 5)

tensor T, it has the following components
VT8 = T3 + T i+ + DT

Al,...,Qr A1y, Ar
P blch ba,...,bs T FbsCTbh bs—1d” (1.15)

Therefore, the variation of the Ricci scalar becomes,

OR = 0(g"" R,) = Ru0g"” + g""0R,,
= Rubg™ + 9" |V, (dT%,) — V., (5T%,)]
= R 09" + V,(g" 610, — g""oT™,,). (1.16)
where in the last equation we used the metric compatibility of General Relativity, i.e.,
V,g" = 0. The last term in the above equation is a total derivative in the action,

so it only yields a boundary term when is integrated. If we assume that the variation

dg" vanishes in a neighborhood of the boundary?, the variation of the Ricci scalar

I'The Christoffel symbol does not transform like a tensor, but its variation does.
2We are, in fact, neglecting the Gibbons-Hawking-York boundary term.



simply becomes, 5P

W - R/U/'
b) Variation of \/—g: According to the Jacobi’s formula, the differentiation of a deter-

(1.17)

minant is of the form,
09 = 99" 09 (1.18)

Hence, we get

V9= ! _ VI sy — VI v
0 N 2\/__959_ 2 g 6gﬂl’_ 9 g/wég (1.19)

where we used in the last equality the differentiating rule of the inverse metric,

59" = —g"*(69ap) g™ . (1.20)

Therefore, the variation of the determinant becomes,

V=9 V=g
ogH 2

G- (1.21)

¢) The variation of £,,: We will define the components of the Energy-Momentum tensor

as

2 §(v=g 5
T, = — V=9Lm) _ £m+gw,cm, (1.22)
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where in the last expression we used the product rule and the result for the variation

of the determinant. This tensor comprises all the information related to the matter

fields, including the conservation of energy and 4-momentum, i.e., V#T,,, = 0.

Putting all the pieces together, the variation of the Einstein-Hilbert action becomes

. Rﬂl’ R A T,uu uv 4
§Spn = / [ g+ G — A2 |89y dr (1.23)

After combining the Hamilton’s Principle, i.e., 6 Sgy = 0, with the fact that the resulting

equation will hold for any variation ¢, we obtain the Einstein Field Equations (EFE),

1
R, — §gw,R + Agu = KT, (1.24)



This expression comprise a set of ten nonlinear partial differential equations and describe
the gravitational interaction at the classical level. Therefore, General Relativity tell us
how spacetime is curved by the presence of matter/energy (field equations) and how mat-

ter/energy moves through the curved spacetime (geodesic equation).

1.2. Linearized Gravity and Gravitational Waves

Gravitational waves were predicted for the first time by Einstein himself in 1916 [25].
These ripples in spacetime come from the linearization of the Field Equations around the

flat spacetime, and they were measured by the LIGO collaboration in 2015 [15].

1.2.1. Linearization of General Relativity

Let us consider a small fluctuation described by a symmetric tensor h,,, such that the
metric tensor reads,

I = M + P, |huw| < 1. (1.25)

The strategy reduces to expand the Christoffel symbols, the Riemann and Ricci tensors,
and the curvature scalar, as we show in Appendix A. Therefore, the linearized EFE is given

by the following expression (for the case A = 0),
Ohp = —26T,, (1.26)

where [ = 0,0" is the d’ Alembert operator in the Minkowski spacetime, and f_l/w is the
trace-reversed perturbation defined by

_ 1 w

Py = By — inw,h, h=n"h,,, (1.27)

which satisfies the Lorenz gauge condition

95h% = 0. (1.28)



As any symmetric tensor has 10 degrees of freedom, and we have eliminated 4 with the
Lorenz gauge, there is residual gauge freedom. In a vacuum, and neglecting the cosmolog-
ical constant, we can completely fix the gauge by imposing the Transverse-Traceless (TT)

gauge, where the perturbation satisfies the following conditions,

R =0, h=0, &hy=0. (1.29)
Hence, i_zu,, = hyu, and since the Oy components vanish, we can denote the TT gauge as
hiTjT, such that in vacuum the gravitational waves satisfies a homogeneous wave equation,

Ohy = 0. (1.30)
In general, any symmetric tensor S;; has a Transverse-Traceless part given by,
SszT = Nij 1Sk, (1.31)

where A = PipPj — (1/2)P;; Py, while the projector tensor is defined as P;; = 6;; —
n;n;. Thus, given any plane wave h,,, in the Lorenz gauge, we can recast the perturbation
in the TT gauge by doing hiTjT = Ajj by In general, and by construction, the TT gauge
cannot be chosen within the source (for details, see Appendix A) and its use is valid only

outside the source.

1.2.2. Plane Wave Expansion in the TT gauge

The result of the linear perturbation of the field equations of gravity is the propagation of
Gravitational Waves (GWs): The homogeneous wave equation have plane wave solutions
given by,

hil (a) = ei5(k) Re{ e}, (1.32)
where e;; (k) is called the polarization tensor, and &, are the covariant components of the 4—
wavevector, such that kg is the angular frequency of a monochromatic gravitational wave.
By inserting the plane wave ansatz into the wave equation, we deduce that the 4-wavevector
has to be light-like, i.e., k,k* = 0, so gravitational waves propagate with the speed of

light. Furthermore, if the wavefront has the same direction of the GW propagation, i.e.,

7



fi = k/|k|, then the TT gauge condition &’h;;' = n’h;; = 0 implies that the non-zero
components of hiTjT are in a plane transverse to . Therefore, without loss of generality, we

can choose i = Z, so the perturbation becomes

hy hy O
hij (#") = | hy —hy 0 cos(kua"). (1.33)
0 0 0

The two possible polarizations, A, and h,, have those names as a consequence of the

motion of test particles when a gravitational wave is propagating, e.g., see Fig. 1.1.

0 “T BT T T
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@,
LQ

FIGURE 1.1. A monochromatic gravitational wave of frequency kg = 27 /T prop-
agating along the Z direction. The lower panel shows the effects of the + and x
polarizations on a ring of freely falling particles which are in a local inertial frame.
Image obtained from Ref. [26].

Furthermore, the metric perturbation can be decomposed in Fourier modes as follows

d3k ikt * —ikyxt
hij (") :/W(Am(k)elm + A (ke (1-54)



By considering that d*k = |k|* d[k|dQ = (27)° f2df dQ, ko = 27 f and d%A = d(cos(6)) do,

we have
hij (t,x) = /0 df f? / A (A (f, f)e 2002 A7 (f, )2/ 0R2) - (1.35)

If the GW is emitted by a single astrophysical source, the direction of propagation i, is
well-defined and A;;(k) = A;;(f)d® (A — fiy). Furthermore, for the case of ground based
interferometers, the scale of the detector is usually much smaller than the wavelength of

GWs, i.e., L < A\/27. Thus, e2mifnx 1 and we can neglect the x-dependence, such that
h;.ro(t) = /0 df f2 <Aij(f)e—27rift + A:j(f)ezﬂift). (1.36)

1.2.3. The graviton

As the Standard Model of particles explains it, the fundamental interactions are carried by
gauge bosons, e.g., photons (electromagnetic), gluons (strong), Z and W= (electroweak).
Thus, we can also expect to have a particle that carries the gravitational interaction. Ac-
cording to several experiments at the solar system scale and beyond, gravity has certain

features that can give us a hint about its quantum description:

a) Is a long range interaction — The particle has to be massless.

b) For static sources there is a static field — The particle has an integer spin (a boson).
c¢) Is universally attractive — The particle has an even spin (0, 2, 4, etc).

d) Light is deflected by a gravitational field — The particle’s spin cannot be 0.

e) There are theoretical problems for particles with spin > 5/2.

f) The source of gravity is a 2nd-rank tensor 7}, — The particle’s spin should be 2.

Therefore, we can expect that the gravitational interaction is carried by a massless bosonic
particle of spin 2, which is usually denoted as the graviton. The hypothetical quantum of
gravity has not been observed yet, and, in fact, after several decades of research, there is still
no complete quantum field theory of gravitons, mainly because General Relativity is not a

renormalizable theory. Different proposed models intend to give a quantum description of



the gravitational interaction, e.g., Loop Quantum Gravity [27], String Theory [28], Causal

Dynamical Triangulation [29], and many others, but without success, yet.

However, since the Minkowski spacetime is an excellent approximation in many situations,
it could be of interest to have a relativistic quantum field theory living in flat spacetime, such
that the non-relativistic limit reduces to Newtonian gravity. Pauli and Fierz found that the
more general gauge-invariant action of a free symmetric tensor subject to the local gauge

symmetry h,, — h,, — (0,6, + 0,€,) is given by [30],
1
Sor = 5 / A4 (=0l OB + 20,h,, O W0 — 20,h7 D, h + O*hd,h).  (1.37)

The above expression, after a rescaling, is precisely the linearized version of the E-H action.
Therefore, we can conclude that the linearized version of GR describes a free massless
particle with spin 2 propagating in the flat spacetime. On the other hand, as the gravitational

field should couple to the mass, we can write the gauge-invariant interaction term as
Sint = f d*z b, T" 1.38
nt — 5 x uv . ( . )

where £ is a coupling constant that could be fixed a posteriori. In order to find the graviton
propagator, we must add a gauge-fixing term. The Lorenz gauge can be incorporated by

adding the following term,
- 1
Sy =— [ dle (@) = [t (—Qohw,&”h“p + O, h — 48“h6uh>. (1.39)
After putting all the terms together, we get
1 1 R
S = Spr+ Sy + S = [ d'a {—Qaphﬂ,,aﬂhﬂ" + 50" hOh + ghWT‘“’]. (1.40)

Hence, the equations of motion obtained by performing the variation of this action are,

- K

Ohyw = —§TW, (1.41)

recovering the linearized field equation under the rescaling h,, — (327G )~V 2hy, so the

coupling constant is fixed to be & = (327G)'/2. Furthermore, the propagator of the graviton

10



can be obtained by integrating by parts the free part of the action,

/ d*z

where A,,,,, = %(nupnw + NuoNvp — Nuwtpe)- Since the inverse of A is A itself,

1 1 1
— S Ophu R + 48’%6”}4 = 5 [ A b AP, (142)

o 1
AuvapA Bpo = i(nupnw + Mo Mvp)

then, the propagator of the graviton is given by

1 —1
D,uz/pa(k) = 5(77#;)771/0 + NuoTlvp — n,uunpcr) <k32—16>’ (143)

where the 7€ is the standard prescription of the Feynman propagator. In particular, we have
Doooo(k) = —i/(2k?) and Doggy = —i/(87r). Hence, in the non-relativistic limit, the

static interaction potential V' (x) reduces to the Newtonian limit of gravity [31],

Vv _ d’q M iqx _ R d’q 700\ ) 7700 iqx
(x) =— W ri(q)e’ ™ = _ZZ (27)3 1 (@) Doooo(q) 15" (—q)e
K2 Gmim
= —szlngo()oo(X) = — 7“1 2, (144)

where iM; = (—ig)?T1(q)D(q)Ta(—q) is the 2 — 2 scattering amplitude, and where we

used the energy momentum tensor of relativistic classical particles moving on the trajectory

xo(t), so TH (x,t) = P;g’” §®)(x — xp), while p* is the 4-momentum.

1.3. Cosmology in General Relativity

We have discussed perturbations (GWs) around the flat background of the Minkowski met-
ric. However, to study the evolution and dynamics of the Universe, we must consider a
different background spacetime. According to the Cosmological Principle, when viewed
on a sufficiently large scale, the Universe should be isotropic and homogeneous, i.e., there
is no preferred direction or preferred position. Thus, the Friedmann-Lemaitre-Robertson-

Walker (FLRW) spacetime was developed between 1922 and 1937 [32]-[35], which in

11



spherical coordinates is given by the following expression,
2

d52 = gwjdl"udmy = —dt2 + a2<t) <1—W

- r2d92> , (1.45)

where a(t) is a dimensionless function of time known as the scale factor, and K is the
Gaussian curvature of space. When we work in a flat geometry and, and if we normalize
the scale factor such that at the present epoch ¢, reads ag = a(ty) = 1, the radial coordinate

r and the cosmic time ¢ are comoving coordinates.

In order to solve the Einstein Field Equations, we need an expression for the Energy-
Momentum tensor. If we treat the Universe as a giant pool filled with a perfect fluid (which

is not viscous and does not transport heat), the Energy-Momentum tensor becomes,
T, =(+p)U,U, +pg,, (1.46)

where p is the rest energy density (i.e. volumetric mass density), p is the isotropic volu-
metric pressure and U, is the four-velocity of the fluid. Moreover, it is common to use a

equation of state that relates both quantities,

Pi = XiPi, (1.47)

Where we used the subscript ¢ as a label, e.g. 7 = d (non-relativistic matter), ¢ = r
(radiation) and 7 = A (cosmological constant). Hence, each of these fluids has a density p;,

an isotropic pressure p; and an equation of state p; = x;p;, with y; constant.

In Appendix B we derive the well-known Friedmann Equations in the case of a single

fluid with density p; and pressure p;, which read

a\? 8rG K
Oowo(gtn) am

where py = A/87G, () means derivative with respect to the cosmic time ¢, and H = a/a

is known as the Hubble parameter. Having the above in mind, it is commonly accepted

12



that the most successful® cosmological model is ACDM, which total effective density is,

et = PA + P+ pa+ pr = pa + proa >+ paoa + proat, (1.49)

where py = A/k is the density of dark energy (xa = —1), pro = px(to) is the density
associated to the curvature (xx = —1/3), pao = pa(to) is the current density of non-
relativistic matter (i.e. Cold Dark Matter and baryonic matter: x4 = 0) and p,o = p,(to) is
the current density of radiation (photons and neutrinos: x, = 1/3); all of them are constants
measured at the present epoch ¢y and whose latest values were constrained with the Planck

Data [2]. If we define the critical density as the value of p such that K = 0,

3H?
o = S5, 1.50
P 3G (1.50)
then, we can define the density parameters for each kind of fluid as follows,
pi _ 8wGp;
0, =—= ) 1.51
P SH? (150
Therefore, from the Friedmann equations, we have a closure relation of the form

where (), indicates the present-time value of the i-th density parameter. Likewise, we can

write an alternative expression for the Hubble parameter,

_ 87TGpeff<t>
3

H2

(1.53)

4

Q
:H§<QA+ "4

a? as a

Qo O
Qao 0>7

where Hy = H (t) is the present-time value of the Hubble parameter and is widely known

as the Hubble Constant. From the latest observations of the Planck collaboration [37], we

SHowever, in the last years, considerable evidence has been gathered, suggesting tensions between the early
and late Universe descriptions. Probably the more important is the 4.2¢ tension in the value of the Hubble
constant. For an updated review of proposals that intend to solve this tension, see Ref. [36].
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have the following constraints:

Qo = 0.0007 £ 0.0019
Q24 = 0.6889 £ 0.0056
Q40 = 0.3111 £+ 0.0056
Qo ~8.97-107°.
Due to their particularly small values, in this work we will neglect the contributions from
curvature and radiation.

On the other hand, as a consequence of the Bianchi identities*, we can ensure the local

conservation law of Energy-Momentum, which implies that
VT, = 0. (1.54)

After replacing (1.46) into (1.54), the v = 0 component is another way to express the

continuity equation, which has the following form

di da
p'i+3H(pi—l—pZ-):0 — p :—3()(1‘-}-1);,

%

where we used the equation of state (1.47). After the integration, we get

o 30GtD)  if v £ —1
Pio , DX 7£
pi = : (1.55)
PA if y; =—1
where p;o = pi(to) is the rest energy density of the i-th fluid measured at the present time

to. By replacing the last expression into (1.48a), we get the temporal dependence of the

scale factor,

(+) T £
a(t) = { \to
ew/A/?’(t—tO)? if Yi = -1

(1.56)

“The contracted Bianchi identities are given by: V, RF, = %VI,R
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Combining (1.55) with (1.56) we obtain the general dependence of the density in terms of

cosmic time,

4
—, ifx;i# -1
pilt) = { 30 + 1)?wt2 , (1.57)

PA if x; =—1
One important aspect of the FLRW spacetime is to determine how light propagates through
the Universe. Let us consider the geodesic equation for light. If we define the 4-momentum
of a photon as P* = dz" / d\, where ) is an affine parameter, then the geodesic equation

can be recast in terms of 4-momentum as follows,

dpr
ST, PP =0, (1.58)

Since the Christoffel symbols for the FLRW metric are given by,

% =0, TI'% =0, Foij = aa by, Fin = H5ij, (1.59)

the computation of the 0-component of the geodesic equation reads,

dP _ d , -
——+HP*=—(Pa) = 1.
ot dA( a) 0, (1.60)

where P? = g,;P'P7 such that P*P, = —E? + P? = 0 (= —m? for massive particles).
Therefore the energy of a photon goes as E oc a~1. From this relationship, in combination

with the expression of the photon’s energy in quantum theory, i.e., £ = hf, we get,

Aem o Eobs o fobs o )\em 1
Aobs B Eem B fem B )\obs 1 +Z'

(1.61)

This is the well-known relation between the redshift, z, and the scale factor. We can use
this parametrization of the scale factor to compute different quantities. For instance, the

age of the Universe reads,

to 1 da oo dz
to= [ dt = —:/ &% 138Gy, 1.62
o 0o a o H(z)(1+2) " (1.62)
where
H(2) = Hoy/Quo(1 + 2)* + Qao(1 + 2)2 + Qo (1 + 2)2 + Q. (1.63)
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FIGURE 1.2. Temporal evolution of the scale factor a(t) for different models of

the Universe. Image elaborated by Geek3 and licensed under CC BY-SA 4.0.
The Hot Big Bang model is usually described by the evolution of the scale factor in dif-
ferent stages, from the radiation dominated epoch to the Dark Energy dominated epoch, as

follows,

/2 Radiation-dominated era,

a(t) o< {23 Matter-dominated era, (1.64)

Hot

e Dark Energy-dominated era,

In Fig. 1.2 we have a pictorial visualization of the scale factor evolution through cosmic

time in universes with different material contents.

1.4. Thermal History of the Universe and the Standard Model of Cosmology

The history of the Universe is, in fact, much broader than the radiation, matter, and dark
energy-dominated epochs. To start, the Big Bang model predicts a hot and dense early
Universe, and the FLRW metric has a singularity at ¢ = 0, where the classical model of

General Relativity collapses. However, it is widely believed that a consistent and complete
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theory of quantum gravity may allow an accurate description of that event and the first
10~*3 seconds (where the four fundamental forces are expected to be unified), but no such
theory has yet been developed. After 1073 seconds, we expect that the electroweak and
strong forces remain unified, being described by a Grand Unification Theory (GUT). How-
ever, at 100 GeV, is expected a symmetry breaking between the electromagnetic and weak
interactions, so the Z and W¥ acquire mass. A couple of seconds after this event, as the
spacetime expands and the temperature decreases below the electron rest mass, we expect
that the electrons and positrons annihilate each other. Then, at 100 KeV, the strong interac-
tion becomes relevant, and the first nucleons form light isotopes of Hydrogen, Helium, and

Lithium during Big Bang Nucleosynthesis (BBN).

Event Time | Redshift | Temperature
Present 13.7 Gyr 0 0.24 meV
Dark Energy/Matter Equality 9 Gyr 0.4 0.33 meV
Reionization 100 Myr 11 2.6 meV
Recombination 260 kyr 1100 0.26 eV
Matter/Radiation Equality 60 kyr 3200 0.75eV
Big Bang Nucleosynthesis 180 s 108 100 KeV
Electron-Positron Annihilation 6s 10° 500 KeV
QCD Phase Transition 1079 s 1012 150 MeV
Electroweak Phase Transition | 10719 s 10" 100 GeV
Grand Unification Scale 10735 s 10% ~ 10 GeV
Quantum Gravity Scale 10785 10% ~ 10" GeV

TABLE 1.1. The thermal history of the Universe, from the quantum gravity scale
to present day. Temperature is in natural units, i.e., 1 K = 8.62 - 107! GeV.

After 380.000 years, protons and electrons combine into neutral hydrogen atoms during
an epoch called recombination. Then, as the Universe keeps cooling and expanding, the
mean free path of photons becomes much larger than the Hubble length. Once photons
decoupled from matter, they traveled freely through the Universe and constitute what is
observed today as Cosmic Microwave Background radiation (CMB). Today, we observe
these photons coming from all directions with a temperature of 7y ~ 2.73 K, and it was
measured for the first time by Wilson and Penzias in 1965 [38]. A summary of the history

of the Universe is shown in Table 1.1.

17



—300 1K 300

FIGURE 1.3. All-sky map of the CMB temperature fluctuations as obtained by
ESA and the Planck Collaboration [37].

The CMB is nearly but not perfectly isotropic. The last data obtained by the Planck Col-
laboration, published in 2018 [37], shows how the temperature fluctuations are distributed
across the sky, e.g., see Fig. 1.3. It is widely used the expansion in terms of spherical
harmonics to describe the anisotropy of the CMB,

AT [e'e) 0
T = Z Z aémnm(97¢)- (1.65)
(=1

m=—/
To simplify the data visualization is standard to define the rotationally invariant angular

spectrum as,

1
PR > laum ™. (1.66)

The first contribution, ¢ = 1, gives the dipole and (AT /T),—; ~ 1073. The COBE mission

C

observed, in the early 90’s, that (AT /T)s~; ~ 107°. It is commonly accepted that these

perturbations grow and are the seeds of the large-scale structures observed in the Universe.

The ACDM model, the standard and more accepted theoretical framework of cosmology, is
based on a couple of assumptions: (1) That GR is an adequate description of gravity, (2) The
cosmological principle, (3) The Big Bang hypothesis of a hotter and denser Universe in the

past, (4) Five primary cosmological constituents (DE, DM, baryonic matter, photons, and
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best fit of the ACDM model according to the parameters of Tab. 1.2.

2500

neutrinos), (5) Flat geometry, (6) Perturbations are Gaussian, adiabatic and nearly scale-

invariant, (7) The observable Universe has a trivial topology. With these assumptions, it

is possible to predict a wide range of observations with just six parameters (see Tab. 1.2).

For instance, Fig. 1.4 shows how well is fitted the temperature power spectrum within the

framework of the ACDM model.

Parameter | Planck+BAO value
Ouh? 0.02242 + 0.00014
Q.h? 0.11933 £ 0.00091

1000mc 1.04101 £ 0.00029
T 0.0561 4 0.00071
In(1010A,) 3.047 £ 0.014
Mg 0.9665 4 0.0038

TABLE 1.2. Parameter limits from Planck: CMB temperature, polarization, lens-
ing power spectra, and the inclusion of BAO data. The parametrization includes
the fraction of baryonic matter Oy h2, cold dark matter .12, the angular distance
7, the optical depth at reionization 10060yc, the spectral index ns and the amplitude
of the initial scalar perturbation A;.
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1.5. Cosmic Inflation

1.5.1. Motivation

Although the Big Bang model can describe much of the Universe’s evolution, there are
some problems during the primordial epoch that were addressed during the late *70s and
early ’80s, which required the inclusion of an epoch of a quasi-exponential expansion. Let

us review what these problems are and how they can be solved by cosmic inflation.

a) The Flatness Problem:

Let us consider the definition of the curvature density parameter,

K
 H2q2"

Oy =

According to the latest observations, we can assert with an enormous level of confi-

dence that |Q x| < 1. However, from the definition, we have,

K
 H2q2

HE _ H3
= olizg < me

Qx| = ‘ (1.67)

2 2
_‘_Kﬂoao
o 2.2 172,42

H2a? H3a?

where we used ag = 1. In the epoch of radiation dominance the right hand side of

2, 5o in the primordial epoch Qi gets close to zero.

the above equation goes as «a
For instance, at the Planck time, e.g., z ~ 1032, Qx < 1070, Therefore, we have a
fine-tuning problem since, to match the value observed today, the curvature density
parameter has to be determined at the Planck scale with a precision of 60 decimals.
This problem was addressed by Guth [4], considering that if before the radiation-
dominated era the early Universe had a phase where H is approximately constant,
we will have Q0 o a2, and it would be possible to explain the current geometrical
flatness. If the curvature was a relevant portion of the content of the Universe at the
initial stage of the inflationary epoch, i.e.,
K]
a; H?

~O(1), (1.68)
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where the subscript 7 indicates the beginning of the inflationary phase, at the end of

inflation, the scale factor ae,q ~ a;e’, where N is called the e-folds number. Then,

K K
‘ ‘ ~ ‘ ‘ e—ZNN —2N. (169)

e
2 2 27172
Qend H end a; H 7

Thus, the current curvature density parameter reads

|K| |K| (Clend[—lend>2 _2]\/(aend]{end)2
Q = —_— = ~Y e 1.70
| KO, Hg a?:ndHeznd Hy ‘ Hy ( :
Hence, since today we have || < 1, we require that
CLend]{end < €N (171)

Hy

If we take that inflation ends just at the beginning of the radiation epoch, the above

1/4
| H,
N 1/4 end 1/4 [ Pend
e > Q. =Q, (1.72)
0 Hy 0 ( Po )

Since pg = 3HZ /K ~ 8.69-10723 kg/m3, at the Planck scale, where the Planck density

constraint becomes,

b

is pp = mp/ly = 755 ~ 5.15 - 10°° kg/m?, it will be required e™ > 3.18 - 10%%, i.e,
N > 66.

b) The Horizon Problem:
After the discovery of the Cosmic Microwave Background, another problem arose.
According to the observations, the microwave background is nearly perfect isotropic
at large angular scales, which the standard Big Bang model cannot explain. Let us
consider the proper particle horizon in a Universe dominated by matter and radiation,

dyy = a(t) / t ac(li:) — HOQSmo (\/anO 4 Q0 — \/QT) (1.73)

0

On the other hand, the angular diameter distance in a matter/radiation-dominated

Universe becomes

to dt’ 2a
dy = a(t)/t @ HO(\/QmO + Qo — Ao + QTO). (1.74)
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The ratio dy /da defines the angular radius of the particle horizon at a given a. There-
fore, at the end of the epoch of recombination (2 ~ 1100), where the surface of last
scattered photons is formed, we have

@ o \% anO + Q’I‘O Y QTO
da VQmo + Qo — Vamo + Qo

A=0rec

~0.018 — 1.03° (1.75)

A=0rec
Therefore, any two points on the surface of last-scattering that are separated by more
than 1° appear never to have been in causal contact, which seems contradictory when

we observe the nearly perfect isotropy of the CMB at large angular scales. Surpris-

0]
ag +
BIG BANG
.......... P q -
‘‘‘‘‘‘‘‘‘‘‘ Uy recombination
v e end of inflation

INFLATION
surface of causal
e - contact

last-scatter mng Gy singularity

FIGURE 1.5. (a). Let us consider opposite points on the sky labelled p and q. As
we shown, only regions separated by ~ 1° are causally connected at the surface of
last-scattering, in the absence of inflation. How then could the CMB be isotropic?
(b). The solution provided by an inflationary epoch, in comoving coordinates and
conformal time. All points in the sky have overlapping past light cones and there-
fore came from a causally connected region of space. Figures obtained from [39].

ingly, we can address this problem just in the same way as with the flatness problem.

If we assume an inflationary phase at a constant rate, i.e., H = H; = Hyq4, such that

a(t) = a;eflent=t) = g je~Henalters=t) " then
tend eHend(tend_t) a a
dy ~ a/ dt - (€N —1)~ — L N (1.76)
t; Qend Qend H end Qend H end



where N = Hepg(teng — t;) such that N > 1. Since da ~ a/Hj in the limit a — 0,

the angular radius becomes,

e. (1.77)

Thus, in order to have dy > da, i.e., an isotropic microwave background, we require

that
Qend Hend < €N
Hy ’

which is exactly the same condition as in eq. (1.71). The spacetime diagram of Fig.

1.5 shows how the inflationary model solves the isotropy in the CMB.
¢) The Monopoles Problem

A magnetic monopole is a hypothetical elementary particle that is an isolated magnet
with only one magnetic pole, i.e., a modification in the Maxwell equations such that
V - B # 0. In grand unified theories local symmetry, under some simple symmetry
group, is spontaneously broken at an energy ~ 10'® GeV to the gauge symmetry of
the Standard Model, under the group SU(3) x SU(2) x U(1). Early models pre-
dicted an enormous density of monopoles, in clear contradiction to the experimental
evidence. However, and in a very similar manner, an exponential rate of expansion
at the primordial epoch can explain the non-observance of monopoles at the present

time.

1.5.2. Single-Field Inflation

The simplest inflationary scenario can be induced by the inclusion of a spatially homo-
geneous scalar field called inflaton, denoted by ¢ = ¢(t), which can be introduced by a

Lagrangian of the form,
@ — _ L w 1.
Lyl = =59"0up00p = V(p) = 5&" = V), (1.78)
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where V() is some potential. Therefore, the components of the energy-momentum tensor

can be computed from (1.22) and read,

1.
Tﬁ*=%@@¢+mw@g”—vwﬁ, (1.79)

which can be expressed as a perfect fluid with energy density p,, and pressure p,,

22 =2
¥ ¥
T = 5 +V(p) = py, ﬂ(f) = (2 — V(‘P))sz = DpYij- (1.80)
Moreover, the trace of the energy-momentum tensor is given by,

T — g/WT/Ef) = @? — 4V (p). (1.81)

Thus, if we introduce equation (1.80) into the 00 component of the EFE, we get

72— 8nGp, 8rG <<p2

SPe _ 2 2+V(<p)>, (1.82)

commonly known as the first Friedmann equation and where we have defined the Hubble
parameter as H = a/a. On the other hand, the trace of the field equations reads R = —xT.
Hence, by rearranging the trace equation, we obtain the second Friedmann equation (or

acceleration equation),

a 87TG 87TG(,2

P _T<3pgo +pp) = T3 ¥ T V(‘P))- (1.83)

Furthermore, from the definition of the Hubble parameter, the continuity equation for the

energy density and the pressure reads,
py +3H (p, +p,) =0, (1.84)

which is, as a matter of fact, the 4 = 0 component of the conservation of the energy-
momentum tensor, i.e., V, 7" = (. Moreover, by inserting (1.80) into (1.84), we get the
Klein—Gordon equation for the inflaton field (which can also be obtained from a variation

on the action with respect to ¢), given by the expression,

o+3HO+V, =0, (1.85)
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where V, = %. As we discussed before, the inflationary scenario at the early stages of

d(H™1Y)
dt <1

the Universe is characterized by a quasi—exponential rate of expansion, i.e.,

which implies the slow—roll condition,

O < V(p). (1.86)

V(9)
A

\/

-

FIGURE 1.6. This is an example of a slow-roll potential. Inflation can occur in
the shaded parts of the plot. The non-shaded region corresponds to the reheating
epoch. Image obtained from Ref. [39].

Therefore, we can define the first slow—roll parameter, denoted by e, as

H 3¢

LI A L
H ™ 2+ 2V(p) (1.87)

€ =

such that the minimum requirement to develop inflation is |¢| < 1. If we apply the slow-
roll approximation (1.86) and use the Friedmann equations, we can define at first order a
similar slow-roll parameter, denoted by ey which depends only in the potential V' (),

2

37 1V,
~ = d = 1.88
o) 167TG( v ) v (1.88)

If we take the derivative with respect to cosmic time, we can define the second slow-roll

parameter, denoted by 7, which guarantees the slow variation of € in time,
o* H ¢
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Similarly to the case of ey, we can define an 7y that depends only on the potential. Using

(1.85) and the Friedmann equations we have,

V@@

1

where V,, = d?V /dy?. These slow—roll parameters approximately describe the dynamics
of inflation and the observational features of different models. Another important quantity
is the number of e—folds, defined as N = In(a), which measures the amount of spacetime
expansion. The slow—roll approximation yields a N given by,

t H /
N = 2Hdt:/p Ao ~snc [7 V)
)

dy' (1.91)
t1 end P Pend V@(SO/) 4

where @enq 1S the inflaton value at the end of inflation, i.e. when ey or 7y is close to 1, and
the integral upper limit usually refers to the value of ¢ at the horizon crossing. In summary,
knowing the functional form of the potential V() would yield predictions susceptible to

experimental verification by measuring the primordial power spectrum.

1.6. Primordial Fluctuations

As we discussed in the previous sections, the assumption of a homogeneous and isotropic
Universe is reliable only at very large scales. However, the study of structures such as
galaxies and clusters shows small deviations from the cosmological principle at a local
scale, possibly caused by quantum fluctuations in the primordial epoch. Hence, here we
will present some useful results on the theory of cosmological perturbations. For further

details, see Refs. [40], [41].

1.6.1. Cosmological Perturbation Theory

Let us consider the FLRW metric, with K = 0, as the background spacetime. Using the

conformal time, i.e., dn = dt /a, we have
G = a*(n)(— dn® + &;; dz* da). (1.92)
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As we are considering deviations from homogeneity and isotropy, the actual physical space-

time is a different manifold, described by a metric g, such that,

G () = G (T) + 09 (). (1.93)

Since g,,, and g, are tensors defined on different manifolds, the only way to make dg,,
meaningful is to introduce a map between those two manifolds, i.e., a gauge, which al-
lows us to use a fixed coordinate system -defined in the background manifold- also for the
points in the physical manifold. In general, a symmetric tensor in 4D has 10 independent

components that, in a generic gauge, can be written as

142 i
g = a2y | T T2 N , (194)

where 1) and ¢ are two scalar fields, w; is a vector field and ;; is a symmetric tensor field
such that 6/ y;; = 0, and all of them are functions of the background spacetime coordinates
x#. Thus, we define 0g,,, as a perturbation if we choose a gauge such that |g,,| < [0, |-

In particular, we shall write the physical metric as

Guw = (M + By, (1.95)

so the perturbed Einstein field equations, obtained after an analogous procedure as we did

in the above section, read

2@2(5G00 = —6H2h00 + 4%hk0,k - 2Hh;k + V2hkk — hkl,kl, (1963)

20*G; = 2Hhoo; + Vho — hiogi + Nego — Neigs (1.96b)

"

2a%6G", = —4%mm—2ﬂﬂm—Vﬂmm+2HWmO—2Hﬂm+iﬂh%

—kripr + 2R, + AHhro s — lk/k} 6ij + hoo.ij — Vhij + hgig

+ hkj,k:i - hkkﬂ'j + h;/] + 2Hh;] - (hg27 + h()j,i) - 2H(h0i,j + h0j7i)7 (196C)

J

where (-)’ indicates a derivative with respect to the conformal time  and H = d'/a is

the conformal Hubble parameter. On the other hand, the most general energy-momentum
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tensor can be written as

T, =pU,U, + (P+m)0u + 7, (1.97)

where 0, = g, +U,U,, 7, is the anisotropic stress such that 7, U* = 0, and its trace ™
is the bulk viscosity. If we write 6U; = aV; for some 3-vector V;, the perturbations of the

energy-momentum tensor reads,

5T = —dp (1.98a)
6T = (p+ P)V; = —6T7, (1.98b)
8T, = 6'6P + 7'}, (1.98¢)

where a bar indicates background quantities. Hence, the linearized version of the Einstein
field equations becomes,

5G" = k6T, (1.99)

After this process, an unexpected problem remains: We cannot assure, by only looking at
a metric, that we have fluctuations about a known background or if the metric is written
in a flawed coordinate system, i.e., physical perturbations cannot depend on the gauge.
Let us consider a change from a gauge G to another gauge G, induced by the infinitesimal
coordinate transformation.

at — ot = ot + ¢ (x), (1.100)

where z# are the background coordinates and £ is the gauge generator. Using the trans-

formation property of any 2nd-rank tensor, we have that

Gu (") = gu (") = V.6, — V,.&. (1.101)

Therefore, the following transformations for the perturbations hold,

A

= —HE -V = w— B4 iE° (1.102a)
b=¢-

1. 9
HE - gazfz, Nij = Xij — 0;5i — 0,5 + géijak€k> (1.102b)
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where Z; = 0,,¢*. By applying the gauge transformation to 7, we get
op=0p—ple,  bi=v;+0;& (1.103a)
f=m  OP=6P—P¢E &=, (1.103b)

1.6.2. SVT Decomposition

We have seen that the perturbed metric depends on two scalars (¢ and ¢), a 3-vector (w;),
and a 3-tensor x;;. Nonetheless, we can decompose even further the vector and tensor
contributions to have a decoupled system where each kind of perturbation (scalar, vector,
and tensor) can be analyzed separately. The Helmholtz theorem states that any spatial
vector w; can be decomposed as w; = w) + wi-, where ¢9*9,w) = 0 and P w} = 0 (€7
is the Levi-Civita symbol). By applying the Stokes theorem, we have wll-l = O;w for some

scalar w. Hence, w; can be expressed as follows,

where we defined S; = w; to simplify the notation. Here, w is the scalar part of w; and S;
is the vector part of w;. Thus, as 5; cannot be decomposed, we will say that is the vector
perturbation. Similarly, for a 2nd-rank tensor y;; we can decompose it as x;; = XD] +
Xij + Xij» Where €750™ 0, X = 0, 8°07x;; = 0 and & x]; = 0. Following an analogously
procedure, we can further decompose: ij = [0:0; — (1/3)6;;V?](21), x35 = 0;Ai + DiA;,
and 9'A; = 0, where 1 is some scalar and A; is a divergenceless vector. Then, the tensor

perturbation can be decomposed as follows,
Xis = (9:0; — (1/3)05,7) (2p) + 0, Ai + 0 A; + X, (1.105)

Since the transverse part XiTj cannot be further decomposed, we say that it is a fensor per-
turbation. Furthermore, by applying the Helmholtz theorem to £#, we can define o = &Y

and write =; = 0,0 + s;, where o and (3 are scalars and s; a divergenceless vector. Thus,
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we obtain how the scalar perturbations transform:
b=1—Ha—d, td=w-p8+a (1.106a)
A 1
¢:¢—Ha—§v26, [=pu—p. (1.106b)

It is important to notice that we can construct certain combinations of scalar perturbations

that are gauge-invariant. For instance, we have the famous Bardeen’s potentials,
1 AN
\Ifzw—i—g[(w—u)] (1.107)
1
d=¢+Hw— ) —§V2u- (1.108)

Moreover, by applying the same procedure to v;, i.e, v; = 0;v + u; with O'u; = 0, and to

the matter perturbations, we can also obtain gauge-invariant variables. For instance,
p/
I'=0P — 7,5/), (1.109)
P
is known as the entropy perturbation since I' = (0 implies adiabaticity. We also have,
1o
REQH—’Hv—gv,u (1.110)

which is known as the comoving curvature perturbation, and

gz¢+3(;+pp)—;v2u. (1.111)
These two quantities, R and (, are quite important in the context of inflation because they
are conserved on large scales for adiabatic perturbations. In order to complete the analysis,
we can also combine vector contributions to form new variables. In particular, we have the
gauge-invariant vector potential W; = S; — A} and the vector part of v;, i.e., u;, such that

both are gauge-invariant. Finally, we have that ij is also gauge-invariant since the gauge

transformation on the metric cannot be accomplished by a tensor field.

In summary, we have that a generic perturbation can be split as: 4 scalar functions (¢, ¢,

w and p), 2 divergenceless 3-vectors (S; and A;, two independent components each), and
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a transverse-traceless spatial tensor (Xz;, two independent components). Hence, we have

44+ 2+ 2 + 2 = 10 independent components.

Since we introduced the transformation &, we have the gauge freedom to set any 4 com-
ponents of the metric to zero and fix the gauge. The most common choice is the Newtonian
gauge, where we set w = [i = )ij = 0. With this election, we have that 1& = W and & = &,

i.e., the metric perturbations become identical to the Bardeen potentials.

1.6.3. Quantum Fluctuations and Spectral Indices

Once quantum fluctuations are considered in the context of inflation, something remarkable
happens: It provides an elegant and clear mechanism for the generation of all the structures
in the Universe. We can understand this mechanism using the interpretation developed by
Guth and P1, who considered that the inflaton field plays the role of a local clock describing
the evolution of inflation. Since ¢ has a quantum nature, it will fluctuate: 0¢(t,x) =
¢(t,x)—(t). These quantum fluctuations imply that the instant when inflation ends will be
different for different regions of space. As a consequence, local fluctuations in dp(t, x) will
be unavoidable, and these small perturbations will produce the structure of the Universe as
it is seen today, e.g., the anisotropy in the CMB. However, not only scalar perturbations are
expected to be generated by inflation but also tensor fluctuations. This fact implies that the
model of cosmic inflation has a mechanism of generating Primordial Gravitational Waves.

Thus, in the next paragraphs, we will discuss how tensor and scalar perturbations can be

generated by cosmic inflation.

Primordial Tensor Fluctuations

The components of the perturbed FLRW metric, with only tensor perturbations, can be cast
as,

goo = —a®,  goi =0, gij = a*(8;; + h), (1.112)

where h}; = X?; is the gauge-invariant divergenceless-traceless tensor. According to Eqgs.

(1.96a), (1.96b) and (1.96c), the only non-vanishing components of the linearized field
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equations are 5Gij = 0, and therefore the tensor perturbations satisfy
WL+ 21hY — V2hT = 0 (1.113)

since scalar fields have a vanishing anisotropic stress contribution. The Fourier transform

of the above expression becomes,
B + 21K + k*h = 0, (1.114)

where h = h , represents both polarizations since they satisfy the same differential equa-

tion. It will be useful to introduce the following rescaling,

o ah . Mp]
9= V327G 2

where Mp = (87G)~'/2 is the reduced Planck mass and the normalization is the same one

ah, (1.115)

used in Eq. (1.41). In this new variable, Eq. (1.113) reads,

" 2 a//

i.e, a harmonic oscillator without a dumping term. We can expand the GW as follows,

hTTx Z/

A==£2

d3k

h(r, k)e™*a(k, )\)e”(k‘ A) + (7, k)e ™ *a* (k, Ne; (l%,)\)},

(1.117)
where we will use 7 as the conformal time (to avoid confusion with the 2nd slow roll pa-
rameter 7)), and the sum is over the helicity of the GW and eij(/%, A) is the polarization
tensor. Hence, we can assume that the initial state of the tensor fluctuation has a quan-
tum nature on very small scales, i.e., & > aH. Thus, we promote h;(7,x) and a(k, \)
(do not confuse with the scale factor a) to quantum operators and impose the canonical

commutation relations,

la(k,\),a(k’, \)] =0, [a(k,\),al(k,\)] = (27)36®) (k — K)oy (1.118)
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The last expression can be understood as follows: a'(k, \) creates a graviton of 4-momentum
k and helicity A, while a(k, \) will destroy it. Since the quantum state of the Universe dur-

ing inflation is the vacuum, |0), the expectation value of the vacuum is

d3k A , .
(0] hiy (7, %) iy (7, %) [0) = / oy k)2 =011 (R), (1.119)
where
Wijum(k) = 37 eij(k, Nep, (k). (1.120)
A==42

Let us recall, from the study of stochastic fluctuations, that if G(x) is a random field such

that its values are random variables for any x, we define the 2-point correlation function as

é(Xl,Xg) = <G(X1>G<X2)>7 (1121)

where (-) indicates the ensemble average. If G(x) is a Gaussian random field, i.e., it has a

statistical homogeneous and isotropic 2-point correlation function, then
(G(K)G*(K)) = (2m)%0® (k — K') Pa (k). (1.122)

In the above expression G/(k) is the Fourier transform of the random field G/(x) and Py (k)

is called the Power Spectrum, such that

f ( ) = / i (k) —ik-r (1 1 3)
r 1 e A2
since a homOgeneOUS and iSOtrOpiC random field satisfies g(Xl,Xg) = S(Xl — XQ) =

£(]x1 — x2|) = &(r). We can also define the dimensionless power spectrum as,

3
AL (k) = M. (1.124)

27?2
Then, by a simple comparison, we can observe that the tensor quantum perturbations are
Gaussian, with a power spectrum P, (7, k) o |h(7, k)|>. Thus, by solving the evolution
equation for h(7, k) we can get information about the power spectrum of the primordial

tensor perturbations.
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First, let us consider the slow roll parameter defined in Eq. (1.87). We can write it in terms

of conformal time as follows,

H a\’l H
=-m=(3)a="" (1129

Hence, by solving the differential equation for 4, we find that

1
= — 1.126
H (1—¢€)r ( )
and, replacing the solution, that
a” , 9 1 1 2+ 3¢
i = ~ 1.127
a o+ (1—¢)72 + (1 —¢€)272 T2 7 ( )

where we used the slow roll condition € < 1 as it should be during inflation. Therefore,

the Eq. (1.116) becomes,

2
g + <k2— +36)920. (1.128)

72

This equation has a general solution given by a combination of Hankel functions,

g(1, k) = C1 (k) —THWD (=k7) + Co(k)V/—THP (=k7), v = ?\/3 + 4e, (1.129)

where we introduced the minus since 7 < 0 during the inflationary epoch. But, according

to [42], the asymptotic expansion on small scales of the Hankel function is given by,

2 o .
H[El)(_k,r) ~ \/Tellww(wﬂ)z(w/@? ]{Z|T| > 1. (1130)
—7kT

Thus, if we want an initial condition of the form g ~ (2k)~'/2¢=%", as the QFT procedure
of quantization on Minkowski spacetime shows, we have to chose the integration constant

to be C1 (k) = (\/7/2)e(*/2+i(x/4) Therefore, the solution that we are looking for, is
. , 3
9(7-’ k;) — \/2E6w(7r/2)+z(7r/4) /_Tstl)(_kT)7 V= \g—\/3_}_46, (1.131)

On the other hand, in the limit k&7 — 0, i.e., on very large scales, the expansion becomes,

r klr\"™"
HOY(—kn) ~ —i ) (5') . k|r| =0, (1.132)
s
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where I'(2) is the Euler gamma function. Therefore, the dimensionless power spectrum on

large scales, according to Eq. (1.124), becomes

k |r|D(v)? (Kl 1
Aj(r. k) = N (k7)™ k 11
n(7:K) 273 M§1a2 2 7T2M§1a2‘7'|2( 7[)"", 7| — 0, (1.133)

where in the last expression we used the slow-roll condition and np = —2¢ is the tensor
spectral index. 1t is important to emphasize that now the power spectrum is not exactly
scale-invariant, and indeed, it has a small k-dependence with a tilt given by np. Conversely,
on large scales, h is time-independent, so we can choose an arbitrary scale, e.g. k =
H(7,), where 7, is the conformal time at the horizon crossing. Thus, as k|7.| &~ 1 + ¢, the

dimensionless power spectrum can be cast as,

H2
Ai(k) = —— : (1.134)
2072
M|
From the above expression, it can be noticed that, if in the future, the gravitational wave
background is measured, it would be possible to estimate the energy scale of inflation, i.e.,

H? ~ V.

Primordial Scalar Fluctuations
Now, let us consider the scalar perturbations on the FLRW spacetime. In principle, we can
choose the conformal Newtonian gauge, where the metric can be cast as,

ds® = a(r)?[~(1 4+ 20) dr” + (1 + 28)4;; da’ da’ |, (1.135)

and consider perturbations on the inflaton field, i.e., ¢ = ¢(7) = dp(7,x). With this

prescription, we can show that the perturbed Klein-Gordon equation becomes,
5" 4+ 2H6Y + (K* + V,pa®)dp = 20V a* — 49'¢, (1.136)

where we used that in the conformal Newtonian gauge W = —®. The contributions of the
right hand side of the above expression makes solving the differential equation enormously
difficult and there is no reason to neglect these terms. In fact, there are some reasons to

not consider the evolution of dy, e.g., inflaton should decay into ordinary matter during
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the post-inflationary epoch of reheating and the initial conditions are actually related to the
comoving curvature perturbation R. In fact, for adiabatic perturbations, i.e., fluctuations
such that the local state of matter at some point of spacetime of g, (7,x) are the same as
in g, (7 + 67,x), we have that all matter perturbations can be characterized by a single
degree of freedom that we can choose it to be R. In the conformal Newtonian gauge we
have R = ® — (H/¢')dp. However, we can find a simpler way to write this object, by

considering a gauge in which the perturbed scalar field vanishes,
ds® = —a*(1 + E)dr? + 2a°F;dr da' + a®(1 + A)Sjda’ da’, 64 =0.  (1.137)

In this gauge, the curvature perturbation becomes R = A/2, so we need to determine A
from the perturbed Einstein field equations. The Oi-component, i.e, G, = k0T =
becomes,

—HE+ A" =0. (1.138)

On the other hand, the 75 component of the field equations gives,

1 1
— 7;/97’ — QN>+ H)E — §V2A + 5A” + Z%A’ — HV?F = 0. (1.139)

Furthermore, from the 0 component of the local conservation of the energy-momentum

tensor, i.e., V, 1% = 0, we have

aTE
2

! 3
Z (2 - H’)} - (HE - H) (VQF +3HE - 2A’> —0. (1.140)
a
Hence, by combining (1.138), (1.139) and (1.140), we can eliminate £~ and F' in order to

find an equation for R, which can be cast as follows,
/
R'+2°R + kR =0, (1.141)
z

where we have defined z = (a¢’)/H. The above expression is commonly known as the
Mukhanov-Sasaki equation. It is important to observe that z satisfies the following exact

relationship,

=\ 2 =12
2 o ¢ 2 3¢ 2 €
- | = = . 1.142
° (’H) 8rG@22+var) ¢ 4G (1.142)
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Thus, the dumping term becomes z'/z = H(1 + ¢ — n), where 7 is the second slow-roll
parameter, and for constant values of € and 7, the Mukhanov-Sasaki equation reads,

24 6e — 3n
T

(2*R)" + <k:2 — >(z27z) =0. (1.143)

Amazingly, the above expression is basically the same functional dependency that we had
for tensor perturbations, i.e, Eq. (1.128). Therefore, the general solution of the differential

equation is given by,
2(1)R(1, k) = CL(k)V/—THWD (k1) 4+ Co(k)V/—7HP (—k7), (1.144)

where the Hankel functions are of order v = §\/3 + 8¢ — 4n. Thus, by following the
same steps as we did in the case of tensor perturbations, we can show that the dimensionless

power spectrum associated to the curvature perturbations is given by,

1 1
AL(T, k) = =5 —— (k|T])"s 1.145
R(T7 ) 87T2M§1€CL27'2< |T|) ) ( )
where ng = —4e + 27 is the scalar spectral index.

In summary, the dimensionless scalar and tensor power spectra can be written as,

k3 P (k) 2 AN
AZ=A% =2 "R = Aq( — 1.146
S R 272 Sm2Mge|,_ i \ k. ’ ( )
BP(k)  2H? B\
AZ=2A2 = 220 = Ap|— 1.147
T h 7T2 7T2M§1€ . T k?* ) ( )

where now we explicit the k-dependence on the scalar and tensor spectral indices, we have
introduced the pivot scale k, which is usually take to be 0.002 Mpc~! or 0.05 Mpc~—*, and
the factor 2 in the tensor power spectrum comes from the two polarizations of Primordial
Gravitational Waves. The spectral amplitudes, Ag and Ar, in principle are constrained by
measurements of the CMB (scalar fluctuations) and, in the future, by the observation of the

primordial Gravitational Wave Background (tensor fluctuations). As the spectral indices
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are not necessarily constant, in principle we can consider a running on the spectral indices,

A2 1 dng k k
In[ =2 | = — 14 = — — .
n<AS> [ns +2dlnkln<k*>+ ]ln(k*) (1.148)
A2 1 dny k k
In[ =L | = - — — . )
D<AT> [nT—i—lenkln(k*)—l— ]ln(l{*> (1.149)

At first order, when both spectral indices are constant, we have the following expressions,

dIn(A%) _ dIn(H?/¢)

—1= = —de+ M~ —Gey + 2 1.
ns 1o ke dln €+ 2n bey + 2ny (1.150a)
din(A2) _ kdH
=SS 9 TE0 & 2 1.1
T Tk Hdk|, . (1.1506)

It will also be useful to define the tensor-to-scalar ratio, which is given by,

%’(k*) T
- AT 6 sy .

T

According to the last measurements of the Planck Collaboration [37],

ns = 0.9649 + 0.0042  (at 68% CL), (1.152a)
r0.002 < 0.101 (at 95% CL), (1152b)
In(10'°A,) = 3.044 4 0.014 (at 68% CL). (1.152¢)
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2. INFLATION IN f(R,T) GRAVITY

Although GR is the most important and accurate model of gravity that we currently have
[43], it is not the more general theory of gravity that can be built. This serves as a mo-
tivation to study modified models to address the problems that cannot be included in the
framework of GR. Among these theories, we will consider the approach of f(R,T) grav-
ity', a model proposed by Harko et al. [12], inspired in the interacting term of Eq. (1.38),
and which considers an action described by a function of R (the scalar curvature) and 7T’
(the trace of the energy-momentum tensor). Different topics of contemporary cosmology
have been widely studied within the framework of the f(R,T') theory, for example: Cos-
mological models and Solar System consequences [46], [47], Scalar perturbations [48],
Thermodynamics [49], The dark energy [50] or dark matter problems [51], a general de-
scription of the FLRW cosmology [52], the propagation of Gravitational Waves [53], [54]
or the Hamiltonian formalism in Quantum Cosmology [55]. In that sense, a recent work
addressed cosmic inflation triggered by a perfect fluid and by a specific quadratic potential
[56]. This section aims to develop an exhaustive analysis of the slow-roll approximation
in a single-field model of inflation within the framework of f(R,T") gravity. With such a
result, we will be able to determine the modification to the cosmological parameters and

identify the physically meaningful corrections due to the action of the f(R,T') theory.

The results of this chapter were published in Ref. [17].

2.1. f(R,T) gravity

The modified model of gravity introduced by Harko et al. [12], known as f(R,T) gravity,

is described by the following action,

S:/(f(R’T) —I—Em>\/—_gd4m, @.1)

2K

Do not confuse with f (T) modified teleparallel gravity [44], [45].
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where f(R,T) is an arbitrary function of the scalar curvature, R, and the trace of the
energy-momentum tensor, 7°, and where L,, is the matter lagrangian, such that 7}, is de-
fined as in the equation (1.22). By varying the action (2.1) with respect to the metric, we
obtain the f(R,T) gravity field equations,

0
S R — (R T)go + (g0 — V,9,) 2L

of of
OR "™ T =~

oR w57 —— (T, +O,), (2.2)

where L = V#V ,, while V , is the covariant derivative, and ©,,, is defined as

O{ﬁ 6TO¢B O‘B 52£m

@/“’ = 59#11 = _2Tw/ + guyﬁm — 29 W (23)

Note that when f(R,T") does not depend on 7', the equations of motion (2.2) reduce to the
well-known f(R) gravity. In this work we will assume that f(R,T) = R + 2kaT’, where
« is a real constant. This is the most studied model of f(R,T) gravity and its viability
has been investigated in numerous works [S7]—[70]. In this particular model, the action of

gravity reads,
S = /( +aT)v=gdla + [ Lav=ga'a, 2.4)

and from (2.2), the equations of motion can take the following form,

1
R, — ~guwR = kT (2.5)

2 o

where we have defined an effective energy-momentum tensor as,

1
TlSiff) = TNV — 2 (Tul/ - iTguV + 9;,”/> . (26)

It is clear from the last expression that when o« — 0, we completely recover GR.

2.2. Slow-Roll inflation in f(R,T") gravity

Now we will focus our study on the case in which £,, is given by (1.78), i.e. a scalar field
minimally coupled to f(R,T) gravity. Similar approaches were studied in [56] and [71].
However, unlike these works, we want to analyze the slow-roll approximation exhaustively

and use it in different inflationary models. For a single and spatially homogeneous scalar
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field we have,

1.
OF) = —2T¢) + g, L' = —20,00,p — g,w(QcpZ — V(s0)>, 2.7)
with,
o = -Toy — ¢, O = -1, (23)

where T,Ef) is given by (1.80). Thus, the trace of @l(jﬁ) can be easily computed,
0¥ = g"el) =4V (p). (2.9)

Now we can compute the components of the effective energy-momentum tensor defined
in (2.6). For a homogeneous inflaton field, the energy-momentum tensor takes a diagonal

form, from where we can define an effective energy density and pressure,

a1,

Ty = 5@*(1+20) + V(p)(1+4a) = o7 (2.10)
e _ (1, e

Tl(] f) _ (2<,02(1 +2a) = V(p)(1+ 4a))gij = psoff)gijy (2.11)

and Tlseyff) = 0 for i # v. From these expressions, we can define an effective equation of

state as the ratio of the pressure and the energy density,

(eff) _ p _ P> (1 +20) = 2V (p)(1 + 4av)
o pfjff) G*(1 4 2a) + 2V (@) (1 + 4a)

w (2.12)

Additionally, the trace of T/ can also be computed,

TED = g T = ¢*(1 4 2a) — AV () (1 + 4ar) = 3pl™ — pl™ = (3w — 1)pm.
(2.13)
By using the above expressions, in addition to (2.5), we can obtain the generalized Fried-

mann equations for our particular model of f(R,T) gravity. From them, we can also get
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an expression for H. The resulting equations read,

s 871G (o) 87rG
e N i (1 +2a) + V() (1 +4a) |, (2.14a)
a 817G, (e . 887G /.
- = —T(3p§0ff> + o) = =2 (92(1 4 20) — V(9)(1 + 4a)) (2.14b)
= % —H?= 87;G( )4 M) = —4rGF(1 + 2a). (2.14c)

Furthermore, we can find a continuity equation for p (eff)

) and p{™ through a similar pro-
cedure that gave us equation (1.84). By taking a time derivative on (2.14a) and replacing

(2.14c¢), we obtain the modified Klein—Gordon equation,
O(1+2a) +3Hp(1 +20) + V(1 +4a) = 0. (2.15)

From the previous analysis we observe that the structure of the cosmological equations
in this particular model of f(R,7") gravity is conserved as we replace p, — pfpeff) and

(¢ff)  Therefore, the corrections to the inflationary dynamics are enclosed within the

Po = Py
corrections to energy density and pressure due to f(R,T") gravity. These corrections seem
to show that the conserved energy—momentum tensor is actually Tlg‘ff), as it can be noted
from (2.5). Taking into account this idea, we will proceed to specify the slow—roll condition
according to this model and, then, to compute the corrections to the slow-roll parameters €y
and 7}y, where we will denote with a tilde the parameters within the framework of f(R, T)
gravity. The first slow—roll parameter is given by,

B H 3

=TT e

$*(1 + 2a)
(51 +20) + V(p)(1+4a))

(2.16)

An inflationary evolution of the Universe requires that |¢| < 1. Hence, the slow-roll con-

dition for this model becomes,

G*(1+2a) < V(p)(1 + 4a). (2.17)
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On the other hand, we can show that the second slow-roll parameter is not corrected,

8rGoP(1 + 2a) - ") o ~
H?2 = 2He +26;:2H6(6_T/)7 n:_ﬁ;

§=2He + (2.18)

Thus, the conditions |¢é] < 1 and |7)] < 1 imply that we can neglect the second order

derivative in (2.15), such that the Klein-Gordon equation becomes,
3HY(1+2a) = =V, (1 + 4a). (2.19)

By using this expression, and by applying the slow-roll condition (2.17) into (2.14a), we
can find the correction to the first potential slow-roll parameter due to f(R,T') gravity,

which we denote as €y

2

3p°(1+20) 3 1+2a <m<1+4a>)2_ 1 <m>< 1 > .
W (e)(1+4a) 2V(1+4a)\3H\1+2a/)) 167G\ V ) \1+2a v
(2.20)

€~

Additionally, if we take a time derivative on (2.19), the term ¢ can be expressed in terms of
V., by using the chain rule such that V= V.. Therefore, the second slow-roll parameter

is given by, )
16 1 Ve(ltde) H
"“THe T 3HE 1+ 2a H?

and by using (2.14a), we can obtain the corrected expression for 7y, in the slow-roll ap-

2.21)

proximation, which reads

~ ’ . 222
N=erNRea ( v J\1+2a (2.22)

The number of e-folds are also modified in this model. The value can be computed from
its definition in equation (1.91), also with (2.19) and (2.14a), such that we get,
N:/h,{dapzswc:(lwa)/@ Y e (2.23)
2 @end V0
It is noteworthy that these expressions are independent of the form of the potential V' (¢),
and hence, the results presented can be interpreted as a generalization of the slow-roll ap-

proximation for the model f(R,T) = R + 2raT of gravity. It should also be noted that
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certain values for « are problematic since choosing them would cause the slow-roll param-
eters to blow up or become zero. In general, we will consider that o« > —1/2 as a minimum

requirement to have well-defined parameters.

Another essential feature that we can infer from these results is that this model is entirely
equivalent to a particular case of a scalar-tensor model of gravity. For instance, the most

general action of scalar-tensor gravity is given by [72],

5= [ (ser-=Loroo.o- vie))v=gats. @20

Hence, it can be seen that the action (2.1) is equivalent to the above action (2.24) if f(¢) =
Lw(e) = (142a)(¢/2) and v(¢) = (1+4a)V (¢), where V' (¢) is the original potential. In
fact, a further equivalence can be deduced from the above analysis. The action (2.4) can be

recast as a scalar field minimally coupled to General Relativity, i.e. the Einstein frame [73],
R L T 4
S = / (2& - 53 PO0p — Veff(90)>v—gd T,

if we perform the following transformations over the field and the potential,

_ . > $
(2 — 1 + 20 @, %ff(@) — (1 + 40()V<m>, (225)

where V' 1s the potential initially considered in the original lagrangian (1.78).

2.3. Inflationary models in f(R,T') gravity

2.3.1. Power Law Potentials

As the first example of an inflationary scenario, we will take one of the simplest models by

taking a power-law potential of the form,
V(p) = Ap", (2.26)
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where ) is a coupling constant. From the definitions of ey and 7y, in equations (1.88) and
(1.90) respectively, we obtain the following slow-roll parameters,

n? n(n —1)
= 3 INT o
167G 8rGyp

(2.27)

€v

As inflation ends when ey (penq) = 1, we have, @eng = \/1zTG' Therefore, the number of

e—folds can be computed from (1.91),

4G n?
N=—/[¢*- 2.28
n (‘p 167TG> (&28)
Thus, the slow-roll parameters can be expressed in terms of the number of e-folds as fol-
lows,
n 2(n—1)
= ==_ 7 2.29
YTUNtw VT UN+a (229)
The spectral indices for this model can be found from (1.150),
2(n+2)
—1=2ny —bey = ———F—F 2.30
ns v €v AN +n ( a)
2n
~—Qey = — 2.30b
nr v AN +n ( )
16n
~ 16ey = 2.30
" VTUN +n (2.30c)

Now we turn out to compute the corrections to the slow-roll parameters. From (2.20) and

(2.22), we obtain,

Zy = ( L > " (2.31)
Y=\ + 2a/ 167G p2 '
_ 1 n(n —1)

- . 232
N (1+2a> 81 G2 2.32)

Inflation ends when the slow-roll condition is no longer valid, i.e. €y ~ 1. Thus, we have

2

9 n
= 2.33
Pend = 167G (1 + 20) (2.33)
Therefore, from (2.23), the number of e—folds, NN, is given by the expression,
- ¢ V(p) (14+2a)4nG [ n?
N = (1+2a)87G dp=——"—— - . 2.34
( ) Pend Vgo((p) ? n i 2/{,(1 + 20[) ( )
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With this, we can express the slow-roll parameters €y and 7}y as,

éy = 4N”+ . (2.352)
U 24(;711&) (2.35b)
Therefore, the spectral indices read from (1.150),
ns — 1 = 2fiy — 6éy = —m (2.36a)
ny = —26y = —4]\727;” (2.36b)

It is clear that no corrections from f(R,T') gravity are induced to monomial power-law
potentials, as the structure of the slow-roll parameters and the spectral indices remain un-
altered. The above results seem to differ from the conclusions of [56], which indicates that
f(R,T) gravity modifies the slow-roll parameters for a quadratic potential in a non-trivial
way. We can explain the lack of dependence on « in equations (2.36) from the idea of the

effective potential of equation (2.25). For a monomial term, for instance, the potential in

(2.26), we have,

Verr(9) = (1 + 4a>A<ﬂfﬁ> = 2g". (2.37)

Thus, the coefficients related to « can be incorporated into a single coupling constant,
which determines the strength of the potential, but that does not affect the values of the
slow-roll parameters or the spectral indices since they are fixed by the measurements of
the CMB amplitudes. This fact implies that o almost have no incidence on the dynamics
of an inflationary model triggered by a simple power-law potential and cannot improve the
tension between the predictions of power-law potentials and the constraints of the spectral
indices measured by Planck 2018 for 50 < N < 60 [37]. The last assertion does not mean
that a different functional form of f(R,T") gravity cannot generate a distinguishable effect

for power-law potentials; however, the analysis of these different approaches goes beyond
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the scope of this work.

2.3.2. Natural & Hilltop Inflation

Now let us apply our results to other types of potentials. To start, we consider Natural infla-
tion [74], [75], a model whose inflaton field is a pseudo-Nambu-Goldstone boson produced
by a spontaneous symmetry breaking in addition to an explicit symmetry breaking, such

that the dynamics of a single field is governed by a potential of the form,

V() = A* [1 + cos(?)], (2.38)

where f and A are mass scales. It has been shown that this potential can drive inflation if
A ~ Mgur ~ 10 GeV and f ~ Mp = ~~ /2. Following a similar procedure as before,

we can express the slow-roll parameters in terms of the number of e-folds /V, such that,

M2  sin? M2 1
ey =N (/) _ T (2.39)
22 [+ cos(p/ )P 27 NMRIT
L M3 cos(e/f) MMM 2 (2.40)

NI Trcos(p/f) | 2f2 VORI 1
Thus, the scalar spectral index and the tensor-to-scalar ratio, in the slow-roll approximation,

read from (1.150),

Mgl eN Mg/ f? +1
ns— 1~ - (eNM]%/fz = (2.41a)
- () (2.41b)
sMZ/ 1
e h (cwvm— ) (2.41¢)

Moreover, we can rewrite 7 in terms of ng, in order to have the representation in the (7, n;)

plane,

2
r(ns) ~ 4(1 —ng — AJ{?) (2.42)
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Let us analyze if any change is induced by f(R,T') gravity to this model. The corrected

slow-roll parameters can be computed following the same recipe as before, which gives

~ Mlzl sin2(<p/f) Mlgl 1
€y = D) 3 = 5 N2 (243)
214200 [T+ cos(p/ P~ 20 +20)f7 TH
NM2
M? M2 a2/ — 9
iy = — Pl g cos(p/[) _ Pl 26 — (2.44)
(TF20) P Treos(e/f) ~ 2014 20)7 T2
With this, the spectral indices read,
1 MP21 e(lfjil;lf2 +1 (2 45 )
ng — 1~ — — 4Ja
1 2 NMg
( + 2Q)f GW —1
nr~ — — (2.45b)
1 2 2 NM,
(L420)/*\ o _
SM? 1
r R i (2.45¢)

2 N M2
(1+2a)f S very

From the above expressions we can solve N in terms of ng and obtain the representation in
the (r, ng) plane, which reads,

_ Mg,
r(ns) = 4(1 —ng — (1"‘204)f2> (2.46)

It is evident that in Natural inflation there is a non-trivial modification to the values of
the inflationary quantities due to the action of f(R,T) gravity. We can summarize all
the « contribution to the spectral indices and slow—roll parameters as a correction to the
mass scale f, i.e., f — /1 + 2af, which could change the constraints on the value of f
from CMB measurements. This modification can also be understood, as in the previous
subsection, from the argument of the effective potential (2.25). This type of shift in the
mass scale due to f(R,T") gravity will appear in many other similar inflation theories. For

instance, the quartic Hilltop inflationary model, presented in [76], considers a potential of

48



the form,

V(p) = A* (2.47)

4
1—<§0> ¥
Ha

where the dots indicate higher-order terms that can be neglected during inflation, and j4

is the mass scale that characterizes the inflaton vacuum expectation value, i.e., iy ~ ().
From the previous analysis of Natural inflation, it is straightforward to show that the action

of f(R,T) can be summarized as a correction to the mass scale given by 14 — /1 + 2.

The scalar spectral index and the tensor-to-scalar ratio for the quartic Hilltop model are

given, according to [77], by the following expressions

31 Z
s N, [Z— J (2.482)

o IBMRANP(Z)P 8
"R - ZPZ)E s P A

where V; is the total number of e-folds during inflation, such that

I

N, =N
t +4M§1

(2.49)

where NV is the number of e-folds after the cosmological scales exit the horizon until the
end of inflation, and also
4

M,
Z=16N}—, P(Z)=1—/1—
Hq

(2.50)

N[~

By applying the same reasoning as in the previous cases, it is not difficult to prove that
when f(R,T) gravity is considered, the induced changes to (2.48) can be expressed as a

modification to Z, B
Z 7= 16N My
(1+2a)? pg
where N; = N + [(1 4 2a)(u3)]/(4M3). Thus, in quartic Hilltop inflation, the action

(2.51)

of f(R,T) gravity reduces to a modification of the parameter 114, as expected from the
analysis of the effective potential defined in (2.25). In practice, these corrections to f and

it4 do not modify the shape of the curves in the (ng, r) plane, as it can be seen from Fig. 2.3.
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FIGURE 2.1. The solid black lines show the potential of the original Natu-
ral/quartic Hilltop inflationary models. In dotted colored lines we have the effective
potential, i.e. (2.25), for different values of a.

However, the values of f and p, needed to span some region within the (ng, r) plane will
be different for a non-zero value of a. As an example, we show in Table 2.1 a comparison
between the parameters range considered in the analysis of inflationary models done by the
Planck collaboration [37], and how they change as we increase the value of «. In order to
span some fixed region in the (ng, 1) plane, the accepted range for 114 changes as we modify

the value of «.

] « \ Natural Inflation \ Quartic Hilltop Inflation \
0 0.30 < logyo(f/Mp) < 2.50 | —2.00 < log;(pta/Mpr) < 2.00
1| 0.06 <logo(f/Mp) < 2.26 | —2.24 < log,o(pa/Mp) < 1.76
5 | —0.22 < logyo(f/Mp) < 1.97 | —2.52 < logy(pa/Mpy) < 1.48
10| —0.36 < logw(f/Mpl) <184 | —2.66 < IOglo(M4/Mp]) < 1.34
20| —0.51 < logm(f/Mpl) <169 | —-281< IOglo(,l,L4/Mp]) < 1.19

TABLE 2.1. Some examples for the parameter range of Natural/quartic Hilltop in-
flationary models considering different values of . The o = 0 cases are the ranges
provided in Planck 2018 results [37] to successfully span the (ng, r) plane within
the intervals » € [0,0.2] and ng € [0.93, 1.00]. Natural inflation is strongly disfa-
vored by the data. However, for quartic Hilltop inflation, the corrected constraint
of p4 to be within the 95% CL region is given by (2.52).

In particular, Natural inflation is strongly disfavored by the Planck 2018 data, and we reach

the same conclusion with the contribution of f(R,T') gravity. On the contrary, quartic
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Hilltop inflation provides a good fit with the data as long as the value of y4 is constrained
to log,o(1a/Mpy) > 1 at 95% CL. Therefore, the contribution of f(R,T") gravity provides

the following constraint for y4 and « in order to fit the data of Planck 2018,
1
logo(tta/Mpy) > 1 — 5 log,o(1 + 2a). (2.52)

In general, a higher value of a will decrease the constraint on p4. This fact could have
some important consequences for the interpretation of 4. As it can be seen from equa-
tion (2.52) and as it has been established in previous works, the inflaton vev in the quartic
Hilltop model should be super—Planckian, i.e. p4 > 10Mp, to fit the cosmological data.
Nevertheless, for values of o > 50, this is no longer a requirement and actually arises the
possibility that 4y ~ Mp or even puy < Mp. For instance, if N ~ 55, fg ~ Mp; and
a ~ 100, we have ng ~ 0.9631 and » ~ 0.012, which are in good agreement with the
Planck constraints. This kind of corrections could modify the interpretation of the Hilltop
model and improve its behavior at the quantum level since it is known that super-Planckian
values for the inflaton are problematic from the point of view of particle physics and effec-

tive field theory [78], [79].

In Fig. 2.1 it can be seen how the shape of effective potential for Natural and Quartic
Hilltop Inflation is modified depending on different values of the parameter .. In the case
of Natural Inflation, the position of the minimum of the potential is shifted to greater values
of ¢/ [ as the value of « increases. Additionally, the height of the plateau in the Hilltop

inflationary model is also shifted by changing the value of a.

2.3.3. Starobinsky Inflation

The last example we are going to address will be the Starobinsky inflation. The origin lies
in Starobinsky’s seminal investigations in the early eighties [3]. In this model, the standard

Einstein—Hilbert action includes a R? term,

1 R? ,
S = %/<R+ 6M2>\/_—gd z, (2.53)
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where M 1is a constant. It is well-known that this model can be recast, by a conformal
transformation to the Einstein frame, into a scalar field minimally coupled to gravity [80],
[81], i.e., the standard Einstein gravity with a canonically normalized scalar field, x, and a

potential of the form [40]

M?M? /o \ 2
V(X) _ 3 . Pl (1 —e 2/3MP1> . (254)
Therefore, interpreting the field y as our inflaton (also known as a scalaron), we can com-
pute the slow-roll parameters from (1.88) and (1.90),

e 4 (e¥ — 2e?) 2 X

4
T30 M3 a_ep VT V3

€v

The number of e—folds can be approximated by calculating the integral (1.91), such that

N~ i —— iex/_ (2.55)

Thus, the slow-roll parameters can be written as,

12 3
— ~ 2.
VT BoaNe T aNe (2.562)
seN-3) 1 (2.56b)

NETE AN T TN
wherein each approximation we kept the dominant contributions for large N. Considering

the last expressions, we obtain the well-known predictions of the scalar spectral index and

the tensor-to-scalar ratio from the Starobinsky model [40],

2

ns 1 — < (2.57a)
12
ra g =301 - ng)? (2.57b)

where we used that |ey| < |ny| for large N. The Starobinsky model has regained inter-
est in recent years since its predictions seem to be in good agreement with the last CMB
measurements from the Planck collaboration [37], but also because it was found a connec-

tion between this model and inflation triggered by a Higgs boson non—-minimally coupled
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to gravity [82], [83]. As a consequence, many extensions of the Starobinsky model, like
non-local modifications or the inclusion of higher order terms, are currently investigated

[84]-[88].

A simple question immediately arises: Is it possible to apply f(R,T") gravity to Starobin-
sky inflation? At first glance, in the Jordan frame, i.e., the action (2.53), the model does
not consider any matter field, so the trace 7' is identically zero. Nevertheless, once we are
in the Einstein frame, we could apply the prescription of f(R,T) gravity and add a term
proportional to the trace of the energy-momentum tensor formed by the inflaton/scalaron.
With this procedure, we can follow the previous analysis and compute the corrections to

the cosmological parameters due to the additional contribution coming from a.

To start, we can analyze the corresponding effective potential for the Starobinsky model,
which is illustrated in Fig. 2.2. From the plot, we can observe that the value of o modifies
the height of the potential plateau, which can be interpreted as the vacuum energy V/ that

dominates the inflation dynamics (for y > 1),

3
Vo = ZMIEIM2(1 + 4a). (2.58)

The slow-roll parameters can be obtained following the standard procedure, and they read

.4 ey B 12(1 + 2a) N 3(1 + 20)

v = 3(1+2a)(1 —ev)? - 3(1+2a) — 4N]2 T (2.59a)
4 (er—2e%) 82N -3(1+2a)] 1

v = 3(1+2a)(1 —ev)? - 31+ 2a) — 4N]2 T (2.59b)

where N is the number of e—folds till the end of inflation, and we kept the contributions

from large NV as long as « < N. Therefore, using these slow-roll parameters, we can
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FIGURE 2.2. The solid black line shows the original potential in the Einstein frame
for Starobinsky inflation. The dotted colored lines illustrate the effective potential
for different values of a.

compute the corrected spectral indices and the tensor-to-scalar ratio,

2
3(1 + 20)
12(1 4 2
r e (Z\;O‘) = 3(1 + 2a)(1 — ng)*. (2.60c)

For example, N = 55and o = 1 we have ns = 0.9636, nr = —0.0015 and r = 0.012 (f
a = 0, ny = —0.0004 and » = 0.004). To understand how « modifies the trajectories, we
plot some examples on the (ng,r) plane, including other models, as is illustrated in Fig.

2.3.

Thus, in general, the contribution from f(R, T gravity will only modify the tensor spectral
index’s value and the tensor-to-scalar ratio when comparing it to the standard Starobinsky
inflation. For positive values of «, the amount of primordial gravitational waves produced
during inflation will increase. Hence, if future measurements of the B-modes of the CMB

constrain r or nr to values quite different than the predictions of the Starobinsky model,
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m— Power law (V « ¢2)
0.150 A = Power law (V x ¢)
= Power law (V « ¢2/3)
0.125 A —— Natural inflation
Natural inflation + f(R, T), a =15
- Hilltop inflation
» Hilltop inflation + f(R, T), a = 100
Starobinsky inflation (R + R?/6M?)
=== Starobinsky + f(R,T), a=1
Starobinsky + f(R, T), a =2
Starobinsky + f(R, T), a=3
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Tensor-to-scalar ratio (rg.002)
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Scalar spectral index (ns)

FIGURE 2.3. Marginalized joint 68% (dotted) and 95% (solid) CL regions for ng
and r at £ = 0.002 Mpc_1 from Planck 2018 data release [37]. We shown the
prediction of some selected models and in some cases also the corrections due to
f(R,T) gravity are included. We consider that N is the number of e—folds until
the end of inflation, according to the modified model, i.e. o # 0.

these modifications due to f(R,T") gravity could stand as a viable model. Conversely,
for negative values of «, the magnitude of r will decrease with respect to the standard
prediction. Considering the previous example, for ng = 0.9636 and « = —1/3, we have
r = 0.001 (compared with » = 0.004 if « = 0). It should be noted, however, that the
negative values of o are bounded from below in order to ensure a well behavior of the
physical parameters, i.e. —1/2 < a. Thus, we can set a bound on the allowed values of
« such that the resulting r and ng are in good agreement with the measurement of Planck,
and it is given by

— 0.5 < a<bH.54. (2.61)

These are some of the simplest and most popular models, but they are not the only ones.

For a comprehensive and extensive compendium of different inflationary models, see [89].
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2.4. A brief analysis on models with higher order powers of T

In this thesis we have considered, the simplest minimal coupling between matter and grav-
ity, i.e., f(R,T) = R + 2rkaT. However, it is worth wondering how difficult it is to
address a more complex interaction. For instance, let us consider a function of the form
[«(R,T) = R+ 2r(aT + BT?). Using (2.4), the equations of motion for this model can

be expressed as in (2.6), with an effective energy—momentum tensor given by,
T = T, — 2(a + 28T)(Tyw + O) + (aT + BT?) g (2.62)
This is, again, a diagonal tensor, but now with the following components,
TE) = (1 +2a 4 684> — 168V) + V(1 + 4a — 168V)

= p;ff*>, (2.63)

= ple™. (2.64)

We can notice that in this example a cross term appears, e.g., »?V, in addition to higher
order terms like )% or V2. Following a similar procedure as we did with the simplest

case, we can write the Friedmann equations in their standard fashion, e.g., (2.14a), (2.14a),

(2.14¢), by doing p, — p&™) and p, — p™). Hence, we can define the first slow-roll
parameter,

. H

“T T

B 321 4 20 + 43(p? — 4V)]
C2V(1+4a — 168V) + (14 2a — 163V )2 + 684

(2.65)

If we impose the slow-roll condition as €, < 1, it would reduce to something of the form,

O*(1 + 2a — 168V + 3B¢%) < V(1 + 4a — 163V). (2.66)
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Furthermore, by following the same treatment as before, we can obtain the modified Klein-

Gordon equation, which reads

@[l +2a — 168V + 128¢°] 4+ Vi [1 + da — 328V + 83¢°)

+3HQ[1 + 200 — 168V + 43¢%] = 0. (2.67)

As we can observe, all the contributions proportional to 5 have crossed or higher order
terms, and more important, the coefficients of these crossed terms are different at each
stage, e.g., the terms 33¢* and 3¢ in (2.63),(2.64), respectively. Another difficulty can be
noticed when we try to define the second slow-roll parameter, because when we derive €,

we obtain,

. o 4 .2 2 - o ee
¢ = 2HE, (g*+ L4 ) _ 4BV, — 4p) (2.68)

Hy H?

Then, the second slow-roll parameter is not of the form 1 ~ H%b, and the condition 7 < 1
cannot be used to simplify the expression of €, in order to construct a simpler slow-roll
parameter that depends only on the potential and its derivative, i.e., €y,. As a consequence,
the slow-roll analysis becomes much more difficult to do in these kind of models, as we

cannot easily neglect terms to define more tractable parameters.

In summary, since the inclusion of higher order terms of 7" introduces major corrections on
the definition of cosmological parameters, and therefore on the predictions of inflationary
models, the study of this type of theories is quite well motivated. However, as it is beyond

the scope of this work, we expect to address these issues in future research.
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3. TWO-FIELD INFLATION FROM A BOSONIC 0-FORM

We studied in the last chapter how General Relativity can be modified by adding additional
terms to the Einstein-Hilbert action. However, this is not the only kind of modification that
we can have. One of the first generalizations of GR was developed by Elie Cartan [13],
who added the contributions from affine torsion to the gravitational interaction, extending
the entire Riemannian geometry. Here, we found how a bosonic object can be a source of

torsion and be considered the source of inflation.

3.1. Introduction to Einstein-Cartan Gravity

3.1.1. The concept of Vielbien

According to the Equivalence Principle, we can always choose a coordinate system where
the spacetime looks locally as Minkowski. In general, we can implement this choice by

specifying the vielbein e (z) as,

gur(@) = €%, (2)nape”, (), (3.1)

where 7, 1s the Minkowski metric. Latin characters will denote Lorentz indices and greek
characters will denote spacetime indices. Given a metric in D dimensions, the choice of

the vielbein is not unique: All the equivalent choices are related as

¢l () = A%y (x)ep (2), (32)

I

where A% (z) € SO(1, D —1). Additionally, the vielbein field transform as a 1-form under

general coordinate transformations,

(') = Oc” e (). (3.3)

- Qxle

If det (e“u) # 0, there exist an inverse vielbein field £* such that Eﬁebu = 0% and Bt el =

0" . The inverse vielbein transforms in a similar way,

un b Iz ey oz v
Ea('r) =A a('r)Eb’ Ea (l’) = orv Ea(l')’ (34)
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By using the inverse vielbein, we can invert the relationship between g, and 74,

B ()9 () E'y (%) = Tha- (3.5)

The components of the vielbein and the inverse vielbein can be used to construct a new
basis for the vector space (P(M) of differential forms and its tangent space, respectively,
as follows,

e = e, daz", E, = E"0,. (3.6)

a

3.1.2. p-forms and connections

It will be useful to define the concept of a differential p-form, which is a completely (0, p)
anti-symmetric tensor which lies on the p-th exterior power of the cotangent space of a
manifold M. We can construct a basis of p-forms using the wedge product A, defined as
dz" A A datr = Y, (1)l dz"™) @ L @ dz®*) with o denoting the permutation
of indices. Hence, the wedge product defines a basis of the vector space of the differential
p-forms over M, denoted by (2’(M), in such a way that any element of this vector space,

ie., a € QP(M), can be written as o = (p!) ', ., dztt AL A dat

In order to define covariant derivatives under local Lorentz transformations, we can in-
troduce a gauge connection, called the Lorentz connection 1-form, denoted by w’(z) =

w4, (z) do*, which transforms under SO(1, D — 1) as
Wab — w/z — AanCdAdb + Aab d(Acd) 5 (3.7)

where the the exterior derivative is defined as da = (p!)~'0,c,, ., dz” Ada! AL Adat?
when acting on a p-form «.. Therefore, we can define the exterior covariant derivative with
respect to the Lorentz connection 1-form as a map V : QP(M) — QP (M) acting on a

(p, ¢)—rank Lorentz tensor A* ", "€ QP(M), as follows

ai...cp

ai...ap . ai...ap a1 c1...ap a
VA brb, = dA brb, T W ANA broby T TWEAA bi...bg

— W NATE = A AT (3.8)

1...0¢ b1...cq7
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3.1.3. Curvature and Torsion 2-forms

Thus, the exterior covariant derivative transforms covariantly under local Lorentz transfor-
mations. Cartan noticed that the vielbein and the Lorentz connection 1-form could be used
to define two essential objects in the context of gravitation: The curvature (/29) and torsion

(T'*) 2-forms, which can be expressed in terms of e and w¢, through the Cartan’s structure

equations,
a a a c 1 a c d 1 a o v
Rb:dwb+wc/\wb:§Rbcde /\6 :§Rbuydx /\d.iE y (3.9)
a a a a b 1 a b c 1 a v
T =Ve" =de” +wy Ae zince Ne :§Tw/dx“/\d:c . (3.10)

By using the definition of the covariant derivative, it can be shown that these objects satisfy

the following Bianchi identities,
VR% =0, VT = R% A e (3.11)

These two objects, the curvature and torsion, are essential within the framework of Car-
tan’s theory of gravity as they encode the dynamics of the fundamental fields e® and w9.

Furthermore, from (3.9) we can obtain an expression for the Riemann curvature tensor,

Q

By = EaaebBR“bW and from (3.10) we can define the torsion tensor as 7%, = E T,

It is well known that the difference between two connections is a tensor, as we discussed
during the derivation of the Einstein field equations (01", transform as a tensor). There-

fore, we can define the Levi-Civita connection, denoted by w9, as a torsionless connection,
de® + &% A e = 0. (3.12)

Then, we can construct the contorsion 1-form K9 as the difference between the Lorentz

and the Levi-Civita connections,

K% = w? — &, (3.13)
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Hence, we can decompose the curvature 2-form in a torsionless part plus a torsionful con-
tribution,

R% = R% + VK% + K% A K¢, (3.14)

where R% = dw? 4+ 0% A &% and VK¢ = dK% + &% A K5 — & A K%. Moreover,
we can also rewrite the torsion 2-form as 7* = K9 A ¢®. The Levi-Civita connection is
determined by two conditions: The metricity condition (that implies wy, = —ws,) and the
absence of torsion (1" = 0). As a consequence of the latter, the torsion tensor becomes
T = (1/2)(I",5 — T's,) = 0, and then, when torsion vanishes, the Christoffel symbols

are symmetric in their lower indices.

3.1.4. Einstein-Cartan Gravity

The 4D full Einstein-Cartan theory of gravity can be described by the action

1 A
S[e“,w“b, Ul = T /*(ea Aeq) N <R“b — ge“ A eb> + /Emaner[e“,w“b, vl (3.15)

where the Hodge dual is x(e® A ... A e%) = [(D — p)!] e e+ N LA e,

ap+1.--apD
U describes matter fields, A is a cosmological constant and R = R, is the Ricci scalar.
The first term is the Einstein-Hilbert action from GR. Thus, we can variate the action with

respect to e, w® and U, obtaining the following field equations, respectively

A
€abed (R"C — geb A ec) A e’ = 2kT,, (3.16a)
€abed N €1 = Koy, (3.16b)
6£matter
= 1
= 0, (3.16¢)

6Lmatler

where 7, = %mue i the energy-momentum 3-form (the source of curvature), o, = 2%

is the spin density 3-form (the source of torsion) and the last line gives the equation of

motion for the matter fields.
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3.2. Bosonic 0-form coupled with gravity

According to the work of Alfaro & Riquelme [90], a bosonic field composed by a (p — 1)-
form and coupled to the spin connection of the Einstein-Cartan theory of gravity can be-
come a non-trivial source of spacetime torsion and can provide new insights in the analysis
of cosmic inflation. In particular, we will consider the action of gravity in the Einstein-
Cartan formalism in the absence of a cosmological constant, given by Eq. (3.15), in the

case p = 1 and with a matter Lagrangian of the form
1 a
Ematter - _5 * (V¢a) A (v¢ )7 (317)

where ¢, is a SO(1,3)-valued O-form, and the exterior covariant derivative is V = d + [w, |,
while d is the exterior derivative operator. The Einstein field equations given by Eq. (3.16a)
becomes,

* R Nep=—kxT1° (3.18)
where the energy-momentum 3-form, 7¢ is given by,

1 1
* Tile, w, ¢ = iFai *x F@ — EFabebfgiFa Ael Aed (3.19)

where we defined F* = V¢ = d¢?+w?¢. Additionally, the matter field has an associated

spin-torsion current 3-form, given by
cowlesio,8) = —x Fudy = 5+ (Vo) —+(Vonoa). (320
These both quantities satisfy on-shell conservation laws according to,
dgymSe, w, ] = / <* Ta N\ 0€% + %0 N 5w“b) =0 (3.21)

such that dsm could correspond to the Euclidean symmetry, i.e., dge, = 5eabeb, Spw® =
—Vée; or to the diffeomorphism symmetry, i.e., dge® = —Lee® and dggw®® = —Lew®,

where L, stands for the Lie derivative. In the latter case, the conservation laws reduce to,

VoT + TETh + ShsR%, =0, (3.22)

Q X
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where T'%. is the torsion tensor, R%_; is the Riemann tensor, T and S?, 5 are the energy-

momentum tensor and the spin tensor, respectively, defined as

T = %(e" A *1p) (3.23)

St = x(e" A xojy) (3.24)

J

The absence of spin and torsion in (3.22) reduces the conservation laws to the standard
divergence-free energy-momentum tensor of general relativity. On the other hand, the
equation of motion of the field ¢* is given by the variation of the action with respect to

the field, i.e., (3.16¢), and reads
VxF*=VxV¢*=0, (3.25)

which can be interpreted as a generalization of the Klein-Gordon equation for the 0-form

field. By combining Eq. (3.10) with (3.16b), we obtain the following expression,
V * (e A ep) = —2K % 0gp, (3.26)

and as we can write the torsion 2-form in terms of the contorsion, i.e., 7' = K9 A e’, Eq.

(3.16b) can also be written as,

LK Mg Nea = —hx 0w = —h %+ ’;(* (K. bs) by — *(begbf)%), (3.27)

where we defined the torsionless contribution to 7, as follows,

f B = —; (* (F6u)0n — «(Vn)6n). (3.28)

and where (N) will stand for Riemannian quantities that depend only on the torsion-free
Levi-Civita spin connection @®. On the other hand, according to Ref. [90], the matter ac-

tion can also be decomposed in a torsion-free part and other contribution due to interactions
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of the ¢* field,
1 1 _ 1 db
Smatter[67w7¢] = _§ /*(v¢a) N (v¢a) = _5/ *Fa NF* + %/ *(ea A eb) A Kad NEK
1
+5 / <K, A K dpot (3.29)

By taking the Hodge dual to Eq. (3.27), such that x x w, = (—1)P" P, we get

1 K
§€abchclj €ijld — §{Kali Gpd1 — Ky dabr} — KTy = 0, (3.30)
where (x x 7, )¢t = 7€', K, = —K,,; and 7,,, = —T;,;. Let us consider the fol-

lowing notation: Let A be a generic tensor field. From now on we will call it

ijk...rst

Ajjrrst = A4, 4.k, ..., 7, s,t). In this manner we will shorten the notation for objects
like Ay .00 = A(w, 4k, ... 1, 8,t) where p; = (i) is a generic vector field. There-

fore, the equation (3.30) becomes,
1 . 1 . 1 . 1 .
§K<¢7 a, Z)QS(b)/‘i - §K(¢7 bv Z)¢(a)/€ + iK(av 2, b) - iK(av l? l)d(ba Z)
1 1
— iK(b,i, a) + §K(b, l,1)d(a,i) = k7(a,b,i), (3.31)

where we also denote d(a,b) = d,,. The explicit solution of the above algebraic equation

for the contorsion reads,

K(a,b,i) = x7(a,b,i) + k1(a,i,b) — k7(b,i,a) + k*¢(i)7(a, b, d)

+ m{qﬁ(a)ﬂd), b,i) + ¢(a)T(4,1,0) — ¢(b)7($, a,) — H(b)T(, 1, a)}

+ [2_2/,i¢z]d<b, i){m(qﬁ, @)~ _“f ¢;] [; f L FAQT(6.10) -1~ k%7 (a, 1, 5)}

~ pf’%d(a, i){/@T(qﬁ, ho) - —bi;] [’; f /L¢2]¢(b)7(q§, 11) = [1— ke?r(b, 1, 5)}

+ [2:{/@2]¢(b)¢<2>{[1%_q,;52]7(¢’ a,®) —27(a,l, l)}

- L ) ﬂ b, ) — 27(b,1,1) 3.32
90| (o) ot} 332
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In summary, the full gravitational action is given by,
~ 1 rab 1 n [a 1 a db
Stota][e,w,¢]:—ﬂ/*<€a/\eb>/\R —5/*Fa/\F +27/*(€a/\€b)/\Kd/\K
K

1 f a d
+§/*Ka /\Kd¢f¢
= SG[@,(IJ] +SM[67(:)7¢} + Sint[€7a}7¢]7 (333)
The first two terms are Riemannian. The other two are torsional contributions which depend

upon the contorsion one-form and through (3.32) they generate a highly non-trivial (self)-

interaction potential for the ¢ field. In fact, the interactive part of the action, namely,

1 1
Sinfe,, 6] = o= [ *leahe) NE% K"+ [ 4K NS o6t (334)

produces, at least at first order in x, an interaction lagrangian given by,

1 _ b,__ac 1 abc beca
Ll = KTy 7 — 5/@7@67 + KTapeT

1 ~ ~ 1 ~ ~ 1 - -
= _§“¢N¢VDu¢qu¢p + §“¢N¢VDu¢pr¢u + ZK’¢H¢VDP¢,U«DP¢Z/

1 - - 1 - - 1 - -
+ ZK¢2D/1¢“DV¢V - Z’%QﬁQD,u(éVD”QﬁV - ZH¢2DM¢VDV¢u7 (335)
3.3. A bosonic 0-form as the Inflaton

Let us consider that this bosonic O-form previously discussed will be the inflaton field
at the primordial epoch. The interaction part of the action can be enclosed in a certain
potential V'(a, ¢). Thus, the action can be written as a combination between the torsion-

free gravitational action and the matter action as follows,
S = SG + Smatter; (336)

where all the torsional contributions are enclosed in the potential such that,

Sorater = / dbe /=gL, = / d*z =g (;DM@DW —V(a, qﬁ“)). (3.37)
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In this action DM@, = 0,¢, — f”uyqﬁa, is the covariant derivative, such that f"W are the
components of the Christoffel symbols in torsion-less general relativity. We can expand
them as,

D,u,d)y - M¢V - fopygba - au¢v - fopygbo - fiyygbi (338)
where Greek indices (u,v,0,...) are reserved to 4D spacetime components, while Latin
indices (7, j, k,...) refer to 3D spatial components. The non-zero Christoffel symbols for
the FLRW metric, i.e., g,,, = diag(1, —a?, —a?, —a?), are given by
Thus, the matter Lagrangian can be expanded as follows,

1 . .
Lo = 599" (Dy6,) (Dads) — V(a, ")
1 . ~ 1 .. N .
= 59"9"(Dot)(Dods) + 599" (D) (D 85) — V(a, ¢")

The temporal and spatial components of the covariant derivatives are decomposed as,

Do, = 0oy — T, 00 — Ty, 05 = oy — L'y, 0 (3.40)

Digbu - igbu - f‘Oilxgbo - f‘]u/QSJ = _foiu¢0 - f‘]u/QS] (341)
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Therefore, inserting these expressions into the Lagrangian reads,
L s i i L i gm0 ] =0 =l
L= 597 G0 = Lo,00) (005 = Togdi) = 55079 (0 1 00) e + Dgatn) =V
1 . . 1 . .
- 5900(30% — I 000:) (Gopo — T o) — T(ﬁémn@o@n — I"0,9) (Oon — I, 04)
2a2 59 g% o + Flzo¢l>(f0jo¢0 + 1~ﬁljoqﬁl)
+ 75ij5m"(f0¢m¢o + 1 00) (D00 + T ) —

1 ~. . ~. . ~ o~
B L G — Tiontiin — Pt + Fonl ]

_ 7&9 [T 0ol 00n] + (114 096" £, 001 0] =V

Q;O — 550" [y — HE $idom — HO' 6160 + HS', 8, 011]

1 . 1
— 5,30 28 6n0"50n] + 5 098 | H2 G300 | — V

1 L. . .
Q;O - 5mn [¢m¢n - H¢n¢m - H¢m¢n + 2H2¢m¢n} +
b i i
[% ¢f]+ ¢z¢l+[3¢0_2¢¢] 4
[éo (b(f] + L+ [3% - 2@#] 1%

where we denoted ¢;¢' = §9¢;p; = Y3, ¢?, and similarly for ¢;¢'. We will consider

224 o' H?¢3| -V

that the entire contribution to the potential V' comes from L;,,. By developing a similar
expansion in Eq. (3.35), we can show that

¢i¢° 9 4 (4:9)?

5%  4gt

Lin = KH? <3¢2 ) +0(¢ud"H,...) = -V, (3.42)

where we neglected mixed terms that coupled derivatives of fields with fields for simplicity.

As the Lagrangian is explicitly invariant under rotations of the ¢* field, we can introduce
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the following expansion,

1 = ¢rasin(f) cos(p) (3.43)
¢o = ¢rasin(f)sin(p) (3.44)
¢3 = ¢racos(0) (3.45)
such that, 4
92 = gbif . (3.46)
a
Thus, the kinetic term becomes,
¢’ _ o o i’
= O + @210% + p*sin?(0) — H?| + 2H . (3.47)
Therefore, the Lagrangian acquire the following form,
1r. : :
Ln=13 (08 — 62 — 2(0* + ¢Psin®(0) + H?) + 3HGY] -V (3.48)

Since ¢ is a cyclical coordinate, the canonical momenta related to the ¢ variable is con-

served,
0L,

o=

Thus, due to the explicit spherical symmetry, and without loss of generality, we can set the

= —¢?p = ( = constant (3.49)

coordinates in such a way that = 7 /2. Hence, the Lagrangian reduces to,

fem = ;[ég — &) —v= ;Gab‘i’“‘i’b — v(H, 9%, (3.50)

where
v ;;z - (A?;)Q{quﬁf “wsp-of - Lus-a)  asy
= (9 0"), (3.52)
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and the components of field-space metric are given by,

[Gar] = (3.53)

Here, we can notice two critical features of this model: The first is that the field-space
metric is flat (actually is a 2D version of the Minkowski metric). The second feature is
that the potential v depends not only on the fields ®¢, but the interaction terms also depend
on the Hubble parameter /7. This coupling comes from the torsionful contribution of the

action and is the main consequence of considering the bosonic 0-form as the inflaton.

On the other hand, the components of the energy-momentum tensor can be computed in

the standard way, i.e., from Eq. (1.22),

— 2 5(\/ _g[’m) _ a b 1 o a b
T === g = Cudu® 0,8 = g | 5Cug™0,2°0,%" —v|  (3.54

We define the energy density, p, as the 00 component of 7,,,,

1 ..
Too = 5Gabcpacpb +ov=p (3.55)

and the isotropic pressure, P, as following,

1 ..
Tij = —9i5 §Gab¢a¢b —v| = —gi; P (3.56)

The background equations of motion for the scalar fields can be obtained from the con-
tinuity equation, i.e, the ¥ = 0 component of the energy-momentum tensor conservation

T =0,

D, & + 3H®* + G®vy = 0 (3.57)
where we define D; as, .
. de* - ..
D, = Cﬁ + 1% dPoe. (3.58)
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Since G is constant, the Christoffel symbols of the field-space metric, i.e., ', are iden-

tically zero, and the EoM becomes
d, +3HD, +v,=0, (3.59)

which is fully consistent with the Klein-Gordon equation for the matter fields ®“ that comes

from the Euler-Lagrange procedure in curved spacetime,

oL, 1 oL,
o = 7o VT 350

3.4. Two-Field Inflation and the Slow-Roll Approximation

3.4.1. Slow-Roll Conditions

Since the curvature contribution in Einstein-Cartan gravity reduces to the Einstein-Hilbert
action of GR, see Eq. (3.33), we can write the full action of the inflationary model as

follows,
5 = /d4;1: \/_—g(R + £m> 3.61)
2K

The variation of this action with respect to the metric g"” reduces to the Standard Einstein
Field equations,

1
R, — §guvR = rT,,, (3.62)

where T}, is given by equation (3.54). We can combine the 00 and 75 components of the

Field equations to find the Friedmann equations,

$TG[1 .
H? = WT 587+ o(H, 2% (3.63)
H = —47Gd? (3.64)

where ®2 = G, ®*®® = ¢2 — 2. Replacing the expression of the effective potential, the
first Friedmann equation becomes,

s 2
_ 8nG %qﬂ + 2%3

H? PR
3L+ My (0802 — S0b - 301) + My (%~ F)

(3.65)
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In order to generalize the slow-roll approximation, we can define the first slow-roll param-

eter and, as usual, using the Friedmann and the Klein-Gordon equations,

d 87G F2
e= 11 _ Tq) : (3.66)
e R
3

2 2
4 — [ )
1+ My, (¢3¢?—%¢6‘—%¢$)+Mﬁ(7‘”%)

Therefore, the slow-roll condition necessary for inflation to occur, i.e., ¢ < 1, becomes

. 2 1 21
P? <« — ~—— 3.67
S@y-1~ar 07

where f =1+ MP’14<¢3¢3 — 3¢5 — %(bff) + MQQ(%% — %%) Thus, H? reduces to
02
8rG 252 8rG
H*~ 7; —4( 12 3 44 Q(bi (B 2\ | 7; Ver (3.68)
1+ My, (%Cbg—i 0_§¢;4~>+MP1 (TO—FT)

The slow-roll condition becomes 2 < Veir when in the above equation we defined the
effective potential, sketched in Fig. 3.1, as

€2
Ve ~ s —_— - SYC (3.69)
1+ My, <¢o¢r_§¢o—§¢r)+MP1 (?O_f)

3.4.2. Multifield Inflation Formalism

In order to analyze the second slow-roll parameter, we will use the geometrical convention
of Refs. [91] and [92] from now on. In this interpretation, we can consider the scalar fields
®° as a coordinate of a real manifold M on which the metric G is defined. Thus, we
define a vector A = A® in the tangent space 7, M ata point p € M if it transforms as A* —
Av =X ‘fbAb, where the comma denotes differentiation with respect to the coordinates. On
the other hand, the cotangent space is the dual of the tangent space an its elements are linear
operators on the tangent space: *C : T, M — R, so C, A® is a scalar object. We can use
G4 to construct a cotangent vector from a tangent vector A, i.e., (AT) = A*G,,. Besides,

with the metric we can introduce an inner product of two vectors and the corresponding
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FIGURE 3.1. Tridimensional plot of the effective potential V¢ in terms of ¢y and
¢, and normalized by Mp.

norm,

A-B=AB=ATGB = A"G,B", |A| = VA - A, (3.70)

while the Hermitian conjugate of a linear operator L : T, M — T}, M is defined by satisfy-
ing L' = G7'L”G. Thus, an Hermitian operator satisfies H' = H.

We can also define two different types of derivatives. The first one is the covariant derivative
on the manifold, that we will denote by V,A* = A?, + 1"} A° when it is acting on a vector,
and VV =V, when acting on a scalar. Conversely, we will define the covariant derivative
on spacetime dependent tangent vectors as D, A* = 9, A% + I'% 0,¢* A°. Then, since P is

the time-dependent scalar field background, we will denote the derivatives of ® as,

. dd 1y
oV — $ = o ™ =D" Ve forn < 2. (3.71)
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As the vectors @1 (the velocity) and ®(? (the acceleration) do not point in the same
direction, we can generate a set of orthonormal unit vectors e, ..., e, through a Gram-

Schmidt procedure from a vector (™). By taking the projector Pg- = I, then,

Pl ®™ u
—r=— P,=eel, Pr=I->P,. (372

o) = [PL 3"
‘ @&") |

s e, =

With all these considerations, we can write the slow-roll parameters as follows,

H P2

e(P) = ~ 1 n(®) = ﬁ

(3.73)

Consequently, we specify the components of the second slow-roll parameter in terms of the
unit vectors e; and e;,

D) & b (D@)| |8

ale[  H® TR el T wfe) G749

77”291'77

where in the last equalities we used that in our case G, is a constant metric, so D; = d/d¢.

In order to simplify the numerical analysis, we introduce the number of e-folds /V as a new
time variable, i.e, AN = H dt, following the formalism developed in Ref. [93]. We will
denote () as the derivative with respect to N. Hence, the exact form of the first slow-roll

parameter can be written as,
e=—— — €(N)=—[In(H)]". (3.75)

As the time derivative of € can be expressed as,

d({ H H? ﬁ , (i)a

we can write nll in terms of NV as follows,

nl(N) = — €¢(N). (3.77)
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Furthermore, if we define ), = ®” = 1 — € ey, the equation of motion (3.57) becomes

Ny
3—¢€

@'+ Vin(Vr) = — (3.78)

Therefore, the slow-roll condition now takes the form ¢ < 1 and ‘77” ’ < 1, and since in our

case we will naturally have ’nL‘ ~ 0, the above equation reduces to,
&' = —Viin(Vi). (3.79)

Consequently, by solving the differential equation (3.79) for certain initial conditions, we
can find ®*(N). Thus, we can evaluate H(N) = y/Ve/3 M3 and directly compute e(N)
from Eq. (3.75), and then, 1 (N) from Eq. (3.77).

3.4.3. Numerical Analysis

To start, we will consider a well-known model to have a proper comparison with known
results. Let us consider the double quadratic potential V' (x1, x2) = m?(x3/2 + x3/2) with
canonical kinetical terms, i.e., G}, = J4. By considering an initial condition such that
X1(60) = x2(60), we can solve the differential equation (3.79), reproducing the results of
Ref. [93], and obtaining the plot of Fig. 3.2. The value of N in the next plots represents

the number of e-folds before the end of inflation.

We observe that the slow-roll parameters for the double quadratic potential have a good
behavior during 50+ e-folds before the end of inflation, and the slow-roll conditions € < 1
and ‘7}”‘ < 1 break precisely at the end of the inflationary epoch, just as we discussed in

previous models of inflation.

Now, we turn on the discussion of our inflationary model, described by an effective poten-
tial given by (3.69) and a space-field metric G,, = diag(1, —1). It is important to state
that the dynamics of the fields are highly dependent on the value of the initial conditions.
In fact, for several different combinations, the evolution of the fields and the inflationary
parameters are quite unstable and, in some cases, give negative or imaginary values for the
quantities. We found a special combination of initial conditions that bring well-behaved

dynamics to the fields, as we show in Fig. 3.4a. Both fields have an almost constant but
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60 40
N

FIGURE 3.2. The numerical solution for x1 2 for the double quadratic potential in
the slow-roll approximation. Both fields have the same solution over 60 e-folds of

inflation.
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FIGURE 3.3. (A) The first slow-roll parameter for the double quadratic potential.
60 e-folds before the end of inflation the value of € is quite small, increasing its
value at the final e-folds of inflation. (B) The second slow-roll parameter, which

has a similar behavior as ¢, but the condition ‘n”’ < 1 breaks earlier.

different value for several e-folds, and during the end of inflation, their values get closer to

each other. Moreover, due to this time evolution, we can guarantee the validity of the first

slow-roll condition for at least 55 e-folds, as it is shown in Fig. 3.4b.
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FIGURE 3.4. (A) Numerical solution for ¢ and ¢, with initial conditions ¢o(1) =

0.5Mp; and ¢, = 0.7Mp;. (B) The evolution of the slow-roll condition ®? < V.

As both fields basically do not vary over time, the kinetic part is almost negligible

at all times, except fo the final e-folds, when the value of the effective potential

plunges and the slow-roll condition tends to break.
Additionally, we can study the evolution of the slow-roll parameters. As it is shown in Fig.
3.5a, the value of € is almost close to zero for several e-folds, except for the final period
of inflation, when the parameter breaks the condition ¢ < 1. On the other hand, in Fig.
3.5b, it can be seen how 7!l follows a similar evolution as ¢, but with a higher value ( 0.3

over more than 55 e-folds). This model provides a strange behavior at the end of inflation,

similar to a phase transition between the extremely slow-roll epoch and the end of inflation.
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FIGURE 3.5. (A) The first slow-roll parameter for the bosonic O-form inflaton
model. (B) The same plot for the second slow-roll parameter, which has a simi-
lar behavior as e.
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Finally, in order to compare the results with the double quadratic potential with equal
masses, we show in Fig. 3.6a the trajectories of the fields on the manifold defined by
the metric G;. Both trajectories are perfectly straight lines, which implies that n* ~ 0 in
both cases. Therefore, as it is well studied in the literature, this kind of inflationary model
produces only adiabatic scalar perturbations, and the multiple field effects are negligible.
On the other hand, in Fig. (3.6b), we show the evolution of the Hubble parameter in both
models. It is interesting that in our model, the value of H is practically constant for more
than 55 e-folds, in contrast to the double quadratic potential, where H changes in a log-
arithmic way over time. Another way to understand this effect is by proposing that the
torsionful contributions of a bosonic O-form coupled to Einstein-Cartan gravity provide an

almost perfectly de Sitter evolution of the Universe during tens of e-folds.
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FIGURE 3.6. (A) Trajectories of fields ¢1 o on the space-field. In black, the double
quadratic potential (¢12 = X1,2), and in red the bosonic 0-form coupled to EC
gravity (¢12 = ¢o,). (B) Evolution of the Hubble parameter for both models (in
blue the double quadratic potential and in red our model).
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3.5. Some remarks

In this section, we discussed certain cosmological properties of a mathematical object
called bosonic O-form. In Ref. [90], some toy models were developed to understand how
this object can be considered as the source of torsion in the framework of Einstein-Cartan
gravity. Moreover, it was proposed the idea of considering this object as the inflaton field.
Here, in this thesis, we delve into this proposal by analyzing the properties of the bosonic
O-form in the inflationary context. It is clear, from Eq. (3.69), that this model provides a
specific effective potential for the inflaton field naturally, without any other requirements
rather than the minimal coupling with curvature in EC gravity, and it has a resemblance to

the Mexican hat potential of spontaneously symmetry breaking.

We studied the conditions to generate slow-roll inflation with this multi-field model by
solving the equations of motion numerically and computing the inflationary parameters e
and 7. We observed that the solutions are quite sensitive to the initial conditions provided,
and there are not physically realistic solutions for many combinations of them. However,
we found some combination of the initial conditions that give an almost perfect de Sitter
solution for H for more than 55 e-folds, e.g., see Fig. 3.6b. In this case, the slow-roll
conditions also hold for more than 55 e-folds, and the fields behave like a straight line in
the induced field manifold, which implies that effects like non-gaussianities are suppressed

[94].

Considering that this is preliminary work, it is clear that this line of research requires more
analysis to assert that the bosonic O-form can provide a viable model of inflation. In partic-
ular, we believe that a more detailed study about the primordial perturbations could share
light on the observational predictions this model could give to contrast these predictions
with the measurements of the Planck Collaboration. We expect to keep working on the

challenges of this model in the near future.
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4. GRAVITATIONAL WAVES IN AN EXPANDING UNIVERSE

In the previous chapters, we discussed how fluctuations of the primordial Universe pro-
duced the seeds of the large-scale structure and primordial gravitational waves during the
inflationary epoch. Then, we studied the dynamics of inflation in modified models of grav-
ity. Now let us change the subject a little. The perturbations of spacetime can also be
generated in the late Universe. In fact, the mergers of neutron stars or black holes were re-
sponsible for the gravitational waves observed by LIGO a couple of years ago. However, as

we discussed in the introduction, the evolution of GWs is well studied in a flat background.

Considering the previous facts, in Ref. [95] it is discussed the effects produced by a non-
zero cosmological constant A on the propagation of gravitational waves, which includes
corrections of order ~ /A to the phase and the amplitude. Later, it was found [96], [97]
that certain modifications to the frequency (i.e., the usual redshift) and a non-trivial cor-
rection to the wave number can be found. Furthermore, in those papers, it was proposed
that the magnitude of residual time in a PTA experiment could change due to the action of
the cosmological constant. A comprehensive explanation and a review of this phenomenon
can be found in Ref. [98], where the action of the non-relativistic matter was included in
the phenomenon, showing that Dark Matter increases the effect of A on the propagation
of gravitational waves. In that sense, we expect that each cosmological component of the
Universe affects the propagation of GWs similar to the case of A, which is why we follow
the idea of using the Hubble constant as the main control parameter. The results of this

chapter were published in Ref. [16].

4.1. Appropriate coordinate systems

The simplest and standard way to study GW is using the coordinates that emerge from
the GW source (i.e., t,7) in a vacuum. It is important to note that the coordinates z* =
(t,r,0,¢) corresponds to the spherically symmetric geometry, and they will represent the
coordinates with an origin placed at the —usually spherical shaped- source of gravitational

waves. If the source is located at an intermediate cosmological distance, a solution of (1.30)
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will be described approximately by a spherical harmonic wave,

A Aij
hi (at) = % sin[k,z"] = % sin[—$t + kr], “.D

where A;; = {h4, hy«} are the components of the polarization tensor, &, are the covariant
components of the 4—wavevector of a spherical and monochromatic gravitational wave,
such that £,k* = 0. We will denote €2 = cky as the emitted angular frequency and k& =

k. = € /c as the emitted wavenumber.

Let us consider the following situation: Two remote galaxies are merging, so their cen-
tral supermassive black holes are orbiting around a common center of mass and slowly
approaching each other. This is a Keplerian problem with —approximate— spherical sym-
metry. For this reason, near the source of gravitational waves, the set of coordinates
x# = (t,r,0,¢) with spherical symmetry is very useful in order to describe spacetime
and its perturbations. A very detailed discussion about these considerations are given in
[98], where also it is established that GWs in their simplest form and expressed in these

source-centered coordinates will have the form of the equation (4.1).

However, these coordinates are not useful in cosmology because the cosmological mea-
surements are described in comoving coordinates, i.e., X* = (T, R, 0, ¢). Thus, the main
objective of this research is to find the coordinate transformation between z* and X*. With
this transformation, and by taking advantage of the principle of covariance and relativity,
we will describe the propagation of gravitational waves as seen by a cosmological observer.
The most straightforward example that we can give to illustrate the situation is showing the
de Sitter case, where only the action of the cosmological constant is taken into account.
We note that an approximately spherical source of GWs would produce a Schwarzschild
metric in a vacuum background. Thus, if we take A # 0, then when we are far from the

source (i.e., neglecting the mass term at the cosmological horizon, where Ar3 >> 6M), the
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geometry of spacetime will be described approximately by a de Sitter (dS) metric,

2
ds? = — (1 — 27“2) de* + dTA + 72 (d92 + sin?(0) d¢2). (4.2)
1— —r2

For a detailed analysis and a derivation of the dS metric, see Appendix C. On the other
hand, the FLRW metric —expressed in comoving coordinates— is given by (1.45) and the
scale factor is of the form a(7') = exp(@AT), where AT = T — Tj. The main idea
is to express the coordinates of the SAS metric in terms of the comoving coordinates of the
FLRW metric, as they are two equivalent representations of the same spacetime. It was

found that the coordinate transformation is given by,

(T, R) = (4.3)

\f In \/ 1— Za(T)2R2. (4.4)

A

eant
2

t(T,R)=T+ (z \/g) + O(A). (4.6)

These expressions show us how comoving coordinates are related to the coordinates in

If we expand them at order v/A, we get,

r(T,R) = R + O(A) 4.5)

the dS metric, and replacing the coordinates in (4.1) would show how GWs are seen by a

cosmological observer. That is the main idea and it is what we are going to exploit next.

In order to develop a more general discussion of the phenomenon, we will first consider
a Universe filled by a single fluid with an arbitrary equation of state, i.e. p; = x;p;. The
methodology to be used is basically build a diagonal, spherically symmetric and asymptot-
ically flat metric (that we will denote by S.S), described by the coordinates x*, that re-
covers the corresponding FLRW metric in comoving coordinates, then find the coordinate

transformation between both frames and, finally, replace the coordinates in (4.1), showing
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how it affects on the propagation of gravitational radiation.

In Appendix D is available the full derivation of the exact expression of the SSx metric,

which is of the form

ds* = g, dz' dz”

dt? dr?
n I —3x: + . kpir?
Kp;r? kpr?(3xi + 1)\ 1 + 3xi 3
1— 5 1+ 5

+r2 (cw2 + sin?() dgz52>, (4.7)

and the transformation between z* and X* in terms of p; and p;y = p;(To) (for any fluid of

type 7), given by

2 3x;+1 %
S
t = - (4.8a)
(A%) Kpi
r=a(T)R=R (’;9) , (4.8b)

where n and A are constants that depends on y;, given by (D.13) and (D.20) respectively
(see appendix D for more details). The expansion of (4.8a) and (4.8b) in terms of the energy

density of the fluid at the present day, i.e. p;o, becomes

Rz RpPi0 R2 2 2
i w0 AT?
r=R (1 FAT “';0 ke (1 3Xi)) +O(52p?). (4.9b)

These results agree with Ref. [98], and they show that, regardless the equation of state, the
first term in the expansion is always at order ,/p;o. Using this fact, we can expand the First

Friedmann equation at first order in HyAT),

o(T) =1+ HoAT + O(HJT}), (4.10)

82



where AT =T — Ty and H, is the Hubble constant, which can be written in terms of the

energy densities as,

Kpeir(Th) \/ A Kpao . Kpro
"o _ [ Epao , 4.11
0 \/ 3 53 T3 @10

In order to use a dimensionless expansion parameter and, to simplify the notation, we recall

the definition of cosmological redshift, denoted by z, such that the scale factor reads,

a(T) = 1iz =1-2+0(z%). (4.12)

Therefore, we can use that RHy/c ~ z, as we are working at the first order. On the other
hand, as the r coordinate has to transform as » — a(7") R to preserve spherical symmetry, a
comparison between (4.9a), (4.9b) and (4.10) shows that the cosmological components are
added inside the square root, as was discussed in Ref. [98] in the case of non-relativistic
matter. Thus, in order to obtain the correct limits for the previous models, the most general

linearized coordinate transformations must be of the form,

2
t=T+ };HO + (’)(z2) (4.13a)

r=R(1+ ATH) + O(2%). (4.13b)

The fact that only linear terms of [, appear (or, equivalently, the act of neglecting quadratic
terms of redshift and beyond) implies that our framework is approximately valid at a local
scale, which means that we can consider only sources of GWs at cosmological distances
within the condition z < 1. The coordinate transformation and the effects studied in this
work do not apply for sources at redshift z ~ 1 or greater. By replacing (4.13a) and (4.13b)

into (4.1), we obtain an expression in terms of the comoving coordinates,

1 RH
h,ng == (1 + . 0) A;j sin [— Qe T + ke R] + 0(22)7 (4.14)
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where Aj; are the transformed components of the polarization tensor, and the effective

angular frequency and wave number are given by

H 0 H
Our = O (1 _ R 0), ki = — (1 R 0). (4.15)
c c 2c

From the last two expressions, we can infer how the Hubble constant affects the propagation
of GWs when a cosmological observer (e.g., laboratories on the Earth’s surface or local
celestial bodies as pulsars) is measuring them using comoving coordinates. These results
show that the previous works were particular cases and, therefore, incomplete. At the same
time, it is partially discarded the possibility of measuring the cosmological constant A
separately from the other components of the Universe, since all of them are coupled within
Hy. Itis important to note that the expression for the effective frequency (2. in the equation
(4.15) reproduces the usual cosmological redshift (for small values of z2), i.e. Qopservea ~
Qemitted/ (1 + 2) ~ Qemiea(1 — 2), expected from the expansion of the Universe. However,
the effect on the wavenumber k. cannot be derived from other simpler considerations,
e.g., time dilation or redshift, and represents an additional feature of this framework. On
the other hand, as it is discussed by [98], even when the phase velocity of the GW is not
exactly 1 (in natural units), if it is computed with respect to the ruler distance traveled, it

can be shown that its value is exactly equal to 1.

4.1.1. The effect of the cosmological expansion on the waveform of low—frequency

GWs

Using the expression for the metric perturbation of gravitational radiation, given by the
equations (4.14) and (4.15), some quantitative effects due to the expansion of the Universe
on the waveform of gravitational waves can be analyzed. We will choose, in particular,
low—frequency GWs since the most common sources at cosmological distances are Super-
massive Black Holes (SMBHs) and a Stochastic Background, both sources of low and very
low-frequency gravitational waves, which are expected to be measured by Pulsar Timing
Arrays (PTAs) experiments in the following years [99], [100]. We are more interested in

the SMBHs sources because our framework can describe how the expansion of spacetime
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FIGURE 4.1. Dimensionless strain of a GW. The time was fixed at 7" ~ 100 Myr.
In solid red, the signal observed neglecting the cosmological expansion. In dotted
blue, the waveform expected when the effect is taken into account.

affects the properties of gravitational radiation coming from this kind of origin.

To start, we fix the waveform in time to observe the distribution of the waveform over
distance. Moreover, the values of the cosmological constant and the emitted angular fre-
quency of the gravitational wave must be specified in order to compute the waveform. In
Fig. 4.1 the blue dotted line shows the dimensionless strain of a monochromatic GW for
a fixed time with an emitted angular frequency 2 = 3.0 - 107® rad/s and taking H, = 70
km/s/Mpc, while the red line is the perturbation without considering any cosmological ef-

fect. As we expected, the amplitude decreases over distance as 1/R in both cases, but the
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FIGURE 4.2. The same plot but now fixing the position of the source at R = Z ~
150 Mpc. In solid red the wave without cosmological effects and in dotted blue
the signal expected when the effect is considered. The time axis was inverted, in
order to show the waveform during the last 30 years before reaching the observer
at T = 0. In both cases we take Hy = 70 km/s/Mpc and Q = 3.0 - 10~® rad-Hz.

main difference is related to the considerable shrinking of the wavelength over cosmolog-
ical distances. This effect, due to the H| extra term in the kg in equation (4.15), will be

significant when the waveform is integrated over a trajectory, as we will see in section 4.2.

Conversely, we can also fix the R coordinate, i.e., the position of the observer in space,
and compute the waveform of the perturbation in the time domain. The result for a wave
that has traveled 150 Mpc from its source with an emitted frequency Q = 3.0 - 10~® rad/s
appears in Fig. 4.2, where the last 30 years of the wave propagation before reaching the

Earth are plotted. It is clear from the picture that the effective frequency of the gravitational
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wave is different depending on whether our effect is considered or not. In this way, our
framework reproduces the standard cosmological redshift of the frequency expected for

electromagnetic and gravitational waves when they travel through spacetime.

However, it should be noted that this phenomenon could be detected only by observing the
waveform for long periods. This is not the case for detectors like LIGO or LISA because
they measure GWs from the merger of black holes or neutron stars that last seconds or
minutes, but it could be the case for PTA experiments because they have been observing
pulsars for decades. Furthermore, we can anticipate that as the observation time span in-
creases, the magnitude of cosmological effects should rise. In the next section, we develop
a framework using our results to analyze how this effect can affect the measurements of
PTA, and in the final section, we estimate the feasibility of detection by the computation of

signal-to-noise ratios.

4.2. Pulsar Timing Arrays and Timing Residual

4.2.1. Timing residual of pulsars

The results obtained in the last section, e.g., equations (4.14) and (4.15), show that the
Hubble constant should influence the propagation of gravitational waves. Now we will set
an experimental framework in which this effect can be taken into account. We will use
the light coming from a local pulsar and the shift in the time of arrival of the electromag-
netic (EM) pulse due to the pass of GWs. In Fig. 4.3 we show a source of continuous
gravitational waves at low—frequency (Qgw ~ 107° rad/s), e.g., a pair of orbiting Super-
massive Black Holes (SMBHs), at a distance Z from Earth. In general, we can separate
different regions far from the GW source: The Strong Field Zone (SFZ), where spacetime
is strongly curved due to full relativistic effects; the Local Wave Zone (LWZ), which starts
approximately at a distance d ~ Agw = ¢/(Q6w/27) ~ 20 ly from the source, where we
will consider the plane wave approximation, i.e., the propagation of monochromatic and
spherical GWs from the position of the source. These waves will be measured by a distant

cosmological observer, e.g., the Earth, and our goal is to estimate how the cosmological
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expansion of the Universe affects the propagation and observation of these low-frequency

gravitational waves.

GW !
SOURCE
(t.r)

PULSAR

o

1

L
EARTH N\
(T.R)

FIGURE 4.3. Setup of the configuration analyzed in this work: A source of gravi-
tational waves at distance Z from the Earth and a nearby Pulsar located at a position
P referred to the source. The only relevant angle will be «, i.e. the angle between
the source and the pulsar with respect to us. We can obtain « from the galactic
coordinates of those objects with equation (4.16).
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In this sense, the main goal of Pulsar Timing Arrays (PTAs) experiments is to measure
low—frequency gravitational radiation that reaches the Earth and nearby pulsars, which
are typically located at galactic distances and are not affected by cosmological effects.
However, the natural sources of low-frequency GWs, e.g., SMBHs, are usually observed

< 0.5) and, hence, the discussion and results of the

~Y

at local cosmological distances (2
previous chapter could apply. To start, we will compute the timing residual due to the pass
of a monochromatic gravitational wave over a single pulsar. If this object has a galactic
longitude ¢, and a galactic latitude b,; and if we consider a source of gravitational waves
with galactic longitude ¢, and galactic latitude b,, the cosine of the angle « between the
line of sight of the pulsar and the one of the source, with respect to us, is given by the

expression,

cos(a) = cos(bs) cos(b,) cos(ls — £,,) + sin(by) sin(by,). (4.16)

In Fig 4.3 we have a pulsar at a distance L from Earth, which emits EM pulses with a
certain time-dependent phase ¢, measured at the pulsar. Thus, the phase of the EM pulse

measured at Earth reads,
L
OT) = o |T = — = 70(T) = Tw(T) (4.17)

where c the speed of light, 7o(7) is the timing correction associated with the motion of the
Earth with respect to the Solar system and 7w (7") is the timing correction due to the action
of GWs passing through the system. According to Refs. [98], [101], [102], the correction

to the EM phase due to the pass of monochromatic gravitational waves, is given by
1.
TGW(T) = —§n’n]H,-j(T), (418)

where 11 is a unit vector pointing from Earth to the pulsar and H;; is the integral of the metric
perturbation along the null geodesic in the path pulsar—Earth, which could be parameterized
by R(z) = P — L(1 + x)i with z € [—1,0], such that from z = —1 to z = 0 we follow
the geodesic from pulsars to Earth. Using this path, H,;(T") becomes,

H;(T) = L /0 h’}f (T + ix \R(x)|) dz. (4.19)

-1
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From the equation (4.17) we can infer the consequences of a non-zero value of the timing
residual. In general, the pass of gravitational waves will distort spacetime and induce on a
pulsar a change in the time of arrival of the electromagnetic pulse. For instance, 7gw > 0
implies a delay on the signal with respect to the expected time of arrival (which is equivalent
to consider that the distance between Earth and the pulsar, L, increased). If 7qw < 0,
the signal will arrive earlier than expected (equivalently to consider that L. decreased).
Nevertheless, for all the practical purposes of this thesis, e.g., the computation of statistical
significance, the signal-to-noise ratio, or the qualitative analysis of the timing residual, the
significant quantity involved will be the total amount of the temporal shift, i.e., the absolute

value of Tgw.

4.2.2. Including the ACDM model

According to Ref. [102], the plane wave approximation is valid only when L/Z < 1. If
this condition is imposed, we can show that |R(z)| = R(z) = Z + xL cosa. Thus, the
equation (4.18) follows, using (4.19). But first, as we imposed the TT-Lorenz gauge, for a
GW propagating through the Z axis the only non-zero values of the components of Aj; are
in the X,Y components (the polarizations A, and hy ). We can also additionally assume,

in order to simplify the computation of the integral, that ‘A;j = ¢ Vi, j. Therefore, the full

timing residual in the arrival time of the pulsar due to the pass of GWs in the ACDM model

reads,
Ho T, L, 7,9 Le o [0 LT+ O +sin0)] d
raw(o, Ho, T, L, 2,9,¢) = T () -1 Z+zLcosa [c0s © +5in ©] dz,
(4.20)
where the phase O is given by the expression,
Z L L
6 =0 (1 - Zaneesa CosaHo> (T + m) 4.21)
c c
Q Z + xL cos Z 4+ xL cos «
2o Ty (Zistene)
c 2c c

4.3. Effects of the Hubble constant on the timing residual
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4.3.1. Simulation of the timing residual of an individual pulsar

As we discussed before, the geometrical parameters involved in 7gw are the angle o be-
tween the pulsar and the GW-Source, the distance Earth-Pulsar, L, and the distance Earth—
GW-source, Z. In order to perform a numerical analysis, we can choose some reasonable
values of the parameters that appear in the equation (4.20) and fix them to visualize the
behavior of the timing residual 7gw. Thus, the setup described in Fig. 4.3 can be approxi-

mately modeled with the values that appear in the Table 4.1.

Parameter SI value
Z 3-10*m ~ 100 Mpc

T Z/c=10'% ~ 300 Myr
L 10¥m ~ 1000 ly
Q 1078 rad/s
£ 1.2 x 10°m

TABLE 4.1. List of values considered for the parameters in the numerical integra-
tion of the timing residual 7gw in (4.20), according to current accuracy of Pulsar
Timing Arrays.

For the source of GWs, we choose a typical distance Z where supermassive black holes are
present, and although it is large, it is not a cosmological distance near the Big Bang. On
the other hand, the distance between Earth and the pulsar is within the margin of a local
galactic scale. It can be seen, from Table 4.1, that L < Z, as required from the previous
considerations. The angular frequency is of the expected order for future PTA projects
and the same argument is used to fix ¢, due to that it satisfies |h | ~ |hyxx| ~ €/Z ~
10712, where || and Q are within the expected accuracy of PTA projects, e.g. the EPTA
[103] or the NANOGrav collaboration [104]. Employing these parameters, the numerical
integration of 7gw gives the results that are shown in figure 4.4a. As we can see, the value
of the timing residual can be positive or negative. Since the meaningful physical magnitude
is the amount of time, rather than the direction of the shift, we can also plot the absolute
value of 7gw, but now changing the value of H, within a region of parameters, obtaining

the plot in Fig. 4.4b.
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FIGURE 4.4. (a) Comparison between different material contents of the Universe.
SdS is the de Sitter case (only A), SDS+A is where Dark Energy and Dark Matter
(dust+A) are taken account. The ACDM case also includes radiation. Note that in
the Minkowski spacetime no peak is observed. This graphic also agrees with the
results obtained by [98]. (b) Numerical analysis of the absolute value of timing
residual in terms of «, varying the value of Hy. For a non—zero Hy, a dominant
peak is present, whose angular position (i.e. at an angle a,;,) in the a—axis increases
as the value of Hj also increases.

First, in order to understand the role of the angle «,,, in which the maximum of 7gw is
reached, we analyze the dependency on the original angular frequency of the incoming
gravitational wave, namely (2, e.g. see equation (4.21). From figure 4.5a we note that for
the region 107% rad/s < Q < 10? rad/s, the value of |7ew/| is practically zero. However, in
the region 107® rad/s < Q < 1079 rad/s the value starts to rise. This is the main reason why
the other type of detectors as LISA or LIGO are useless in this context: Only PTA works
in the proper range of the frequency spectrum [105]-[107]. On the other hand, in Fig. 4.5b
we note a lack of angular dependence on the maximum values of 7gw, and moreover, the

same behavior is observed for the distance L, in Fig. 4.6a.

However, in Fig. 4.6b it is clear that for different values of the distance Earth—-GW-Source,
the angle «,,, changes dramatically, and therefore it depends on the distance Z in an ex-
plicit but unknown way. For the Hubble constant, Fig. 4.7a shows a similar situation. In

fact, it represents how the dependency on H is quite similar to the case of Z in Fig. 4.6b.
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FIGURE 4.5. (a) Density plot of |7gw/| in terms of the common logarithm of angu-
lar frequency €2 and the angle . This graphic shows why PTAs are so important to
measure this effect. Other values given by table 4.1, with Hy = 70 km/s/Mpc. (b)
The same plot but focused in the range 1078 rad/s < € < 10~" rad/s. We can note
the lack of dependence on (2.
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FIGURE 4.6. (a) Density plot of |7gw| in terms of the distance L (in kilolight-
years), and the angle «. The rest of parameters are given by Table 4.1, with Hy =
70 km/s/Mpc. Again, there is almost no dependence on L. (b) Density plot of |Tgw]|
in terms of the distance Z (in megaparsecs), and the angle «.. The rest of parameters
are given by Table 4.1, with Hy = 70 km/s/Mpc. Unlike the previous cases, we do
see an angular dependency on Z.

From this behavior, we can speculate about a possible relationship between these parame-

ters. Zooming up, we obtain the Fig. 4.7b, where we can see that the maximum value of
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the timing residual 7w (i.e., the white spots) has a slightly oscillatory structure around a

characteristic maximal angle «,,,. It can be noticed that the whole white stripe has a slight

slope, showing a slow variation of the angular position, in agreement with the Fig. 4.4b.
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FIGURE 4.7. (a) Density plot of |7gw/| in terms of Hj, and the angle . The rest
of parameters are given by Table 4.1. (b) The same plot but zoomed to the suitable
range 60 km/s/Mpc < Hp < 80 km/s/Mpc. We note a slight slope in angular

position, in accordance with Fig. 4.4b.
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We can summarize the previous analysis as follows: The numerical integration of the equa-

tion (4.20), with the parameters given by the Table 4.1, gives the density plots shown above.

From Fig. 4.5a we can also establish the crucial role of PTAs in the eventual measurement

of the effects caused by the cosmological components of the Universe on the propagation

of gravitational waves: The effect that Dark Matter, Dark Energy, and other cosmological

fluids induce to the propagation of GWs, is sensitive to the frequency spectrum of current

Pulsar Timing Arrays experiments.

Furthermore, the figures 4.6b and 4.7a support the hypothesis of the existence of an implicit

relationship between the Hy, Z, and «,,. From the figures, 4.4a and 4.4b we note that it

could be difficult to find the best value of H, that fit the data unequivocally due to the
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complicated dependencies of the parameters within the equation (4.20) and because of the
background (i.e., the null test for H, the flat Minkowski spacetime) has a not negligible
amplitude for a large part of the angular values of a. However, this situation does not
happen within the vicinity of the characteristic peak of 7gw when Hy # 0, which occurs
at a certain angle «,,,, where the difference with the background is considerable. In that
sense, if this tiny effect is ever observed, it is very likely that must be the case of a pulsar
located in the vicinity of the angle «,,, in such a way that the value of its timing residual is
maximized, and that the signal is strong enough to rule out the experimental noise. Thus,

the relationship between H,, «,,,, and Z will be clarified, and we could state its importance.

4.3.2. A relationship between PTA observables and the Hubble constant
Using the stationary phase approximation for 7gw and considering reasonable asymptotic
expansions, we obtain the following expression,

2 m
Hy = g sm2<o‘2>. (4.22)

A derivation of this equation can be found in Appendix E. The expression in (4.22) provides
a precise relationship between H, and the observables «,,, and Z. Under ideal assumptions,
this formula can be used to estimate the local value of the Hubble constant knowing the two
main observables: Z and «,,. In Fig. 4.8 we show the behavior of the approximation for-

mula with respect to the numerical analysis, including some values of current observations.

However, there are some experimental obstacles when we want to measure [, using this
framework, in particular, because we need to determine the value of Z by independent

astrophysical methods. Nevertheless, a PTA experiment could determine, considering the

experimental uncertainties, the value of the timing residual |7Gw|, the value of the emit-
ted frequency of the source (2 and the direction of the incoming Gravitational Wave (and
therefore, the value of «). In the ongoing PTA experiments, several pulsars are observed
at once. Each of them will be located at different angular positions. If a GW is passing

through the set of pulsars, then each of them will have, according to our model, a different
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Numerical simulation

Ho = 67.36 + 0.54 km s Mpc? (Planck, 2018)

Ho =73.48 = 1.66 km s Mpc! (Riess, 2018)
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FIGURE 4.8. The value of Hy using the formula (4.22) and the numerical maxi-
mum of |7gw|. The average error in the approximation is of the 1.5% from numer-
ical simulation.

associated |7gw|. Evidently, it is more likely that the pulsars have a relative angular po-
sition with the source in which the |7Gw| is not maximum (i.e., & # «,,). Clearly, these
cases are challenging to measure experimentally because the value of |7gw| for these cases
is indistinguishable from the background. However, there is a tiny possibility that one or
some of these pulsars are located just at an angular position where the value of |7gw| is
distinguishable with respect to the background (i.e., & ~ «,,). If that were the case, then
the value of |7gw| should be large enough to be measured by the expected accuracy for PTA

detectors.

Furthermore, in light of the standard cosmological model, for a small redshift, i.e., z < 1,
it holds that z ~ (Z/c) Hy [108]. Thus, equation (4.22), we obtain an expression that could
be interpreted as the redshift of the source of GWs, denoted by 2z, in terms of the maximal

angle a,,

- 2sin2<a2m>, (4.23)
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if, and only if, the source has a redshift z; < 1, according to the previous discussion about
the local validity of this work. Consequently, the maximal angle is restricted to the condi-
tion oy, < /2, to assure the redshift condition. The relationship between the redshift of
the source and «,,, was not identified in the previous results of Ref. [98], hence it repre-
sents a new and interesting insight in this line. This result implies that the ACDM model
predicts large timing residuals for pulsars located approximately at the same direction of
the (local) sources of gravitational waves. This effect could be useful for PTAs research
and the measurement of Continuous Gravitational Waves through this method, a task that is
expected to be accomplished in the next years [103], [104], [109]: The angular separation
between the sources of GWs and the monitored pulsars is strongly constrained in order to
measure distinguishable differences in the timing residual. Therefore, if a PTA experiment
seeks to measure a strong signal of gravitational radiation coming from single sources (e.g.
mergers of supermassive black holes), only the signal coming from sources located near to
the angle «,,, with respect to the pulsars observed seem to be measurable. In that sense,
this prediction of the standard ACDM model represents an alternative way to improve the
detection of GWs using PTA experiments by taking advantage of this local cosmological

effect on the propagation of gravitational waves within our expanding Universe.

4.4. Statistical significance and Signal-to—Noise Ratios

4.4.1. Estimates of statistical significance in the timing residual analysis

As we have discussed, an essential feature of the cosmological effects on GWs in PTA
experiments is the presence of a significant peak in the value of the timing residual for a
particular angle a. Moreover, we note that this peak changes its angular position according
to the value of the Hubble constant. This is our first clue of the existence of a distinguish-

able signal coming from the cosmological effects on the propagation of GWs.

In order to study the intensity of the signal shown in the previous figures, we will use some

pulsars from the ATNF catalog [110]. As we know, pulsars are stable clocks whose periods
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are known with great accuracy. Assuming a modest precision of o; ~ 107%s which is
obtained by averaging the precision achieved of best pulsars in the IPTA collaboration, we

can define a statistical significance of the timing residual, of the form

1 Np,Ni oW 2
o= Tow ) (4.24)
NpNt ZJZ: < O¢ )

where index ¢ running from 1 to /V,, (number of pulsars averaged) and j running from 1 to
N; (number of observations). Assuming we perform measurements every 11 days through

3 years, then N; = 101. We considered the clustered pulsars shown in table 4.2.

Pulsar Name b; L,
J0024-7204E | —44.89° 4.69 kpc
J0024-7204D | —44.88° 4.69 kpc
J0024-7204M | —44.89° 4.69 kpc
J0024-7204G | —44.89° 4.69 kpc
J0024-72041 | —44.88° 4.69 kpc
TABLE 4.2. List of pulsars averaged for an hypothetical source at angular sepa-
ration «. It is shown the data given in [110], where b; is the galactic latitude and
L; the distance between Earth and pulsar. We can note that this set simplify the
computation of o because all pulsars are very close to each other.

We will keep « as a free parameter and suppose that an hypothetical GW source is located

at o radians between Earth and pulsars. Thus, the statistical significance is given by

5 101 TGW
o(0) = |+ 10122( ) (4.25)

i=1j5=1

The result of the simulation can be observed in Fig. 4.9a, showing the characteristic peak
as we expected. However, we can develop a more realistic simulation. In figure 4.9a,
only a cluster of 5 pulsars was considered, and all of them were averaged at the same
angle . However, one can expect that all the pulsars are located at different angles (in
galactic coordinates) and randomly located. Therefore, we have considered 11 randomly

distributed groups of 5 pulsars each (see appendix F), two test clusters of pulsars with a
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suitable location (65 pulsars in total), and a source of gravitational waves located at galactic

coordinates {5 = 20° and bg = 15°.
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FIGURE 4.9. (a) Simplified simulation of ¢ in an hypothetical observation of the
peak in 7gw, which is located near 0.2 rad. Green and blue curves overlap due to
the similarity of models. (b) Numerical simulation o in the measurement of Tgw
for three different models. We used 13 sets with 5 pulsars each, and for 11 of them,
we took randomly distributed pulsars from the ATNF catalog (see Appendix F),
and 2 of them as test groups with suitable parameters. The larger peaks come from
the later, showing the difficulty of a successful measurement.

Then, we averaged them using the statistical significance given by

1 2% (o (L, 6, 0)
7T\ 5101 ZZ( 106 ) (4.26)

i=1j=1

and plot it as a function of the average angle of the group, namely o, = Z?ﬁl «; /5. From
this simulation, we obtained figure 4.9b, where we can note how the randomly distributed
pulsars mostly do not show any signal, except for those that are located very close to the
maximal angle, namely «,,, where the value of the timing residual is maximized. For a
pulsar located within the vicinity of the angle «,,, the effect of the Hubble constant on the

propagation of GWs and the capability of measuring them using PTAs is greatly increased.
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This fact indicates that only the pulsars placed near the angle «,,, with respect to the source
of GWs will show the characteristic peak in the timing residual with great statistical signifi-
cance, which implies a significant obstacle when trying to observe this effect. Nevertheless,
as more pulsars are observed and studied, it is more likely to measure the existence of this

peak, which could represent a challenge for the future research of PTA experiments.

4.4.2. Computation of the Signal-to-Noise Ratios

A better way to estimate the feasibility of measuring the effect of the cosmological expan-
sion of the Universe on the propagation of low—frequency GWs is by computing signal-
to-noise ratios (SNRs). This quantity compares the level of a signal observed by a PTA
experiment with the experimental noise. To start, let us consider a source of low-frequency
gravitational waves located at a fixed position in the sky, /; = 0° and by = 45°. According
to [111], the Signal-to-Noise Ratio (SNR) for a PTA observation can be obtained from the

following expression,

X, Ny N L, Hy, 2, Z,e, Ty
SNR? =3 (SNR)2=3>"%" (T(% Eil e R L 1)> , 4.27)
=1 J=1 i=1 wj

where (SNR); is the individual signal-to-noise ratio for each pulsar, «; is the angle be-

tween the source and each pulsar, as appears in (4.16), 7 is the expected signal to be

rms
7

observed by PTA experiments, w;™ is the root-mean-squared (rms) noise of each pul-
sar, and each of them are observed during a time span N{S, which we can subdivide,
eg. 1,... ,N}j ). As discussed in the introduction, IPTA is a global collaboration, i.e.,
NANOgrav+EuropeanPTA(EPTA)+ParkesPTA(PPTA), which monitors several pulsars sky
to detect continuous low—frequency GWs in the next years. Thus, we will take ten pulsars
from the 2019 Second Data Release of IPTA collaboration [100] listed in Table 4.3. We
compute the SNRs assuming a Gaussian stationary noise and plot its magnitude for differ-
ent values of the redshift of the source and the frequency of GWs. The result appears in Fig.
4.10a, where we can observe that the left side of the region of parameters has 1 < p < 10,
a weak/moderate signal. However, for values of 0 > 10 rad/s and independent of the

redshift of the source, the SNR decreases to almost zero. This result shows how this effect
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only can be observed for very small values of the GW frequency.

Pulsar Name l; b; Lj (kpc) wi™ (us) Nig (years)
#1 | JO030+0451 | 113.141° —57.611° 0.34 1.48 15.1
#2 | JO613-0200 | 210.413° —9.305° 1.11 1.14 16.0
#3 | J1022+1001 | 231.795° 51.101° 0.72 1.97 17.5
#4 | J1024-0719 | 251.702°  40.515° 1.20 1.71 18.2
#5 | J1455-3330 | 330.722°  22.562° 1.00 4.12 9.7
#6 | J1640+2224 | 41.051°  38.271° 1.50 0.77 17.2
#7 | J1643-1224 | 5.699° 21.218° 1.10 2.55 20.1
#8 | J1738+0333 | 27.721°  17.742° 1.50 1.38 7.3
#9 | J1730-2304 | 3.137° 6.023° 0.60 1.57 20.3
#10 | J1744-1134 | 14.794° 9.18° 0.41 0.73 19.9

TABLE 4.3. List of pulsars considered to compute the SNRs of the figures 4.10a
and 4.10b. The distances, rms noise and the time span of the observation were
obtained from the second data release of IPTA [100], and the location in the sky in
galactic coordinates from the ATNF pulsar catalog [110]. Only the pulsars observed
by more than one team from IPTA (between EPTA, Nanograv and PPTA) were
considered to the computation of the Signal-to—Noise Ratios of figures 4.10a and
4.10b.

Another alternative is fixing the frequency and the distance of the source (or, equivalently,
its redshift). This procedure is illustrated in Fig. 4.10b, which shows a fascinating pat-
tern: A ring surrounding some pulsars where the SNR is significantly enhanced. This is
not surprising since the ring is the main consequence of the peak in the timing residual
due to the cosmological effect discussed in section 4.3. We can use (4.16) and (4.23) to
describe the enhancement ring for a pulsar located at £, and b, in galactic coordinates, and

is approximately the geometrical region that satisfies the following parametric equation,

Cos (2 arcsin(@)) = cos(b;) cos(b,) cos(ls — ¢,) + sin(b,) sin(b,), (4.28)

where z, = Z H,/c is the redshift of the source of gravitational waves and (¢, by) its loca-
tion in galactic coordinates. This phenomenon, i.e., that the signal of gravitational waves
enhances enormously in a specific region of the sky depending on the value of H, and the
distance of the source or, equivalently, the redshift z;, is the primary footprint of cosmolog-

ical expansion on the propagation of low—frequency gravitational waves. According to Fig.
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4.10b, the sources of GW's observed with PTA experiments that are placed within this char-
acteristic ring would have a much larger SNR, and therefore, they are potentially observable
by these GW detectors. Furthermore, if we increase the number of pulsars monitored and
the time span for each of them (as IPTA expects it), the SNRs will be surely bigger, raising

the feasibility of observing this phenomenon in the future years of PTA measurements.

10!

SNR
Galactic Latitude [rad]

1072

10-® 0.0 0.2 0.4 0.6 08 1.0
GW frequency [Hz] Galactic Longitude [rad]

(A) (B)

FIGURE 4.10. (a) Signal-to-noise ratio for a fixed position in the sky of the source
at {5 = 0° and b, = 45°, and where the contributions to the SNRs of each pulsar
from the Table 4.3 were included. In the vertical axis we have the redshift of the
source, i.e. zs = HyZ/c, and in the horizontal axis we have the emitted frequency
of GW, (). In the region of parameters suited for PTA observations we obtain, for
these conventional values, a SNR between 1 and 10, a weak/moderate signal. (b)
Signal-to-noise ratio for different positions of the source in the sky, with Z = 100
Mpc and 2 = 1078 Hz. White stars represent the positions of the pulsars #6,
#7, #8, #9 and #10 from Table 4.3. When Hy # 0, it appears a ring centered at
each pulsar, following the equation (4.28), where the feasibility of a measurement
increases ~30 times. The more sensitive pulsar is J1640+2224, with a rms noise
of 0.77us, whose ring is the brighter in the plot. Other rings have much lower
SNRs since the noise of the other pulsars is higher. If the action of Hy is neglected
completely, the ring does not appear. In both plots we have considered Hy = 70
km/s/Mpc, and all the parameters involved have the typical values expected for
future measurements of PTA experiments, according to the literature [99], [100],
[103], [104], [111].
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5. CONCLUSIONS AND OUTLOOK

The models and simulations presented in this thesis result from three different projects
developed by the author during his Master’s degree. The first project discussed here was
the study of cosmic inflation and its slow-roll regime within the framework of the f(R,T)
model of modified gravity. We considered the minimal coupling between 7" and R and
added a single inflaton field. Then, we computed the corrections due to this theory to the
inflationary observables and applied these results to several well-known models. Regarding
the results obtained, we can highlight the following aspects: Power-law potentials’ trajec-
tories are not modified. In the case of Natural and Quartic Hilltop inflation, the contribution
from f(R,T) gravity can modify the constraints on the only parameter of both models. We
also applied the prescription to Starobinsky inflation, where we found that the trajectories
in the (ng, r) plane can be strongly modified. Then, we outlined a brief analysis of models
with higher powers of 7', finding that some crossed terms arise, making the computation of

parameters more challenging.

Secondly, we discussed the implications of considering a bosonic 0-form couple to Einstein-
Cartan gravity as a source for inflation. After expanding the interacting terms and construct
an effective Lagrangian, we reduced the fields to ¢y and ¢,, and then we study the formal-
ism of multi-field inflation to analyze the effects of the effective potential. We can high-
light the following: Both fields move on a straight line over the space-field manifold, so
multi-field effects are negligible. For certain initial conditions, the model can reproduce
well-behaved slow-roll inflation for at least 55 e-folds. However, a more detailed analysis

is required to confirm the viability of inflation in this model.

Finally, regarding the study of astrophysical sourced gravitational waves propagating through
an expanding Universe, we found the following: Due to a coordinate transformation, har-
monic gravitational waves become anharmonic when a cosmological observer measures
them. By assuming the standard ACDM model, we predict a moderate/strong signal in the
arrival time of electromagnetic emissions from pulsars, making this effect quite sensitive

to PTA experiments.
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APPENDIX A. DERIVATION OF LINEARIZED GRAVITY

The Einstein Field Equations, which describe the curvature of space—time by the effect of

matter, are given by,

G

1
R;LV - iRgMV = 7Tum (Al)

where 7, is the Ricci tensor, R is the scalar of curvature, g,,,, i the metric tensor and 7},
is the energy—-momentum tensor. Thus, if a source of matter produce a little perturbation

on space—time, e.g. a binary system or a rotating body, we can write the metric tensor as,
Guv = guu + h;wa ’h;ux‘ <1 (AZ)

where g,,,, is the background metric of space—time and h,,, is a symmetric tensor of rank 2.

For instance, let us take a minkowskian background, i.e. g,,, = 7)., such that
uv = Nuw + huln ‘h,uu| < L (AS)

The result of doing perturbation theory on the Field Equations is called Linearized The-
ory. Note that if we choose a reference frame in which (A.3) holds, some residual gauge

symmetry remains. For example, consider the transformation,
ot — o = ot 4 (M), 10,80] ~ |huw! < 1 (A.4)

Using the general coordinate transformation law of a second rank tensor on the metric,

ox'P ox'” ,
gl“/(x'u) = ot Oxv gpa('r #)7

and
ox'?

ox?

— 60+ 0,8
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Therefore,

G (") = (8], + 0,°)(6] + 0,€7) g0 (z™)
= (0707 + 010,€7 + 9,£707 + (0,8°)(0,€7)) (0 + Ti)
Nuw + Py, = (06007 + 650,€7 + 0,870, ) (1,5 + 1,y
= Ny + 0 4e € + 17,0’ + iy, + 1,0 (70,67 + 9,£707)
= + 1 000" + 1, 0,87 + 1,
W = b = (Ou& + 0,E,) + O(B?). (A.5)

As ‘8u§v| ~ ‘huv

hence, the slowly varying diffeomorphisms are a symmetry of the linear theory. Besides,

, the condition |h,, | < 1 is preserved under the gauge transformation and

as h,,, transforms as a tensor under Lorentz transformations,
I __ AP AC
hW = A A7 Ry,
and h,, is invariant under constant translations,

ot — 2 = 2* + at,

we may say that the linearized theory is invariant under finite Poincaré transformations. We

summarize this result as:

Full Theory — Covariant under general coordinate transformation

Linearized Theory — Invariant under infinitesimal local transformation + Poincaré symmetry.

For the next equations, the label (-)(1) indicates that the term is linear in h,,,. Therefore, in

the linearized theory, the Christoffel symbol is given by,

N — DN —

Fpuu gpa(augau + 8Vgau - aagul/)

70 = 17 (Quhoy + Ohay — Oshy) + O(B2,)
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In the same way, linearized the Riemann tensor reads,

R'ul/pa = apruua - aUFMVp + Fuocpraua - Fuaaraup
R, = 0,000 — 0,10) + O(h2,)
1
= inuA(apauh)\a + apaah)\u - apa)\hua - aJauhz\p - aaaph)\y + 808>\h1,p) + O(hl%’/>
1 )
= 51" (0p0uhrg + 0gOrhusp — 0,03 hwy — 0y Ouhrg) + o(h2,)

Hence, the Ricci tensor in the linearized theory reads,

Ruu = Ra;wa/
1 a(l
Ry) = R0,
1 aX 2
= 577 (aaauh)\u + 8118)\]7'#04 - aaa)\hyy — (91,8uh,\a) + O(h/“’)
1

=3 (02 0uhrs + 00 hyee — 0 Orhy, — 0,010 ) + O(R2,)
1/ o 2
_ 5(a Ouhaw + 0°Oyhyi — Ohy, — 9,0,h) + O (B2, (A.6)
where in the last line we have defined the trace of the metric perturbation,
h =n""h,, = h",, (A.7)
and [J(+) is known as the D’ Alembert operator, which in flat space—time is given by,

O() = 7" 9,0,(-) = 0,0"(-) (A.8)

119



The Ricci scalar can be obtained at first order in the same way,
R=¢"R,,
RO =y RG) + O(2,)
_ ;77"” (0 Glor + 00,y — Oy, — 3,0,0) + O(12)
_ ;(a*aﬂhw + 00"y — Oh —Oh) + O(12,)

= 0°0°has — Oh + O(12,)

Thus, the linearized version of the Einstein Field Equations become,

Ry - ;mw RO — ;(axamy + 0Oyl — Ol — 0,00 — ;,,W (00 hayy — OR) + O(12,)
= [P0+ O~ Db — 0,0, — 0 s+ OH] + O(12,).

In vaccum, we obtain the Fierz—Pauli equation for a massless spin—2 particle,

*0uhry + 0“0 hye — Ohyy — 0,0,h — 1,070 hap + 1,0k = 0 (A.9)

If we define the trace—reversed metric perturbation as,

1
hp,u = h,u,u - 577;wh7 (AlO)

whose trace satisfies,

A vy v 1 v

h=n"hy, =n" huu—in“ Nuwh =h —2h = —h, (A.11)
we can express the usual metric perturbation as,

_ 1 _ 1 _
hw/ = huu + 577;ujh = huu - 577“”

>

(A.12)
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Therefore, using the trace-reversed perturbation, the Field Equations reads,

1

(1) _
R, 5

1 1 - -1 R
R = 2 [akaﬂ (hw - Qnm) + 00, (h - anh) - D(hw - anh)

_ _ 1 - _
—8,0,(—h) — 1, 0°0” (haﬁ - 277a,3h) + muD(—h)}

1 _ _ _ - 1 _
=5 laAaﬂhM —N—l— 0“0yl —M— Ohu —i—éMﬁﬁ—l—W
- 1
—nwaaaﬂhaﬁ +W—W}

1 _ _ _ _
:§pﬁmw+m@@M{mW—mﬁw%w]
Thus, the trace-reversed metric perturbation satisfies the linearized Field Equations

167TGT

Ohp + 10%0°hag — 0“0y hye — 0“Ophey = — T L (A.13)

Using the gauge symmetry of the linearized theory in flat space—time, given by equation

(A.5), we can try to fix the gauge through the Lorenz gauge condition,

8y, = 0 (A.14)

To verify this, let us write the gauge transformation of eq. (A.5) in terms of the trace—

reversed metric perturbation,

_ 1 1
hW—»mfw@—ymw:mf4@@+@m—§WMW%@

1
- h,ul/ - (8[,L€V + 8y£u) - 577uu77a6(ha5 - 80465 - aﬁga)

= B,ul/ - (a“@ + ayfu - nuuaaga)a

and hence, the Lorenz conditions transforms as,
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O hywy — (0" hyw) = 0"l — 02836, — 0" 0,8, + 1,020
= 0"h,, — 0O¢,

Let us suppose that initially the field h,,, satisfies 8”7@,, = fu(z®), for an arbitrary contin-
uous function f,,. Then, in order to obtain coordinates where (a”ﬁw,)’ = 0 holds, we must

solve

0¢, = fu(x®), (A.15)

but actually this equation always admits a solution. If we define G(z“) as the Green’s

function of the box operator,

Opa Gz — y%) = 6W (2 — y%), (A.16)

Then, the solution of (A.15) is given by,

&ula®) = [ dz G —y) fuly”) (A17)

Summarizing, for any initial configuration of the field h,, (), we can find a corresponding
&, such that exists —locally— a new coordinate system {2’} in which the Lorenz condition
(0"h,,)" = 0 holds. In this sense, the gauge condition (A.14) fixes four equations, re-
ducing the ten independent components of /,, to six. Therefore, in the Lorenz gauge, the

linearized Einstein Field Equations become,

- 1
o, — LG,

4

(A.18)
c

If we take the partial derivative to both sides and use the Lorenz gauge condition, we get

87G
0" Ohy, = 00" hy) = —:—48”TW =0 — T, =0 (A.19)
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These two results show that:

(i) The metric perturbation h,,, propagates as a wave traveling at speed ¢, and the source
of the wave is described by the energy—momentum tensor.

(i1) The conservation law of the energy—momentum tensor is expressed in terms of partial
derivatives, rather than covariant derivatives.

(iii)) The approximation of the linearized theory implies that the sources of gravitational
waves should move in a flat space—time. For instance, the fact that we are using the
background g,,, = 7, implies that we can approximately describe the dynamics of
self-gravitating systems, e.g. binary stars, using Newtonian gravity.

(iv) Actually, the gauge is not completely fixed. From the Wigner Theorem, we know that
any massless particle has two polarizations or degrees of freedom. Thus, as we have
at the moment six independent components for /1, four conditions (or equations)
remain to be found. These will be obtained from another gauge—fixing procedure,

with the Transverse—Traceless (TT) gauge condition.
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APPENDIX B. DERIVATION OF FRIEDMANN EQUATIONS

The components of Stress-Energy tensor for a perfect fluid in thermodynamic equilibrium

are given by

T, =p+pU,U, +Dpg,, (B.1)

where p is the rest energy density and p is the isotropic pressure. In the FLRW comov-
ing coordinates it holds that U* = U, = (—1,0,0,0) due to normalization condition

9,/ UFUY = —1. Thus, in FLRW coordinates it follows that

p 0 0 0
0 pa® 0 0
T, = i (B.2)
0 0 pa®> O

0 0 0 pa®

Additionally, for several non-interacting fluid components we can define a equation of state

that relates pressure and energy density

Pi = Wipi, (B.3)

where 7 will label the fluid component and w; is a constant which characterizes the type of

fluid. For example, w = 0 corresponds to Dust and w = 1/3 to Radiation.

For the FLRW metric with K = 0, the components of Ricci Tensor and scalar curvature in

Cartesian coordinates (d/? = dz? + dy? + dz?) are given by

. . . 2
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where a = a(T) is the factor scale and a dot means derivative respect 7. From Stress-
Energy tensor of perfect fluid (B.2) and the components of Ricci tensor (B.4) it follows

that the 00 component of generalized Einstein Field Equations (1.24) takes the form

1
Roo — 5900R + Agoo = KToo
e . . 2
3243 la%— <a> ] — N =kp;
a a a

(a)2 _ kpi A

a 3

Defining py = 2, we obtain the 1st Friedmann Equation

(4) =%t o). ®.5)

For 72 component of generalized EFE (1.24), it follows that

1
Ri; — §9u‘R + Agii = kT
2 2 | a\? 2 2
aa + 2a° — 3a” |— + () + Aa* =kp;a
a a
—2ia — a* + Aa* = kp; a®.
Dividing by a* and using p, we get

2(3)+ () =i

When replacing (B.5) into last equation the 2nd Friedmann Equation is obtained
a PN Pi Di
=22 _ ) B.6
(a) 8 ( 3 6 2 ) (5.6)
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APPENDIX C. DERIVATION OF SCHWARZSCHILD AND THE
SDS METRICS

The first exact solution of the Einstein Field Equations was found by Karl Schwarzschild

in 1916 [112]. Let us consider the following assumptions for a spacetime metric:

(1) Static: g, is not time dependent.

(ii) Spherically Symmetric: Angular terms of the form 72(d#? + sin? fd¢?).

Thus, the most general metric that satisfies the previous conditions is given by

gudatdz” = —A(r)dt* + B(r)dr® + r?[d6* + sin®*(0)d¢?], (C.1)

where A(r) and B(r) are unknown functions that depend only of r. If we multiply the

Einstein Field Equations by ¢"* and sum over follows that

1
9" R, — §R9W9;w = k9" Ty — R—2R = KT — R = —kT, (C.2)

where we used that R = ¢g"”R,,,, from (1.1) 6;; =4 and T = T} is the trace of Stress-

Energy tensor. Thus, for a vacuum solution 7" = 0, then R = 0 and EFE now reads

Ry, = 0. (C.3)

When computing Ricci tensor components, using (C.1), we obtain

oSG A () s
e () A () e
oo =1 3By ﬁx()) -0 ] 0 ©o
Ry = sin®(6) Rgg (C.7)
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From (C.3); R, = 0, Ry = 0 and Rgg = 0. It can be noted that

R, Ry 1 B'(r)  A(r)) «
By A = 750 (B * 49 =° 9
then A(r)B'(r) + B(r)A'(r) = 0, so
C‘i <A(T)B(r)> — 0= A(B(r) = C, (C.9)

with C' a constant. If we now impose that the spacetime must be asymptotically flat (i.e
lim, o0 g = M) it follows that C = 1. Thus, A(r) = [B(r)]~'. Replacing the last

expression into (C.6) gives

! -4 rA(r)) =
Rop =1~ sy = gy = L~ A A =1 dT(A( ))_0. (C.10)

Integrating with respect to 7, we obtain that A(r) = 1+$, with D a constant. At Newtonian
limit g, ~ —1 — 2¢ = —1 + 222, Comparing, can be inferred that D = —2M, where M is

the mass of gravitational source. Finally, the Schwarzschild metric is

2M
gudatds” = — <1 — ) de? +

r

+ r2dQ?, (C.11)

T2
2M
1— 2=
r
where dQ? = d6? + sin?(6)d$?. On the other hand, in a de Sitter spacetime we use the
generalized Einstein Field Equations. Thus, following the same steps as before, let multiply

(1.24) by g*” and sum over components

R—2R+4A = kT — R =4A — kT, (C.12)

Then, a vacuum solution requires that
R;,Ll/ = Aguy- (C13)
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Conveniently we note that

B A T B(r) T A(r)

B(r)  Alr)

R, Ry Ag, Agy (BW AW);O (C.14)

and as components of Ricci tensor do not change, the same procedure as before can be
done. In particular, from last equation is clearly that again A(r) = [B(r)]~*. Then, from

(C.10) and (C.13) the 60 component of Ricci tensor must satisfy

d
R@g =1- d(TA(T)> = Aggg = A7’2. (C15)
r

Integrating the last expression and applying the appropriate limits, we obtain

M A,
A(r) =1 " 37 (C.16)

Finally, the Schwarzschild-de Sitter metric (SdS) is given by

2

2M A
gudatda” = — (1 - = 3r2> de® +
r

d
2MT 0 (C.17)
742

1 2= =
r 3
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APPENDIX D. ON THE DERIVATION OF THE S.S’y METRIC

As we have to impose a spherically symmetric geometry we will have the transformation

r?dQ? — a(T)?R*dQ%. Using the second rank tensor property of the metric tensor when

we perform coordinate transformations,

_9XrOXY
gu'v = (9.1'“/ ox” Guv,

and the requirement that the new metric must be diagonal, we obtain the relation

_oror  OROR
= ot or 9T T o oy IRE

By computing the partial derivatives we obtain the expressions
OR _ _127%? —3T(xi +1)
or 3 o)+ 1T

ot 3a(T)(xi+ 1T’

and from (D.2) we find that
or a(T)?OR Gj

or % ot or

Thus, from the last equation, %—f becomes

or _ 6rT(xi+1)
or — 4r2 —9(y; + 1)27%’

and using (D.1) we can obtain the components of the metric,
_ <8T>2 9(x; + 1)°T? — 4r?
I ="\ ot 9(x: + 1)2T?
90 +1)*1°
I =90y + 1)2T2 — 42

From (1.55) we can write the SSy; metric as

(815,0@')2 /‘fﬂﬂ“Q

d 2
R Sl v A—
3kp3 (xi +1)? [ 3

ds? =

]dtﬂ
1— 3

r
2 102
oz T dQ”,

(D.1)

(D.2)

(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)

(D.9)
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but, using (1.55) and (D.6), we get

opi (i + Drpir

= D.10
or 1 — "Bir2 ( )
If we properly redefine p; = kp;, the last expression becomes
Opi (i +1)pgr
= 2t D.11
or 1— &2 ’ ( )
but it can be noticed from (D.11) that we can form the expression
0 2p;
o [C Ty ] —0, (D.12)
or | ot

where ¢ and n are unknown constants. Unfolding the last expression and using the linear

independence of r, we obtain that the constants are

1
P ) (D.13)
3xi +1 3(xi +1)

Therefore, we can integrate (D.12) and write

¢+ r?p;
oi

= F(t), (D.14)

where F'(t) is a function of ¢. By a dimensional analysis, we note that in natural units
[p:] = L2 and therefore [F'(t)] = L?". As there is no other parameter involved apart from
t, and also as [f] = L in natural units, then we set F'(t) = At*", with A as a dimension-
less arbitrary constant. For any fluid we can expect that at later stage it will be diluted

homogeneously, which implies that for ¢ — oo the metric (D.9) is almost flat. Then,

(@Pz’)Q

li —_— = D.15
ts00(pi—>0) 3kp3(xi +1)2 ( )

On the other hand, (D.14) can be written as
¢+ rRp; _ AL (D.16)

(kpi)™
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but when we take the derivative with respect to ¢ and solving for J;p;, we obtain

opi  2nAL" N (kp;)" p;
ot kpnr? —rkp; +cn’

(D.17)

and if we square, divide by 3rp? and replace the previous results, we can found the follow-

ing equality

(0epi)? AV (kr?pi + o)
3kp;(xi + 1) 3(xi + 1)2[(n — 1)kr2p; + cn]
Computing the limit p; — 0 as the fluid dilutes at distant times, we can set A,
)2 An2 AV/n 2
Opi)” __ An"A e (D.19)

lim =
t—oo(pi=0) 33 (xi +1)2 3(xs + 1)2(en)?’
and using that the metric is asymptotically flat, which implies that the previous limit is
equal to one, we get the value of A,

A=c (i)n (x: + 1) (D.20)

Finally, with the constant A known, we can provide an exact expression for the the SSy

metric, which becomes

de? dr?
ds? — — — ;p 5+ (A6 + sin’(0) do?).
2 2 s ;
KpiT rpr (3xi + 1)\ 28
(1 — > (1 + 5 3

(D.21)

and from (D.16) we can express the coordinate transformation between the SSy; and the

FLRW frames in terms of p; y pio = pi(To),

2 3x;+1 %
[C + R2</§pi0) 3(x;+1) (/@pl) 3(Xi+1):|
O

. 3(xi1+1)
r=R (p“)) . (D.23)
Pi

t =

(D.22)
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APPENDIX E. ON THE ACCURACY IN THE APPROXIMATION

OF H,

In order to simplify the computation, we can omit the geometrical prefactor that appears in
(4.20), because it is common to every observation and is Hy—independent. Therefore, we

define a reduced timing residual,

0 14 Hy |T, + 2L 1 4+ HoZ 0
Téev‘ivz/ 0[ c}sin(ZjL@(x,a)) dsz1+< T )/ sin(z+@(x,oz)) dz,

1 Z+4+zxzLcosa Z 1
(E.1)

with |R;| < 2o ~ 1073 5. Then, we take the reduced timing residual from (E.1) and note

that R, is given by

0 o\ [1+Ho |2 +L] 14 HZ
R [ dos (9 | > oo ‘ E2
1= T sin (z,a) + 1 Z + 2L cosal 7 (E.2)
Thus we can bound the value of R, by
Lo Hy |tz| — 1% cosa — z£ cosaHy:
[By| < */ sin (@(x,a) + W) |2 { ] zz Ze | 4w
Ze /1 4 (1 + $ZL coS a)
LH, L2 4
= 2Z¢ 7)) s E3
= 2Zc +O<Z3> 0 (E.3)

Then we can reasonable neglect R; in the equation (E.1). Now we can express 75, in terms

of the imaginary part of the complex exponential and write, since O (z, «) is quadratic in x:
0 , x (O T
Te = Im{/ dz el(@(x’aH‘l)} = Im{B(a)e’(@@ ’a)+4)}, (E4)
-1

where B(«) is defined as B(a) = [°, dz @2 o* satisfies 90(x,a)/0z |,_,. =0,

thus
. +ccosa+ Z.Hy | E.5)
(cosa? —2cosa) HyL

and A is given by

_10°0(z,a)  1QH,L?

A haet )
2 Ox? 2 2

(cosa® — 2cos ). (E.6)
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The integral B(«) can be written in terms of the error function, giving

B(a) = \/j_ﬁ(l + z')\}X [— erf <\f(1 - i)u*) + erf (?(1 —i) (VA+ u))] ,

(E.7)

where u* = v/Az*. Using the asymptotic expansion of the error functions for u* > 1, e.g.

see [42], we can write
(1 —d)u. (E.8)

Inserting the last expression into (E.4), 75$ becomes

o] sin C, (E.9)

T &9 sin <C’—i— Z) +

where C' = HyZ?Q/2¢?. From this expression we can see that the maximum of 759 clearly
happens for v* — 0. This condition implies, from (E.6), that the angle corresponding
to the maximum absolute value of 7gw satisfies x* = 0, or, rearranging the terms, the
approximation formula (4.22). In order to justify the validity of the asymptotic expansion,
we can explore around u* = 0, finding that for a variation in the angle Ac, then u* ~

i Z—CQAoz ~ 10*Aq. Thus, the expansion is well defined for Aa > 1074
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APPENDIX F. TABLE OF PULSARS OF THE ATNF CATALOG

TABLE F.1.

Pulsar Name 0 0] L;
J0324+5239 | 168.5° —31.68° 2.56 kpc
J0325+67 145°  —1.22° 1.51 kpc
J0329+1654 | 130.31° 18.68° 1.05 kpc
J0332+5434 | 150.35° —8.64° 1.54 kpc
JO332+79 | 169.99° —30.04° 1.30 kpc
J2007+2722 | 78.23°  2.09°  2.15kpc
J2007+3120 | 68.86° —4.67° 2.10 kpc
J2008+2513 | 76.89°  0.96°  10.3 kpc
J2009+3326 | 87.86°  8.38°  1.83 kpc
J2010-1323 | 86.86°  7.54°  2.06 kpc
J1848-1150 | 35.26° 1.4° 123 kpc
J1848+12 | 36.72°  2.23° 8.23 kpc
J1848-1243 | 44.99°  6.34°  2.17 kpc
J1848-1414 | 46.69°  7.29°  1.22 kpc
J1848-1952 | 32.54° —0.33° 5.45kpc
J1826-1256 | 21.33°  0.26° 4.94 kpc
J1826-1334 | 14.6° —3.42° 5.94 kpc
J1826-1419 | 53.34° 15.61° 0.91 kpc
J1826-1526 | 29.76°  4.25°  10.3 kpc
J1827-0750 | 29.16°  3.99°  3.50 kpc
J1946+14 | 66.86°  2.55°  7.47 kpc
J1946+1805 | 44.86° —10.55° 3.94 kpc
J1946+2052 | 61.1° —1.17°  7.27 kpc
J1946+2244 | 50° —7.74° 1.51 kpc
J1946+24 52.5° —6.58° 1.59 kpc

List of randomly distributed pulsars averaged for an hypothetical

source. The galactic longitude is denoted by 6 and the galactic latitude by ¢. More
pulsars can

information

about the

http://www.atnf.csiro.au/research/pulsar/psrcat/.

be

found

in
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Pulsar Name 0 10) L;
J1946+24 | 30.81°  3.73° 3.35kpc
J1831-1329 | 30.57°  3.45°  4.68 kpc
J1831-1423 | 27.04°  1.75°  2.49 kpc
J1832+0029 | 25.64°  0.96°  6.30 kpc
J1832-0644 | 25.17°  0.76°  8.29 kpc
J2155-3118 | 108.64°  6.85°  1.88 kpc
J2155-5641 | 89.66° —22.81° 2.82kpc
J2156+2618 | 87.69° —26.28° 1.80 kpc
J2157+4017 | 106.65°  2.95°  3.00 kpc
J2203+50 | 107.15°  3.64°  3.01 kpc
J1840-0809 | 30.28°  1.02°  6.97 kpc
J1840-0815 | 34.56°  3.34°  5.04 kpc
J1840-0840 | 29.08°  0.58°  8.58 kpc
J1840-1122 | 35.43°  3.85° 433 kpc
J1840-1207 | 28.35°  0.17°  3.71 kpc
J1828-2119 | 31.25°  4.36° 1.04 kpc
J1829+0000 | 24.81°  1.07° 10.4 kpc
J1829-0734 | 23.27° 0.3°  5.20 kpc
J1829-1011 | 23.11°  0.26°  0.81 kpc
J1829-1751 | 21.59°  —0.6° 4.69 kpc
J1848-0511 | 32.76°  0.09°  5.63 kpc
J1848-0601 | 32.41°  0.07°  6.71 kpc
J1848+0604 | 33.25°  0.35°  4.05 kpc
J1848+0647 | 32.37° —0.04° 6.5 kpc
J1848+0826 | 34.02°  0.96°  3.39 kpc
J1843-0050 | 29.57°  0.12°  6.03 kpc
J1843-0137 | 29.52°  0.07°  5.70 kpc
J1843-0211 | 29.4° 0.24°  5.26 kpc
J1843-0355 | 29.34°  0.04° 5.97 kpc
J1843-0408 | 28.79° —0.19° 5.45kpc

TABLE F.2. Second part of the table.
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