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Solar neutrino masses and mixing from bilinearR-parity broken supersymmetry:
Analytical versus numerical results
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We give an analytical calculation of solar neutrino masses and mixing at one-loop order within bilinear
R-parity breaking supersymmetry, and compare our results to the exact numerical calculation. Our method is
based on a systematic perturbative expansion ofR-parity violating vertices to leading order. We find in general
quite good agreement between the approximate and full numerical calculations, but the approximate expres-
sions are much simpler to implement. Our formalism works especially well for the case of the large mixing
angle Mikheyev-Smirnov-Wolfenstein solution, now strongly favored by the recent KamLAND reactor neu-
trino data.
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I. INTRODUCTION

Solar neutrino experiments, including the measuremen
the neutral current rate for solar neutrinos by the SNO C
laboration@1#, provide solid evidence for solar neutrino co
versions@2#. This has been recently confirmed by the fi
results from the KamLAND experiment using reactor~an-
ti!neutrinos@3,4#. Combining the information from reactor
with all the solar neutrino data leads to the best fit point@5#

tan2uSOL50.46, DmSOL
2 56.931025 eV2, ~1!

confirming that the solar neutrino mixing angle is large b
significantly nonmaximal. The 3s region foru is

0.29<tan2uSOL<0.86, ~2!

based on a combination of all experimental data. Howe
one finds a significant reduction of the allowedDmSOL

2 range.
As shown in Ref.@5#, the pre-KamLAND large mixing angle
~LMA ! Mikheyev-Smirnov-Wolfenstein~MSW! region is
now split into two subregions. At 3s @one degree of freedom
~DOF!# one obtains

5.131025 eV2<DmSOL
2 <9.731025 eV2,

1.231024 eV2<DmSOL
2 <1.931024 eV2. ~3!

Altogether, the KamLAND results exclude all oscillatio
solutions except for the large mixing angle MSW solution
the solar neutrino problem@6#.

On the other hand, current atmospheric neutrino data
quire oscillations involvingnm↔nt @7#. The most recent glo-
bal analysis gives@2#

sin2uATM50.5, DmATM
2 52.531023 eV2, ~4!

with the 3s ranges~1 DOF!
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0.3<sin2uATM<0.7, ~5!

1.231023 eV2<DmATM
2 <4.831023 eV2. ~6!

These data have triggered a rush of theoretical and p
nomenological papers on models of neutrino masses
mixings, most of which introduce a large mass scale in or
to implement various variants of the seesaw mechan
@8–10#. BrokenR-parity supersymmetry provides a theore
cally interesting and phenomenologically viable alternat
for the origin of neutrino mass and mixing@11#. Here we
focus on the simplest case of supersymmetry with bilin
R-parity breaking@12#. In contrast to the seesaw mechanis
here neutrino masses are generated at the electroweak s
Such low-scale schemes for neutrino masses have the ad
tage of being testable also in accelerator experiments@13–
17# through the decay properties of the lightest supersy
metric particle~LSP! if it is a neutralino@14–16#, a slepton
@17#, or a top squark@18,19#.

Supersymmetric models with explicit bilinear breaking
R parity ~BRPV! @20–27# provide a simple and calculabl
framework for neutrino masses and mixing angles in agr
ment with the experimental data@28#. In this model the at-
mospheric neutrino mass scale is generated at the tree l
through an effective ‘‘low-scale’’ variant of the seesa
mechanism@11#. In contrast, the solar mass and mixings a
generated radiatively@28#. Tree-level neutrino masses withi
BRPV models have been treated extensively in the literat

This paper is mainly devoted to the solar neutrino mas
and mixing. An accurate and reliable calculational method
now necessary in order to confront the model with the n
experimental data from KamLAND and other neutrino e
periments. A complete one-loop calculation of the neutrin
neutralino mass matrix has been given@28# but is rather
complex. On the other hand, approximations to the full o
loop calculation which exist in the literature@29# have not
©2003 The American Physical Society09-1
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been tested yet against the full calculation. Especially
view of future experimental sensitivities we think such
‘‘benchmark’’ is important.

In this paper we give an accurate determination of n
trino mass and mixing within an analytical approximati
and obtain formulas which can be rather simple, in so
cases. For definiteness we will stick to the case of exp
BRPV only. This is the simplest of allR-parity violating
models. It can be considered either as a minimal thr
parameter extension of the minimal supersymmetric stand
model ~MSSM! ~with no new particles! valid up to some
very high unification energy scale, or as the effective
scription of a more fundamental theory in which the break
of R parity is spontaneous@30–32#. The latter implies the
absence of trilinearR-parity breaking parameters in th
superpotential.1

This paper is organized as follows. In Sec. II we introdu
the main features of the model and the relevant mass m
ces and corresponding diagonalization matrices. In part
lar, we identify the relevant Feynman graph topologies a
rules and derive approximate formulas for the couplings
evant for determination of the radiatively induced solar n
trino mass scale. We give approximate formulas for the b
tom quark-squark loop as well as for the charged scalar lo
In Sec. III we check the accuracy of our approximation f
mulas by a comparison with a full numerical calculatio
studying first the role of the simplest bottom quark–botto
squark loop and then the charged scalar loop, before com
ing the sum of the two to the full numerical result. In Sec.
we give simplified approximation formulas for the sol
mass and solar mixing angle and conclude and summa
our results in Sec. V.

II. BRPV FORMALISM

In this section we introduce the main features of t
model and the relevant mass matrices, and develop app
mate formulas, first for couplings and then for the radiat
contributions to the neutrino masses due to the exchang
bottom quarks and squarks, and due to charged scalars
charged fermion loops.

A. BRPV model

The minimal BRPV model we are working with is cha
acterized by the presence of three extra bilinear terms in
superpotential analogous to them term present in the MSSM

W5WYuk1«ab~2mĤd
aĤu

b1e i L̂ i
aĤu

b!, ~7!

whereWYuk includes the usual MSSM Yukawa terms,m is
the Higgsino mass term of the MSSM, ande i are the three
new terms which violateR parity and lepton number. Th
smallness ofe i may arise dynamically~the product of a

1Alternatively, such absence may arise from suitable symmet
@33#.
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Yukawa coupling times a singlet sneutrino vacuum expec
tion value! in models with spontaneous breaking ofR parity
@30#.

Alternatively, the smallness of thee i may arise from suit-
able family symmetries@33#. In fact, any solution to them
problem@34# potentially explains also the ‘‘e i problem’’ @35#.
In fact, a common origin for thee i terms responsible for the
explanation of the neutrino anomalies, and them term ac-
counting for electroweak symmetry breaking can be ascri
to a suitable horizontal symmetry that may also predict th
ratio, as in@33#.

In addition we have the corresponding soft supersymm
try breaking terms in the scalar potential,

Vso f t5Vso f t8 1«ab~2BmHd
aHu

b1Bie i L̃ i
aHu

b!, ~8!

whereB and the threeBi have units of mass and inVso f t8 we
include all the usual mass and trilinear supersymme
breaking terms of the MSSM.

B. Rotation matrices

If the effective RPV parameters are smaller than the w
scale, we can work in a perturbative expansion defined
j!1, wherej denotes a 334 matrix given by@36#

j i15
g8M2m

2D0
L i ,

j i252
gM1m

2D0
L i ,

j i352
e i

m
1

M g̃vu

4D0
L i ,

j i452
M g̃vd

4D0
L i , ~9!

where D0 is the determinant of the 434 neutralino mass
matrix, M g̃5g2M11g82M2, and

L i5mv i1vde i . ~10!

The neutralino/neutrino mass matrix is diagonalized b
737 rotation matrixN according to

N * MF0N 215MF0
diag ~11!

and the eigenvectors are given by

Fi
05Ni j c j ~12!

using the basisc5(2 il8,2 il3,H̃d
1 ,H̃u

2 ,ne ,nm ,nt). In this
approximation, the rotation matrix can be written as

N * 'S N* N* j†

2Vn
Tj Vn

T D . ~13!

Here, N is the rotation matrix that diagonalizes the 434
MSSM neutralino mass matrix,Vn is the rotation matrix that
s

9-2
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diagonalizes the tree level neutrino 333 mass matrix, and
j i j !1 are the expansion parameters@36,37#. The terms we
need are

Vn
Tj5S 0 0 bẽ1 0

0 0 bẽ2 0

a1uLW u a2uLW u a3uLW u1bẽ3 a4uLW u
D ~14!

whereb521/m,

a15
g8M2m

2D0
, a252

gM1m

2D0
, a35

M g̃vu

4D0
, a452

M g̃vd

4D0
.

~15!

The ẽ parameters in Eq.~14! are defined asẽ i5(Vn
T) i j e j ,

and are given by

ẽ15
ee~Lm

2 1Lt
2!2Le~Lmem1Ltet!

ALm
2 1Lt

2ALe
21Lm

2 1Lt
2

,

ẽ25
Ltem2Lmet

ALm
2 1Lt

2
,

ẽ35
LW •eW

ALe
21Lm

2 1Lt
2

. ~16!

On the other hand, the chargino/charged slepton mass
trix is diagonalized with two different 535 mass matrices,

U* MF1V 215MF1
diag ~17!

with the eigenvectors satisfying

FRi
1 5V i j c j

1 , FLi
2 5U i j c j

2 ~18!

in the basis c15(2 il1,H̃2
1 ,eR

1 ,mR
1 ,tR

1) and c2

5(2 il2,H̃1
2 ,eL

2 ,mL
2 ,tL

2), and with the Dirac fermions be
ing

Fi
15S FRi

1

FLi
2 D . ~19!

To first order in theR-parity violating parameters, we have

V'S V VjR
T

2VR
, jR* VR

, D , U'S U UjL
†

2VL
,* jL VL

,* D , ~20!

whereVL
,* andVR

, diagonalize the charged lepton mass m
trix according toVL

,* M ,VR
,†5Mdiag

, . For the purposes o
our approximate formula, it is sufficient to takejR50233,
because the mixing between right-handed leptons and ch
nos is suppressed with respect tojL by a factor ofml /MSUSY

@36,37#. Note that we can chooseVL
,* 5VR

,†51333. We then
have
01300
a-

-

gi-

jL
i15a1

LL i , jL
i25a2

LL i1be i , ~21!

and

a1
L5

g

A2D1

, a2
L52

g2vu

2mD1

, ~22!

whereD1 is the determinant of the 232 chargino mass ma
trix.

In the BRPV model the charged Higgs fields mix with th
charged sleptons, forming an 838 mass matrix@28#, which
is diagonalized by a rotation matrixRS6. The construction of
RS6 to first order in small~RPV! parameters is quite straigh
forward but lengthy. The interested reader can find the det
in Appendix A.

C. Approximate couplings

The relevant Feynman rules for the bottom quark–bott
squark loops are, in the case of left bottom squarks,

5 i FOLi j
bnb̃~12g5!

2
1ORi j

bnb̃~11g5!

2 G
with

OLi j
bnb̃52Rj 1

b̃ hbN i3* 2Rj 2
b̃

2g

3A2
tWN i1* ,

ORi j
bnb̃5Rj 1

b̃
g

A2
S Ni22

1

3
tWNi1D 2Rj 2

b̃ hbN i3* ,

~23!

where tW5tanuW . After approximating the rotation matrix
N we find that expressions similar to Eq.~23! with the re-
placementN→N are valid when the neutral fermion is
neutralino. When the neutral fermionF0 is a neutrino, the
following expressions hold:

OLi j
bnb̃'Rj 1

b̃ hb~a3uLW ud i 831bẽ i 8!1Rj 2
b̃

2g

3A2
tWa1uLW ud i 83 ,

ORi j
bnb̃'Rj 1

b̃
g

A2
S 1

3
tWa12a2D uLW ud i 831Rj 2

b̃ hb~a3uLW ud i 83

1bẽ i 8!, ~24!

where i 85 i 24 label one of the neutrinos.Rjk
b̃ are the rota-

tion matrices connecting the weak and mass eigenstate b
for the scalar bottom quarks. In the case of no intergene
9-3
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DÍAZ et al. PHYSICAL REVIEW D 68, 013009 ~2003!
tional mixing in the squark sector,Rjk
b̃ can be parametrized

by just one diagonalizing angleu b̃ .
The relevant Feynman rule for the charged Higgs bo

or slepton loops is

5 i FOLi jk
cns ~12g5!

2
1ORi jk

cns ~11g5!

2 G
where theOLi jk

cns andORi jk
cns couplings are given in Appendix

B in Eqs.~B2!, ~B3!.
After approximating the rotation matricesU andV in the

chargino sector andN in the neutralino sector, we find ap
proximate expressions for these couplings that we will
below. These formulas are collected in Eqs.~B3!–~B6! of
Appendix B.

D. Relevant topologies

We now give the structure of the mass matrices relev
for the determination of solar neutrino masses and mixin
While in the BRPV model the atmospheric anomaly is e
plained at the tree level, the solar neutrino masses and
ings are both generated radiatively. In particular, the ‘‘so
angle’’ has no meaning at the tree level due to the degene
of the two lightest neutrinos in this limit.

Diagonalizing the tree-level neutrino mass matrix first a
then adding the one-loop corrections before rediagonal
tion, the resulting neutrino/neutralino mass matrix has n
zero entries in the neutrino/neutrino, the neutrino/neutral
and the neutralino/neutralino sectors. We have found that
most important part of the one-loop neutrino masses der
from the neutrino/neutrino sector and that the one-loop
duced neutrino/neutralino mixing is usually subdominant

The relevant topologies for the one-loop calculation
neutrino masses are illustrated in Fig. 1. Here our conv
tions are as follows. Open circles with a cross inside indic
genuine mass insertions which flip chirality. On the oth
hand, open circles without a cross correspond to sm
R-parity violating projections, indicating how much of a
RP-even/odd mass eigenstate is present in a givenRp-odd/
even weak eigenstate. Strictly speaking these projections
really coupling matrices attached to the vertices, and thi

FIG. 1. Topologies for neutrino self-energies in the BRPV s
persymmetric model.
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what appears in the numerical code. However, given
smallness ofRp violating effects, the ‘‘insertion method’
proves to be a rather useful tool to develop an analyt
perturbative expansion and to acquire some simple un
standing of the results.

E. Bottom quark –bottom squark loops

The simplest contribution to the radiatively induced ne
trino mass arises from loops involving bottom quarks a
squarks is given by@28#

P̃ i j ~0!52
Nc

16p2 (
r

~OR jr
bnb̃OLir

bnb̃

1OL jr
bnb̃ORir

bnb̃!mbB0~0,mb
2 ,mr

2!. ~25!

B0(0,mb
2 ,mr

2) is the usual Passarino-Veltman functio
@38,39#. This contribution can be expressed as being prop
tional to the difference of twoB0 functions,

DB0
b̃1b̃25B0~0,mb

2 ,mb̃1

2
!2B0~0,mb

2 ,mb̃2

2
!, ~26!

as follows:

DP̃ i j 52
Ncmb

16p22sb̃cb̃hb
2DB0

b̃1b̃2F ẽ i ẽ j

m2 1a3b~ ẽ id j 3

1 ẽ jd i3!uLW u1S a3
21

aLaR

hb
2 D d i3d j 3uLW u2G ~27!

where we have defined

aR5
g

A2
S 1

3
tWa12a2D , aL5

g

A2

2

3
tWa1 . ~28!

The different contributions can be understood as com
from the graphs corresponding to the first topology of Fig.
They are depicted in more detail in Fig. 2, where we ha
adopted the following conventions:~a! as before, open
circles correspond to smallR-parity violating projections, in-
dicating how much of a weak eigenstate is present in a gi
mass eigenstate,~b! full circles correspond toR-parity con-
serving projections, and~c! open circles with a cross insid
indicate genuine mass insertions which flip chirality.

The open and full circles should really appear at the v
tices since the particles propagating in the loop are the m
eigenstates. We have, however, separated them to b
identify the origin of the various terms. There is another
of graphs analogous to the previous ones which correspo

-

FIG. 2. Bottom quark–bottom squark diagrams for solar n
trino mass in the BRPV model.
9-4
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to the heavy bottom squark. They are obtained from the p
vious graphs by making the replacementsb̃1→b̃2 , sb̃→cb̃ ,
and cb̃→2sb̃ . Note that for all contributions to the 232
submatrix corresponding to the light neutrinos the div
gence fromB0(0,mb

2 ,mb̃1

2 ) is canceled by the divergenc

from B0(0,mb
2 ,mb̃2

2 ), making finite the contribution from

bottom quark–bottom squark loops to this submatrix, a
should be, since the mass is fully ‘‘calculable.’’

F. Charged scalar–charged fermion loops

Another contribution to the radiatively induced neutrin
mass comes from charged scalar–charged fermion lo
given by @28#

P̃ i j ~0!52
1

16p2 (
k,r

~ORk jr
cns OLkir

cns

1OLk jr
cns ORkir

cns !mkB0~0,mk
2 ,mr

2!. ~29!

The structure of the contribution from charged Higgs bos
or slepton loops is substantially more complex than tha
the bottom quark–bottom squark loop considered above
can be expressed as

DP̃ i j 5
mt

16p2 @Ci j
t̃2t̃1DB0

t̃2t̃11Ci j
H6 t̃1DB0

H6 t̃11Ci j
H6 t̃2DB0

H6 t̃2

1Ci j
H6L̃1DB0

H6L11Ci j
H6L̃2DB0

H6L21Ci j
G6L̃1DB0

G6L1

1Ci j
G6L̃2DB0

G6L21Ci j
G6 t̃1t̃2DB0

G6 t̃1t̃2

1Ci j
G6H6 t̃1t̃2DB0

G6H6 t̃1t̃21~ i↔ j !#, ~30!

where

DB0
XY[B0~0,mt

2 ,mX
2 !2B0~0,mt

2 ,mY
2 !,

X,Y5~G6,H6,L1 ,L2 ,t̃1 ,t̃2!,

DB0
G6 t̃1t̃2[ct̃

2
B0~0,mt

2 ,mt̃1

2
!1st̃

2
B0~0,mt

2 ,mt̃2

2
!

2B0~0,mt
2 ,mG6

2
!,

DB0
G6H6 t̃1t̃2[cb

2B0~0,mt
2 ,mG6

2
!1sb

2B0~0,mt
2 ,mH6

2
!

2ct̃
2
B0~0,mt

2 ,mt̃1

2
!2st̃

2
B0~0,mt

2 ,mt̃2

2
!,

~31!

and
01300
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Ci j
t̃2t̃15st̃ct̃HA2g8a1uLW uFgVn, j 3

T a1
LL32

1

A2
~ga2

1g8a1!uLW ud j 3Gd i31ht
2S bẽ i1a3uLW ud i3

2cb

v3

v
Vn,i3

T D @bẽ j1a3uLW ud j 32Vn, j 3
T ~a2

LL3

1be3!#J ,

Ci j
H

6
t̃152sbQHL

3H ct̃htVn,i3
T FgVn, j 3

T a1
LL32

1

A2
~ga2

1g8a1!uLW ud j 3G1st̃ht
2Vn,i3

T @bẽ j1a3uLW ud j 3

2Vn, j 3
T ~a2

LL31be3!#J ,

Ci j
H

6
t̃25sbQHR

3H st̃htVn,i3
T FgVn, j 3

T a1
LL32

1

A2
~ga2

1g8a1!uLW ud j 3G2ct̃ht
2Vn,i3

T @bẽ j1a3uLW ud j 3

2Vn, j 3
T ~a2

LL31be3!#J ,

Ci j
H6L152sbQ̃HL1

htgVn,i3
T Vn, j 1

T a1
LL3 ,

Ci j
H6L252sbQ̃HL2

htgVn,i3
T Vn, j 2

T a1
LL3 ,

Ci j
G6L152cb

v1

v
htgVn,i3

T Vn, j 1
T a1

LL3 ,

Ci j
G6L252cb

v2

v
htgVn,i3

T Vn, j 2
T a1

LL3 ,

Ci j
G

6
t̃1t̃25cb

v3

v
htVn,i3

T FgVn, j 3
T a1

LL3

2
1

A2
~ga21g8a1!uLW ud j 3G ,

Ci j
G6H6 t̃1t̃25htgẽ iVn,i3

T ba1
LL3 . ~32!

The result of Eq.~30! can be represented graphically fo

better understanding. The terms proportional toDB0
t̃2t̃1 come

from the graphs of Fig. 3. There is another set of four gra
9-5
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DÍAZ et al. PHYSICAL REVIEW D 68, 013009 ~2003!
corresponding tot̃2. These are found after making the r
placementst̃1→ t̃2 , st̃→ct̃ , andct̃→2st̃ . The diagrams in
the first row are the ones that are equivalent to those in
bottom quark–bottom squark loop. They have as a cha
teristic feature the presence of twoRp violating insertions
~open circles! in the external legs. However, in contrast
the quark sector,R-parity violation can also appear in th
charged internal lines running in the loops, since it occurs
the charged fermion sector. This explains the origin of
second row in Fig. 3. The presence ofR-parity violating
insertions in the internal lines of the second row in Fig
corresponds to the second topology in Fig. 1. The full d
grammatic explanation of the rest of the terms appearin
Eq. ~30! is given in detail in Appendix C.

III. ANALYTICAL VERSUS NUMERICAL RESULTS

In this section we check the accuracy of the approxim
tion formulas given in Secs. II E and II F. We do this b
comparing the results obtained with their use with a f
numerical calculation of the one-loop contributions to t
neutrino mass, whose details can be found in Ref.@28#.

As will be explained in more detail below, the relativ
importance of the various loops depends on the—curre
unknown—supersymmetric parameters. In order to red
the number of free parameters in the following we will ado
the minimal constrained supergravity~MSUGRA! version of
the MSSM. As a rule of thumb it can be said that the bott
quark–bottom squark loop usually gives the main contri
tion to the neutrino mass matrix when the neutralino is

FIG. 3. Charged scalar contributions to solar neutrino masse

the BRPV model: terms proportional toDB0
t̃2t̃1.
01300
e
c-

n
e

-
in

-

l

ly
e

t

-
e

LSP. On the other hand, if the scalar tau is the LSP, b
bottom quark–bottom squark and charged scalar loops ar
approximately comparable magnitudes.

We have therefore constructed two different random sc
over supersymmetry~SUSY! parameter space. Both sets sta
with the following rather generous parameter ranges:M2
from @0,1.2# TeV, umu from @0,2.5# TeV, m0 in the range
@0,1.0# TeV, A0 /m0 andB0 /m0 @23,3#, and tanb @2.5,10#.
All randomly generated points were subsequently tested
consistency with the minimization~tadpole! conditions of the
Higgs potential, as well as for phenomenological constra
from supersymmetric particle searches. We then sele
points at which~a! the lightest neutralino is the LSP~called
set ‘‘Ntrl’’ in the following ! or ~b! at least one of the charge
sleptons was the LSP~called set ‘‘Stau’’ in the following!.
Note that in the Stau setm0!M2 and largem values are
strongly preferred.

R-parity violating parameters are chosen in such a w
that neutrino oscillation data are reproduced approximat
As discussed in the Introduction, atmospheric neutrino
periments require a near-to-maximal atmospheric mix
angleuATM , with DmATM

2 in the range given in Eq.~5!. On
the other hand reactor data constrain the electron-neut
component in the third mass eigenstate to be small. A
finally, in combination with solar neutrino data, the Kam
LAND data require auSOL in the range given in Eq.~2! with
DmSOL

2 as given in Eq.~3!. The latter ranges belong to th
LMA MSW region indicated by a solar-only global analys
of neutrino data given in Ref.@2#. For completeness we als
include the ~pre-KamLAND! low mass, low probability
~LOW! and vacuum-oscillation-~VAC-!type solutions of the
solar neutrino anomaly. In the following we will first discus
the bottom quark–bottom squark and the charged sc
loops separately, before considering a calculation taking
account both loops in comparison to the full calculation.

A. Bottom quark –bottom squark loop

In Fig. 4 we show the ratio of the approximate to exa
solar neutrino mass parametersmn2

appr/mn2

exact versusDmSOL
2

for the case in which only the bottom quark–bottom squ
loop is taken into account, both in the approximate and in
exact calculations. The horizontal bands indicate attaina

in
.

FIG. 4. Ratio mn2

appr/mn2

exact

versusDmSOL
2 in eV2 for the sets

Ntrl ~left! and Stau~right!, for a
calculation involving only the bot-
tom quark–bottom squark loop
The vertical lines indicate the
90% C.L. regions for the LOW
and LMA solutions to the solar
neutrino problem.
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FIG. 5. (mn2

appr/mn2

exact) versus

DmSOL
2 (eV2) for the sets Ntrl

~left! and Stau~right!, for a calcu-
lation involving only the charged
scalar loop.
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neutrino mass values when the parameters are scanne
indicated previously. As can be seen from the figure the
proximate formula works quite well for points in both th
Ntrl and Stau sets, as long as the neutrino masses fall in
LMA MSW range indicated by the right vertical bands. No
that the LMA MSW and LOW bands indicated in the figu
correspond to the full analysis of solar data only, presente
Ref. @2#. The recent KamLAND reactor neutrino data ru
out the LOW solution and restrict the LMA MSW to som
what narrower ranges indicated in Eq.~3!. One finds that the
mass values inferred from our present analytical approxi
tion are always within 10% or less of the exact numeri
calculation of the bottom quark–bottom squark loop. Larg
deviations show up only in the Ntrl set, for very small ne
trino masses, which we trace to the neglect of the one-l
neutrino/neutralino mixing terms in our approximate tre
ment. Although not strictly ruled out by a solar-only glob
neutrino data analysis@2#, these LOW- and VAC-type solu
tions are now strongly disfavored by the latest KamLAN
reactor neutrino data.

B. Charged scalar loop

In Fig. 5 we show the ratio of the approximate to exa
solar neutrino mass parametersmn2

appr/mn2

exact plotted versus

DmSOL
2 , for a calculation which takes into account only th

charged scalar loop in both the approximate and the e
calculations. As can be seen from the figure the approxim
01300
as
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he

in

a-
l
r

-
p
-

t

ct
te

formula is accurate for all points in the LMA MSW region
indicated by the right vertical bands@2#, both for the Stau
and for the Ntrl sets. The only case where our analytic res
gives a poorer approximation~to better than a factor of 2! of
the full numerical result is for the Ntrl set, when the neutri
mass falls in the LOW or VAC range, now strongly disf
vored by the KamLAND results. We have checked nume
cally that for these very small neutrino masses all terms
Eq. ~30! are of approximately equal importance and there
significant cancellations among terms, which leads to a
reliable final result.

C. Comparison with full calculation

In supersymmetric models with MSUGRA-like bounda
conditions the bottom quark–bottom squark and the char
scalar loops usually give the most important contribution
the neutrino mass matrix. This is demonstrated in Fig. 6~left!
for the set Ntrl and in Fig. 6~right! for the set Stau. In both
figures we show the ratio of the approximate to exact so
neutrino mass parametersmn2

appr/mn2

exact versus DmSOL
2 in

eV2, where mn2

appr is the approximate loop calculation in

volving the bottom quark–bottom squark and the charg
scalar loops, whilemn2

exact is the exact numerical computatio

taking into account all loops.
In the region ofDmSOL

2 appropriate for the currently pre
ferred LMA MSW solution to the solar neutrino problem
d

-

-

FIG. 6. (mn2

appr/mn2

exact) versus

DmSOL
2 (eV2) for the set Ntrl

~left! and the set Stau~right!.
mn2

appr is the sum of the bottom
quark–bottom squark and charge
scalar loops, whilemn2

exact is the
numerical result for all loops. In
the case of LMA the approxima
tion always works better than
10%. For the LOW solution the
typical error is of the order of
10%, while in extreme cases er
rors up to 25% can be found.
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FIG. 7. (mn2

appr/mn2

exact) versus

DmSOL
2 (eV2) for the sets Ntrl

~left! and Stau~right!. Shown is
the result of the simplified ap-
proximation formula in Eq.~33!
for the bottom squark–bottom
quark loop and taking into ac
count only coefficientsCH6 t̃2

,
CH6 t̃1

, and Ct̃2t̃1
in the charged

scalar loop.
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one finds that the approximate calculation reproduces
exact result better than 10%. Only in the set Ntrl one fin
larger deviations, up to 25% in extreme cases, whenDmSOL

2

lies in the LOW region, strongly disfavored by KamLAND
This is due to the larger errors in the bottom quark–bott
squark calculation in this set for small neutrino masses
discussed above.

IV. SIMPLIFIED APPROXIMATION FORMULAS

A. The solar mass

First we note that for nearly all points in our random s
we find that mn2

!mn3
. In other words, bilinearR-parity

breaking favors a hierarchical neutrino spectrum. Moreo
we have found numerically that the terms proportional toẽ i

3 ẽ j in the self-energies in Eq.~27! give the most importan
contribution tomn2

in the bottom quark–bottom squark loo
calculation at most points of our sets. If these terms
dominant one can find a very simple approximation for
bottom quark–bottom squark loop contribution tomn2

. It is
given by

mn2
.

3

16p2
sin~2u b̃!mbDB0

t̃2t̃1
~ ẽ 1

21 ẽ 2
2!

m2
. ~33!

We have checked numerically that Eq.~33! reproduces the
result of the full approximate formula to high accuracy
mn2

<0.3mn3
. Note also that Eq.~33! holds only if the one-

loop contributions to the neutrino mass matrix are sma
than the tree-level one. This condition requires th
ueW u2/uLu<1 approximately, i.e., the bilinear parameterse i
must be suppressed with respect tom. Note that such a sup
pression could, in principle, be motivated by suitable flav
symmetries@33#.

Due to the more complicated structure of the charged s
lar loop it is not possible to give a simple equation formn2

similar to Eq.~33! for the bottom quark–bottom squark loo
However, formn2

larger than~few! 31024, we have found
that the most important contributions to the charged sc

loop are the terms proportional toDB0
t̃2t̃1, DB0

H6 t̃1, and
01300
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r
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ar

DB0
H6 t̃2 in Eq. ~30!. We note in passing that Eq.~33!, with

appropriate replacements, allows us to estimate the typ
contributions to the charged scalar loop within a factor
;3. However, such an estimate will be biased toward a
small ~large! mn2

for scalar tau~neutralino! LSPs.
In Fig. 7 we show a comparison of our simplified approx

mation formula, including the simple form of the botto
squark–bottom quark loop and the three most important
efficients for the charged scalar loop, as discussed abov
the full numerical calculation including all loops. As one ca
see, even the simplified version of our formula works s
prisingly well in the LMA MSW regime, although the agree
ment with the full calculation is now less good for the LOW
region, as could have been expected from the results
cussed previously.

B. The solar mixing angle

In the basis where the tree-level neutrino mass matrix
diagonal the mass matrix at one-loop level can be written

m̃n5Vn
(0)TmnVn

(0)5S c1ẽ1ẽ1 c1ẽ1ẽ2 c1ẽ1ẽ3

c1ẽ2ẽ1 c1ẽ2ẽ2 c1ẽ2ẽ3

c1ẽ3ẽ1 c1ẽ3ẽ2 c0uLW u21c1ẽ3ẽ3

D
1•••, ~34!

where theẽ i were defined before in Eq.~16!. The coefficients
c0 and c1 contain couplings and supersymmetric mass
Since they cancel in the final expression for the angle th
exact definition is not necessary in the following. The ellip
stands for other terms which we will assume to be less
portant in the following~see the discussion at the end of th
subsection!. This matrix can be diagonalized approximate
under the condition

x[
c1u ẽW u2

c0uLW u2
!1, ~35!

i.e., if the one-loop contribution to the neutrino mass mat
is smaller than the tree-level contribution, as also discus
above for Eq.~33!. Then
9-8
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FIG. 8. (tan2uSOL
appr/tan2uSOL

exact)
versus tan2uSOL

exact. On the left
panel the darker region contain
over 90% of the points in our
sample. In the right panel the
points in the region shown satisf

the cut sin(2ub̃)DB0
t̃2t̃1.0.02.
x
ẽ1ẽ1

x
ẽ1ẽ2

x
ẽ1ẽ3

th

y
th

ẽ2ẽ3 1 ẽ2ẽ3
Aẽ 3

2~ ẽ 1
21 ẽ 2

2!
2 3

on

e

gle

p

e

m̃n5c0uLW u2S u ẽ uW2 u ẽ uW2 u ẽ uW2

x
ẽ2ẽ1

u ẽ uW2
x

ẽ2ẽ2

u ẽ uW2
x

ẽ2ẽ3

u ẽ uW2

x
ẽ3ẽ1

u ẽ uW2
x

ẽ3ẽ2

u ẽ uW2
11x

ẽ3ẽ3

u ẽ uW2

D . ~36!

We now calculate the eigenvalues and eigenvectors of
matrix as series expansions in the smallx parameter. For the
eigenvalues we get

m150,

m25xc0

uLW u2

u ẽ uW2
1O~x2!5c1~ ẽ 1

21 ẽ 2
2!1O~x2!,

m35c0uLW u21c1ẽ 3
21O~x2!, ~37!

and for the first two eigenvalues~the third can also be easil
obtained but it will not be necessary for the discussion of
solar mixing angle!,

e15S 2
ẽ2

ẽ1

A ẽ 1
2

ẽ 1
21 ẽ 2

2
,A ẽ 1

2

ẽ 1
21 ẽ 2

2
,0D ,

e25~e2,1,e2,2,e2,3!, ~38!

where up toO(x2) we have

e2,152
ẽ1ẽ3

Aẽ 3
2~ ẽ 1

21 ẽ 2
2!

1
1

2

ẽ1ẽ3
Aẽ 3

2~ ẽ 1
21 ẽ 2

2!

u ẽ uW4
x21O~x3!,
01300
is

e

e2,252
Aẽ 3

2~ ẽ 1
21 ẽ 2

2!
1

2 u ẽ uW4
x 1O~x !,

e2,35
Aẽ 3

2~ ẽ 1
21 ẽ 2

2!

u ẽ uW2
x1

~ ẽ 1
21 ẽ 2

22 ẽ 3
2!Aẽ 3

2~ ẽ 1
21 ẽ 2

2!

u ẽ uW4
x2

1O~x3!. ~39!

Knowing the eigenvectors we can write down the rotati
matrix that diagonalizesm̃n ,

Ṽn
Tm̃nṼn5diag~m1 ,m2 ,m3!, ~40!

where

Ṽn
T5S e1,1 e1,2 e1,3

e2,1 e2,2 e2,3

e3,1 e3,2 e3,3

D . ~41!

The neutrino mixing matrix is then given by

U5~Vn
TṼn

T!T. ~42!

Using the fact thatUe3 has to be small one can get th
following expression for the solar mixing angle:

tan2uSOL5
Ue2

2

Ue1
2

. ~43!

Now using Eqs.~41!, ~39! and substituting in Eq.~42! we
obtain the very simple expression for the solar mixing an

tan2uSOL5
ẽ 1

2

ẽ 2
2

. ~44!

This formula is a very good approximation if the one-loo
matrix has the structuree i3e j , as is the case of the bottom
quark–bottom squark loop~and to a lesser extent also for th
9-9
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charged scalar loop, which has one coefficient with the sa
index structure!, and if mn3

@mn2
. This is illustrated in Fig.

8.
In the left panel we show a calculation comparing for

points in the set Ntrl the approximate to the exact so
angle, while the right panel shows a subset of points us

the cut sin(2ub̃)DB0
t̃2t̃1.0.02. Note that this cut is designed s

as to prefer points in which there is a sizable contribution
the full one-loop neutrino mass due to the bottom quar
bottom squark loop. For points at which the charged sc
loop dominates, Eq.~44! gives only a factor of 2 estimate o
the true solar angle.

Note finally that Eq.~44! will fail completely if Lm[Lt

and em[et , since thenẽ2
250 @see Eq.~16!#. This is the

origin of the ‘‘sign condition’’ discussed in@28#.

V. DISCUSSION AND CONCLUSIONS

We have presented an approximate calculation of the n
trino mass matrix at one loop in supersymmetry with bil
early brokenR parity. The method is based on a systema
perturbative expansion ofR-parity violating vertices to lead
ing order. We have identified the bottom quark–botto
squark and the charged scalar loops as the most impo
ones, at least in supersymmetric models with MSUGRA-l
boundary conditions. Taking into account only these loo
we have given explicit formulas and discussed their valid
as well as the accuracy with which they describe solar n
trino mass and mixing parameters. This was done by c
paring our analytical results with the exact numerical cal
lation. We have found that for the case of the large mix
angle MSW solution our formulas—even within the simp
fied form Eq.~33! and Eq.~44!—yield good agreement with
the full numerical calculation, but are much simpler
implement than the full numerical one-loop calculation. T
only solar neutrino ‘‘solutions’’ for which our analytical ap
01300
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y
u-

-
-

g

proximation is less accurate are those that are now ruled
by the recent reactor neutrino data from KamLAND.

Let us finally discuss some possible caveats to the suc
of our approximate treatment. One is the assumption
supersymmetry breaking mass terms are flavor diago
which we have adopted, motivated by constraints from fla
changing processes. Although such terms could be inclu
in our approximate treatment, we have not done so, ma
due to the fact that the resulting formulas would be mu
more complicated and, therefore, of very limited practic
use. A second concern is that our sample points were
generated using MSUGRA assumptions for the soft break
masses. Clearly there are other possibilities to break su
symmetry, and even though we expect that the bott
quark–bottom squark loop and the charged scalar loop
still be well described by our approximation formulas, oth
loops, which we did not take into account, might be mo
important than those we have found in our data sets.
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APPENDIX A: ROTATION MATRICES

In the basis (Hd
1 ,Hu

1 ,ẽL
1 ,m̃L

1 ,t̃L
1 ,ẽR

1 ,m̃R
1 ,t̃R

1), one can
write, to first order inR-parity violating parameters, the
Goldstone rotation matrix as
given by
RG53
cb 2sb v1 /v v2 /v v3 /v 0 0 0

sb cb 0 0 0 0 0 0

2cbv1 /v sbv1 /v 1 0 0 0 0 0

2cbv2 /v sbv2 /v 0 1 0 0 0 0

2cbv3 /v sbv3 /v 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

4 ~A1!

where v25vd
21vu

2 to this order and tanb5vu /vd , as usual. We have also used the shorthand notationcb(sb)
5cosb(sinb).

Neglecting the electron and muon Yukawa couplings, the rotation that diagonalizes the sleptons at the tree level is
~in the same basis as above!
9-10



Rt̃53
1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 ct̃ 0 0 st̃

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0
4 . ~A2!

SOLAR NEUTRINO MASSES AND MIXING FROM . . . PHYSICAL REVIEW D68, 013009 ~2003!
0 0 0 0 2st̃ 0 0 ct̃

After the rotationsRt̃RG are performed, the charged scalar mass matrix is diagonalized up to smallR-parity violating
entries. In the approximation where there is no intergenerational mixing andhm'he'0, these are

DMS6
2

t̃53
0 0 0 0 0 0 0 0

0 0 X̃HL1
X̃HL2

X̃HL3
0 0 X̃HR3

0 X̃HL1
0 0 0 0 0 0

0 X̃HL2
0 0 0 0 0 0

0 X̃HL3
0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 X̃HR3
0 0 0 0 0 0

4 , ~A3!

where

X̃HLi
5XHLi

, X̃HRi
5XHRi

~ i 51,2!,

X̃HL3
5ct̃XuL3

1st̃XdR3
, X̃HR3

52st̃XHL3
1ct̃XHR3

~A4!

with

XHLi
5sbXuLi

1cbXdLi
, XHR3

5sbXuR3
1cbXdR3

~ i 51,3! ~A5!

and

XuLi
5

1

4
g2vdv i2me i2

1

2
ht

2vdv id i3 , XdLi
5

v i

vd

cb

sb
mñ

2
2me i

cb

sb
1

1

4
g2vuv i , ~A6!

XuR
3
52

1

A2
ht~Atv31e3vu!, XdR

3
52

1

A2
ht~mv31e3vd!.

These mixings are removed with the rotation matrixRX given by
013009-11



RX53
1 0 0 0 0 0 0 0

0 1 QHL1
QHL2

QHL3 0 0 QHR3

0 2QHL1 1 0 0 0 0 0

0 2QHL2 0 1 0 0 0 0

0 2QHL3 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0
4 ~A7!

DÍAZ et al. PHYSICAL REVIEW D 68, 013009 ~2003!
0 2QHR3 0 0 0 0 0 1

in the small mixing approximation sinQ.Q. Note that here we have defined

QHLi
[

X̃HLi

mH6
2

2m,̃Li

2 , QHRi
[

X̃HRi

mH6
2

2m,̃Ri

2 . ~A8!

Putting everything together we get the final form of the charged scalar diagonalization matrixRXRt̃RG which can be
expressed as

~A9!
e
rs
where we have defined

Q̃HL3
5ct̃QHL3

2st̃QHR3
, Q̃HR3

5st̃QHL3
1ct̃QHR3

.
~A10!

FIG. 9. H6 contribution toDB0
H6 t̃1.
01300
APPENDIX B: CHARGED HIGGS BOSON –SLEPTON
COUPLINGS

The couplings of the five~generalized to include also th
three charged leptons! charginos to the eight charged scala

FIG. 10. t̃1 contributions toDB0
H6 t̃1 andDB0

G6 t̃1t̃2.
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FIG. 11. ~a! H6 contribution toDB0
H6L1; ~b!

ẽL contribution toDB0
H6L1 andDB0

G6L1.
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~including Higgs bosons and sleptons of both chiralities! and
seven neutralinos~generalized to include also the three ne
trinos! are given by@28#

OLi jk
cns 5Rk1

S
6

htNj 7Vi52Rk2
S

6S g

A2
Nj 2Vi21

g8

A2
Nj 1Vi2

1gNj 4Vi1D 2Rk5
S

6

htNj 3Vi52g8A2~Rk6
S

6Nj 1Vi3

1Rk7
S

6Nj 1Vi41Rk8
S

6Nj 1Vi5! ~B1!

where i labels charginos,j labels neutralinos, andk labels
charged scalars, respectively. For the right-handed coupl
the corresponding couplings are given by

ORi jk
cns 5Rk1

S
6S g

A2
Nj 2Ui21

g8

A2
Nj 1Ui22gNj 3Ui1D

1Rk3
S

6S g

A2
Nj 2Ui31

g8

A2
Nj 1Ui32gNj 5Ui1D

1Rk4
S

6S g

A2
Nj 2Ui41

g8

A2
Nj 1Ui42gNj 6Ui1D

1Rk5
S

6S g

A2
Nj 2Ui51

g8

A2
Nj 1Ui52gNj 7Ui1D

1Rk8
S

6

ht~Nj 7Ui22Nj 3Ui5!. ~B2!

After approximating the rotation matricesU andV in the
chargino sector andN in the neutralino sector we find th
expressions given in Eqs.~B3!–~B6!. Note that we have di-
vided them into the cases where the charged fermion
lepton or a chargino. For the left couplings when the char
fermion is a chargino we have

OLi jk
cns 5Rk2

S
6F g

A2
a2Vi 821

g8

A2
a1Vi 821ga4Vi 81G uLW ud j 3 ,

~B3!

FIG. 12. G6 contribution toDB0
G6L1.
01300
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a
d

whereV is the reduced 232 chargino diagonalization matrix
of the MSSM andi 851,2. If the charged fermion is a lepto
we have

OLi jk
cns 5Rk1

S6
htVn, j 3

T d i31Rk5
S6

ht~bẽ j1a3uLW ud j 3!d i3

1@Rk6
S6

d i11Rk7
S6

d i21Rk8
S6

d i3#A2g8a1uLW ud j 3 .

~B4!

For the right-handed couplings when the charged fermio
a chargino we get

ORi jk
cns 5Rk1

S
6F2

1

A2
~ga21g8a1!uLW ud j 3Ui 821g~bẽ j

1a3uLW ud j 3!Ui 81G2Rk3
S

6

gVn, j 1
T Ui 812Rk4

S
6

gVn, j 2
T Ui 81

2Rk5
S

6

gVn, j 3
T Ui 811Rk8

S
6

htVn, j 3
T Ui 82 , ~B5!

whereU is the second 232 chargino rotation matrix of the
MSSM. Finally, if the charged fermion is a lepton, one ha

ORi jk
cns 52Rk3

S
6F 1

A2
~ga21g8a1!uLW ud j 3d i12gVn, j 1

T a1
LL iG

2Rk4
S

6F 1

A2
~ga21g8a1!uLW ud j 3d i22gVn, j 2

T a1
LL iG

2Rk5
S

6F 1

A2
~ga21g8a1!uLW ud j 3d i32gVn, j 3

T a1
LL iG

2Rk8
S

6

ht@Vn, j 3
T ~a2

LL i1be i !2~bẽ j1a3uLW ud j 3!d i3#.

~B6!

APPENDIX C: CHARGED SCALAR –CHARGED
FERMION LOOPS

There are nine different terms contributing to the charg
scalar–charged fermion loop, as shown in Eq.~30!. All these
terms give a finite contribution to the 232 submatrix corre-
sponding to the light neutrinos. In this appendix we w

FIG. 13. G6 contribution toDB0
G6 t̃1t̃2.
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FIG. 14. H6 and t̃1 contribu-

tions toDB0
G6H6 t̃1t̃2.
he

re
b

so
e
re

r
ite

to

f
er

.

co

ll

ig.

ing

ro-

t
to-
re

g.

t
rst

ed
explain with graphs the origin of the different terms. T
conventions used were explained in Sec. II F.

1. DB0
t̃2t̃1

The terms proportional toDB0
t̃2t̃1 come from the graphs

of Fig. 3 as explained in Sec. II F.

2. DB0
H¿t̃1 and DB0

H¿t̃2

Now consider the terms proportional toDB0
H1 t̃1 and

DB0
H1 t̃2 in Eq. ~30!. Of these terms, the ones which a

related to the charged Higgs boson mixing with staus can
understood as coming from the four graphs of Fig. 9. As
ciated with these charged Higgs boson graphs are thos
lated to thet̃1 mixing with charged Higgs boson. These a
given in Fig. 10.

There is another set of four graphs corresponding tot̃2

that are obtained from those in Fig. 10 by replacingt̃1

→ t̃2 , st̃→ct̃ , and ct̃→2st̃ . These three groups of fou
graphs, when combined, form a set which is ultraviolet fin

and account for the terms in Eq.~30! proportional toDB0
H1 t̃1

andDB0
H1 t̃2.

3. DB0
HÁL 1 and DB0

HÁL 2

We now turn our attention to the terms proportional

DB0
H6L1 and B0

H6L2 which are related to the mixing o
charged Higgs bosons with selectrons and smuons. The t

proportional toDB0
H6L1 come from the diagrams of Fig. 11

The terms proportional toDB0
H6L2 are easily obtained from

these by replacing the corresponding slepton lines and
s.
-
Fo

lle

01300
e
-
re-

ms

u-

plings. Notice that in Fig. 11~b! there is a contribution pro-
portional tov1 /v that does not belong to this term. We wi

show below that it will contribute to theDB0
G6L1 term.

4. DB0
GÁL 1 and DB0

GÁL 2

The graphs contributing to theDB0
G6L1 and DB0

G6L2

terms are related to those of Fig. 11. They are given by F
12 and by the term proportional tov1 /v in Fig. 11~b!, for the

case of the selectron. The terms proportional toDB0
G6L2 are

easily obtained from these by replacing the correspond
slepton lines and couplings.

5. DB0
GÁt̃1t̃2

We now consider a more complicated term, the one p

portional to DB0
G6 t̃1t̃2. This term gives a finite ultraviole

contribution and comes from the diagrams of Fig. 13,
gether with the parts of the diagrams of Fig. 10 that a
proportional tov3 /v. Corresponding to the diagrams in Fi
13 proportional tov3 /v, there is another set witht̃1 and t̃2
interchanged in the usual way.

6. DB0
GÁHÁt̃1t̃2

Let us consider finally the last term in Eq.~30!, the one

proportional toDB0
G6H6 t̃1t̃2. This term gives an ultraviole

finite contribution and comes from four diagrams. The fi
two are those represented in Fig. 14 corresponding to anH6

and at̃1 propagating in the loop. The other two are obtain
from these with the replacements

H6→G6, sb→cb ,

t̃1→ t̃2 , st̃→ct̃ . ~C1!
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