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Abstract

We study the spectral stability of the solitary wave solutions to the nonlin-
ear Dirac equation in (1+ 1) dimension. We focus on a Soler type nonlinear
model, where the nonlinearity is given by (¥1)P. The method we use con-
sists in perturbe the solutions with a sufficiently small function p, finding a
time evolution equation for this perturbation where this equation depends
on the spectrum of the linearized operator H,. We will say that the solitary
wave solutions are stable if the spectrum of H,, does not have eigenvalues
with imaginary part other than zero. We were only able to provide bounds
for the real and imaginary part of the discrete spectrum of H,,. In the end,

we summarize what is known about o(H),).
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Chapter 1

Introduction

1.1 Motivation and context of the equation

The Dirac equation was proposed by the British physicist Paul Dirac in 1928, in his work
“The quantum theory of the electron” [26], where he treats the description of the relativis-
tic motion of a spin-1/2 particle in R3. A full overview of its applications would take us
too far. In particular, our interest is the description of materials that share a fundamen-
tal similarity: their low-energy fermionic excitations behave as massless Dirac particles.
This class of materials, called Dirac materials, exhibits unusual characteristics like Klein

tunneling, chiral symmetries and impurity resonances [64].

The interest in Dirac materials grew since the experimental discovery of graphene in 2004
[44]. This discovery gave the Nobel prize in physics to Andre Geim and Konstantin
Novoselov in 2010. This is a two dimensional material and it is so interesting given its

electronic properties, see [16], 52, [63].

Nonlinear models are been extensively investigated by many researchers in different areas of
physics. Most authors study nonlinear Schrodinger equations and there is many literature
on the topic. The physical motivation for studying nonlinear models is that stable pulses
(solitary waves) have been observed experimentally. For example, Fermi et al. studied the

nonlinear phenomena and found periodic behavior at least when the energy is not too high,
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and that stable pulses (solitary waves) propagate in nonlinear continuous systems. These
facts led it to conclude that there will be some nonlinear lattice which admits rigorous
periodic waves, and that certain pulses (lattice solitary waves) will be stable there, see

60, 20, 32).

With respect to the nonlinear Dirac equation, there are many types of nonlinearities. In
1938 the Russian physicist Dimitri Ivanenko considered the non-linearity 1 [36], then
Weyl in 1950 [66] and Heisenberg in 1953 [35] also studied the same type of nonlinearity.
But it was Mario Soler [55] who was the first to investigate the stationary states of the
nonlinear Dirac field with the scalar fourth order self coupling, proposing them as a model

of elementary extended fermions.

The massive Thirring nonlinear model [59] is also well known. The main difference between
this model and the Soler model is that the Thirring model is completely integrable and the
Soler model is not. Nonlinear generalizations of the Dirac equation, have emerged naturally
as a practical model in many physical systems, a few examples are: extended particles,
the gap solitary waves in nonlinear optics, light solitary waves in waveguide arrays and
experimental realization of an optical analog for relativistic quantum mechanics, Bose-
Einstein condensates in honeycomb optical lattices, phenomenological models of quantum
chromodynamics, as well as matter influencing the evolution of the Universe in cosmology,

ete. see [40] [41].

The Spanish physicist M. Soler re-introduced the Ivanenko type nonlinearity in 1970, since
then the model has been studied in many aspects. The n-dimensional Soler model is given

by the equation

0 (x,t) = (Do + B (m — f())) ¥(x,t), ¥(x,t) € L*(R x R",CY), (1.1)

where f(s) is a smooth function, 19 = 3¢ and Dy is the n-dimensional massless free
Dirac operator. We are going to consider the case f(s) = sP with p > 0, giving particular
results to p = 1. The Soler model with this power like nonlinearity was exactly solved

only in the one dimensional case [42, 24]. Also, many other areas have been studied,
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applications, etc., see [25, 24] [14], 22] [6] [15] 21].

There are also variations of this model, like the generalization introduced by Poddubny and
Smirnova in 2018 for the two-dimensional case [47]. Most of our results can be extended
to this generalization see the appendix [A] Basically, this model is a twisted Soler model
manipulated by a real constant a and is equal to the Soler model when o = 1. In this
way, by controlling the parameter «, other nonlinearities can be obtained, for example the
case « = —1 was considered by William Borrelli who showed the existence of solutions and

others general properties [8) [10, 9].

The existence of localized states (solitary waves) and its stability is so important because
this type of nonlinearity could be reproduced in laboratory. In the two-dimensional gen-
eralization of Poddubny and Smirnova they show one way of how the cubic nonlinearity is
reproducible. They even gave several examples where this two-dimensional model could be
implemented, like optofluidic platform with photonics crystal fibers filled by liquids, glass
fibers, etc. see [47, [43], 28, [48) 62, 23] 2] 18, (4, 19, B1].

The stability of the solitary waves solutions has a huge importance, determines the pos-
sibility of giving a physic application to the model. In our case we are talking about

applications in Dirac materials, like the graphene, etc.

1.2 On the mathematical side

The first natural question is about the existence of solutions. For the three-dimensional
Soler model, existence of stationary states ¥ (x,t) = ¢(z)e~™? with w € (0,m), was proved
by Thierry Cazenave and Luis Vazquez in 1986 using ODE arguments [I7]. Then, the exis-
tence of excited states was proved in [3]. Even the existence for more singular nonlinearities

has been proved [4].

In 1995 Maria Esteban and Eric Séré proved the existence of stationary states of the
Nonlinear Dirac Equation using variational methods [30]. These techniques have been

improved, see [27, 29]. Once we have solved the existence problem, the next natural
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question is about the stability of the solutions and this can be studied in many different

ways.

In particular we are going to consider the nonlinearity f(s) = s? with p > 0, so the equation

(1.1) becomes

iOp(z,t) = (Do + B (m — ()P)) (x,t), p(x,t) € L*(R x R™,CN). (1.2)

The soler model with this p-power nonlinearity is exactly solvable in the one dimensional
case for any p > 0, see [42]. For other dimensions, no explicit solutions are known [24]. We

will concentrate on the stability of the solutions for the one-dimensional case.

The mathematical meaning of stability is the condition in which a small disturbance in a
system does not produce a big effect on that system. In terms of the solution of a differential
equation, a solution v (z) is said to be stable if any other solution of the equation 1;(33)
that starts out sufficiently close to it when x = 0, remains close to it for succeeding values
of x. If the difference between the solutions approaches zero as x increases, the solution is

called stable. If a solution does not have this property, it is called unstable.

In other words, assume that ¥ (z,t) = ¢(z)e ™" is a solution of (1.2)) where ¢(z) €
L?(R™, CV) is a localized function. Then, the main goal is to prove that ¢(z) is sta-
ble, so consider the perturbed solution 9(z,t) = (¢(x) + p(z,t)) e ™", which starts close

to 1, and then we can study how the perturbations p(z,t) behaves in time.

There are many criteria for analyzing stability, in chapter 2.3 we briefly summarize the most
typical stability criteria. A few examples of stability criteria applied to the solitary wave
solutions of the Soler model are: Vakhitov-Kolokolov criterium [21], asymptotic stability
[22], numerically stability analysis [25], dilatations stability [56] and spectral stability in
[T4, [6, [15]. We are going to focus on the spectral stability for the one-dimensional case,
this is a work in collaboration between Edgardo Stockmeyer, Hanne van den Bosch, Julien

Ricaud and the present author.

Although the solutions in the one-dimensional case are known, their stability is still an
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open problem. There is a lack of understanding of the problem and only partial results
have been given, see chapter Throughout the thesis we will concentrate on trying to

solve the spectral stability problem.

Note the difficulty of the problem, first of all is a mathematical model of the year 1970
and the stability of the solitary wave solutions is until now an open problem. There have
been many attempts to resolve the stability problem, see [25], 24] 14, 22] [6] 15, 21]. The
strategies followed have even presented controversies, for the cubic nonlinearity in (1 + 1)
dimensions through a semi-analytical study Berkolaiko and Comech in [6] conclude that
the soliton associated is linearly stable for all values of its frequency w. Then, this results

was validated by the results of [45].

The results of [6] together with the results of [I], which also claim soliton stability, came into
controversy with the results of [7], which reported instability of the soliton for w = 0.5.
This fact pushed the numerical study [53] who questioned the results of [6]. Lakoba in
2018 [38] presented this controversy in detail and resolved it concluding that the soliton is

linearly stable for small values of frequencies up to w = 0.01.

Mathematically, the principal difficulty of this model is the unboundedness and negativity
of the Dirac operator. In the nonlinear Schrodinger case, the positivity of the operator
facilitates the stability study, for example orbital stability is proved in [67] for unbounded

potentials, spectral stability is studied in [34] for cubic nonlinearities, etc.

1.3 Organization of the thesis

To help the understanding of the thesis, here is summarize the content of each chapter. In

this way the reader can understand the narrative throughout the document.

Chapter 2

In the chapter [2, the basic notions about the Dirac equation and non-linearities are pre-

sented. This chapter is organized as follows.
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Section Starts by deriving the Dirac equation from the energy-moment relation. Then,
the Klein-Gordon equation is found. Next, the algebra of the Pauli matrices is introduced,

arriving at the Dirac equation. Finally, the Dirac free operator are defined.

Section[2.:2} The basic properties of the Dirac operator are studied. We describe the Hilbert
space in which we will define this operator. Also the notation that we will use throughout
the thesis is also defined. In the end, we found the essential spectrum of the free Dirac
operator using the Fourier transform. This spectrum will be important later, since the

operators resulting from linearization turn out to have the same.

Section A brief historical review of the non-linear Dirac equation is given. The n-
dimensional Soler model is introduced summarizing its general properties. Finally, we give
a brief summary of the stability criteria to contextualize the reader in the main problem

of this thesis.

Chapter 3

In the chapter 3| the stability of the solutions of the Soler model in one dimension is

studied. The chapter is organized as follows.

Section (3.1} First, the main equations of one-dimensional Soler model are introduced.
Starting with the Dirac equation in a dimension disturbed by a general Soler-type non-
linearity. Then, it is shown that the spinor components satisfy a Hamiltonian system,

where the Hamiltonian turns out to be 0.

Section It is briefly discussed how the problem of the existence of solutions for this
model has been dealt with in the literature. Then, it is shown in detail how the solutions
for the 1D Soler model are found when the non-linearity is f(s) = s. Also, the solutions

for the general p-power nonlinearity f(s) = sP are shown.

Section 3.3} The stability of solutions is studied. Here the solutions are perturbed by means
of the Bogoliubov-deGennes linearization stability analysis. Here the operator resulting

from the linearization H, is found and the notion of spectral stability is defined, in terms
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of the spectra of this operator. This operator depends on two other operators Ly and Ly,

which are analyzed extensively in the next section.

Section The spectra of the operators Ly and L, are studied extensively. The basic
properties of their spectra are shown, properties that can be found in the literature and
new results. Some of the new result are for example: in the case p = 1 we will show it by
an oscillation argument that o4(Lg) = {—2w, 0}; the eigenvalues of Ly and L, are simple,

and so on. These results can be found summarized in the next chapter.

Section The spectrum of the H,, operator is analyzed. This is the most important
operator, since the spectral stability of the Soler model solutions depends on their spectrum.
The section begins by finding the main symmetries of the H,, spectrum. Next, the spectral
projections of L are studied. These spectral projections are later used to give bounds on

the spectrum of the H 3 operator.

Section [3.6f Here you can find the main results of this thesis. Bounds on the imaginary
and real part of o,(H,) are proved. These bounds allow us to exclude a region of the
complex plane where the eigenvalues cannot be. Therefore, the result is partial, we could
not exclude all complex eigenvalues that lead to instability. Therefore, the problem remains

open.

Chapter 4

The chapter |§| summarizes the characterizations for the spectra of the operators Lo, L,
and the most important H,,. The main known results are presented first and then the main
results of our work. It also indicates where this information can be found in the literature.
Not all the new results present in this chapter are in this thesis, they are part of a joint
work with E. Stockmeyer, H. van den Bosch and J. Ricaud. For those results that are not

proved here, a brief explanation of how they are obtained, is given.

Our results can be synthesized as follows: for suitable w and p we have o4(Lg) = {—2w, 0}.
The operator Lo has exactly three negative eigenvalues, i.e. o4(Ls) = {—2w, \,0} where

A € (—2w,0). For proper w and p, L, with p € (0,2] has exactly one eigenvalue between
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(—2w,0) and none at (—m — w, —2w). For z € o(H,) \ {RUiR} we give bounds on the
imaginary and real part of z. Also, for suitable w and p there are no eigenvalues on the

imaginary axis.



Chapter 2

Nonlinear Dirac equation

In this chapter the basic notions about the Dirac equation and non-linearities are presented.

This chapter is organized as follows.

Section Starts by deriving the Dirac equation from the energy-moment relation. Then,
the Klein-Gordon equation is found. Next, the algebra of the Pauli matrices is introduced,

arriving at the Dirac equation. Finally, the Dirac free operator are defined.

Section[2.2} The basic properties of the Dirac operator are studied. We describe the Hilbert
space in which we will define this operator. Also the notation that we will use throughout
the thesis is also defined. In the end, we found the essential spectrum of the free Dirac
operator using the Fourier transform. This spectrum will be important later, since the

operators resulting from linearization turn out to have the same.

Section A brief historical review of the non-linear Dirac equation is given. The n-
dimensional Soler model is introduced summarizing its general properties. Finally, we give
a brief summary of the stability criteria to contextualize the reader in the main problem

of this thesis.
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Chapter 3

In the chapter [3] the stability of the solutions of the Soler model in one dimension is

studied. The chapter is organized as follows.

Section (3.1} First, the main equations of one-dimensional Soler model are introduced.
Starting with the Dirac equation in a dimension disturbed by a general Soler-type non-
linearity. Then, it is shown that the spinor components satisfy a Hamiltonian system,

where the Hamiltonian turns out to be 0.

Section It is briefly discussed how the problem of the existence of solutions for this
model has been dealt with in the literature. Then, it is shown in detail how the solutions
for the 1D Soler model are found when the non-linearity is f(s) = s. Also, the solutions

for the general p-power nonlinearity f(s) = sP are shown.

Section The stability of solutions is studied. Here the solutions are perturbed by means
of the Bogoliubov-deGennes linearization stability analysis. Here the operator resulting
from the linearization H,, is found and the notion of spectral stability is defined, in terms
of the spectra of this operator. This operator depends on two other operators Ly and L,

which are analyzed extensively in the next section.

Section The spectra of the operators Ly and L, are studied extensively. The basic
properties of their spectra are shown, properties that can be found in the literature and
new results. Some of the new result are for example: in the case p = 1 we will show it by
an oscillation argument that o4(Lo) = {—2w, 0}; the eigenvalues of Ly and L, are simple,

and so on. These results can be found summarized in the next chapter.

Section The spectrum of the H,, operator is analyzed. This is the most important
operator, since the spectral stability of the Soler model solutions depends on their spectrum.
The section begins by finding the main symmetries of the H,, spectrum. Next, the spectral
projections of Ly are studied. These spectral projections are later used to give bounds on

the spectrum of the Hz operator.
Section [3:6f Here you can find the main results of this thesis. Bounds on the imaginary

10
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and real part of o,(H,) are proved. These bounds allow us to exclude a region of the
complex plane where the eigenvalues cannot be. Therefore, the result is partial, we could
not exclude all complex eigenvalues that lead to instability. Therefore, the problem remains

open.

2.1 Derivation of the Dirac equation

The free Dirac equation describes the dynamics of a massive spin—% relativistic fermion
in (3+1) space-time dimensions. The usual way to derive this equation is to use the fact
that classical quantities correspond to differential or multiplication operators in quantum
mechanics. The goal is to obtain an equation for quantum particles compatible with the

relativistic energy-momentum relation.

So far, we know these two relations:

a) E=+/cp*+m2ct b) E —ih— (2.1)

The first one is the relativistic energy-momentum relation and the second one is the quan-
tum interpretation of the energy as operator. This relativistic energy needs to be an
eigenvalue of the quantum energy operator, and if we write this using the operator form

of the momentum, then we have the square-root Klein-Gordon equation:

mgt(p(tjx) — V=R2A + m2cto(t,x), teR, xeR? (2.2)

If we apply the energy operator over each side, then obtain the Klein-Gordon equation.
The problem here is that this equation is second order in time and a quantum mechanical
evolution equation should be first order. Moreover this equation does not include the

spin structure because the scalar wave function [58]. So, Dirac’s idea was to change the

11
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structure of the energy introducing new factors such that

3

E= CZ a;p; + fmc® = ca - p + fmc? (2.3)

=1

with a-p = 23:1 aj%, h = ¢ = 1 and comparing this with the energy-momentum relation
J

we find that the following anti-commutative relations between these new quantities must

hold the following relations

{aiaak} = 25ik14a {ahﬁk} = 07 52 = ]:4’ ,Lv.] = 17273 (24)

with 14 being the 4 x 4 identity matrix and « y § are anti-commutating quantities and can
be represented by n x n matrices. This representation is not unique, the most common

choice is using the Pauli matrices given by (see [58], [26]),

o1 = 09 o3

10 v 0 0 -1

(2.5)

In the case of massless particles, the term with 8 vanish and the matrices can be used in a
direct way similarly happen in the case of one and two dimension where de 2 x 2 matrices
are sufficient. In dimension three, we need write the matrices in the following way, which

is the standard representation introduced by Dirac,

8= a; = | i=1,2,3 (2.6)

these matrices have a lot of properties and play a very important role in field theory. So,

using (2.3]) we have the free Dirac equation:

ihaatgo(t,x) = Dpp(t,x), ¢(t,x) € ct. (2.7)

12
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Using the triplets a = (o, a2, 3) and o = (01, 02, 03), Dy, is given explicitly by

. 2 mc?1 —thco -V
D, = —ihca - V + pmc” = . (2.8)
—ihco -V —mc?*1

D,, is called the free Dirac operator and for the case D,,—g := Dy is called the massless

free Dirac operator.

2.2 Basic spectral properties of the free Dirac Operator

We are going to introduce the Dirac operator following the presentation in [65, Section

10.6]. Consider the Hilbert space given by

N
Hl(Rn)N — LQ(Rn)N — @LQ(Rn),

where N := N(n) = 2[(®+1)/2 and n > 1 is the dimension. The Hilbert space is also

equipped with the scalar product

N
(¥, ) = Yy (x)on(z)de = | (Y, @)ey do, z€R",
@ nzl/ 0 / ©)¢

where (-,-)ov denotes the scalar product in CV and if 1 € Lo(R™)Y means that ¢; €
L?(R") for i = 1,..., N. Then for any continuously differentiable function 1 : R" — CV

we can define the free Dirac operator as follows

N
Dpyp(z) = (ﬁZaiDi + mB) P(x), x e R" (2.9)

i=1

where «; and 8 are the N x N Pauli matrices (2.6). D; is a first order differential operator

given by

13



CHAPTER 2. NONLINEAR DIRAC EQUATION

0 0
(D)) = =i (5ot

)

o T
1/}25"'76%1;0]\7) .

The free Dirac operator is essentially self-adjoint in C§°(R™) and self-adjoint on the Sobolev
space HY(R™)N c L?(R™)" [58, Theorem 1.1]. Moreover, its spectrum is purely absolutely

continuous and is given by

Oess(Dim) = (—00, —mc?] U [me?, o0). (2.10)

This can be easily proved taking the Fourier transform of D,,. In three dimensions the

transform is given by

1 ,
G /R T (a)d

Foi (k) =
where k = 1,2,3,4. Is defined for integrable functions, unitary and maps the coordinate
space to the momentum space, i.e. FL?(R?, d3z)* = L?(R3, d3p)*. Any matrix differential
operator with constant coefficients in L?(R3, d3z)* is transformed via F to a multiplication

operator in L2(R3, d3p)4, see [58]. So, for the Dirac operator (2.8) we have

mc?l  heo -p
(FDnT) (p) =
heo -p —mc*l

which is a matrix with eigenvalues depending on p with modulus A(p)? = ¢?p? + m2c?,
this result is expected because we construct everything from . Then, the spectrum of
D,, is given by the range of A1 (p) = £1/c2p? + m2c* with p € R?, therefore the spectrum
is (—oo, —mc?] U [me?, 00). From this expression, it is clear that the spectrum is purely

a.c. and therefore essential. Is easy to see that the essential spectrum is equal at least for

n=1,23.

14



2.3. THE SOLER MODEL

2.3 The Soler model

In 1938 the Russian physicist Dimitri Ivanenko considered a self interacting model, includ-
ing the non-linearity ¢ [36] in the Hamiltonian. Then Weyl in 1950 [66] and Heisenberg
in 1953 [35] also studied the same type of nonlinearity. But it was Mario Soler [55] who
was the first to investigate the stationary states of the nonlinear Dirac field with the scalar
fourth order self coupling, proposing them as a model of elementary extended fermions.
This term transforms as a scalar under Lorentz transformations. Nonlinear generalizations
of the Dirac equation, have emerged naturally as a practical model in many physical sys-
tems, a few examples are: extended particles, the gap solitary waves in nonlinear optics,
light solitary waves in waveguide arrays and experimental realization of an optical analog
for relativistic quantum mechanics, Bose-Einstein condensates in honeycomb optical lat-
tices, phenomenological models of quantum chromodynamics, as well as matter influencing

the evolution of the Universe in cosmology, etc. see [40, 41].

Soler studied this model from a classical point of view, and considered extended nucleons
interacting with their own electromagnetic field [24]. The model describes a self-interaction
of the fermions with their own lattice, in the case of graphene this phenomenon is well
known, see [16]. The nonlinearity in the Soler model is a smooth function of Ivanenko’s

nonlinearity f(i1). In natural units the Soler equation is given by

iOp(z,t) = (Do + B (m — f())) Y(x,t), P(z,t) € L* (R x R", CN), (2.11)

where Dy is the massless free Dirac operator (2.9), n is the dimension and N comes from

the choice of the matrices (2.4)).

The Soler model is a relativistically invariant Hamiltonian system. The Hamiltonian is

represented by

Hsoter (1) = V* Dt — F(Y*BY), F(x) = /0 ' f(t)dt.

15
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Analogously we can characterize the Soler model with the following Lagrangian density

Lsoter = E(W“au - mW + F@QP) s

where we use the notation ¥ = ¥*B1). Given the symmetry of this system we have

conservation of the value of the charge functional
Q((t)) = X Y(a,t) P(a,t)dz,

which is conserved in time assuming smooth enough solutions, see [42][24]. Also, the energy

functional is conserved in time if the solutions are sufficiently smooth, and is given by

E(w(t)) :/%Soler(w(x7t>)d$~

Soler computed that this quantities, F(1(t)) and Q(v(t)), both have minima at w. = 0.936
[55]. Strauss and Vazquez in 1986 [56] studied the stability of this model in two dimensions
under dilatations. They found that the solutions are dilatation unstable for 0.936 < w < 1

and conjectured that are dilatation stable for 0 < w < 0.936.

We are interested in solitary-wave solutions of the form

b(o,t) = pa)e ! (2.12)

for some localized ¢(z) € L2(R™, C"V). This kind of solutions are known as solitons or soli-
tary waves if they are stable, see [37), 24]. Solitary wave solutions or particle-like solutions
are localized solutions with finite energy and charge [5]. This kind of solutions only are

known explicitly in the one-dimensional case [24].

The main goal is to prove that ¢(z) is stable, so consider the perturbed solution 9 (x,t) =

(¢(x) + p(z,t)) e~™? which starts close to 1, and then we can study how the perturbations

16



2.3. THE SOLER MODEL

p(x,t) behaves in time. For the uniqueness based on the Picard-Lindelof theorem, we also

need an initial data (¢t = 0) so the perturbation starts close to ¥ (¢t = 0).

The general stability case can be reeded mathematically as: Ve > 0, there exists a § > 0
such that every solution 1; having initial conditions within distance § respect to ¥ (¢t = 0),
i.e. that starts close to ¥ (f = 0) in norm H¢(t =0) — 1[1” < 0, remains within distance e
for all t > 0, i.e. H’l/)(t) — ”(;H < €. This requirement in generally too strong, that is why

other stability criteria are studied when problems become more complicated, for example:

Orbital stability: Exist € > 0, and dy > 0 such that Vo < o, if Hq/)(t =0)— @ZJH < ¢ then
vVt we have that Hq/) — e_w(t)l/;H < €. So, this tells us that if the perturbed solutions have
initial data within distance § with respect to (¢t = 0) then 7]) multiplied by a phase of
module one, remains close to ¥ in time. For example, in [46], Pelinovsky y Shimabukuro

proved the orbital stability for the solitary waves of the cubic massive Thirring model.

Asymptotic stability: Exist do > 0 such that V§ < §p we have that H(/J(t =0)— 1/)({, w) H <4,
then exist 6(¢) and @ such that |4 (%) —eie(t)w(t,d;)H —0ast — 0and 0(t) — @ as
t — o0o. This means that the solution converges to a solitary wave with frequency w. This
stability criteria are very strong and is false to completely integrable systems as Lax pairs,

Korteweg-de Vries and the massive Thirring model.

Spectral stability: Let 1 = (¢(x) + p(z,t)) e"* be the perturbed solution of (I.1)), where
plx,t) = (pl,pg)T € (C? is small enough to drop the quadratic terms. Recalling that
P = e @lp(x) solve we obtain an evolution type equation for p(z,t), so we can analyze
how it behaves in time. This procedure is known as the Bogoliubov-deGennes linearization
analysis. The time-evolution equation involves linearized operators as follow, i0;p = Ap
where A is the linearized operator, therefore the stability depends on its spectrum. The idea
is, if we perturb the solutions and the perturbation goes to zero in a finite time or it keeps
oscillating, then this means that @Z tends to i or keeps oscillating close to v, respectively.
Then we can say that the solution is linearly stable, conversely if the perturbation p grows

in time we have that ¢ moves away from ¢ and the solution is called linearly unstable.
The existence of this solitary wave solutions was already proved in [I7, [30] and can be ex-
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CHAPTER 2. NONLINEAR DIRAC EQUATION

tended to the Poddubny-Smirnova generalization see the appendix[A] In the next chapters
we are goin to focus on the stability of this solitary waves using the Bogoliubov-deGennes

linearization criterium.
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Chapter 3

One dimensional Soler model

In this chapter the stability of the solutions of the Soler model in one dimension is studied.
The Soler model in one spatial dimension is also known as the Gross-Neveu model [33].

The chapter is organized as follows.

Section First, the main equations of one-dimensional Soler model are introduced.
Starting with the Dirac equation in a dimension disturbed by a general Soler-type non-
linearity. Then, it is shown that the spinor components satisfy a Hamiltonian system,

where the Hamiltonian turns out to be 0.

Section It is briefly discussed how the problem of the existence of solutions for this
model has been dealt with in the literature. Then, it is shown in detail how the solutions
for the 1D Soler model are found when the non-linearity is f(s) = s. Also, the solutions

for the general p-power nonlinearity f(s) = sP are shown.

Section The stability of solutions is studied. Here the solutions are perturbed by means
of the Bogoliubov-deGennes linearization stability analysis. Here the operator resulting
from the linearization H, is found and the notion of spectral stability is defined, in terms
of the spectra of this operator. This operator depends on two other operators Ly and Ly,

which are analyzed extensively in the next section.
Section The spectra of the operators Ly and L, are studied extensively. The basic
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CHAPTER 3. ONE DIMENSIONAL SOLER MODEL

properties of their spectra are shown, properties that can be found in the literature and
new results. Some of the new result are for example: in the case p = 1 we will show it by
an oscillation argument that o4(Lo) = {—2w,0}; the eigenvalues of Ly and L, are simple,

and so on. These results can be found summarized in the next chapter.

Section The spectrum of the H,, operator is analyzed. This is the most important
operator, since the spectral stability of the Soler model solutions depends on their spectrum.
The section begins by finding the main symmetries of the H,, spectrum. Next, the spectral
projections of Lg are studied. These spectral projections are later used to give bounds on

the spectrum of the Hg operator.

Section [3.6f Here you can find the main results of this thesis. Bounds on the imaginary
and real part of o,(H,) are proved. These bounds allow us to exclude a region of the
complex plane where the eigenvalues cannot be. Therefore, the result is partial, we could
not exclude all complex eigenvalues that lead to instability. Therefore, the problem remains

open.

3.1 Setting the problem

In this case one can represent the equation (2.11) with NV = 2 choosing a; = 09 and 5 = o3
the standard Pauli matrices (2.5). So, the one-dimensional time-dependent nonlinear Dirac

equation is given by

iOp)(x,t) = (i0205 + o3 (m — f(0))) ¥(x,t), Y(x,t) € L*(R x R, C?) (3.1)

In this case, if ¥ = (¢1,12) ', the argument of the function f becomes ¥t = ¥hiosyp =

]¢1]2 — \1/12\2. This equation gives us a coupled partial differential equation of the form

i0b1 = Optha + (m — F(|tn]* — |wal*))ebn,
iOba = —0piby — (m — f([1h1]* — |12]?))te

(3.2)
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3.1. SETTING THE PROBLEM

We are interested in solitary-wave solutions of the form

U(z,t) = ¢(a)e”™ (3-3)

for some localized ¢(z) = (v,u)’ € H'(R,RR2). Inserting this in (3.1):

w(x) = (i0205 + 03 (m — f(d030))) P(2). (3-4)

Equivalently we have the following coupled system

Opo(@) == (w+m— (ol —[u]’)) ula)

(3.5)
Opulw) = (w=m+ f(lof = ) v(a)

following the strategy of Cazenave and Vazquez [17] we can write (3.5) as a Hamiltonian

system as follows

Opv(z) = =0, H (u,v),

(3.6)
Opu(z) = 0y H (u,v).
Here, « is playing the role of the time and the Hamiltonian is given by
1
H(u,v) = 3 (w(? +u?) — G(v* —u?)), (3.7)
where
Glz) = / gt dt, with g(t) = m — F(b). (3.9)
0

The solitary waves that we are looking belongs to the Sobolev space H'(R,R), so are such
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CHAPTER 3. ONE DIMENSIONAL SOLER MODEL

that vanish at infinity, that is

lim v(z)= lim wu(z)=0. (3.9)

r—+o00 r—+o00

So, this implies that lim, -+, v24+u? = 0 and therefore H(u,v) = 0. A completely analysis

of this problem can be found in [6]. So, from (3.7)) we can conclude that

G(v? —u?) = w(v® + u?). (3.10)

In the general case f(s) = sP with p > 0, the antiderivative take the form G(s) = ms— ‘;pjll
and this last relation becomes
2 _,2\p+1
m(v? — u?) — 7wy = w(v? + u?). (3.11)

p+1

The analysis of the Hamiltonian is useful to prove the existences of solutions in the one and
two-dimensional Soler model. In fact, we can extract a lot of information of the solutions
analyzing the level sets of the Hamiltonian, later we will study this Hamiltonian more

thoroughly.

Franz Mertens et al, in 2012 [42] considered the Lagrangian nonlinearity %(ﬂw)pﬂ and
were able to find the exact solutions. In the next chapter we are going to show how the
solutions are get for p = 1, following the strategy of [6]. Is interesting note that there are
more nonlinearities in the literature, Walter Thirring in 1958 [59] considered the Lagrangian
nonlinearity Ay*y1*y) and found the 1D solutions. Pelinovsky and Shimabukuro in [46]
proved the orbital stability for the Thirring model. Many other nonlinearities can be found

and most of them are exactly solvable in the 1-d case.
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3.2. EXISTENCE AND SOLUTIONS OF THE 1D SOLER MODEL

3.2 Existence and solutions of the 1D Soler model

One of the first proof of existence was given by Cazenave and Vazquez [17] in 1986 using
ODE arguments. We will follow the lines of the proof to extend it to the generalization of
Poddubny-Smirnova for some range of the parameters in the appendix [A]l In 1995 Maria
Esteban and Eric Séré proved the existence of stationary states using variational methods
[30]. Then, improve the knowledge about the variational methods [27, 29], where the

existence problem for this type of nonlinearity is well summarize.

The one-dimensional Soler model is exactly solvable for any nonlinearity of the form f(s) =
sP, see [40], 411, [42]. But, in [14, Theorem 2.11] and [61] they show the absence of solitary

waves if |w| > m, even more, in the first one proves the exponencial decay of the solutions.

Now we are going to show how Berkolaiko and Comech in [6] found the solutions in the

case v2 —u? >0 and 0 < w < m € R. The coupled system (3.5) take the form

Opv(z) =—(w+m—v?+u?)u(z)
(3.12)
dpu(z) = (w—m+v?—u?) ().
To solve this we need to define some new variables and study his derivatives
h(x) = v(x)? — u(z)?, p(z) = v(z)u(x). (3.13)
Using (3.5)) the derivatives are
h(z) =2 (v —w') = —dwou = —4wp(z), (3.14)
p(x) =v'u+ovu =—(m— f(v? — uz)) (v? 4+ u?) + w(v? —u?). (3.15)

Notice that since (3.10) the derivative of p(z), recalling that g(s) = m — f(t), can be
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CHAPTER 3. ONE DIMENSIONAL SOLER MODEL

written in terms of h(z) and these two new variables solve

h(z) = —4wp(z),

(3.16)
pla) = —Lg(R)G(h) + wh.
Now the second derivative of h(x):
h(z)" = 4g(h)G(h) — 4w’h = O}, (2G(h)* — 2w?h?), (3.17)

integrating this expression, we obtain the equation that will be useful to find the exact

solutions of this model and its given by

(h(z))? = 4G(h)? — 4uR?, (3.18)

this implies that is needed G(z) > wz, due the left side of the equation is positive. More-
over, realize that this equation is separable and, with the appropriate change of variable,

exactly solvable.

Until now the nonlinearity f introduced in (2.11]) is a smooth function of the spinor and
the solutions found in [6] are specifically for the case of the Gross-Neveu model, which is
the same that the one-dimensional Soler model. These authors used m = 1 but it is easy

to do the same calculation for any m > w > 0.
The antiderivative of the nonlinearity (3.8]) for this model is given by:
(3.19)

replacing this in (3.18]), choosing the negative square root and separating the derivatives
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3.2. EXISTENCE AND SOLUTIONS OF THE 1D SOLER MODEL

we obtain

dh
dz = T = (3.20)

Now, using the substitution used in [6],

mol_ ¥ h:2(m ~ ) (3.21)

so dh = —4wsin20 g Thep

cos? 20

4w sin 26
2SI 46 dé
dz = cos” 23} sin20 20 (322)
dw (m " cos 20) cos 20 m cos —w

this equation is integrable and it is easy to verify that the solution is

x:il ﬁ+tan9’

2% Vv —tan@ (3:23)

where kK = vVm? —w? and v = =¥ The following steps are use trigonometric identities

m+w’

to compute and combine the variables (3.13]) and v? 4+ u?, all in terms of §(z). Finally,

they get the following expressions for the spinor components:

2(1 —w)

1 — vtanh? /w) cosh k'

V2v(1 — w) tanh Kz . (3.24)

1 — vtanh? /@x) cosh kx

v(x) = ( u(z) = (

Note that u(z) = /v tanh(kx)v(x). These functions decays exponentially to zero as |z| —

00, see [6, Remark 3.5].

The graph of this functions and of v(x) + u(x) and v(x) — u(z) will be useful for reasons

that we will explain latter. So, the graphics for m = 1 and some values of w are given by:
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CHAPTER 3. ONE DIMENSIONAL SOLER MODEL

sl

(¢) w=0.4 (d) w=10.8

Figure 3.1: Graph of functions v(x) in blue and u(x) in yellow for w = {0.1,0.2,0.4,0.8} respec-
tively.

(¢) w=10.5 (d) w=10.9

Figure 3.2: Graph of functions v(z) + u(z) in blue and v(z) — u(z) in yellow for w =
{0.1,0.3,0.5,0.9} respectively.

In the case where the nonlinearity is given by f(s) = sP, with p > 0 and w € (0, m), is also

exactly solvable, see [24]. The solitary wave solutions is given by ¢g(z) := ¢o(p,w, m,x) :=
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3.2. EXISTENCE AND SOLUTIONS OF THE 1D SOLER MODEL

v(p,w, m, x)
where the components are

u(p,w, m, x)

1
1 1 — tanh? ez
o(paw,m, 2) = (b +1)(m — )2 PRD) g )
\/1 — v tanh?(prz) 1 — vtanh?(pkx)
u(p,w, m, x) := /v tanh(prz) v(p,w, m, ), (3.26)

we have introduced the parameters

k=vm?—w? and U:Z_Z € (0,1).

We will often omit the arguments p, w and m written them as v(x) and wu(z), when this
causes no confusion. The solution of (3.4) is unique up to multiplication by a constant
phase and translations in space. The solution ¢y = (v,u)" is (up to complex multiples)

the unique solution such that the first entry is even, the second entry odd.

Moreover, given the explicit spatial depends in pkx of ¢ and because it will often be
convenient for shortness and clarity, we will use the convention that a tilde means a spatial
rescaling by a factor px. Namely, if f is a function on R, then f is defined through

f(z) = f(pkz) for any « € R. For example,

77:; (p+1)(m —w)

V1 — vtanh?

Remark 3.1. Note that the function v(z) + u(x) and v(x) — u(x) does not change sign

1 — tanh? ﬁ
] (3.27)

1 — vtanh?

for w € (0,1) and p > 0. Because we have the relation u(x) = /v tanh(pkz)v(z), where
1—

v= H—é < 1 and the function tanh(z) € (—1,1) Vz € R. See figure
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3.3 Perturbation and Linear Stability

The linear stability is considered by the Bogoliubov-deGennes linearization analysis, see
[24, [13]. General nonlinearities have been studied using the same linearization [24] [13] 14}
6]. In [15] gives a partial result on spectral stability for a range of parameters. Consider

another solution of the one-dimensional soler model (3.1)) which is close to ¢ (3.3]) and is

given by

b= (d(x) + p(x,t) e ™™, p(x,t) = (p1,p2) € C? (3.28)

and found a differential equation for the perturbation p(z,t). In the process you need to
consider that this perturbation is small enough to drop quadratic terms and this is called
the linearization. With this equation we can study the time evolution of the perturbation
and we hope, if the system is stable, that the norm is not growing in time. In fact, if the

system is stable this perturbation is only a oscillation and I/NJ tend to ¢ in a finite time.

Inserting this perturbation in (3.1))and dropping terms quadratic in p we obtain

i0s (¢(z) 4 p(x,t)) e ™ = (1090, + o3 (m — f(5))) (¢(z) + p(x,t)) e ™" (3.29)

where the argument of the nonlinearity is s = v? — u? + 2 (vRe(p1) — uRe(pz)). For the
case f(s) = s use that ¢ solve the equation ({3.4]):

iOp = (1020, + 03 (m — v* +u®) —w) p— 2 (vRe(p1) — uRe(ps)) o3p (3.30)

i0hp = Lo(w)p — 2Q(w) Re(p) (3.31)

where we have defined the following two operators
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3.3. PERTURBATION AND LINEAR STABILITY

Lo(w) = Lo = 1020, + 03 (m — v* + u?) —w (3.32)
'1)2 —Uuv
Qw)=Q = , |- (3.33)
—Uuv u

Remark 3.2. Observe that @ acts as a projection on (v, —u)': For all ¢ = (1, p2)"

)

Qe = (ve1 — ups) ) (3.34)

—Uu

In particular if ¢ = (u, v)T then Q¢ = 0. We may also write Q = V*V with

V= , V= . (3.35)

These operators play a crucial role in the stability problem, the evolution equation of the

perturbation is determined by the spectrum of this operator as we will see next. Substi-

tuting p = Re(p) + iIm(p) in (3.30)

i, TP = 0 Lo (Ree) gy (o) (3.36)
Imp —i(Lp—2Q) 0 Imp Imp

This is a time evolution equation for the perturbation and it gives us an idea of how have
to be the eigenvalues of the operator H (w) for the system to be stable, this is known as
the linearized equation. For example, if the operator has no complex eigenvalues, in some
sense, the solution is only an oscillatory wave and the original system after being perturbed
it stays stable. Following the idea described in [14] we are going to define the stability as
follows,
Definition 3.1. We will say that a particular solitary wave is spectrally stable if the
spectrum of the equation linearized at this wave does not contain points with imaginary

part.
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Hence, we need to focus in study the spectrum of the operator H (w). For this purpose
we need analyze the following eigenvalue problem, let be ¢ = (@1, @2)" € HY(R,C*) an

non-zero eigenfunction such that
H(w)yp =z (3.37)
Notice that equation (3.37) is satisfied if and only if z is an eigenvalue of

H(w) = 0 b (3.38)
Lo—2Q 0

with eigenfunction ¥ = (¢1,02)" = ($1,9P2) . It might be useful to define, for u € R,

the operators L, = Ly — p( and

H(p,w) = . (3.39)

Hence, our analysis is directed towards the existence of z € C\ R, for the case p = 2, such

that
Lops = zp1 (3.40)

L,p1 = zps. (3.41)

Finally, for the general case where f(s) = sP the operators take the following form (see

[24])

m—w— (v?—u?)P Oz
Lo = , (3.42)
—0y —m —w+ (v? —u?)P
s gy [ VP —w
L, = Lo — pp(v® —u”)P = Lo — uQ. (3.43)
—uv  u?
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To avoid confusion, in the next chapters we will always specify which operator we are
referring to. Or analogously, what power p do we refer to. If we do not say anything,
is because the result works for every p or the statement is clear. Furthermore, note that
there is only one difference between the operators in the case of p = 1 and any p, that is

we need to add the coefficient p(v? — u?)P~! in front of Q.

Remark 3.3. The operator H,_s(w) with domain H*(R, %) is closed in L?(R, C)*.

Is useful study some properties of the eigenfunction components ¢ and 3. We are going
to use several times the eigenvalues equations and . The first easy property is
that either ¢; or 2 can not be zero and his norms can not be equal to one. In order to
avoid confusions in the following properties z always going to be the eigenvalue of H,,(w)
associated to the normalized eigenfunction (@1, 2)" and we are going to call a = Re(z)
and b = Im(z).

Remark 3.4. Let (1, 2) " be a normalized eigenfunction of H,,(w) associated with eigen-

value z € €\ {0}. Then, @1 # 0 # @3 and [lp1||* # 1 # |2,

Proof. From the eigenvalue equations (3.40) and (3.41) is straightforward. By contradic-

tion, if ||1]|* = 1 then, since (¢1,@2)" is normalized, o = 0 a.e., but 2, = Logs = 0.

The same follows for ||¢z|* = 1. O

3.4 Properties of L, and L,

Let us first note that the essential spectrum of L,
Oess(Lo) = (—o0, —m — w] U [m — w, 00) . (3.44)

Since ) decays sufficiently fast at infinity these are relatively compact perturbation to
D,, — w and therefore the essential spectrum remains equal, see [49, Theorem XIII.14].

The same is true for L, [6, Lemma 5.1].

An important fact about the spectrum of Lg is that it is symmetric with respect to —w,
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this holds for any nonlinearity g(s), see [6, Lemma 5.2]. To verify this, suppose that
¢ = (R,S)" satisfies the eigenvalue equation (Lo — A)¢) = 0. Then ¢ = (S, R)" satisfies

(Lo + (2w +w))y = 0.

In the case p = 1 in the power of the nonlinearity, Berkolaiko and Comech found explicit
expression for resonances at the thresholds, that is, uniformly bounded eigenfunctions in
the endpoints of the essential spectrum [6, Lemma 5.5]. They forgot the factor —"5—* in
front of S(z) and the expressions they give are for m = 1.

Remark 3.5. For p = 1, the values A = m — w and A = —m — w are resonances of L.

The generalized eigenfunctions corresponding to A = m — w are

R(CU) VU m—wv2—% 2
P(x) = 5(@) , where R(z)= pORY S(z) =— 5 AR (3.45)
By the symmetry of the spectrum, the eigenfunction corresponding to A = —m — w is
v =(S,R)".
Proof. Write the system given by Loy (z) = (m — w)y, so
9,8 = (v —uHR, (3.46)
xR = —(2m — (v* — u?))8S. (3.47)

To verify the first one, using (3.11]) and taking p = 1, we can rewrite S as

and using (3.5) to take the derivative, is straightforward that
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S =wuw=(?—u))R.

Now using the same equations, we have that (v? — u?)’ = —4wvu and

)(m — (vF = u?)) + w?® —u?), (3.48)

and the last useful relation is

2,22 _ 2_2_(”2—U2)22_ 2,2 2\2
dwv*u® = (m(v* — u”) 5 )* — w (v —u)”. (3.49)
So, the derivative of R(x) is
s (w)'(v? — u?) + dwu?e?
R :( a (UQ_Q)L;)Lz
02 — 12 0?2 — 2
:—i(m—( - ))(m—(v2—u2))+w+i(m—( _ S
02 — o2 02 — 2
e (S (e R )
= —(2m — (7 ) (7~ )

Then, since the symmetry of the spectrum, we have the following system:
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R
(LO(mw))< =0,
S
S
(Lo — (—m —w)) ( =0,
R
-5 R-S
= (Lo +w) =1m
S—R S—R

Hence m is an eigenvalue of the operator A := L+ w with eigenfunction (R — S, S — R)T.
Note that the spectrum of A is symmetric with respect to zero. The graphic of this

functions for some values of w are given in the next figures.

15
4
1.0
2
g5
x x

(¢) w=0.5 (d) w=10.8

Figure 3.3: Graph of functions R(z) in blue and S(z) in yellow for w = {0.1,0.3,0.5,0.8} respec-
tively.
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(d) w=10.8

Figure 3.4: Graph of functions R(z) — S(z) in blue and S(z) — R(z) in yellow for w =
{0.2,0.4,0.6,0.8} respectively.

Corollary. For all eigenvalue z € C\ iRUR of H,(w), associated to the eigenfunction

(©1,902) ", we have that o1 cant be eigenfunction of L, and @ cant be eigenfunction of Lg.

Proof. If L,p1 = z1¢1 we have that 22 = 211 and therefore they can not be orthogonal.
The same argument holds to Lows = 2002 = z1. O

For the nexts statements we are going to use the following relation that follows from

(3-40)— (3-41)):

(1Qep1,92) = (Lowr — 22, p2) = z |oall” = Zlle2l* = alllnl|* = llp2]l*) + 0. (3.50)

Corollary. For z € C'\ RUiR we have that @1 can not be eigenfunction of Lo and @o can

not be eigenfunction of L,. Even more, neither @1 nor @2 can be eigenfunction of p@).

Proof. By contradiction, let z; be the eigenvalue of Lg associated to ¢i1, then Lgp; =

z1p1 = 22 + uQy1, so we have that
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— 2
(uQp1, p2) = (2101 — 202, P2) = Z || @2l

therefore, from (B.50) we can conclude that bi = —bi|ps||® = b = 0, which is a
contradiction. Analogously, L,p2 = 2z2p2 = 291 — pQy2 == uQp2 = z¢1 — 222 and
using again ([3.50) we can conclude again that b must be zero.

On the other hand, if ¢; or ¢o are eigenfunctions of p@, then (uQe1,p2) = 0 and from
(3.50)) we get the contradiction that b = 0. O

Remark 3.6. Let z € C\ RU R be an eigenvalue of H,, then we have that

L. {1, [Ly, nQlio1) = —dab | |*

2. (2, [Lys 1Q)p2) = 4ab ||| i

Proof. Using uQy2 = zp1 — L, 2 is straightforward:

(o1, [Ly, nQlp1) = (@1, LupQe1) — (@01, QL,01)
= (22, uQep1) — (1, 21Qp2)
= Z (p2, nQp1) — z (b1, pQp2)
=Z (21 — Lupa, p1) — 2 (p1, 201 — Lyupa)
=2 |loull” = |2 llpall® = 2% llnlI* + 21 o2l

= [lpall* (2% — 2%).
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(02, [Ly, nQlp2) = (w2, [Lo, uQlw2)
= (21, HQp2) — (P2, 21Qp1)
=Z (1, pQp2) — 2 (P2, pQp1)
=Z(p1,2¢1 — Lup2) — 2 (zp1 — Lup2, ¢1)
= |2 1l = 22 llpall® — |21 llpnll® + 2% llip2|?

2 !
= llp2| (2* = 7).

O]

Remark 3.7. Note that the functions R(z) — S(z) and R(x) 4+ S(x) they have a single
zero for w € (0,1).

Proposition 3.1. The operator Lo has only two eigenvalues —2w and 0, with

v

Lo =0, (3.51)
u
u u

Lo = % . (3.52)
v v

Proof. Clearly by (3.12)) and (3.32)),

Lo(v,u)" = (i020; + o3(m — v* + u?) —w) (v,u) " = 0.

We write Ly := A —w. Then, using (2.4)) is clear that o1 anti-commutes with A, so we see

that

v v
020'1LO :—[A+w]01 :—(L0+2w)

see [6, Lemma 5.4]. Notice that from (3.52)), (u,v) " is an eigenfunction of A with eigenvalue
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Now, we have to show that there are no other eigenvalues. It suffices to show that A has

no more eigenvalues. It is convenient to use the change of basis

AR L (014 03)
= —= = —=(o1+o03
V2 1 1 V2

to obtain the unitary equivalence, using the properties of the Pauli matrices we have that

0 -0y + M
UAU = —i0,09 + Moy =
Or + M 0

Where M := m + u? — v2, thus we find that A2 is unitarily equivalent to

AV = (=0 + M)(0s + M) 0
0 (0 + M)(—=0y + M)
—02 + M? - M’ 0
0 R M M)

which is a diagonal matrix with two Schrodinger operators on the diagonal, which are
isospectral away from zero. By applying the coordinate transformation to (v,u)", we find

that v + u is an eigenfunction for —92 + M? — M’ associated to the eigenvalue w?.

From the remark and the figure [3:2] we see that v + u does not change sign, hence it
must be the groundstate. Analogously holds that v —u is the groundstate of —92+ M?+ M’

with eigenenergy w?.

This shows the absence of eigenvalues for A in (—w,w). To proceed further, we use the
resonances found explicitly in [6, Lemma 5.5]. After the coordinate transformation, these

resonances give a bounded solution to the equation

(=02 + M?> — M' —m?)f =0.
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3.4. PROPERTIES OF Lo AND L,

By plotting the explicit expression, we see that f has a single zero By an oscillation
argument [31, Theorem 3.5], this shows that there are no eigenvalues of L? in the interval

(w?,m?). O

Now we can obtain eigenfunctions of the operator L,, known by Berkolaiko and Comech
[6, Lemma 5.4].

Proposition 3.2. We have

u u

L, = —2w , peR, (3.53)
v v
U/

L, =0, p=2. (3.54)
u/

Proof. Equation (3.53) is clear in view of Proposition and the fact that Q(u,v)" =0
by (3.34). We show (3.54)), on the one hand, using again (3.34)) and computing

/
v v M’ v
Q = (vv' — uu') =

u' —u —u

On the other hand, since Lo(v,u)" = 0, we have

v v v v v

Lo = Lo0, = 0, Lo — M'o3 =-M

u U U U —u

From now on, we denote

po = = (v,u)" (3.55)
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and

P—2w = - (U, U)Ta (356)
v
with ¢ and ¢’ ,,, their respective derivatives:
/ v/
Yo = , N (357)
u
/ u’
2w = 1 (358)
v

Lemma 3.3. For any pp € R, p > 0 and 0 < w < m, the eigenvalues of L,(p,w,m) and

Lo(p,w, m) are simple.

Proof. Let A € R be an eigenvalue of L, and assume ¢; = (fi,91)" and ¢2 = (f2,92)" to

be eigenfunctions associated to A. The equation L,¢; = A¢; can be rewritten as

Oppj = —iAo20j — M(x)o10j — po2Q ()05,

with M (z) defined as M(z) := m — (v*(z) — v?(z))”. Furthermore, we can decompose
pQ(x) = qo(x) g2 +q1o1+q203, for some functions g, g1 and g3 whose explicit expressions

are not necessary to complete the proof. Using the identity
OmOk = 1€mklOl
we finally rewrite the eigenvalue equation as
Ox¢j = (—iA + pqo)o2d; — (M(z) + q2(v))o1¢5 — pgi(w)osd;.
Now, define the determinant

W (@) i= det (1(2)]da(a))
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3.4. PROPERTIES OF Lo AND L,

and compute

W' = det (g}]go ) + det (41]64)
= (=ix+ o) (det (rynfz) + det (61]0262))
+ (M(2) + g3(2)) (det (0161165 ) +det (1]0105 ) )
— iy (z) (det (3] ) + det (p1]o00 ) )

For k =1,2,3, we compute

det (O'k:¢1|¢>2> = det <0k¢1|01€¢2) = det(oy,) det (¢1’Uk¢2) = —det (¢>1|0k¢>2> ;

so we conclude W’ = 0 because ¢; € L?(R), even if ;1 = 0 that is the analogously case to
Lgy. This implies that W = 0. Now we have to exclude the case where ¢ is proportional
to ¢ for every x € R, i.e. there exists a function a : R — C s.t. ¢1(z) = a(z)pa2(z) for

any = € R. In particular, ¢1(0) = «(0)p2(0).

Since, by Picard-Lindel6f theorem (see [57, Theorem 2.2]), the trivial solution o ~ (0,0)"

is the unique solution to the Cauchy problem

LU = AU
¥ (0) = (0,0)",
we have ¢;(0) # 0 as, otherwise, we would have ¢; = (0,0)", which would contradict that

¢; is an eigenfunction. Therefore a(0) # 0 and we have that ¢; and = — «(0)p2(z) are

both the unique solution to the Cauchy problem
L,V = \V¥
¥(0) = ¢1(0) = a(0)¢2(0),

This proves that ¢1(z) = a(0)¢2(z) for any x € R, ending the proof of simplicity of

eigenvalues. For more details about Picard-Lindelof theorem see the Appendix O
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Remark 3.8. Notice that, since

we have that the kernels of Lo and L, (for u = 2) are orthogonal.
Lemma 3.4. The operator Q which acts as point-wise multiplication by the two by two

maltriz, is positive definite and satisfies

1
2p(p+1)m1+%:p(p+ 1)(m — w), z'fu<§(:>w>
ptlml+v  p+1m?

2 21—, P9 a9y

eIl =

Proof. For all z € R, the matrix Q(x) is positive semidefinite with eigenvalues 0 and
p(v? — u?)P~H(v? + u?). We have

ol = p H(UQ _ uz)p—l (02 4 uz)Hoo —p H (@2 _ az)p—l (172 n az)H

o0

Where the tilde notation is the spatial rescaling by a factor px form (3.27). Note that
the argument of the norm is a positive function and the rescaling does not affect since the
supremum of a real valued function remains equal under translations on the x axis. On

the other hand, we have

2
(172 B ﬂz)p—l (172 n ﬂ2) _ (172 B ﬂ2)17 vt t+u

where I is the even function

F(t) = 1 —tanh?(t) 1+ vtanh?(t)
" 1—vtanh®(t) 1 — vtanh?(t)

Its derivative satisfies

(1- ytanh2)3 F'=208v—1-v(3-v) tanh?) (1 — tanh2) tanh .
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3.5. PROPERTIES OF H,(w)

Therefore, on R,

F'(t) >0 3v—1> v(3 —v)tanh?(t)

t<t,:= arctanhd%, if v> % SwlF,
=
0, if v<iow>n
Consequently, || F||., = F(0) =1 and [|(v? — u?)P~! (v* + u2)HOO =2m(p+ 1)1, ifv < 3,
otherwise [|F||, = F(t,) = 12212 and [|(0? —u?)P 1 (0?2 +a?)|| = 2L We
therefore have proved (3.59).
O

3.5 Properties of H,(w)

It is easy to see that

Oess(Hyu(w)) = Oess(Ho(w)) = (=00, —m — w] U [m — w, 00) .

Since u(x) and v(z) decays sufficiently fast at infinity these are relatively compact pertur-

bation to a free Dirac-like operator.

3.5.1 Symmetries

Proposition 3.5. The spectrum of H(u,w) is symmetric with respect to both the real and

the imaginary azis.
Proof. This an immediate consequence of the eigenvalue equation
H(p,w)yp =21, (3.60)

combined with the fact that H is equal to its complex conjugate and that BH = —Hp,
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where

1 0
g=| 2 . (3.61)
0 —laxe

Let 1 be an eigenfunction of H (p,w) with eigenvalue A, then BHvy = —HBy = —\Gy. O

There is a further symmetry that relates H with its adjoint. Define

0 1
o= >, (3.62)
Iox2 0O

and note that aH = H* .
Proposition 3.6. Assume that 0 # ¢ = (p1,02)" satisfies H(p,w)hp = 21 for some
z € C\ {0}. Then,

Im(z) Re(pa,01) =0, and Re(z)Im(pa, p1)=0. (3.63)
Proof. From doing scalar product of with o we get that
z{p2,01) € R. (3.64)
This implies that
Im(z)Re(p2, p1) + Im{p2, p1)Re(z) = 0. (3.65)

On the other hand, using (3.60)) we have that

2, a) = (Y, ) = (H, ap) = Z(¢, o)) . (3.66)
Then, (z —Z)(¢, arp) = 0, which together with implies (3.63)). O

This implies that if an eigenvalue z is away from the real and imaginary axis, then its

associated (1 and @9 must be orthogonal.
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3.5. PROPERTIES OF H,(w)

Corollary. Let z € C\ (RUiR) be an eigenvalue of H,(w) with associated eigenfunction
(01,902)". Then,
(2, 1) = 0.

Consequently,

(w2, Lopa) = 0= (p1, Lup1) .

Proof. The orthogonality (p2,¢1) = 0 of the ¢’s follows immediately from (3.65)) since
Rez # 0 and Im z # 0. The second part is then readily obtained from (3.40)—(3.41). O

3.5.2 Basics of the eigenvalue equation

Let us denote by P_1, Py the orthogonal projections onto the eigenspaces of Ly associated
to the eigenvalues —2w, 0, respectively. Moreover, let Py := Ej,_, )(Lo) and P :=
E(_oo,—m—u] (Lp) are the projections onto the spectral subspaces associated to the positive

and negative energies in the essential spectrum of Ly. We have the decomposition
1=P_ +P1+PFP+Py. (3.67)

We further write Py(u) to be the eigenprojection onto the kernel of L,,.

Proposition 3.7. Assume that 0 # z € oq(H(p,w)) and let ¥ = (p1,902)" be a cor-
responding eigenfunction. Then, Pypy = 0 = Py(u)p2. If, in addition 2* # 4w?, then
P_1p1 =P 102 =0.

Proof. That Pyp; = 0 follows by multiplying (3.40) by Py. We proceed analogously for
Po(u)p2. For the statement on P_; write ¢_ = (u,v)" and recall that Q¢_ = 0. Since

the eigenvalues of Ly are simple P_; = (¢_,-)¢p_. Hence, QP_; = 0 and, by taking

the adjoint, P_1Q = 0. Therefore, after multiplying (3.40) and (3.41) by P_1, we get
that (—2w)P_1p2 = zP_1¢1 and (—2w)P_1¢1 = 2zP_1p2. This concludes the proof since

22 ¢ {0,4w?}. O
Proposition 3.8. Let z € C\ {0}. Then, the following statements are equivalent
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(i) z € oa(H(p,w)),
(i) 2* € oq(H(p,w)?),
(iii) z* € oa(LoLy,),

(i?)) 22 e O’d(LML()).
Proof. 1t follows by inspection that the latter three statements are equivalent and that

implies . Moreover, let 22 # 0 be such that LoL,¢ = 22, for some ¢ # 0. Then, one

can verify that

0 Lo ¢ o
L, 0 1,9 1L,

Lemma 3.9. Let PX = P_ + P and z € C\ {0,£2w} be an eigenvalue of H(u,w)
satisfying ([3.40) and (3.41). Then, we have that 1 = Py,
1
P+L, Pty = zQPwal . (3.68)
0

Moreover, 2> satisfies the eigenvalue eqution,
|Lo|'/? (Py Ly Py — P_L,P- — p(Qs— — Q) [Lo|"? w1 = 221, (3.69)
where Y1 = |Lol™* o1, Q4— = PrQP-, and Q— = P_QP.
Proof. By Proposition we see that ¢; = Pty;. Multiplying by Pt we readly
get :
PHL,Pro) = 2Py = 22 L5
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where we use (3.40) in the last equality. Next, we multiply (3.68) by P, and P_, to get

PyLuProy — pQi o1 = 2° | Lo| ™" Preon, (3.70)

P_L,P_p1 — pQ_yp1 = —2* |Lo| ™' P_yy . (3.71)
Substracting (3.71)) from (3.70) we get that
(PyLyPy = P-L,P- — (Q— — Q1)1 = 2° [Lo| o1

From this follows (3.69) after multiplying by |L0|1/ 2, O

From the previous result we get

2*{¢1, |Lo| ™ 1) = {p1, (PyLyPy — P_LyP- — p(Q4— — Q—4))¢1) - (3.72)

and, in particular, since Q4+ — @Q—4 € C we have that

¢1, (PyL,Py — P_L,P )p1)
<901»|L0|71<P1>

Re(2?) = < (3.73)

3.6 Bounds to the eigenvalues of

Lemma 3.10. Let 0 <w <m and p > 0. If z € C is an eigenvalue of H,(w,p), then
1
[fm 2| < 5 QI - (3.74)

Proof. Denoting by (1, ¢2)" the normalized eigenfunction of H . associated to the eigen-

value z, taking the scalar products of (3.40) and (3.41)) respectively with 1 and @9 gives

(o1, Lowa) + {2, Lowr) = (92, 1Q1) = = (o1l + lleal?) =
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But Lg being self-adjoint, we have (¢1, Lop2) + (2, Lop1) € R and

Imz = pIm (Qp1, p2) -

Therefore, by Cauchy—Schwarz inequality

7
mz| < pll@l el g2l < 5 IR

We can use Corollary [3.5.1 onto (3.73)) in order to obtain bounds on Re(z?). To do that

we are going to use the following bound

Corollary. Let z € C\ RUiR be an eigenvalue of H,(w), then we have that

2 2
(ers Lo ™ 1) = 2 1ol 7 Py = 2|1 Bl Pogor || < 2(m + ) [P
(3.75)

Proof. First of all observe that 0 = (@2, Lopa) so, using that ¢o = 2L Lo, implies 0 =
{1, Ly 1), hence

0= (o1, Ly ' Pro1) + (o1, Lg " Po1) = (1, Py | Lo| ™! Pyop1) — (91, P- |Lo| " P_¢1)

Thus, we have that
2 2
(o1, 1ol 1) = 2|1 Lol 2 Pt || = 2| 1Zol 2 P (3.76)

Finally, recalling that P_ projects over the negative essential spectrum of Ly and using the

spectral theorem, we have the bound (o1, |Lo| ™" 1) < 2(m +w) ™1 || P_g . O
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Moreover, we also know from Corollary that

0= (@1, Lup1) = (¢1, (Py LyPy + P_Ly, P — p(Q1— +Q—y)) #1) - (3.77)

For the followings bounds, define n € R™ as

2
_ [Pyl

_ . (3.78)
I1P_1|?

Remark 3.9. Since the spectrum of Ly is symmetric with respect —w, |P_¢1||* cannot
be zero, because ||P¢1||? it would also have to be zero and then it would not make sense

to define 7.

Thus, by combining this with (3.73]), we obtain the following result
Lemma 3.11. Assume that z € C\ (RUIR) is an eigenvalue of H,(w), with eigenfunction
(¢01,02)". We have the bounds

Re(e?) > (m +? (1= JH20Y i i < am + o), (3.79)
-1
Re(:) 2 (m + oy (55— - UL i < v @30

Proof.

(01, 1Lol " 1) Re(2?) = =2 (1, P_L, P_1) + 11 {1, (Q4— + Q4 ) 1)
= 2(p1, P |Lo| P—p1) + p {1, (2Q—— + Q1+~ + Q_1)p1)
= 2 (1, P |Lo| P—1) + 2u (P~ + Py /2)p1, Q(P- + Py /2)¢1)

1
-5 (Pro1, QPyr)

pllQl
> 2(m + ) [P - LU 2

—2(m-+) (1= B Y e .

If the quantity in parenthesis is non-negative, we combine with the bound

{p1: Lol ™ 1) = 2 (P, |Lo| ™" Poipn) < 2(m +w) ™t [ Pog ],
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to conclude (3.79)). Now we look at the second case, which seems trickier. Note that this is
the bound for 7 large, so the positive projection of ¢; dominates. In this case, however, 1
can not live very close to the (m — w) treshold, because we still need ([3.75]), which implies

(P, | Lol ™ Prgr) = (Poipr, | Lol ™' Pogr) < (m+w) ™! [Pogn[*. (3.81)

To obtain a statement about the expectation value of Ly rather than its inverse, we use

Jensen’s inequality. According to Lieb-Loss Analysis book [39], for a convex function f, it
holds that

E[f()] = f(E]L]).

By the spectral theorem, for a self-adjoint operator A and any nonzero 1, there exists a
probability measure p,, such that

W = B, [f(V)]

for nice enough f and 1, we can use the inequality for Rayleigh quotients. For more details

see Appendix [Cl We apply this with A = P+L61P+, f(t) =t"! and ¢ = P, to conclude

(Pyet, |Lo| Pypr)

1P
1P |

= (Pye1, | Lol Pror)

P 2
> (m+ w)% =nm+w), (3.82)
[ P—rl

(3.73) and bound

where the last line follows from (3.81). Now the remainder is easy. We start again from

(p1, Lol " p1)Re(2%) > (Pyo1, |Lo| Pyon) — i{Prp1, QPyon) + (Pog1, |Lo| P_g1)
> (n(m +w) — p|QIN) | Prer|l* + (m +w) | P-gr ||

= ((n+n7") (m+w) = w Q) 1P+l

If the quantity in parentheses is positive, we use again (3.81]) for the left hand side:

(e, Lol 1) < 2(m +w) T [Pogr P = 207 (m - w) T | Pren |17
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O]

We can improve this result seeing when the conditions of Lemma [3.11] are not satisfied. In

other words, for which 1 do we have

4(m + w)
> el (3.83)
= Mn +1<0 (3.84)

the condition (3.84)) is never fulfilled if % < 2 because the coefficient of n? is positive

and the the discriminant would be positive, thus the quadratic will never be negative and

the second bound from Lemma [3.11| would be satisfied. For others 7, let = := % >0

and we have that

4

where © = % > 0. But for those n that satisfies (3.84) we want to see when also

satisfies (3.83) to exclude them. Since z > 0 the existence of such 7 is equivalent to

r+vVai—4 A4 4
_— > — & x> — =~ 2.31.
2 T \/g

Conclusion, Lemma gives us a non-trivial lower bound on Re(z?) if, and only if,

el _ 4

) 3.85
ot w = V3 (3.85)

and in this case, the lower bound is given by the second bound of Lemma when

0 < = < 2 and the lemma still gives us a nontrivial bound when 2 < = < . More

V3

precisely, for this sort of x, one or both conditions are satisfied.
Since = depends on the norm of @ we have to separate in two cases:
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Case 1: w > 3. Then z = up(p+1)772 < % < % for any ;4 < 2 and p < 1.42, since
IRl = p(p + 1)(m — w) by Lemma [3.59] From here to the next case, we are considering
this set of parameters unless we say otherwise.

Remark 3.10. On one hand the function (1 — nz/4) from decrease with 1 and
applies for any n € (0, %) So, for w ~ % we have that 7 < 3 and if w ~ m this condition
applies for n > 0, therefore applies for any m/2 < w < m when 7 < 3.

On the other hand the function §(n?—2n+1) from decreases until £ /2 then increases,

and applies for any 1 > 0 when p < 1.3 because x < 2.

Now, note that we have two lower bounds depending on a lineal function and a parabola,

so we can found the value where the both functions match, i.e. 1(n*> —azn+1) =1-nz/4,

or equivalently when n? — 51 — 1 =0, thus the match value is given by

4 m 4+ w

a4 Va1 16 up<p+1><m—w>+\/<W<p+1><m—w>)2+1<\/§
4 )

Thus we have a lower bound for any w > m/2 and obtain the following.
Proposition 3.12. Let z € C\ (RUIR) be an eigenvalue of H(u,w) for p < 2, m/2 <

w<m and p < 1.3. Then form =1,

Re(z%) > 0.76,

in the case (L=2,p=1,m=1):
Re (2%) > 4w® + (1 — w) <4w —v2(1+ w2)) . (3.86)

Proof. We have already shown almost everything, note that 7, < 2. So we only need

evaluate any bound from the Lemma because the both of them applies and
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(m + w)?

Re(ZQ) > 1 (4 —nz)|y=n. (3.87)
_ Wuﬁ - oV 1 16) (3.88)

where the function in parenthesis is a positive decreasing function on z, so computing
r = /3 we have that Re(2?) > %(m +w)? > 0.76. Replacing . (p =2,p=1,m = 1,w)

we have that

Re (22) > 40? + (1 — w) (4w — Ve w2)) .
O

Combining this previous bound with the bound on Im(z) of Lemma we obtain that for
any p < 2, eigenvalues that are not on the axis can only be in the 3D region in Figure|3.5

The drawn region is the one for p = 2 since the region expands when p increases.

Figure 3.5: Region where the eigenvalues that are not on the axes can be for (1 =2,p=1,m =
1,05 <w < 1).

Case 2: w < 5. Then for m =1 we have that » = “p(z;rl) Qw(%iw) < p(p2+1) w(11+w) for any

pw <2 and p >0, since [|Q|| = p(pijl)g”—j by Lemma@
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Remark 3.11. In this case we need found some critical & such that = < 4/v/3 or equiva-

ey 0.0~ 20, s> (1 Bt D -1)

Then, using Remark [3.10] we have that

VrZ+1 1)m? 1)m2\?
o= SEVERA 6 _ pplptm” , [(ppe+Dm*\" o
4 4 dw(m + w) 4 dw(m + w)

Proposition 3.13. Let z € C\ (R UiR) be an eigenvalue of H(p,w) forp <2, 0 <w <m
and p < 1.3. Then for m = 1, Re(2%) > 0.597 and in the case (u = 2,p = 1,m = 1,0 <

w<m/2):

2 V1t Uw(d+w)?+1
16w? '

Re (2%) > (1 +w) (3.89)

Proof. We already see that for @ < w < m/2 we have that 2 < 4/v/3 so we recover the
first part the proof of Proposition Now take p = 1 to compute @ =~ 0.326, therefore

the bound is given by Re(22) > 51—%5(771 +w)? > 0.597. The next step is, replace the new
nx in (3.88) and we get (3.89). O

Combining again the bound with the Lemma|3.10] we obtain that for any u < 2, eigenvalues

that are not on the axis can only be in the 3D region in Figure [3.6

Figure 3.6: Region where the eigenvalues that are not on the axes can be for (L1 =2,p=1,m =
1,0.326 < w < 0.5).
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Chapter 4

Knowledge compilation

This chapter summarizes the characterizations for the spectra of the operators Lo, L, and
the most important H,. The main known results are presented first and then the main
results of our work. It also indicates where this information can be found in the literature.
Not all the new results present in this chapter are in this thesis, they are part of a joint
work with E. Stockmeyer, H. van den Bosch and J. Ricaud. For those results that are not

proved here, a brief explanation of how they are obtained, is given.

Our results can be synthesized as follows: for suitable w and p we have o4(Lg) = {—2w, 0}.
The operator Lo has exactly three negative eigenvalues, i.e. o4(La) = {—2w, \,0} where
A € (—2w,0). For proper w and p, L, with p € (0,2] has exactly one eigenvalue between
(—2w,0) and none at (—m — w, —2w). For z € o(H,) \ {RUiR} we give bounds on the
imaginary and real part of z. Also, for suitable w and p there are no eigenvalues on the

imaginary axis.

The first 3 theorems synthesize some results on the spectrum of Ly, L, and H, of the
papers [0, 21].

Theorem 4.1 (Spectrum of Lg). Let p > 0, and w € (0,m), and Ly defined in with
domain H' (R, C?). Then Lg is self-adjoint and a bounded, relatively compact perturbation

of Dy, —w. We have
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(i) Cess(Lo) = (—00,—m — w] U [m — w,+00), There are no eigenvalues embedded into

the essential spectrum. [0, Lemma 5.1]-[21, Lemma 2.4).
(ii) The spectrum is symmetric whit respect to —w. [6, Lemma 5.2].

(iii) 0 and —2w are simple eigenvalues of Lo with eigenfunctions ¢o and ¢_a, = o100

respectively. [0, Lemma 5.4]-[21, Lemma 2.6].

(iv) For p =1, the values A\ = m —w and \ = —m — w are resonances of Ly. [0, Lemma
5.5].

Theorem 4.2 (Spectrum of Lg). Let p > 0, w € (0,m), and Lo defined in with

domain H'(R,C?). Then Lo is a bounded and relatively compact perturbation of Lo and

(i) Cess(L2) = (—00,—m —w] U [m — w,+00), There are no eigenvalues embedded into

the essential spectrum. [6, Lemma 5.1/-[21, Lemma 2.4).

(i) 0 and —2w are simple eigenvalues of Ly with eigenfunctions Oypo and ¢_o, = o100

respectively. [6, Lemma 5.4/-[21, Lemma 2.6].

Finally, the next Theorem groups the known facts about eigenvalues of the linearization
Hy, which is no longer self-adjoint.
Theorem 4.3 (Spectrum of Hy). Let p > 0. and w € (0,m), and Hy as defined in (3.39),

seen as an operator with domain H'(R,C?).

(i) Its essential spectrum satisfies oess(Ha) = (—00,—m + w] U [m — w,+00). Zero is
a double eigenvalue of Hy and £2w are eigenvalues. [0, Lemma 6.1]-[14, Lemma

2.4]-[21, Corollary 2.8].

(ii) o(Hz2) is symmetric whit respect to R and iR and has not embedded eigenvalues above

m+w. [6, Lemma 6.1]-[1]], Lemma 2.1]-[1]), Theorem 2.10].

(iii) No eigenvalues with Im(z) # 0 appears from the essential spectrum of Hay above m+w.

|14, Theorem 2.18].

(iv) The eigenfunctions decays exponentially. [14, Theorem 2.13].
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The essential spectrum is the essential spectrum of the free Dirac operators. Almost ev-
erything of these theorems are proved throughout the thesis. We are not able to obtain a
complete description of the spectrum of the operators, but we have the following informa-
tion.

Theorem 4.4 (Spectrum of Lg). Let p > 0, and w € (0,m), and Lo defined in with
domain H*(R,C?). Then,

(i) Forp=1, o0(Lo) N (—2w,0) = 0. Proposition[3.1]
(ii) For any p € R, p>0 and 0 < w < m, the eigenvalues are simple. Lemma .

(iii) For p =1 and any w, OR p > 1 and w be s.t. w > omm and w > p+1m the only

eigenvalues of Lo are 0 and —2w.

Theorem 4.5 (Spectrum of L,). Let p > 0, w € (0,m), and L, defined in (3.42)) with
domain H'(R,C?). Then,

(i) For any p € R, p >0 and 0 < w < m, the eigenvalues are simple. Lemma .

(ii) The operator Lo(w,m) has exactly 3 nonpositive eigenvalues —2w = \g < A1 < Ay =

0. Moreover, the second eigenvalue verifies Ay > max{—4(m — w); —2w}.

(iii) Forp =1 and any w € (0,m), OR for p > 1 and w be s.t. w > ZEm and w > p 2m
L, with p € (0,2] has no eigenvalues in the interval (—m — w, —2w) and exactly one

eigenvalue in (—2w,0).

Where the proof of Theorem 5.4 and Theorem 5.5 — comes from the non-
relativistic limit w — m and after a suitable scaling, we recover a nonrelativistic Schro-
dinger operator related to the linearization of the nonlinear Schrédinger operator with
power 2p + 1. This operator is well known and the conclusions follows from comparing
their eigenvalues with the relativistic operator. Since its spectrum is known, we can obtain

good bounds on eigenvalues in this limit.

In [I2] with the same non-relativistic limit w — m they proved the stability for the quintic

nonlinearity, and then summarized their work in [I1] where show stability for some critical
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CHAPTER 4. KNOWLEDGE COMPILATION

values of p but excluding the case p € (0, 2).
Theorem 4.6 (Spectrum of H,). Let p > 0. and w € (0,m), and Ha as defined in (3.39),

seen as an operator with domain H'(R,C%).

1) Let 0 <w <m and p> 0. If z € C is an eigenvalue of H,(w,p), then
H ©
I
fm 2| < 5 IQII (4.1)

see Lemma [310.

(i) Let z € C\ (RUiR) be an eigenvalue of H(u,w) for p < 2, m/2 < w < m and
p < 1.3. Then for m = 1, Re(z?) > 0.76 and in the case (n=2,p=1,m = 1):

Re (22) > 4w? + (1 — w) (4w V20t w2)> , (4.2)
see Proprosition [3.19

(i1i) Let z € C\ (RUiR) be an eigenvalue of H(p,w) for p <2, 0 <w <m and p < 1.3.
Then form = 1, Re(2?) > 0.597 and in the case (u=2,p=1,m=1,0 < w < m/2):

VIt (B +w)?+1
16w? ’

Re (z2) > (1 +w)? (4.3)

see Proposition [3.13

(iv) For p and w such that La(p,w) has ezactly one eigenvalue in (—2w,0). Then, there

are no eigenvalues on the imaginary aris.

The absence of eigenvalues in the imaginary axis comes from studying the algebraic and
geometric multiplicity of the Kernel of L, and Lo while studying the flow in p : 0 — 2

mixed with an Vakhitov-Kolokolov stability criterion.

Combining these results, we conclude that eigenvalues leading to instability can only appear
far away from the imaginary axis. Affirmations [¢] and [11] are stated separately since they

will follow from very different proofs, ] from bounds valid for eigenvalues away from the
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axes in the complex plane, and [¢¢f from the Vakhitov-Kolokolov criterion provided that Lo
has a single eigenvalue in (—2w,0) and [iq excludes eigenvalues arriving at the imaginary

axis from elsewhere in the complex plane.

From Theorem and p = 1, we can exclude a region of the complex plane for which
there are no eigenvalues, see figures [3.513.6l The main objective is to show that there are
no eigenvalues with an imaginary part other than zero. If there were complex eigenvalues,
we know they must be in these regions, then we can focus on excluding them. Therefore,
the problem remains open and it is clear that there are still many questions to be resolved.
This thesis does not fully reflect the work carried out with E. Stockmeyer, H. van den

Bosch and J. Ricaud, but gives an idea of the complexity.
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Chapter 5

Conclusions

The nonlinear equation is of great importance in physics, with many applications. The
nonlinearity 11 was first considered by Russian physicist Dimitri Ivanenko in 1938 [36].
Then, Mario Soler re-introduce this nonlinearity investigating the stationary states [55].
The existence of solitary wave solutions was solved with many techniques but only are

known in the one-dimensional case [24], 42].

We concentrate on the one-dimensional case, the solutions of which are known by any
power of the nonlinearity. Given the complexity of the model, only partial results are
known, which we summarized in the previous chapter. Exist numerically evidence of that
stability occur for some values of w, see [38]. In [6] also claim stability using semi-analytic

arguments.

No explicit solitary wave solutions are known for the Soler model in higher dimensions
and the linearized operators becomes even more difficult to deal with. For this reason, the
studies in these cases are principally using numerical methods. In conclusion, the stability

of the solutions of this model is still an open problem.

This is a joint investigation with H. Van den Bosch, E. Stockmeyer and J. Ricaud. There
are more results that we do not present here but that we will publish soon, but none of

them prove stability yet. We expect, hopefully, be able to extend some of our results to
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higher dimensions.
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Appendix A

Poddubny-Smirnova generalization

The generalization of the Soler model introduced in 2018 by Poddubny and Smirnova [47]
was originally in two-dimensions but we are going to adapt the model to the 1D case. The
PS model consist in take f(s) = s from (3.5 and control the nonlinear terms with real

constants as follows

dpv(z) = (—w—m+b\v|2+a2|u]2> (@), (A1)
Ogu(z) = (w —m—ay|v]* —b ]u|2> v(x). (A.2)
Notice that if a; = as = —b = —1 we recover the Soler model. For symmetry reasons is
convenient consider a; = —1, ag = —a? and b = a for @ € R. Then we have the following

twisted Soler model

Opv(z) = (—w —m+alu]’ —a? |u\2> u(z)

Opu(z) = (w —m+ v -« ]u!Q) v(x)

Now, if @« =1 we get (3.5) in the case f(s) = s.
Remark A.1. The coupled system (A.3)) also satisfies the Hamiltonian system ({3.6) where

62



H(u,v) becomes

H(v,u) = %(02 +u?) — %(vz —u?) + i(vQ — au?)?. (A.4)
The problem now is, for which a exist solutions (v,u)" € H'(R,R?). The case a = 1 is the
Soler model, a = —1 was proved by William Borrelli [§, 10, [09]. For others « the existence
follows from study the properties of the Hamiltonian as Cazenave and Vazquez did for
general nonlinearities in [I7]. The first step is study the behavior of H(v,u) as a function
of v and u. If m > 0 and w > 0 then:
Lemma A.1. The Hamiltonian s bounded from below by —%2 and H(v,u) — oo if
| + |u| = oo for o < ™

2

Proof. First of all, let us consider a < 1 and thus v? — au? > v? — u2. So,

H(v,u) > 2 32,

w2 o M o o0 1o
2(1} + u*) 2(1} ozu)+4(v au

2

The first term is positive and the parabola %l‘ — G has its vertex in (m, —%2) then

H(v,u) > $(v? 4+ u?) — mTQ, this implies for the case a@ < 1 that the Hamiltonian go to

m?

infinity if |v| + |u| = oco. Is clear that the lower bound is —

In the other case 1 < a < “”’Tm we have v2 — u? > v2 — au?. Then,

vT—u 1 VT —au
H(v,u)—w(v2+u2)—m/ dt+/ tdt
2 2 J, 2 Jy
1 UQ—QUQ 'U2 ’lL2

=2 ud) + - t—mdt — = dt

2 2 Jy 2 Jo2_qu2

1

:%(UQ—FUQ)—%(U2—au2)+1(v2—au2)2— u? (o —1)

M‘:M
|
.&‘3{0



APPENDIX A. PODDUBNY-SMIRNOVA GENERALIZATION

Also, using that v and wu satisfies the system (3.6)) is easy to see that

dH(v,u) O0H(v,u) , OH(v,u) ,
% - o ! + gy Y= 0 (A.5)

So, the Hamiltonian as a function of z must be constant almost everywhere and (v, u)
give the compact levels sets of H(v,u). Since the Hamiltonian is an increasing function
of the spinor components these cannot be arbitrarily large and therefore these cannot be

monotonously increasing functions of x.

If we apply the linearization analysis[3.3]to this model we found the same kind of operators

as in (3.39) where

- m—w — v2 + au® 0,
Lo = ’ ) (A6)
—0y —m — w + av? — a2u?
- v? —ouv
Q= Nk (A7)
—auv  afu

Lemma A.2. For any p, a € R, p> 0 and 0 < w < m, the eigenvalues of L, and Lq are

stmple.

Proof. If X is eigenvalue of L associated to the eigenfunction (wy,w2)". Thus wy and wsy

satisfies the coupled system

dpwy = —(m +w + A + o?u? — av?)ws
(A.8)

Dpwy = (w+ X —m — au® + v*)wy

Assume exist hy and hy such that Lo(hi, he)" = A(hi,he) " and now compute the deter-

minant
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wy w
W(r) = det hl h2 = wirhg —wahy
1 ho

consider the derivative

W = wiho — wgﬁl + wlﬁg — wohq
= —(m+w+ X+ *u? — av?)wghs + (M +w + A+ o?u? — av?)haws
+ (w+ A —m —au® +v)wihy — (W + X —m — au® + v*)wihy

=0.

The determinant is therefore constant and since it vanishes at infinity (the eigenfunctions
are in L2(R)), it is zero everywhere and the two eigenfunctions are linearly dependent. We
can exclude the case where the functions are proportionals for each x through a function
a(z) in the same way that in Lemma Analogously, following the same argument, if
A is an eigenvalue of Ly — u@ associated to the eigenfunction (w, wg)T. Thus wy and we

satisfies the next equations

Opwy = —(m + w + X + o?u? — aw?)wy — plavvw; + au’ws)

Oywa = (W+ X —m — au? + v2)w1 + u(v2w1 — auvws)

Assume exist h; and hg such that (Lo — uQ)(h1,h2)" = A(hi,h)T, defining the same

function and its derivative, so
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APPENDIX A. PODDUBNY-SMIRNOVA GENERALIZATION

W = uihy — wahy + wihy — wshy
= [~(m+ w4+ XA+ ®u? — av)wy — plauvw; + o*u*ws)|he
+ [(m +w + X+ o?u? — av?)hg + plauvhy + o?uhg)ws
+ [(w+ X = m — au® + v*)hy + p(v?hy — auvhs)|w;
— (w4 X =m — au® + vH)w; + p(v?*w; — auvwy))hy

=0.

O]

Note that the vast majority of section 3.4 onwards can be extended to this model since they
do not depend on the explicit form of the Ly and L, operators. This is interesting given
the possibility of applying this model to real physical 2D systems, explained by Poddubny
and Smirnova. They show one way of how the cubic nonlinearity is reproducible. They
even gave several examples where this two-dimensional model could be implemented, like
optofluidic platform with photonics crystal fibers filled by liquids, glass fibers, etc. see
[47, 43, 28, 48, (62, 23, 2, 18, 54, [19] 51].
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Appendix B

Picard-Lindelof theorem

In this appendix we are going to enunciate the Picard-Lindelof existence and uniqueness

theorem as in [57, Theorem 2.2] for the IVP:

T = f(t,x)

.%'(to) = X,

(B.1)

Theorem B.1. Suppose f € C(U,R™) where U is an open subset of R" and (tg, z0) € U.
If f is locally Lipschitz continuous in the second argument, uniformly with respect to the
first, then there exists a unique local solution T(t) € C*(I) of the IVP (B.1), where I is

some interval around tg.

More specifically, if V. = [to,to + T] x Bs(xo) C U and M denotes the mazimum of |f|
on V. Then the solution exist at least for t € [to,to + Tp] and remains in Bs(xo), where

To = min{T, &' }. The analogous result holds for the interval [to — Ty, to|.

Is well known that a function f : X — Y such that exists a constant C' > 0 that satisfies
dy (f(z1), f(x2)) < Cdy (21, 22) for all 21,29 € X, is Lipchitz continuous. Moreover, is
locally Lipchitz if each point x € X is the center of a ball B,.(z) such that the restriction
f|B is Lipchitz.
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APPENDIX B. PICARD-LINDELOF THEOREM

Applying these for our case since the IVP L, ¥ = A\¥ and

v? —uw
L, =Lo—pQ = i020, + o3 (m — (v — u2)p) —w—pp(v? —u?)P! . (B.2)

—uv U2

Thus, the function f of the Picard-Lindelof theorem for our case is given by

2
9 v U

flz,w) i=ios0s (m — (v — u?®)P) + iup(v? — u®)P Loy , +ioa(A + w)
—uv  u

where u(x,w) and v(x,w) are continuos uniformly bounded L*(R x (0,m),R) functions
on x, with exponential decay. Also, the function f is locally Lipchitz on w, is sufficient

take w, € Bs(w) for some fix w € (0,1), bound f by the norm [|Q]| and the supremum of
(v? — u?)P to find the finite Lipchitz constant.
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Appendix C

Jensen’s inequality

In this appendix we are going to show the details of Jensen’s inequality based on Lieb-Loss
analysis book [39]. First of all, we are going to introduce the theorem as is presented in
the book:

Theorem C.1. Let J : R — R be a convex function. Let f be a p-measurable, real-valued
function on Q. Since J is convez, it is continuos and therefore (J o f)(x) = J(f(x)) is

also p-measurable function on Q. We assume that p() = [, p(dx) is finite.

Suppose now that f € L*(Q) and let (f) be the average of f, i.e.,

1
<f>:u((2)/gfdu'

Then

(i) [J o fl=, the negative part of [J o f], is in L'(Q), whence [ (J o f)(z)p(dz) is well
defined although it might be +00.

(i)
(Jof)=J([) (C.1)

If J is strictly convex at (f) there is equality in (C.1)) if and only if f is a constant function.
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APPENDIX C. JENSEN’S INEQUALITY

We want to applied this theorem to expectation values of the form (v, J(A)y), where J is
a convex function and A is a self adjoint operator. So, what we have to do is write this

expectation value using the spectral theorem (see [50][Theorem VIIL.5] ), that is,

(1, J(Ayp) = /R J () day(2)

where dyu,(z) is the spectral measure and ¢ € D(A) such that [|¢|*> = 1. Thus, in the
other hand we have that u(Q2) = (¢, 1¢) = 1, so applying the Jensen’s inequality and using

the spectral theorem again we have that

(0, J(A)) = /RJ(Q;) duy(x) > J (/R:cd,uw(a:)> = T (%, AD)).

We can rewrite this inequality using that ¢ = ﬁ and then

(e (W) _  (tede))
e - (Wll2>

70



Bibliography

1]

A. Alvarez and M. Soler. Energetic stability criterion for a nonlinear spinorial model.

Phys. Rev. Lett., 50:1230-1233, Apr 1983.

Masaki Asobe, Toshiyuki Kanamori, and Kuniharu Kubodera. Ultrafast all-optical
switching using highly nonlinear chalcogenide glass fiber. IEEE Photonics Technology
Letters, 4:362-365, 1992.

M. Balabane, F. Merle, A. Douady, and T. Cazenave. EXISTENCE OF EXCITED
STATES FOR A NONLINEAR DIRAC FIELD. Commun. Math. Phys., 119:153-176,
1988.

Mikhagl Balabane, Thierry Cazenave, and Luis Vazquez. Existence of standing waves

for dirac fields with singular nonlinearities. Comm. Math. Phys., 133(1):53-74, 1990.
AO Barut. Quantum Theory, Groups, Fields and Particles (Volume /). 1983.

Berkolaiko, G. and Comech, A. On spectral stability of solitary waves of nonlinear

dirac equation in 1d. Math. Model. Nat. Phenom., 7(2):13-31, 2012.
I.L. Bogolubsky. On spinor soliton stability. Physics Letters A, 73(2):87 — 90, 1979.

W. Borrelli. Weakly Localized States for Nonlinear Dirac Equations. ArXiv e-prints,
February 2018.

W. Borrelli. Weakly Localized States for Nonlinear Dirac Equations. ArXiv e-prints,
February 2018.

71



BIBLIOGRAPHY

[10]

[11]

[14]

[15]

18]

[19]

William Borrelli. Stationary solutions for the 2d critical dirac equation with kerr

nonlinearity. Journal of Differential Equations, 263(11):7941 — 7964, 2017.

N. Boussaid and A. Comech. Nonlinear Dirac Equation: Spectral Stability of Solitary
Waves. Mathematical Surveys and Monographs. American Mathematical Society,

2019.

Nabile Boussaid and Andrew Comech. Nonrelativistic asymptotics of solitary waves
in the dirac equation with the soler-type nonlinearity. STAM Journal on Mathematical

Analysis, 49, 06 2016.

Nabile Boussaid and Scipio Cuccagna. On stability of standing waves of nonlinear
dirac equations. Communications in Partial Differential Equations, 37(6):1001-1056,
2012.

Nabile Boussaid and Andrew Comech. On spectral stability of the nonlinear dirac

equation. Journal of Functional Analysis, 271(6):1462 — 1524, 2016.

Nabile Boussaid and Andrew Comech. Spectral stability of small amplitude solitary
waves of the dirac equation with the soler-type nonlinearity. Journal of Functional

Analysis, 277(12):108289, 20109.

A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim. The
electronic properties of graphene. Rev. Mod. Phys., 81:109-162, Jan 2009.

Thierry Cazenave and Luis Vazquez. Existence of localized solutions for a classical
nonlinear dirac field. Communications in Mathematical Physics, 105(1):35-47, Mar
1986.

Mathieu Chauvet, Gil Fanjoux, Kien Phan Huy, Virginie Nazabal, Frederic Charpen-
tier, Thierry Billeton, Georges Boudebs, Michel Cathelinaud, and S.-P Gorza. Kerr

spatial solitons in chalcogenide waveguides. Optics letters, 34:1804—6, 07 2009.

Yiu Ming Cheung and Swapan Gayen. Optical nonlinearities of tea studied by z-scan
and four-wave mixing techniques. Journal of The Optical Society of America B-optical

Physics - J OPT SOC AM B-OPT PHYSICS, 11, 04 1994.

72



BIBLIOGRAPHY

[20]

[21]

[22]

[27]

[28]

[29]

Marina Chugunova. Spectral Stability of Nonlinear Waves in Dynamical Systems. PhD
thesis, McMaster University, 2007.

A. Comech. On the meaning of the Vakhitov-Kolokolov stability criterion for the

nonlinear Dirac equation. ArXiv e-prints, July 2011.

Andrew Comech, Tuoc Van Phan, and Atanas Stefanov. Asymptotic stability of
solitary waves in generalized gross—neveu model. Annales de I’Institut Henri Poincare

(C) Non Linear Analysis, 34(1):157 — 196, 2017.

Q. Coulombier, Laurent Brilland, P. Houizot, Thierry Chartier, Thanh N’guyen, Fred-
eric Smektala, Gilles Renversez, Achille Monteville, David Mechin, Thierry Pain,
Hervé Orain, Jean-Christophe Sangleboeuf, and Johann Troles. Casting method
for producing low-loss chalcogenide microstructured optical fibers. Optics express,

18:9107-12, 04 2010.

J. Cuevas-Maraver, N. Boussaid, A. Comech, R. Lan, P. G. Kevrekidis, and A. Saxena.

Solitary waves in the Nonlinear Dirac Equation. ArXiv e-prints, July 2017.

Jests Cuevas-Maraver, Panayotis G. Kevrekidis, Avadh Saxena, Andrew Comech, and
Ruomeng Lan. Stability of solitary waves and vortices in a 2d nonlinear dirac model.

Phys. Rev. Lett., 116:214101, May 2016.

P. A. M. Dirac. The quantum theory of the electron. Proceedings of the Royal Society
of London. Series A, Containing Papers of a Mathematical and Physical Character,
117(778):610-624, 1928.

Jean Dolbeault, Maria Esteban, and Eric Séré. Variational methods in relativistic

quantum mechanics: new approach to the computation of dirac eigenvalues. 01 2000.

Lucia Duca, Tracy Li, Martin Reitter, Immanuel Bloch, Monika Schleier-Smith, and
Ulrich Schneider. An aharonov-bohm interferometer for determining bloch band topol-

ogy. Science (New York, N.Y.), 347, 07 2014.

Maria J. Esteban, Mathieu Lewin, and Eric Séré. Variational methods in relativistic

quantum mechanics. Bulletin of the American Mathematical Society, 45:535-593,

73



BIBLIOGRAPHY

33]

[34]

2007.

Maria J. Esteban and Eric Séré. Stationary states of the nonlinear dirac equation: a

variational approach. Comm. Math. Phys., 171(2):323-350, 1995.

M. A. Shubin (auth.) F. A. Berezin. The Schridinger Equation. Mathematics and Its

Applications (Soviet Series) 66. Springer Netherlands, 1 edition, 1991.

Domenico Felice. A study of a nonlinear schréodinger equation for optical fibers. ArXiv

e-prints, 2016.

David J. Gross and André Neveu. Dynamical symmetry breaking in asymptotically

free field theories. Phys. Rev. D, 10:3235-3253, Nov 1974.

Stephen Gustafson, Stefan Le Coz, and Tai-Peng Tsai. Stability of Periodic Waves of
1D Cubic Nonlinear Schrodinger Equations. Applied Mathematics Research eXpress,
2017(2):431-487, 06 2017.

Werner Heisenberg. Doubts and hopes in quantumelectrodynamics. Physica, 19(1):897
— 908, 1953.

D. D. Ivanenko. Notes to the theory of interaction via particles. Sov. Phys., 141, 1938.

Yaroslav V. Kartashov, Boris A. Malomed, and Lluis Torner. Solitons in nonlinear

lattices. Reviews of Modern Physics, 83(1):2477305, Apr 2011.

T.I. Lakoba. Numerical study of solitary wave stability in cubic nonlinear dirac equa-

tions in 1d. Physics Letters A, 382(5):300 — 308, 2018.

E.H. Lieb, M. Loss, M.A. LOSS, and American Mathematical Society. Analysis. Crm

Proceedings & Lecture Notes. American Mathematical Society, 2001.

Franz Mertens, Fred Cooper, Niurka Quintero, Sihong Shao, Avinash Khare, and
Avadh Saxena. Nonlinear dirac equation solitary waves in the presence of external

driving forces. Journal of Physics A: Mathematical and Theoretical, 49, 02 2015.

74



BIBLIOGRAPHY

[41]

[44]

[47]

[48]

Franz Mertens, Fred Cooper, Sihong Shao, Niurka Quintero, Avadh Saxena, and
Ar Bishop. Nonlinear dirac equation solitary waves under a spinor force with dif-

ferent components. Journal of Physics A: Mathematical and Theoretical, 50, 11 2016.

Franz Mertens, Niurka Quintero, Fred Cooper, Avinash Khare, and Avadh Saxena.
Nonlinear dirac equation solitary waves in external fields. Physical review. E, Statis-

tical, nonlinear, and soft matter physics, 86:046602, 10 2012.

M. Mili¢evi¢, T. Ozawa, G. Montambaux, I. Carusotto, E. Galopin, A. Lemaitre,
L. Le Gratiet, I. Sagnes, J. Bloch, and A. Amo. Orbital edge states in a photonic
honeycomb lattice. Phys. Rev. Lett., 118:107403, Mar 2017.

K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos,
I. V. Grigorieva, and A. A. Firsov. Electric field effect in atomically thin carbon films.
Science, 306(5696):666-669, 2004.

Dmitry Pelinovsky and Yusuke Shimabukuro. Transverse instability of line solitons

in massive dirac equations. Journal of Nonlinear Science, 26, 04 2016.

Dmitry E. Pelinovsky and Yusuke Shimabukuro. Orbital Stability of Dirac Solitons.
Letters in Mathematical Physics, 104(1):21-41, January 2014.

Alexander N. Poddubny and Daria A. Smirnova. Ring dirac solitons in nonlinear

topological systems. Phys. Rev. A, 98:013827, Jul 2018.

Per Rasmussen, Francis Bennet, Dragomir Neshev, Andrey Sukhorukov, Christian
Rosberg, Wieslaw Krélikowski, Ole Bang, and Yuri Kivshar. Observation of two-
dimensional nonlocal gap solitons. Optics letters, 34:295-7, 03 2009.

M. Reed and B. Simon. IV: Analysis of Operators. Methods of Modern Mathematical

Physics. Elsevier Science, 1978.

M. Reed and B. Simon. I: Functional Analysis. Methods of Modern Mathematical

Physics. Elsevier Science, 1981.

75



BIBLIOGRAPHY

[51]

[55]

[56]

Jacob Roberts, N. Claussen, Jr Burke, Chris Greene, EA Cornell, and C. Wieman.
Resonant magnetic field control of elastic scattering in cold 8°rb. Physical Review

Letters - PHYS REV LETT, 81:5109-5112, 12 1998.
Katharine Sanderson. Carbon makes super-tough paper. Nature, 07 2007.

Sihong Shao, Niurka R. Quintero, Franz G. Mertens, Fred Cooper, Avinash Khare,
and Avadh Saxena. Stability of solitary waves in the nonlinear dirac equation with

arbitrary nonlinearity. Phys. Rev. E, 90:032915, Sep 2014.

Valton Smith, Brian Leung, Phillip Cala, Zhigang Chen, and Weining Man. Gi-
ant tunable self-defocusing nonlinearity and dark soliton attraction observed in m-

cresol /nylon thermal solutions. Optical Materials Express, 4, 09 2014.

Mario Soler. Classical, stable, nonlinear spinor field with positive rest energy. Phys.

Rev. D, 1:2766-2769, May 1970.

W.A. Strauss and L. Vazquez. Stability Under Dilations of Nonlinear Spinor Fields.
Phys. Rev. D, 34:641-643, 1986.

G. Teschl. Ordinary Differential Equations and Dynamical Systems. Graduate Studies

in Mathematics. American Mathematical Society, 2012.

Bernd Thaller. The Dirac Equation. Theoretical and Mathematical Physics. Springer,
1992.

Walter E Thirring. A soluble relativistic field theory. Annals of Physics, 3(1):91 —
112, 1958.

M. Toda. Theory of Nonlinear Lattices. Ergebnisse der Mathematik Und Threr Gren-

zgebiete. Springer-Verlag, 1989.

L Vazquez. Localised solutions of a non-linear spinor field. Journal of Physics A:

Mathematical and General, 10(8):1361-1368, aug 1977.

76



BIBLIOGRAPHY

[62]

[63]

[64]

[65]

[66]

M Vieweg, T Gissibl, S Pricking, Boris Kuhlmey, D.C. Wu, Benjamin Eggleton, and
H Giessen. Ultrafast nonlinear optofluidics in selectively liquid-filled photonic crystal

fibers. Optics express, 18:25232—40, 11 2010.
P. R. Wallace. The band theory of graphite. Phys. Rev., 71:622—634, May 1947.

T.O. Wehling, A.M. Black-Schaffer, and A.V. Balatsky. Dirac materials. Advances in
Physics, 63(1):1-76, 2014.

J. Weidmann. Linear Operators in Hilbert Spaces. Graduate texts in mathematics.

Springer-Verlag, 1980.

Hermann Weyl. A remark on the coupling of gravitation and electron. Phys. Rewv.,

77:699-701, Mar 1950.

J. Zhang. Stability of standing waves for nonlinear schrodinger equations with un-
bounded potentials. Zeitschrift fiir angewandte Mathematik und Physik, 51:498, 05
2000.

7



	Acknowledgments
	Abstract
	Introduction
	Motivation and context of the equation
	On the mathematical side
	Organization of the thesis

	Nonlinear Dirac equation 
	Derivation of the Dirac equation 
	Basic spectral properties of the free Dirac Operator 
	The Soler model 

	One dimensional Soler model 
	Setting the problem 
	Existence and solutions of the 1D Soler model 
	Perturbation and Linear Stability 
	Properties of L0 and L 
	Properties of H(mu,w) 
	Symmetries
	Basics of the eigenvalue equation

	Bounds to the eigenvalues of H 

	Knowledge compilation 
	Conclusions
	Poddubny-Smirnova generalization
	Picard-Lindelöf theorem
	Jensen's inequality
	Bibliography

