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A DPG FRAMEWORK FOR STRONGLY MONOTONE OPERATORS*

PIERRE CANTINT AND NORBERT HEUER#

Abstract. We present and analyze a hybrid technique to numerically solve strongly monotone nonlinear problems
by the discontinuous Petrov—Galerkin method with optimal test functions (DPG). Our strategy is to relax the nonlinear
problem to a linear one with additional unknown and to consider the nonlinear relation as a constraint. We propose to
use optimal test functions only for the linear problem and to enforce the nonlinear constraint by penalization. In fact,
our scheme can be seen as a minimum residual method with nonlinear penalty term. We develop an abstract framework
of the relaxed DPG scheme and prove under appropriate assumptions the well-posedness of the continuous formulation
and the quasi-optimal convergence of its discretization. As an application we consider an advection-diffusion problem
with nonlinear diffusion of strongly monotone type. Some numerical results in the lowest-order setting are presented to
illustrate the predicted convergence.

Key words. Discontinuous Petrov—Galerkin method, optimal test functions, strongly monotone operator, advection-
diffusion, nonlinear penalty.

AMS subject classifications. 65N30, 65J15, 65N12, 47TH05

1. Introduction. In recent years, the discontinuous Petrov—Galerkin method with optimal test
functions (“DPG method” in the following) has proved to be an attractive strategy to produce inf-
sup stable approximations for a wide class of problems. The basic setting stems from Demkowicz and
Gopalakrishnan [14, 13] and has been extended, e.g., to linear elasticity [1, 18], the Stokes and Maxwell
equations [28, 7], the Schrodinger equation [15], boundary integral and fractional equations [24, 17].
Another promising application area is singularly perturbed problems [16, 9, 3, 4, 25].

All the cited references, however, deal with linear problems. An extension of the DPG technology to
nonlinear problems, on the other hand, is a delicate issue. Principal problem is that the calculation (or
approximation) of optimal test functions involves an application of the underlying operator (the DPG
method is a minimum residual method). For nonlinear problems this step thus becomes nonlinear,
i.e., expensive. One way to circumvent the nonlinearity is, of course, to linearize the underlying
problem. This has been the approach in [8, 29]. A different idea is to apply the minimum residual
technique in product or “broken” spaces to the nonlinear problem. Bui-Thanh and Ghattas [5] did
this by considering the entire nonlinear problem as a constraint, and Carstensen et al. [6] developed
a representation of the DPG scheme by a nonlinear mixed form and analyzed the case of lowest
order approximations. DPG for contact problems has been studied in [21], though in this case the
nonlinearity is due to the contact condition which is treated by a variational inequality. We also note
that Muga and van der Zee [27] study problems posed in Banach spaces. In those cases the calculation
of optimal test functions becomes nonlinear even though the underlying PDE is linear.

In this paper we propose a combined scheme that employs the DPG technique to a linear relazation
of the nonlinear problem and where the nonlinearity is added as a constraint. Specifically, we relax
the nonlinear problem by introducing an additional variable which then has a nonlinear relation with
the original variables. This nonlinear relation is dealt with outside the DPG framework which can
therefore develop its full potential, e.g., for singularly perturbed problems. In fact, although here we
consider continuous and strongly monotone operators, we claim that our technique is applicable to
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singularly perturbed strongly monotone operators. This, and extensions to more general nonlinear
problems, is ongoing research. In contrast, we do not see an obvious extension of [5] or [6] to singularly
perturbed nonlinear problems, except for introducing a linear relaxation as we propose.

In the context of the nonlinear DPG scheme from [6] we mentioned their extension to a nonlinear
mixed form. In fact, in the linear case it is well known that there is a mixed form of the DPG scheme,
and this is precisely the method proposed (for a specific model problem) by Cohen et al. [11]. As we
will see, our scheme can also be viewed as an extension of this mixed form. To be specific at this point,
let us consider a (linear) continuously invertible operator A : U — V'’ with Banach space U, Hilbert
space V', and dual V'. A mixed (or saddle-point) form of Au = F is

() -() ooy

with solution (u,v) = (u,0). Here, R : V — V' is the Riesz operator and A* : V — U’ the
adjoint of A. The (practical) DPG method [23] can be seen as a conforming discretization of this
saddle point problem. In the nonlinear case, our method is equivalent to replacing the operator A by
a linear relaxation B and the zero block by a nonlinear operator C' (and, of course, redefining spaces
and variables). This yields an operator of the form

(1) <g ?R>:U><V—>U’><V’,

whose stability relies (among other properties) on the boundedness below of B. In our case, the nonlin-
earity is outsourced to C so that all the (linear) DPG strategies, aiming precisely at the boundedness-
below property, can be employed. In our analysis it will be necessary to weight the operator R, though
in specific applications there are precise bounds for this weighting parameter. We stress the fact that,
since both B and C are acting on the unknowns of interest (represented by w), it is not necessary to
consider the variable v. Indeed, in the numerical scheme we will be dealing with the Schur comple-
ment of —R only. Standard DPG feature is to using product (broken) spaces V' so that the numerical
inversion of a discretization of R can be done locally and is, thus, cheap.

In the linear context, similar ideas have been used to deal with boundary, transmission and contact
conditions outside the DPG framework, [19, 20, 21]. In fact, our abstract framework includes the
analysis of linear boundary and transmission problems presented in [19, 20] as special cases. Though,
differently from before, we decompose (or extend) nonlinear operators and develop an analysis based
on the saddle point structure. Furthermore, we present an analysis that includes the approximation
of optimal test functions whereas in [19, 20], these functions were assumed to be known exactly.

In this paper we consider, as a model, an advection-diffusion problem with nonlinear strongly
monotone diffusivity,

(2) —V-(A(JVu))Vu+Bu) = f in Q, w=0on 9N

with connected Lipschitz domain Q C R? and d > 2. Of course, there is extensive literature on the
numerical analysis of advection-diffusion problems, going back at least to Ciarlet, Schultz and Varga
[10] when considering monotone operators. We do not start to discuss all the options as there are too
many and since, more importantly, we use this problem only as a model to illustrate our idea and to
show its applicability.

Considering the model problem (2), our relaxed linearized problem will be

—Vi(p+Bu)=finQ, wu=0onadN
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with the nonlinear flux p = p(Vu) as additional variable. The solution of this problem is not unique
so that the associated operator, denoted by B, has a non-trivial kernel. The missing nonlinear closure
relation p = A(|Vu|)Vu will be represented by the kernel of a nonlinear operator C.

The rest of this paper is organized as follows. In the next section we present an abstract framework
for operators of the form (1). To the best of our knowledge, such kind a of operator has not been
analyzed before, although the particular case of R = 0 has the typical structure of a mixed method
for nonlinear problems. Under appropriate assumptions we prove its invertibility by using the Schur
complement (Theorem 2.3 in §2.1). In §2.2 we present our discrete scheme in abstract form and prove
its quasi-optimal convergence (Theorem 2.8). The remainder of the paper is devoted to applying the
abstract framework to the model problem (2). In Section 3, we precisely define the model problem, state
necessary assumptions, and introduce spaces and norms. The introduction of meshes and corresponding
product spaces is necessary for the DPG approximation, i.e., to localize the calculation of optimal test
functions. In Section 4 we develop a variational formulation of our model problem with resulting
operator of the type (1). The relaxed linear part is developed in §4.1. Here, any well-posed variational
formulation of the linear problem will do, but for illustration we focus on an ultra-weak variant.
This is by no means mandatory and, indeed, different formulations are equivalent, cf. [7]. Though in
complicated cases like singular perturbations ultra-weak formulations are easier to analyze (current
state of the art) and give the option of direct access to field variables, cf. [16, 25]. The nonlinear closure
relation is studied in §4.2 and afterwards, in §4.3, the combined variational formulation is presented
and its well-posedness is proved (Theorem 4.7). With all these preparations at hand, the presentation
of our relaxzed DPG scheme for the model problem is brief and a proof of its quasi-optimal convergence
(Theorem 5.1) is immediate. This is the contents of Section 5. In Section 6 we present a numerical
realization of our relaxed DPG scheme for the model problem and report on results for the cases with
and without advection.

To alleviate notation, the expression |-| is context-dependent and denotes either the Lebesgue
measure of a set, the absolute value of a real number or the Euclidean norm of a vector. We use
boldface letters for vector and tensor valued quantities. In the calculation of norms via duality,
suprema are taken over non-zero elements without further notice.

2. Abstract nonlinear penalized mixed problem. In this section we present the abstract
framework of our DPG scheme. We first discuss specific continuous formulations, as an operator
system similar to a saddle point problem and its Schur complement. In the second part we present two
discretizations. The first is a conforming scheme based on the Schur complement and amounts to a
DPG method with exactly optimal test functions. The second discretization uses the operator system
and amounts to approximating the optimal test functions. Under appropriate assumptions we prove
the quasi-optimal convergence of both methods (Theorems 2.5 and 2.8).

2.1. Continuous setting. Let U and V be two real Hilbert spaces with topological duals U’ and
V', respectively. We consider a bounded linear operator B : U — V', an isomorphism R:V — V',
and a continuous nonlinear operator C' : U — U’. (Later, C will be assumed to be Lipschitz continuous
and strongly monotone in a certain sense.) Then we define the block operator T}, : UxV — U'xV’,

with K > 0, as
C B
7= (s in)

Here, B* : V — U’ is the adjoint operator of B, i.e., (Bu,v) = (B*v,u) for allu € U and v € V.. To
alleviate the notation, (-, -) is used generically to denote the duality between two arbitrary dual spaces.
Denoting N (B) and R(B) the kernel and the range of B, respectively, we define Pg : U — N(B) the
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U-orthogonal projector of U on N(B).
The following theorem provides sufficient conditions on the continuous operators B, C' and R such
that the operator T} is bijective, with Lipschitz continuous inverse.

ProOPOSITION 2.1. Additionally to the assumptions made above, assume that
(i) R™' is coercive on R(B) with coercivity constant ¢ > 0,

(ii) there exists cg > 0 such that |u — Pg(u)|? < cg|Bul3, for allu e U,

(iii) there exist cy,cy > 0 such that

cu|Pe(ur — uz)|gr < (Clur) — Cluz), ur — uz) + cv | B(ur — us)[3

for all up,us € U.
Then, for all & > ko := (cy +cycp)cr, Ty is bijective with Lipschitz continuous inverse. In particular,

(3) culur — ualfr < (C(ur) — Clug), ur — us) + k(R Buy — uz), B(uy — uy))

for alluy,us € U.

Proof. Since R is bijective we can consider the Schur complement of —%R to obtain

(4)

C+kB*R™'B 0
0 -k 'R

):ﬁng.

Here, S,I : UXV — UxV and Sj : U'xV' — U’'xV' are the respective involutory operators
(i.e.,equal to their inverses) defined as

F_ Idy 0 T Idy kB*R~!
&£<KR_1B —Jdv>’ and &<< 0 —Idy )°

It then follows that T is invertible if and only if the operator D, = C + kB*R™'B: U — U’
is invertible. Since B*R™!B defines a linear bounded operator we infer that D, is continuous. Let
us now prove that D, is strongly monotone, specifically that (3) holds. Let w;,us € U and start
observing that

lur — wslfr = [Pr(ur — wa)|gr + ur — uz — Pplur — us)|g,

owing to the definition of Pg. By assumption (i) we can bound

|B(u; — uz)||%,, < cR<R_1B(u1 —ug), B(u; — us)).

Combining this bound with assumptions (ii) and (iii), it follows that

culur — ua| < (C(uy) — Clug), uy —uz) + (cv + cpey)er(R™ B(uy — us), B(uy — us)).

As a result, D, is continuous and strongly monotone for all k > kg := (¢y + cpey)cgr, ie., Dy is
invertible for all k > kg with Lipschitz continuous inverse, see, e.g., [26, Chap. 2]) d

Remark 2.2. (i) In the case of a linear operator C, —%R plays the role of a regularizing operator
needed for the bijectivity of T,,. As in the linear case, here the invertibility of T}, does not require the
surjectivity of B, but only that the range R(B) is closed in V' (see, e.g., [22, Remark 4.3]).

(ii) In Proposition 2.1, if we assume in addition that C is monotone, i.e., (C(u1)—C(us2), u; —ug) >
0 for all uy,us € U, then we infer from (3) that T, is bijective with Lipschitz continuous inverse for
all k > 1.
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Now, given FF € V' and G € U’, we consider two variational formulations, of penalized mixed
form

(5) (u,v) eUXV : T.(u,v) = (G,F) inUxV’,
and the reduced Schur variant
(6) welU: (Dyu,w) = k(R™'F, Bw) + (G,w) Yw € U,

with
(Dyu,w) := k(R Bu, Bw) + (C(u), w) (u,weU,).

The following result is a consequence of the Schur factorization (4) and Proposition 2.1.

THEOREM 2.3. Let the assumptions of Proposition 2.1 hold true. Then, for all kK > kg with kg
as before, problems (5) and (6) are uniquely solvable and equivalent. Specifically, if (u,v) € UxV
solves (5), then u solves (6). Conversely, if w € U solves (6), then (u,kR™*(Bu — F)) € UxV
solves (5).

Under additional assumptions on the operators B and C, we have a strong characterization of the
solution of (6).

PROPOSITION 2.4. Assume that

(i) (C(u) — G,v) =0 for all v € N (B) implies C(u) = G in U’,

(ii) B : U — V' is surjective.

Then, w € U solves (6) if and only if C(u) =G in U’' and Bu=F in V'.

Proof. Let u € U be solving (6). It follows that (C(u) — G,w) = 0 for all w € N(B). By
assumption (i) we infer that C'(u) = G in U’. Therefore, u satisfies (R~ Bu, Bw) = (R~ F, Bw) for
allw € U, i.e., B*R™'(Bu — F) = 0 in U’. Using assumption (ii) and recalling that R : V — V' is
an isomorphism, we conclude that B*R~!: V' — U’ is injective, so that Bu = F in V'. The other
direction is immediate. ]

2.2. Discretization. We analyze approximations of the continuous problems (5) and (6). At the
continuous level, these two problems are equivalent by Theorem 2.3 so that considering T}, or D, with
their respective right-hand side yields the same problem. However, considering one operator or the
other at the discrete level is no longer equivalent.

For an index parameter h > 0, let U, and V), be two (families of) finite-dimensional spaces such
that U, € U and V;, C V. Of course, later h will be a mesh parameter. We denote the canonical
injection maps by 45, : U, — U and j, : V;, — V, with i), : U — U, and j; : V' — V] the
respective adjoints. The discrete spaces Uy, and Vj, are provided with the induced norms ||y, = |én -|u
and |-y, = I, -Iv-

2.2.1. Semi-discrete scheme. One possibility is to discretize the operator Dj in the standard
way, that is, considering D}, : U, — U, defined as

D}, =i, Dyip, with D, =C+kB*R'B.

This discretization still requires to calculate R, which is not feasible in practice. In DPG discretiza-
tions, R is the Riesz operator Ry : V — V' and such a semi-discrete scheme is sometimes called ideal
DPG method. It is distinguished from the practical variant which includes a discretization of R;—l,
cf. [23].
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The operator D, induces the problem
(7) up €Uy + (D} yup,wp) = £(R™'F, Biywy) + (G, ipwy)  Vwy, € Uy

THEOREM 2.5. Assume that the assumptions from Proposition 2.1 hold true with constants kg and
cy specified there. Then, for all Kk > Ko, D,:Vh is tnvertible with uniformly Lipschitz continuous inverse,
and problem (7) is well posed. In addition, assuming that C is Lipschitz continuous with constant crip,
we have the quasi-optimal error estimate

lw —in(un)|u < (1+ ;' (cLip + 6IB*R™'Blow,u))) wiréfu |w —in(wn)|u-
h 'h

Here, w € U and wy, € Uy, are the unique solutions of (6) and (7), respectively.

Proof. The discrete operator D,:’ 5, defines a conforming approximation of the continuous prob-
lem (6). Therefore, its uniform Lipschitz continuous invertibility follows from the Lipschitz continuous
invertibility of Dy, cf. Theorem 2.3. Again, by the conformity of the approximation, the a priori error
estimate follows by standard arguments using the monotonicity (3). O

2.2.2. Fully discrete scheme. In order to avoid the inversion of the operator R, present in (7),
we discretize, instead of the Schur complement D,;, the full operator T, as T\ 5 : Uy xV}, — U/ xV,
defined by

Cy, B i, 0 i, O
8 T, ), = )= (" )T, D).
®) i (Bh iRh> (0 Jh) (0 Jh)

Applying the Schur factorization to this discrete operator we obtain the fully discrete problem

9) wp €Uy 0 (D pun, wy) = &(R, 41 F, Bywy,) + (i5,G,wy,)  Vwy, € Uy,
with
(10) <Dm,huha 'wh) = (C’h(uh), wh> + H<Rngh’u,h, Bhwh).

The well-posedness of (9) follows similarly as in Proposition 2.1, by using the existence of a Fortin
operator Il : V' — V), satisfying, uniformly in A,

(11a) (Bihuh,v — th’Uh> =0 Vup e Uy, v €V,

(11b) Jen >0, |iv|3 < cnlv|i VYwveV.

In the context of DPG methods, Gopalakrishnan and Qiu [23] have employed such an operator to

analyze the approximation of optimal test functions. This is precisely our motivation. Let us recall
this result, cf. [23, Proof of Theorem 2.1].

LEMMA 2.6. Assume that (11) holds. Then, |Bipu|?, < cn||Bhu;LH2h, for all up, € U,,.
The following proposition extends the statements of Proposition 2.1 to the discrete level.

PROPOSITION 2.7. Assume that,

(i’) R, is coercive on R(By) with coercivity constant cgi >0,

(ii) there exists cg > 0 such that |u — Pp(u)|? < cg|Bul3, for allu € U,
(iii) there exist cy,cy > 0 such that

cu|Pe(ur — us)|tr < (Clur) — Clus), ur — uz) + cv | B(ur — us)[3

for all wy,uy € U,
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(iv) there exists a Fortin operator I1: 'V — V}, satisfying (11).
Then, for all k > Ko = (cv + cpev)cncr,, Twn is invertible with Lipschitz continuous inverse. In
particular,

(12) culun —vnlg, < (Ch(un) — Cr(vn), un — 1) + &Ry, By (un — vy), Br(un — v4))

for all wp, vy, € Uy,.

Proof. We follow the same route as in the proof of Proposition 2.1. Specifically, the discrete
operator T}, 5, is invertible if and only if D, j is invertible. We prove that D, ; is continuous and
strongly monotone.

Let up, vy, € Uy,. By assumptions (ii), (iv) and Lemma 2.6 we have

lin(wn —vn) = Ppin(un — va)[g < ea|Bin(un — vi)yr < epenl|Ba(un —vn)[yy,

so that, using assumption (i’), it follows that

||1lh(uh - ’Uh) - PBih(uh - ’Uh)"%] S CBCIICR,, (R;lBh(uh — vh),Bh(uh - ’Uh)>.
Owing to assumption (iii) and the definition of C},, we also have

cu| Ppin(un — o)l < (Cn(un) — Cn(vn), un — vi) + cv | Bin(un — vp)[3-
Again applying Lemma 2.6 and combining the two last inequalities, it follows that

culun — vilg, < (Ch(un) — Ch(vn), up — vp)
+ (ev + CBCU)CHCR}L (Br(up — vy), R;lBh(uh — ’Uh)>.

In particular, (12) holds for k > kg, := (¢v + cpey)cncr, . We conclude that D, j, is continuous and
strongly monotone for all k > kg with Lipschitz continuous inverse. 0

THEOREM 2.8. Assume that the assumptions from Propositions 2.1, 2.7 hold true, and that k >
max(ko; ko), with the constants ko, ko,n and cy from before. Then, problems (6) and (9) are well
posed. In addition, assuming that the assumptions from Proposition 2.4 hold true and that C is
Lipschitz continuous with Lipschitz constant cri,, we have the quasi-optimal error estimate

lw —in(un)|u < (1+ e (cLip + 6B 3R, 3nBlew,ur))) wi%fuh lu —in(wp)|u-

Here, w € U and w;, € Uy, are the unique solutions of (6) and (9), respectively.

Proof. Let wy, € U, and denote &;, = uj, — wy. By Proposition 2.7 we have

cvl€nlt;, < (Ch(un) — Cu(wn), &) + k(R Br(un — wy), Bréy,)

for all kK > Ko p. In addition, since Bu = F' and C'(u) = G according to Proposition 2.4, the relations
(Ry, '35 Bu, Bu€y) = (R, '3, F, Bu€y) and (i,C(u),€,) = (i3,G, &)
hold. Hence, we conclude that

K(R;, 37 B(w — ipun), Brgy,) + (C(u) — Cinun), 3,€5) =0,
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yielding

cullénlz, < (C(u) — Clinwn), in€y) + w(B* 5, Ry 35, B(w — ipwy), iny).
The triangle inequality and the Lipschitz continuity of C then prove the statement. O

3. Nonlinear model problem and functional setting. In the remainder of this paper we
show how our abstract DPG framework applies to an advection-diffusion model problem with nonlinear
diffusion. In this section we specify the model problem and consider its continuous formulation.

Given a source term f, let us consider u : Q — R, with Q@ C R¢ (d > 2) a connected Lipschitz
domain, the solution of

(13a) —V- (A=, |[Vu(z)|)Vu(z) + B(x)u(z)) = f(x) for a.a. x €,
(13b) u(x) =0 for a.a. x € IN.

Here, 3 denotes an R%valued advection field and A an R?*?-valued diffusion tensor. By 02 we denote
the boundary of €2, with outwardly oriented unit normal vector n. For simplicity, we write A(|]Vul)
for X(z, |Vu(z)|) for almost all x € Q.

Owing to the theory of continuous strongly monotone operators (see, e.g., [26, Chap. 2]), this
model problem admits a unique solution u € H}(Q) for any source term f € L?(Q) if the physical
parameters B and A\ satisfy the following assumptions:

e (3 is Lipschitz continuous on {2 and satisfies

(14a) ess infq (—=V-3) > 0.

o There exist constants 0 < A, < Ay such that, for all 0,60 € LQ(Q),
(14b) Xolo = 8l72q) < (Alo)o —A(16))8,0 = 0) 2 ,
(14c) Mlo =02 > [A(lo))o — A(160])0] L2 (q)-

Throughout the remainder of this paper we assume that all these conditions are satisfied, specifically
that f € L*(Q).

3.1. Standard Sobolev spaces and Péclet number. Let L*(Q) and L*(Q) be the standard
Lebesgue spaces collecting R-valued and Re-valued functions, respectively, satisfying

2 2
(0,0)g = o[22y = /Q v < +oc and (v, v)g = [v]220) = /Q o < +oc.

We denote by H'(Q) and H (div;) the classical Sobolev spaces equipped with the scaled inner
products

(v, 0) 1 (qy = (v, w)a + 2 (Vo,Vw)g  Yo,w € H(Q),
(T7 n)H(div;Q) = (Ta TI)Q + €S22 (V'Ta V’?)Q VT7 nec H(d1v7 Q)
We also denote by H}(Q) the closure of the space collecting infinitely differentiable functions with
compact support in  with the norm || g1 (q)-
The characteristic length /g > 0 is introduced so that the above inner products are dimensionally

coherent. Its definition is arbitrary, but fixed once and for all. To avoid the proliferation of constants,
the reference length fq, is chosen such that

(15) 1Blos @yl ' = 1.
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This means that the global Péclet number is of order 1, i.e.,the magnitude of the advective and
diffusive effects are comparable.

3.2. Mesh partition and product spaces. Let 2 be a non-overlapping partition of € com-
posed open elements T € Qj, with Lipschitz boundary 7 and outwardly oriented by nr. Let H*(Q)
and H (div; Q) be the product or “broken” Sobolev spaces equipped with inner products

(v,w)Hl(Qh) = (v,w)q, + E%(VU,Vw)Qh Yo, w € HY(Qp),
(T e @iy = (TsMa, +&(V-T,Vn)a, VY7r,m € H(div; Q).

Here, (-,-)a, = Y req, ()7 denotes the element-wise L*-inner product, that is, appearing differential

operators are taken in a piecewise form. For all T' € ), we denote by H'/2(9T) and H~/2(9T) the
trace spaces of H!(T) and H (div; T), respectively. They are dual to each other. Traces on the mesh
skeleton 0%, are defined with the trace maps v : H'(Q) — Xycq, H'Y2(9T) and v, : H(div; Q) —

Xrea, H~Y2(9T), defined as

Y(u)jor = wor VT €Q Yue HY (),
Yu(p)jor = (pmr)or VT €Qp, Vp € H(div;Qy,).
The duality product between XTth H~Y2(9T) and XTth H'Y2(9T) is denoted by (-,-)aq, =
> req, (- )or with duality (-,-)ar between H—/2(9T) and H'/2(9T) (T € Qy).

We also introduce the trace spaces

Hy*(00) = {e X HYAOT)| 3w € H}(Q), i =y(w)},
TeQ,

HV2(00) = {pe X H207)| 3p € H(div;), p=(p)},
TeQ,

equipped with their respective quotient norms,

N . ~ ~ 1/2
(16a) oo,y =, Jnf o (el 2(w) =0} V0 € Hy*(0),
w 0
(16D) ollr-srmo0, = it Il aivers mp) =5} Vp € H2(0%).

Finally, we close this section by recalling the Poincaré-Steklov inequality in the product space H*(£2,),
cf. [2]. The proof is given for completeness, here including the length scale parameter £g.

LEMMA 3.1. We have

2
_ T,v(v
st ol < IVelhsgy + (s 00000 )y, ¢ gy,
FEH=1/2(802,) ||T||H—1/2(th)

with cpg = 2(1+ cpso) and cps,o > 0 the Poincaré-Steklov constant in HE(Q) satisfying ||§H%2(Q) <
cps.oly ”fo%ﬁ(Q) for all € € HY(Q).
Proof. Let v € H'(Qy) and let £ € H () such that —(3A¢ = v. Tt holds
[0 () = € (V,VE)q, — € (7a(VE),7(v)oa,

(7,7(v))aq,
< BIVolgan [ Velz@ + Bl (VO ipny — swp 1o
FEH—1/2(8%2,) ||7—||H*1/2(89h)
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Furthermore, (% ||V§Hiz(m < cpsolvZziq) by the standard Poincaré-Steklov inequality in Hg ().
Hence, observing that H’yn(Vf)H%,l/Z(th) <(1+ CPS,0)€§2\|U”%2(Q)7 the statement follows. O

4. Penalized variational formulation of the model problem. In this section we apply the
results of Section 2 to devise and approximate a penalized formulation of (13). The objective of our

non-standard formulation is to separate the linear and the nonlinear parts of our problem, namely
rewriting formally (13a) as

—V-(p+Bu)=f, o=Vu and p=XA(o])o.

In the following, the operator B stands for the representation of the ultra-weak formulation of the first
two linear equations, and the nonlinear operator C' is used to enforce the nonlinear closure relation
p=A(o])o.

4.1. Ultra-weak formulation of the linear part. We start by specifying a variational formu-
lation of the linear part of the model problem. In this case we select an ultra-weak variant. In some
cases like singularly perturbed problems the ultra-weak form has its advantages but for our model
problem this selection is not essential.

We consider the following linear problem. Find u € L?(Q), o € L*(Q2), p € L*(Q), @ € HééQ (09Q%,),
p € H-2(9Qy,) such that

(17&) (U7B'vv)ﬂh + (P, VU)Qh - </377<v>>39h = (f?v)ﬂ RS Hl(Qh)7
(17b) (,7)q + (v, V-T)g, — (Va(T), @oq, =0 V7 € H (div; Qp),

and denote the spaces

U = L3(Q)x L2(Q) x L*(Q) x Hil 2 (00,) x H/2(9,),

V = HY Q) x H (div; Q).
Define the operator B : U — V' as
(18) (Bu,v):= (u,-Vv+V-T)q +(0,7)q+ (p,VV)q,

= (B, 7(0)oq, — (Wn(T), W)oq,

for w = (u, o, p,0,p) € U and v = (v,7) € V. Problem (17) is then reformulated as
(19) uelU: Bu=FecV/

with F' € V' such that F : v — (f,v)q for all v = (v,7) € V. The following lemma gives a strong
characterization of u € U solving (19).

LEMMA 4.1. Let u = (u,0,p,4,p) € U be a solution of (19). Then, u € HE(Q), p € H(div; ),
and 0 =Vu, =V-(p+ Bu) = f, 4 =~(u) and p = v,(p + Bu).

In the following analysis, the Cartesian space U is equipped with the scaled norm || defined for
all u = (u, 0, p,0,p) €U as

lulty = luliz o) + GlolLe ) + A lPlT @) + IIﬁH?{ééz(mh) A 1151200,
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Similarly, the space V' is equipped with the inner product (-, -),, defined for v = (v, 7),w = (w,n) € V
as

(v, w)y = )‘:?fgf (U7w)H1(Qh) + 252 (Tvn)H(div;Qh) :

With these norms in U and V', B is uniformly bounded. Owing to the following lemma, B is surjective
or, equivalently, B* is injective with closed range in U’.

LEMMA 4.2. |B*v|%,, > cp|v|}, for all v € V with cg = cps/2 and cps the Poincaré-Steklov
constant from Lemma 35.1.

Proof. Let v € V with v = (v, 7) and note that

[B*v]g > 18-V + Voriaq,) + Lo IT172 ) + L*MIVVIi2(q,)

2
e ( . |<T,v<v>>mh|)

ren-1200,) 1TlH-172(000)

Then, using the Poincaré-Steklov inequality in H!(€,) from Lemma 3.1, it follows

* - 1
|B 'U”%]’ > [|B-Vv+ v'7'||2L2(Q;L) + 492”7'”2&(9) + 5592/\§||VU"%2(Q,L)

1 _
+ *CPS€Q4A§ ”U"%Il(ﬂh)'

2
Hence, observing that |\T||%I(div;9h) < ||T\|2LQ(Q) + 3|V +ﬁ-Vv\|2Lz(Qh) + )\g [ Vv||ig(ﬂh) by the triangle
inequality and assumption (15), it follows that
.o 12 Lo o 12 1 —4y27,.12
|B*v|g = 5&2 ”T“H(div;ﬂh)) + §CPS£Q Ab ”vHHl(Qh)'
Observing that cps < 1 in Lemma 3.1, the statement follows by definition of the norm in V. 0

Denoting by Pg : U — N(B) the projector of U on N'(B), the following lemma is consequence
of the boundedness of B and Lemma 4.2. In particular, assumption (ii) of Proposition 2.1 is satisfied.

LEMMA 4.3. |u— Pgul} <cp ||Bu||%,, for all w € U, with the constant cg defined in Lemma /.2.

Proof. By standard arguments the statement is equivalent to the statement of Lemma 4.2. Indeed,
by the continuity of B : U — V' and the boundedness below of B*, B : N(B)* — V' is injective
with closed range, i.e., B*: V — (N(B)1)’ is surjective, so that
1/2 (B*v,u — Pp(u)) 1/2

(B*v,u — Pp(u))
> cp” sup =cp |u— Pp(u)|lu
lvlv Pooev  IBlw b

|Bu|vy+ = sup
veV

for any u € U. 0

The non-trivial kernel A'(B) can be represented as the image of the map E : H}(Q)xH — U
defined, for all ¢ € H}(Q2) and n € H = {v € H(div;Q) | V-v = 0}, as

(20) B(,n) = (4, Vo, n — B, y(¥), 1 (1) )-
LEMMA 4.4. The map E : H}(Q)xH — U satisfies

(21) cel B, m)r < GBIVElTeq) + A 2In — Bl Vo € Hy(),me H,
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with c;Jl = 4cps,o + 3 and cpgo the Poincaré-Steklov constant defined in Lemma 5.1. In addition,
E (Hj(Q)xH) = N(B).

Proof. Estimate (21) is consequence of the Poincaré-Steklov inequality in H}(Q) and the triangle
inequality. Let us prove that E (H}(Q)xH) = N(B). Consider ¢ € H}(Q), n € H and let w =
E(1,mn). For any v = (v, T) € V it follows that

(Bw,v) = (1/}, V'T)Qh + (V, T)Q + ("77 vv)ﬂh,
- <7n(n)77(v)>69h - <77L(T)a7(¢)>39h‘

Hence, integrating by parts we obtain (Bw,v) = 0 so that w € N(B). Conversely, assume that
u = (u,0,p,0,p) € N(B). Then, computing (Bu, (0,7)) we deduce that v € H'(Q) and that
or = (Vu)|p for all T € Q. We conclude that

0= (u, V-T)q, +(0,7)q = (1(7); W)aq, = (yn(T),7(w)oc, — (Va(T), Wog,,

so that y(u) =4 € Héég (0Q4,). Then, by definition of Hééz (0Q4,), we infer that u € H}(Q). Proceeding
similarly by testing with v = (v,0), we infer that Bu + p € H (div; Q) with (V-(Bu + p));r = 0 for
all T € Q. Tt follows that p = v, (Bu+ p) € H-Y/2(0Qy,) so that Bu + p € H(div; ), and then
Bu+p € H. As a result, there exists n € H such that p = —Bu + 1. To conclude, if u € N'(B), then
u€ HYQ), p+ Bu e H and u = E(u, p + Bu). 0

4.2. Nonlinear penalty term. In this section we devise a nonlinear penalty form to enforce
the closure relation p = A(|o|)o and to control N'(B). To simplify the presentation let us introduce
m: U — L*(Q)xL*(Q) by defining 7(u) := (o, p) for u = (u,0,p,0,p) € U. Then we define a
nonlinear operator C : U — U’ by

(22) (C(u),v) :== 5N *(A(|lo|)o — p,ar,0 =), Yu,veU,

with 7(u) = (o, p) and 7(v) = (0,7n). Here, o > 0 denotes a stability parameter that will be chosen
greater than )\i o, with Ay, := Ay /A, the diffusive anisotropy ratio.
We start by establishing the Lipschitz continuity of C'.

LEMMA 4.5. |C(u1) —C(u2)|v’ < crip|ur —uz|u for all uy, us € U, with crip, = 2max(a)\u*/&1), 1).

Proof. Let uy,us,v € U such that w(u1) = (o1, p1), m(u2) = (02, py) and w(v) = (6,n). Owing
o (22), it follows that

{C(u1) = Cluz),v))| < €3N |(A(lo1])or — Al|loa])ora, aXy@ — 1)
+ eé)\ﬁfz ’(P1 — Py, X0 — 77)9’ .
The Cauchy—Schwarz inequality and assumption (14c¢) yield
(C(u1) = C(uz), v)|
<2 (lo = oalza) + A 1oy — pallzee) ) ad® — 1o,

Observing that |aX,0 — nfp2q) < 2)\ﬁ€51max(a)\ﬁ_/lb, 1)|v|u, the desired estimate follows. d

The next lemma verifies assumption (iii) of Proposition 2.1 for the model problem.
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LEMMA 4.6. Assume that o > )‘g/b' Then
culPp(ur — ua)|fr < (Clur) — Cluz), ur — us) + cv [ Blur — ua)[i Vur,us € U,
where cy and cy are given by
CE _ cB _ 5 _9 9
cU:2mm< O‘/\u/b >, cV:2m1n< ‘)‘)‘u/b ) +§CB)\ﬁ/ba ,

with cg and cg the constants defined in Lemmata 4.2 and /.4, respectively.

13

Proof. Let uy,us € U be such that 7(uy) = (o1, p;) and 7w(uz) = (o2, p3). By Lemma 4.4 there

exist 11,2 € H}(Q) and n,,m, € H such that

(23a) Pp(ur) = E@u,my) = (Y1, Vo, my — B, y(1), 7 (m1) ).
(23b) PB(U’Q) = E(d)lanl) - (1/}27 v1/12, N2 — ,31/)277(1/’2)Wn (TIQ) )

Owing to the continuity estimate (21) from Lemma 4.4, it follows that

cplPo(ur — w2}y < IV1 — Valdaq) + A 21T — Tal3e ),

where we have denoted 1; = n; — B¢, for ¢ = 1,2. By the triangle inequality we have

culPo(ur — ws)lf < BV — Vi — (01 — 02) ey + Bllos — o220

+ E%ZAﬁ_QHﬁl — 7y — (P — p2)”§,2(9) + f?zkﬁ_zllpl - P2H2L2(Q)'

Observing that o1 —oa — (Viby — V)22 gy < el Blur —u2)[3, and |y~ py — (71 ~705) 22 0

CBA§€§2||B(U1 — u2)[%,, owing to Lemma 4.3, we obtain
(24)  cp[Pp(ur —ua)|fy < eplBlur — u2)ly + Glos — o2l72q) + Aoy = palia o)

It remains to prove that there exist constants ¢, ¢’ > 0 such that

(25) ¢ (é?zllcrl — o220y T oA oy — Pz||2L2(Q))
<

Let F(u1,uz) = £5°A3(C(u1) — C(uz), us — uz) and observe that

F(uy, ug) :a)\b()\(|0'1|)01 = A(loz])oz, 00 — 0'2)9 + (P1 —P2,P1— Pz)Q
— (A1) = Alloz])oz, p1 = pa) — aX (p1 — P2y o1 — T2) -

Owing to assumptions (14b) and (14c), it follows that

F(ui,uz) > aXflor — ool 1) + 101 — pallT2q)

— Mo — oalr2 ) ler — Paliz) — ad (p1 — P2y o1 — 02) -

(C(ur) — Clug), ur — uz) + ¢ | B(ur — us)[3r.

<
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Hence, applying Young’s inequality, we conclude that

A2 1
F(uy,ug) > (00\? - ;) lo — 0'2”21:2(9) + §||P1 - P2||2L2(Q) —aX,(p1 — P2, 01— 02) .

The last term above can be bounded from below by using the representation (23) of N'(B). First, we
observe that

(Pl —pP2,01 — 0'2)9 = (P1 — Py, 01— 03— (Vi — v¢2))g + (ﬁ1 — 75, Vi1 — VZZJZ)Q
+ (P — P2 — (M — M), Vo1 — Vo), = Ty + Tp + Ts.

Applying the Cauchy—Schwarz and triangle inequalities, and Lemma 4.3 for 77 and 73, it follows
171 < ¢ g | B(ur — ua)lv'lpy — pal o).
and
73] < e Nty | Blus — wo) v/ [Veor = Vinlpa o)
< e Ml | B(uy — u2)|vflor — ooz + el | B(ur — us) [
Recalling the definition 7, = —B¢; +n;, i = 1,2, with n, € H = (VH(Q))*, we infer that
Ty = —(Byr — Biba, Vi1 — Viha), <0

owing to assumption (14a). Collecting the previous estimates we obtain

A2 1
(aA& - ;) o1 — ol + 2o — < Fluuy )

+epadi Ay plo? [Bur — u2) 3
1/2 -
+ cB/ aXlo | B(ur — us)|v|py — pollL2(o)

1/2 _
+ e PaNBh o | Bur — up) v o — o2 2(q)-

Young’s inequality and assumption o > )\§ /b yield

1 5 _
(002 = 23) o1 = 7ol + 7101 — pal? < Flur, ws) + SenXetg?a?| Blun — w)l

DO =

As a result, multiplying by Ay 2 we obtain

1 . 1 _ _ _
gnin (3032 = 1) (lo1 = 2l 4 47 ls = pali) < Ay Pl )

5 o
+ 563592Au/2ba2||B(u1 = uQ)H%,,

The statement follows multiplying (24) by %min (%, O‘)‘J/i — 1). d
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4.3. Penalized variational formulation and well-posedness. We are now in a position to
present our penalized variational formulation of the model problem and to prove its well-posedness.

Let Ry : V — V' be the Riesz operator, i.e., (Ryv,w) = (v,w)y for v,w € V, and, for x > 0,
let T, : UxV — U’xV’ be the nonlinear operator

c B
(26) T, = (B —iRv>'

Here, B: U — V' and C : U — U’ are the linear and nonlinear operators defined by (18) and (22),
respectively.
Following Section 2, problem (13) has the variational formulations

(27) (u,v) e UXV : T.(u,v)=(0,F) inUxV’
and
(28) welU: k(R Bu, Bv) + (C(u),v) = k(Ry,' F, Bv) Yv e U.

In addition, since R(,l is self-adjoint, (28) can be reformulated as
(29) uelU: Kk(Bu,©v) + (C(u),v) = k(F,Ov)q Vv eU.

Here, we have used the so-called trial-to-test operator © := R‘_,lB U=V, cf, eg, [12].
Selecting x sufficiently large, both problems are well posed and equivalent.

THEOREM 4.7. Assume that o« > /\r?/b and Kk > cy + cgey with cp, cy,cy defined in Lemmata 4.2
and 4.6. Then

(a) problems (27) and (29) are equivalent,

(b) T, : UxV — U'xV' defined by (26) is invertible with Lipschitz continuous inverse,

(c) the solution w € U of (29) satisfies Bu=F in' V' and C(u) =0 in U’.

Proof. Statement (a) is a direct consequence of Theorem 2.3 and the definition of ©. The second
statement (b) follows from Proposition 2.1. Indeed, (Bv, Ry, Bv) = |Bv|?, for all v € V, so that
assumption (i) of Proposition 2.1 is satisfied with coercivity constant cg = 1. Since assumptions (ii)
and (iii) of Proposition 2.1 hold by Lemmata 4.3 and 4.6, we infer statement (b). Finally, statement
(c) is a consequence of Proposition 2.4. The operator B being surjective by Lemma 4.2, it remains to
prove that

(C(u),v) =0 YweN(B) = Cu)=0inU"
In (28) we select v = (0,0,7,0,7,(n)) € N(B) with n € H, giving
(Cw),0)vrw = B (A(ol)o — p,m)g = 0.
since Ov = Ry'Bv = 0. Therefore, A(|o|)o — p € H* = VH(Q) since VH}(Q) is closed in
L?(Q). That is, there exists ¢ € H{(Q) such that Vi = XA(|o|)o — p. Next, choosing v =
(0, Vi, —Bp,v(p),0) € N(B) with ¢ € H}(RQ), it follows that (Vip,al, Vo + Bp), = 0 for all

© € HY(). As a result, owing to assumption (14a), we infer that 1) = 0, and then A(|o|)o = p,
so that C'(u) =0 in U". |
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5. Relaxed DPG scheme. With all the preparations at hand, the formulation of our DPG
scheme for the model problem is immediate and the proof of its quasi-optimal convergence is straight-
forward.

Considering the continuous problem (27), which is equivalent to (29) in the sense of Theorem 2.3,
we follow the presentation of Section 2 and consider two finite-dimensional spaces U;, and V}, with
U, C U and V;, C V. Our discrete problem is

(30) uy, € Uy, - (C’h(uh),wh> + fs(Bhum@hwh) = H<j;;F, @hwh> Yoy, € Vh,
with
Ch = ’I:ZC’I:}“ By, = jZBih, RVh = jZRvjh, and @h = R;/:Bh.

The well-posedness of this problem follows from Proposition 2.7.

THEOREM 5.1. Assume that there exists a Fortin operator I1 : 'V — 'V}, satisfying (11). Then,
for all k > (cy + cpey)en, with cg,cy,cy defined in Lemmata 4.2 and 4.6, (30) is well-posed and
converges quasi-optimally,

lu—in(un)lu < (1+cg" (cLip + KIB 3, Ry, 33Blcw.ur))) wnf Ju —in(wh)|u,

with cLip, > 0 defined in Lemma 4.5. Here, w € U and wy, € U, are the unique solution of (28)
and (30), respectively.

Proof. The well-posedness of (30) is a consequence of Proposition 2.7. Indeed, assumptions (ii)
and (iii) hold by Lemmata 4.3 and 4.6, respectively, and (i’) holds with cg, = 1 since Ry, satisfies
||Bhvh|\%,, = (Bpwop, R{,}lBhvh> for all v, € U,. The error estimate is finally a consequence of Theo-

h v

rem 2.8 using the statement (c) from Theorem 4.7 and the Lipschitz continuity of C' from Lemma 4.5.0

6. Numerical example. In this section, we present some numerical results of a lowest-order
implementation of our nonlinear DPG scheme (30) for a model problem with and without advective
field 5. The specific discretization including Fortin operator is presented in the first subsection, and
numerical results are reported afterwards.

6.1. Discrete setting and Fortin operator. We use lowest-order test and trial spaces Uy, V),
defined by

(31a) Uy, = Po(Q; R) xPo(Qp; R?) x Py (Q; R?) x P (99, R) x Py (0Q4; R),
(31Db) Vi, = Py(Qp; R) x Py (2; R?).

Here, Py (Q2,;RY) denotes the spaces of Qj-piecewise d-variate polynomials of degree k (meshes are
defined below) and P{(9Q; R) C P1(99Q;R) is the largest subspace of “continuous” functions satisfy-
ing the homogeneous Dirichlet condition, that is, (P$(99;R)) C Héf((“)ﬂh). The test space V}, is
chosen such that there exists a Fortin operator IT: V — V}, satisfying (11), ensuring that (30) is well
posed by Theorem 5.1.

LEMMA 6.1. Let Uy, and Vj, be defined by (31), and consider B € Py(Qy;R?). Then, there exists
a Fortin operator I1 : V' — V), satisfying (11).
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Proof. The statement is consequence of [23, Lemmata 3.2, 3.3]. Indeed, as proved in [23], there
are continuous operators 119 : H'(Q,) — Py(Qp; R) and T1¢ : H (div; Q) — Po(Qp; R?) such that

(32a) (Y(I¥v = v)jar, @lor =0 Vg € Po({F}pez, s R),
(32b) ((HdT - 7-)|Ta q)L2(T) =0 Vge IP)()(1—'7 RQ)v
(32¢) (Y (IFT = T)jor, Qor =0 VG € Py({F} per, ;R) NCO(OT)

for all v € HY(Qy,), 7 € H(div;Qp), and T € Qy,. Here, Fr denotes the set of faces of an element
T € Q. The operator IT = (T19,11¢) : V — V}, is continuous and satisfies assumption (11a). In fact,
considering wy, = (up, oh, Py, Gn, pr) € Uy, we have

(Bipup, v —v) = (uh, B-V(I19 (v) — v) + V-(I1%(7) — T))Qh + (a’h7 or — T)Qh
+ (o, VI = 0))g, = (pn, Y1 (v) = 0))oe, — (v ((T) = T), n) 00, -

Since B € Po(2;,;R?), it follows by integration by parts that

(un, BV (v) = v))g, = = (V-(Bup), 11 (v) = v)q, + (vu(Bun), y(I1?(v) = v))aq,
=0,

owing to (32a). Proceeding similarly for the other terms, we infer (11a). d

The nonlinear discrete problem (30) is solved by using the standard Newton method. The ini-
tial iterate is defined as the solution of (13) with A(|Vu|) = A(0) (it is different from 0 in our
experiment). Numerical experiments are performed on a uniform refinement of a two-dimensional
triangular mesh sequence {2}, , indexed by the level of refinement h := maxrcq, |T|, and satisfying
O(h) = O(dim(Uy,)~2). The numerical parameter & is chosen equal to 1 and the stability parameter
o= )‘i/b' Denoting by w = (u, 0, p, @, p) € U and up = (up, h, Py, G, pr) € Uy, the exact and dis-
crete solutions, respectively, we depict the three errors |u—up|r2(q), |0 —on|L2(0) and |p—pp,|L2(q)-
In addition, from definitions (16) of the trace norms and Lemma 4.1, we depict, instead, the corre-
sponding upper bounds

[& = inl a2 aq,) < v = 7 () ) 16— drla-12000,) < 10+ Bu— T (pn) | 2 @ivie) -

Here, Z7 : PY(02;R) — P1(Q4;R) N CO(2) denotes the Pi-Lagrange interpolation operator, and
Td . Po(02;R?) — RTo(Qy) is the lowest-order Raviart-Thomas interpolation operator.

6.2. Example with and without advection. We consider the nonlinear example without
advection from [6] and a corresponding example with non-zero advection. The exact solution is given
by u(z,y) = cos(rz/2) cos(ry/2) on the domain (—1,1)2. The nonlinear diffusive tensor is R-valued
and defined by A(s) = 2 — (1 + s)~2 for s > 0. Assumptions (14b), (14c) are satisfied with \, = 1
and Ay = 3. We also consider the case when the advective field 3 is different from zero, and given by
B(z,y) = (y, —x), satisfying assumption (14a). The approximation errors are depicted in Figure 1.

As expected, all the errors behave like O(h). Comparing the two plots of Figure 1, the presence
of the advective field does not impact the accuracy of our method for this test case. In addition, our
method delivers very similar result to those obtained with the approach proposed in [6].
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Fic. 1. Left panel: numerical errors with zero advective field. Right panel: numerical error with the advective field

B(z,y) = (y, —2).
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