SL(3,R) as the group of symmetry transformations for all one-dimensional linear
systems. lll. Equivalent Lagrangian formalisms

M. Aguirre, C. Friedli, and J. Krause

Citation: Journal of Mathematical Physics 33, 1571 (1992); doi: 10.1063/1.529681
View online: https://doi.org/10.1063/1.529681

View Table of Contents: http://aip.scitation.org/toc/jmp/33/5

Published by the American Institute of Physics

Articles you may be interested in

SL(3,R) as the group of symmetry transformations for all one-dimensional linear systems
Journal of Mathematical Physics 29, 9 (1988); 10.1063/1.528139

SL(3,R) as the group of symmetry transformations for all one-dimensional linear systems. Il. Realizations
of the Lie algebra

Journal of Mathematical Physics 29, 1746 (1988); 10.1063/1.527872

Accelerate R&D with PRESENTED BY

Multiphysics Simulation W COMSOL

PHYSICS TODAY

WHITEPAPERS



http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/920663169/x01/AIP-PT/COMSOL_JCPArticleDL_WP_042518/comsol_JAD.JPG/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Aguirre%2C+M
http://aip.scitation.org/author/Friedli%2C+C
http://aip.scitation.org/author/Krause%2C+J
/loi/jmp
https://doi.org/10.1063/1.529681
http://aip.scitation.org/toc/jmp/33/5
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.528139
http://aip.scitation.org/doi/abs/10.1063/1.527872
http://aip.scitation.org/doi/abs/10.1063/1.527872

SL(3,R) as the group of symmetry transformations for all one-dimensional
linear systems. Ill. Equivalent Lagrangian formalisms
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The SL(3,R) theory of projective transformations of the plane is applied to the Lagrangians
of all one-dimensional Newtonian linear systems. Noether and non-Noether equivalent
Lagrangians, as well as the associated Noether and non-Noether constants of motion, are thus
obtained in a completely general and systematic way. Complete unification is achieved

by this group-theoretic approach to Lagrangians of one-dimensional linear systems.

I. INTRODUCTION

In this paper we are interested in the point symmetry
properties exhibited by the Lagrangian function of one-
dimensional linear systems. It is our aim to give a unified
treatment of the similarity properties of such Lagrangians
taking advantage of the fact that SL(3,R) is the maximal
group of point symmetry transformations for e/l linear
inhomogeneous ordinary differential equations of the sec-
ond order, in one real dependent variable.! To this end,
we shall use the group elements themselves® (instead of
the Lie algebra generators®) to uncover the symmetry
group of the Lagrangians, and thus calculating several
equivalent Lagrangians, for any given one-dimensional
linear system.

During the last years there has been a considerable
progress in the study of symmetries and invariants in
classical mechanics,* which stems from different concepts
of what is the basic formulation for studying the symme-
tries of mechanical systems in general.’

We wish to remark that our main interest on this
issue stems from its usefulness in quantum kinematics.®
In fact, in Ref. 2 we have obtained a technique for cal-
culating the specific finite realizations of SL(3,R) for any
given one-dimensional linear Newtonian system, which is
the starting point for quantizing these systems through
their symmetry properties.® We have been unable to find
this technique in the current literature.

Hence, as an important complement of our previous
work, in this paper we shall adopt SL(3,R) as a group of
space-time automorphisms that interconverts one admis-
sible worldline of a linear system into another, in order to
study the different equivalent Lagrangian functions one
obtains from the action of the group. In this fashion, we
get complete generalization and unification of a great
amount of work, that has been previously performed on
the symmetry properties of Lagrangians for one-dimen-
sional linear systems.” Applications of the present formal-
ism to quantum kinematics [namely, SL(3,R) quantum
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kinematics] shall be given in a forthcoming paper. Nev-
ertheless, we wish to publish this subject separately, be-
cause we deem it interesting by itself from the standpoint
of classical mechanics.

The organization of this paper is as follows. In Sec. II
we present a brief review of the general theory of point
transformations in Lagrangian mechanics, and of the
point symmetry properties of the Lagrangian function,
which shall be needed in the sequel. Section III contains
the applications to the SL(3,R) theory of equivalent La-
grangians for a one-dimensional Newtonian free particle.
Finally, in Sec. IV, we generalize the previous formalism
to the case of SL(3,R)-equivalent Lagrangians for all
one-dimensional linear Newtonian systems. Noether and
non-Noether Lagrangians (and the associated Noether
and non-Noether constants of motion) are thus calcu-
lated in a systematic way.

Il. GENERAL POINT-TRANSFORMATION THEORY
FOR ONE-DIMENSIONAL LAGRANGIAN
SYSTEMS REVISITED

We begin this work recalling some basic notions of
Lagrangian mechanics, which shall be needed in the se-
quel. Our discussion is rather sketchy and deals only with
one-dimensional systems. Here we present (without
proof) some useful features of the transformation theory
of Lagrangian mechanics. For details, see Ref. 7.

First, let us remind the important class of null La-
grangians, which have the property that every conceiv-
able worldline renders their action integrals stationary for
all variations that vanish on the extremes. Therefore, null
Lagrangians do not yield genuine equations of motion. It
is well known® that a function Ly(t,x,x) is a null La-
grangian if, and only if, it can be expressed as a total time
derivative of a function G(#,x). This concept gives rise to
the notion of g-equivalent (i.e., gauge-equivalent) La-
grangians, which are those Lagrangians that are related
by a gauge transformation of the form
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1572 Aguirre, Friedli, and Krause: Equivalent Lagrangian formalisms

L(t,x,%) = KL(t,x,%) + G(£,x), (2.1)

where K is an arbitrary constant and G is an arbitrary
gauge function. It follows that L(f,x,x) and L(z,x,x) are
g-equivalent Lagrangians if, and only if, their variational
derivatives are proportional functions. Clearly, the set G
= {(1,K,G)} of all gauge transformations is a non-Abe-
lian group, with the following combination rule
(1,K,,G)) (1 ,K,,G,) = (I,K,K,,K,G, + G,), where I de-
notes the identity and indicates that the variables (z,x)
have not been transformed.

Since g-equivalent Lagrangians provide the same
equations of motion, it follows that the Lagrangian func-
tion for a given system is only determined to within a g
class of equivalent Lagrangians. In fact, it is well known
that the Lagrangian function that describes a given me-
chanical system is, in general, not unique. In this sense,
we have to recall that there is also another concept of
“dynamically equivalent” Lagrangians, which is not as
trivial as g-equivalence. This is the notion of s-equivalent
(i.e., solution-equivalent) Lagr_a;ngians.9 One says that
two Lagrangians, L(#,x,x) and L(z,x,x), are s-equivalent
when the manifolds of all solutions to the Euler-
Lagrange equations obtained from them coincide. Note
that it is not necessary for the Euler-Lagrange equations
obtained from both Lagrangians to be exactly the same,
so that situations more interesting than a mere gauge
transformation may arise.

The problem of finding the most general relation be-
tween s-equivalent Lagrangians was solved by Currie and
Saletan.'® It can be shown that L(tx,x) and L(z,x,x) are
s-equivalent Lagrangians if, and only if,!!

8L A 8L -
e (t’x’x)é_x' (2.2)

where A(t,x,%) = (A*L/Ax*)/(A2L/AX*) is a constant of
motion. Moreover, given L and any constant of motion
1}_(t,x,)é), Currie and Saletan provide a way to construct
L explicitly as a functional of L (viz., the so called fouling
transformation of L). One sees, therefore, that the class of
s-equivalent Lagrangians includes the class of g-equiva-
lent Lagrangians as a particular case. One must also note
that these transformations of Lagrangian mechanics are
not committed with any transformation of space-time
variables, as are those transformations we shall discuss
presently.

Now, since the basic formalism of Lagrangian me-
chanics is invariant under a group of transformations that
do also affect time (besides the spatial coordinates), in
Lagrangian theory one has to consider the configuration
space-time as the fundamental differentiable manifold of
the system.12 Hence, let us introduce a smooth transfor-
mation of variables (z,x) —(#',x"); say

t'=T(tx), x' =S(x), (2.3)

where the functions T and S are of continuity class C*
(with £ > 2) in some open connected region RC{(zx,)},
and globally invertible on R. Let us also write

t=T('x"), x=S(tx") (2.4)

to denote the corresponding inverse transformation of
variables. Henceforth, all admissible point transforma-
tions are assumed to meet these conditions, and all our
considerations will have a local character, since we shall
always assume that (z,x)eR.

In this paper we interpret R as a coordinate patch;
namely, Egs. (2.3) and (2.4) will be thought of as a local
transformation of coordinates in configuration space-time
(rather than as an active mapping of configuration
events). Accordingly, one can give the following defini-
tion: given a Lagrangian L(f,x,x) and a local diffeomor-
phism D [as stated in Egs. (2.3)], then every arbitrary
gauge transformation (/,K,G), induces a new Lagrangian
function L’(#',x’,x) that is given by

TL'(¢'x'%') = KL(t,x,%) + G(2,x). (2.5)

We refer to Eqgs. (2.3) and (2.5) as a Lagrangian
1‘ransformation.7 In this fashion, one has that the set L
= {(D,K,G)} of all Lagrangian transformations consti-
tutes a group under the following law of combination:

(D1,K1,G1) (D3,K5,Gy) = (DD, K K5, K\ Gy + Gy),

where DD, is the composite diffeomorphism, which one
obtains in the usual way. This group is called the
Lagrange group. 1t has the direct product structure L
=D &G, where D = {D} is the group of all space-time
diffeomorphisms and G = {(1,K,G)} is the non-Abelian
group of all gauge transformations.

One then proves that, under a Lagrangian transfor-
mation (D,K,G), the variational derivative SL/8x of L
transforms according to the equation

oL’ oL
&x' 5x’

(2.6)
where J=T,S, — T,S540 is the Jacobian of the space-
time diffeomorphism D given in Eqgs. (2.3). Hence, the
general covariance of the formalism of Lagrange upon
Lagrangian transformations follows.

The previous discussion gives rise to the concept of
“curve-equivalent” Lagrangians. Namely, two given La-
grangians are said to be c-equivalent when there exists a
Lagrangian transformation that transforms one Lagrang-
ian function into the other. We note that the new coor-
dinates (#',x") are moving relative to the old coordinates,
in general, which can be tantamount to a substantial
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change in the dynamics, so that c-equivalent Lagrangians
are, in general, not s-equivalent.

We finally revisit one of the main concepts of this
subject. In particular, one says that a coordinate trans-
formation (2.3) corresponds to a point symmetry of a
given Lagrangian function L(t,x,x) if, and only if, there
exists an element (I,k,0)eG, such that TL(¢ x'.x')
= kL(t,x,X) + o(t,x). Note that, according to this defi-
nition, one has L(#,x,x) - L(¢',x',x'), so that the form of
the function L does not change, notwithstanding the fact
that, eventually, one may have k=%1. Let us also remark
that the symmetry gauge function o(t,x) as well as the

symmetry scaling constant k are no longer arbitrary. Of

course, the set S(L) = {(Dg,x,0)} (where Dg denotes
the symmetry diffeomorphism) constitutes the point sym-
metry group of the given Lagrangian L, upon the same
product law already introduced for L. In most instances,
this group S(L) is a finite Lie group, which acts locally in
the configuration space-time through the symmetry dif-
feomorphisms Dyg that characterize L. As a matter of fact,
one has the isomorphism S(L) ~ {Dg}, because for each
Dy the corresponding gauge factor (I,x,0), is unique, and
furthermore the one-to-one relation (Dg,k,0)<«>Dg pre-
serves the group structure of {Dg}. Of course, G is not a
subgroup of S(L), since (I,k,0)¢S(L) [unless k = 1 and
o =0]. It is a simple exercise to show the following re-
sults: (1) All g-equivalent Lagrangians have essentially
the same point symmetries; (2) if Dy is a symmetry dif-
feomorphism of L, and D is an arbitrary diffeomorphism,
then the conjugate diffeomorphism D = DD¢D ~ ! yields
a point symmetry transformation for al// those c-equiva-
lent Lagrangians L'(¢#',x’,x’), obtained from L by the ac-
tion of D and an arbitrary gauge transformation; and (3)
a necessary condition for the c-equivalence of two given
Lagrangians is that their point symmetry groups be iso-
morphic. This means that the action of the Lagrange
group L on the manifold {L} of all Lagrangians is not
transitive, for there are many examples of Lagrangians
with nonisomorphic point symmetry groups. Of course,
the action of L is transitive within each c-class of Lagran-
gians; and, furthermore, each c-class is characterized by a
well-defined Lie group, which becomes locally realized as
the group S(L)~{Dg}, for any L that belongs to the
given c-class. However, it must be also emphasized that
the isomorphism S(L') ~S(L) is not a sufficient condi-
tion to ensure the c-equivalence of L' and L. From a
practical point of view, these features are telling us that it
is not possible to transform a Lagrangian function into
another (by means of a Lagrangian transformation) if
they have essentially different point symmetry properties;
i.e.,, Lagrangian transformations are neither trivial nor
spurious.’” These results can be extended rather naturally
to Lagrangian field theories. Their interest for the La-
grangian theory of interactions, in general, is immediate.

Ill. SL(3,R)-EQUIVALENT LAGRANGIANS FOR THE
ONE-DIMENSIONAL FREE PARTICLE

Let us now consider the standard Lagrangian of a
free Newtonian system with one degree of freedom, i.e.,

Lo=3%% (3.1)

under the scope of the transformation theory of Lagrang-
ian mechanics. As we know, the maximal point symmetry
group of the Euler-Lagrange equation,

becomes realized by the projective diffeomorphisms of the
(z,x) plane:

V= (gt +@x+ @)/ (gt +¢dx+ 1),
(3.3)
x =g+ @x+¢%) /(g1 + B + 1),

where the ¢’s are the eight parameters of the group, pro-
vided ¢'¢°50. [This group is locally isomorphic with
SL(3,R). We must here recall that a// one-dimensional
linear Newtonian systems have the same point symmetry
group, namely SL(3,R).]1

On the other hand, it can be shown that the maximal
point symmetry group S(L,) of the standard Lagrangian
(3.1) is given by the following six-parameter subgroup of
projective transformations:

V=(g"t+¢)/(q"t+1),
(3.4)

X =(g"+@x+¢)/(g"t+ 1),

with the associated symmetry gauge transformation
(1,x,0) being given by

@)

¢ —dq’
[(¢* —¢%") — g°q'x]? o
2 (g — g (gt+1) " °©

(3.5)

o(tx) =

where gy is a constant. (One easily adjusts o, so that o be
well defined at ¢” =0.) Indeed, it is a straightforward
matter to verify that these Lagrange transformations [i.e.,
Eqgs. (3.4) and (3.5)] are such that

dar [ 1/dx"\?
dr |2 ( dr’ )
and that every Lagrangian transformation that satisfies

this equation is of the form stated in Eqgs. (3.4) and (3.5).
[It can be shown also that S(L,) is committed with the

1
=K 522 + a(t,x), (3.6)

J. Math. Phys., Vol. 33, No. 5, May 1992



1574 Aguitre, Friedli, and Krause: Equivalent Lagrangian formalisms

restriction d¢'/dx = 0, when imposed on the point sym-
metries of Eq. (3.2).]

Hence, the interesting question arises as to the c¢-
equivalent Lagrangians that are induced by the elements
of the full point symmetry group of the equation of motion,
according to their projective realizations (3.3). In order

[(&° — ¢%")% + (¢ —

to tackle this question we better avoid arbitrary gauge
transformations at this stage, since these would only ren-
der the forms of the outcoming Lagrangians less intelli-
gible. After some manipulations we get the following set
of (eight-parameter-dependent) Lagrangians for the de-
scription of a one-dimensional free particle:

¢q") (x — tx) + (¢* — ¢°¢")1?

L= T A 5+ DE =i+ @ —PN =) + @ =]

(up to an arbitrary gauge transformation). The reader
can verify that the Euler-Lagrange equation deduced
from L, yields precisely the equation of motion X = 0, as
it must be. Thus in Eq. (3.7) we have a family of c-
equivalent Lagrangians, which are also s-equivalent.

Since L,(t,x,x) is a formidable Lagrangian function,
in order to study g-equivalence we better consider sepa-
rately the monoparametric subgroups of the projective
group. Hence from Eq. (3.7) we obtain the set of eight
monoparametric s-equivalent Lagrangians presented in
Table 1. They all correspond to a (one-dimensional) free
particle system. We see (cf. Table I) that the Lagrangians
Ly, Ly, Ly, Ls, Lg, and L, are g-equivalent with L, so that
they have the same point symmetries. On the other hand,
it can be shown that L, and L; are not g-equivalent La-
grangians, neither are they g-equivalent with Lg; so these
are essentially new Lagrangians. However, it is easy to
obtain

5L, "
B Ay (x)x% (3.8)

and

TABLE 1. Set of monoparametric s-equivalent Lagrangians induced by
SL(3,R) forl a one-dimensional free particle. Ly denotes the standard
Lagrangian 3 x2.

Li=x*2¢"= (¢") ~ 'Ly,
L, =X/2(1 + ¢’X),

d
Le=30+ 6% = Lo+ Z[¢*(x + 3401,
L= %(q’)&)2 = (g’)*Ly,

1.
L6=§x2=L0

L l)'c—q7(x—tx) di ¢x
72 144t - —dt[2(1+q’t)]’
Lg

T+ Px—]

(3.7)

|
OLs _ p (1) 3.9
6x - S(t)x’x)x’ ( . )

where A, = (1+¢’x%) 73 and Ag=1[1+ ¢*(x —x)] 3
are two non-Noether constants of motion.'>*

IV. SL(3,R)-EQUIVALENT LAGRANGIANS FOR ALL
ONE-DIMENSIONAL LINEAR SYSTEMS

We are now ready to generalize these results to any
given one-dimensional Newtonian linear system. It can be
shown that the most general diffeomorphism that lo-
cally reduces any given one-dimensional linear sys-
tem, % + fo(2)x + f1(8)x = fo(2), into a free particle ¥’
=0, is given by the eight-parameter transformations

£ = [q"1(8) + @5(tx) + @1/[g7He) + g% (tx) + %‘]t,l)

x' = [¢%(t) + @5(t%) + ¢°1/[dH(8) + ¢*%(6,x) +(1], )
4.2

A
where one defines the functions 7' and X’ by means of the
well-known Arnold transformation;’ i.e.,

W) =y ()/uy (1), R(1%): = [x — u,(£)1/up(2).
(4.3)

Here u,(z) denotes a particular solution of the original
inhomogeneous equation while #,(¢) and u,(#) are two
linearly independent solutions of the corresponding ho-
mogeneous equation.

Hence, these diffeomorphisms [Eqs. (4.1)-(4.3)] al-
low one to transform the standard Lagrangian Ly = ix?
into a family of c-equivalent eight-parameter Lagrangians
Lq(t,x,yé), for any given one-dimensional linear system.
To this end, one uses the following Lagrangian transfor-
mation [cf. Eq. (3.6)]:

J. Math. Phys., Vol. 33, No. 5, May 1992
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dr' 11 (dx'\? I .
HHEI IR (4.4)

where, for the sake of simplicity, we have omitted the

J

arbitrary gauge transformation. [In general, we could
write KL, (,x,x) + G(t,x) in the right-hand member
(RHM) of Eq. (4.4), indeed.] After a direct calculation,
one gets

L [(¢* = 4D T + (& — ) & + (' — PN (15— T%)] “s)
AT R VUG =) T+ (=P F + (4 — P (1R —TR)]
[also see Eq. (3.7)].
First, it is important to note that Eq. (4.5) yields
8L TA? Ax AA
o @ SE— NI (4.6)
X wLlg — ) T (@ — ) F + (@' — P (TR — )]

where
¢ & q
4 5 6
Alg):= 9" ¢ 4|40, 4.7)
q7 q8 1

so that the induced equation of motion is given by

A A A
t t

% =0. (4.8)

Taking into account Egs. (4.3), it is easy to check
that this equation of motion corresponds precisely
to X + fo(2)x + f1(¢)x = fo(2). Hence all Lagrangians
Lq(t,x,Jé) of the form given in Eq. (4.5) are s equivalent.

Second, it is also interesting to mention here that we
can obtain the standard Lagrangian, namely

Ett) =8 — fi(0)* + 2fo(t)x]exP( ffz(r)dt),
(4.9)

of the general linear system by means of a suitable gauge
transformation; namely,

L(t,x,%) = KL (t,%,%) + G.(1,x), (4.10)
where L, denotes the Lagrangian

Ltx%) = £2(tx)/2 7 (1), (4.11)
with K, = — 1, and the gauge function G, being defined

as

exp( ffz dt)

1 .
-3 f (uf, —flui)exp( ffz dt)dt. (4.12)

u
—(x—u,) 2+ xi
5 (x—up) u, T ¥

The Lagrangian function Le corresponds to the choice
g'=¢=1and ¢=¢=¢"=¢=4 —q =0 in Eq.
(4.5); and thus it is obtained from L, = 2x by means of
the Arnold diffeomorphism t—»t(t), x-x(tx) [cf. Eq.
(4.3)].

Next, we tackle the problem of g equivalence. Let us
then consider the six-parameter diffeomorphisms corre-
sponding to the restriction

at

=00 =¢"=0 (4.13)

in Egs. (4.1) and (4.2). These diffeomorphisms induce
the following subset of s-equivalent Lagrangians:

N
L =Ly|g_ g0

=N +PE ¢ (tx—tx)]2

20" —@gN (1 + g2 7

(4.14)

Of course, in particular, the g-equivalent Lagrangians L
and L, belong to this family. Moreover, by a direct cal-
culation it can be shown that

LM (%) = KiLo(6%,%) + Gy(1,%), (4.15)

where

J. Math. Phys., Vol. 33, No. 5, May 1992



1576 Aguirre, Friedli, and Krause: Equivalent Lagrangian formalisms

K,=("(¢"— ¢q) (4.16)
and
(¢*/4") (&° + 4D, if ¢ =0,
G;(t,x) = ~ [(¢*— %) — q5q7ﬂ2 £ oo
2q7(q1 _ q3q7)(1 + q7t) s
(4.17)

So we see that {L,(IN )} constitutes a family of g-equivalent
Lagrangians. Conversely, if any two given Lagrangians of
the form stated in Eq. (4.5) are g-equivalent, one neces-
sarily has ¢* = ¢® = 0. This means that the set {L;N Y is
the maximal class of g-equivalent Lagrangians for the
one-dimensional Newtonian linear system.

We like to mention here an important fact concerning
this issue. The maximal point symmetry group of the stan-
dard Lagrangian given in Eq. (4.9), as obtained by means
of the Noether criterion of point symmetry of a given
Lagrangian is given precisely by the six-parameter group
of transformations one obtains from Eqs. (4.1) and (4.2)
when one sets ¢> = ¢° = 0 into those equations. Hence the
case ¢* = % = 0 defines the Noether point symmetry group
of the standard Lagrangian (4.9). We shall further dis-
cuss this matter elsewhere.

From the previous results we conclude that the nec-
essary and sufficient condition for two given Lagrangians
of the form (4.5) to be nor g-equivalent is that one of
them, at least, corresponds to ¢°=~0 or g°5~0. Thus, if we
define the Lagrangians

L® (6x,%) = L(6,%,%) | 220V 820 (4.18)

we have the following classification:

L} ={LPIuL®), (L3P} =¢.

In this way, the point symmetry group SL(3,R) of the
equation of motion induces a new class of Lagrangians,
which are not g-equivalent to L,(IN ). This class is generated
by two basic non-Noether Lagrangians, i.e.,

L= 5227 +¢%) (4.20)
and
;\2
L (4.21)

8= A~ AA AKX .
2004+t +¢8(tx—1x)]

Finally, in view of the s-equivalence, and taking into ac-
count Eq. (2.2), we search for those constants of motion
Aq(t,x,ﬂ, such that

5L, . 8L,
<= = A (t,x,x) B

o (4.22)

It is easy to conclude that these are given by
Aftx3) =A@ (¢ — ) T + (@~ P F
+ (@' — g (tx—1x)] >

This equation shows neatly that the only nontrivial con-
stants of motion are precisely the non-Noether constants:

(4.23)

Atxi) = [1+ g%/ 713 (4.24)
and
Ag(ti) = [1 + FE—T8/ T2 (4.25)

For instance, for a forced harmonic oscillator

% + w*x = fysin O, (4.26)

4.27)

(4.19) one obtains the following non-Noether Lagrangians:
|
L [ + ox tan of + [fo/ (2% — 0®) ] (Q cos Qf + o sin Q1 tan of) T
27 20[1 + ¢*{x sin ot + (x/w)cos wt + [fo/ (9% — 0*) 1(sin Q¢ sin wt + (Q/w)cos O cos wi)}]’
L [* + wx tan wt + [ £o/(Q> — ©?) 1(Q cos O + o sin Ot tan of)

and the corresponding non-Noether constants of motion
are obtained from

k, = x sin ot + (1/@)x cos ot + fo/(Q* — 0?)

X {sin Q1 sin wt + (Q/w)cos 2t cos wi) (4.29)

J. Math. Phys., Vol

=201 4 ¢(x + [ fo/ (2 — &) Jsin Qi)sec w1 + (x cos ot — (1/@)% sin o) + [ fo/(QF — *)1(sin Qi cos wz — (Q/w)cos O sin wi)] ;

(4.28)

and

kg = x cos wt — (1/w)x sin ot + [ fo/(Q* — 0?)]

X (sin Q¢ cos wt — (Q/w)cos Ot sin wi), (4.30)

. 33, No. 5, May 1992



Aguirre, Friedli, and Krause: Equivalent Lagrangian formalisms 1677

TABLE II. L, Lagrangians for some one-dimensional linear systems and their associated non-Noether constants of motion A, = (1 + ¢?k;) ~3.

Linear System

Lagrangian L,

Constant of Motion %,

i=—g (X + g /2[1 + @ (x + g)) X+ gt
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2 —Ae~ T+ @ (X +g/A)]
(% + wx tan wt)? . .
i+aox=0 x sin wt + (1/0)x cos wt

20[1 + ¢(x sin wt + (1/w)x cos wi}]

[Qx tan Q2 + (x + Ax)]?

$4+ 244+ 0*x=0
n=(w2_12)l/2

47— 1" =0

2Q[1 + ¢ {x sin Oz + (1/Q) (% + Ax)cos Qi}e]

(1% + x)2/2[2t + @ (2% + x)]

er [x sin Qf + (1/Q) (% + Ax)cos Q]

G417 %)

respectively, with Ay = (1 +g*%k;,) 3 and
Ag= (1 + ¢%%;) 3.

In Tables II and III we present the non-Noether La-
grangians L, and Lg, and their corresponding constants

of motion, for some miscellaneous linear systems.

CONCLUDING REMARKS

In this paper, the maximal point symmetry group of
the equations of motion for a given class of mechanical
systems (namely, one-dimensional linear Newtonian sys-
tems) has been used for obtaining systematically a family
of equivalent Lagrangians for the description of these sys-
tems. The interest of this group-theoretic approach to the
“inverse problem of the calculus of variations” stems
from its systematic generality. In fact, once the maximal
point symmetry group of a system is known to be an
r-dimensional Lie group (which is the case, indeed, for all
systems considered in ordinary Lagrangian mechanics)
the method of Lagrange transformations introduced in
this paper can be applied to obtain a set of r-equivalent
(Noether and non-Noether) monoparametric Lagrang-

ian functions for the given system. It is clear that by
applying this same approach (i.e., by means of the point
symmetries of the Euler-Lagrange equations and the use
of Lagrange transformations) one can generalize our re-
sults to either nonlinear or multidimensional Lagrangian
systems.

Of course, the nonlinear case can be faintly distress-
ing since, as it is well known, differential equations of
order higher than unity only exceptionally admit contin-
uous groups of point symmetry transformations, and non-
linear differential equations, in general, exhibit some pe-
culiar subsidiary constraints between symmetry and
nonlinearity, which may produce a strong reduction in
the number of essential parameters of the group.'® (In-
deed, there are instances such that the only point sym-
metry admitted by a nonlinear differential equation is the
identity.) Plainly, this behavior reduces the number of
admissible monoparametric equivalent Lagrangian func-
tions for such systems.

Nevertheless, the interest of our results for the pro-
gram of quantization in general (whether canonical, geo-

TABLE III. L; Lagrangians for some one-dimensional linear systems and their associated non-Noether constants of motion Ag = (1 + ¢%;)>.
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metric, kinematic, or otherwise) should be stressed, be-
cause every point transformation yields a canonical
transformation, and to every Lagrangian there corre-
sponds a particular Hamiltonian. This subject will be
studied elsewhere.
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