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Abstract

Diffusion and quantum mechanics with boundary conditions arise naturally in vari-
ous situations in physics. While reflecting and absorbing boundaries are well math-
ematically described, intermediate scenarios are not that clear. Consider a reflective
boundary which is removed for a time § and subsequently reinstated. First, we place a
Brownian particle at one side of this barrier and study its path-integral propagator. We
obtained a closed expression for the particle’s probability of being before or after the
barrier at a certain time. We then consider the same barrier, but when the removing
time is unforeseen, so the particle could cross to the other side at some time within
a known interval [0,7]. A path-integral propagator is computed, and it is shown nu-
merically that the limit to the exact path integral is convergent. Finally, we consider a
quantum particle in the presence of a reflective barrier removed at ¢ = Aty for a time §
and then reinstated. We propose a path-integral propagator for this process and show

that the corresponding wave function satisfies the Schrodinger equation.
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Chapter 1

Introduction

The purpose of this work is to study the propagation of Brownian and quantum particles
in the presence of certain time-dependent barriers. Since both quantum mechanics and
diffusion share similar mathematical descriptions, and accept a path integral formulation,
we aim to describe a physical scenario that works for the two cases.

We begin discussing the Brownian particle which is a well-known stochastic process. A
system is considered stochastic if its time evolution is subject to random forces, leading
to the study of probabilities instead of deterministic predictions. In 1827, while studying
pollen grains suspended in water under a microscope, the botanist Robert Brown observed
tiny particles, ejected by the pollen grains, doing a jittery motion [I]. He was able to rule
out that the motion was life-related by repeating the experiment with particles of inorganic
matter, although its origin was yet to be explained. At the time, the theory of atoms and
molecules was controversial to physicists, so when Albert Einstein in one of his 1905 papers
[2] brought the solution of the problem to their attention, the idea of microscopic structures
causing effects on the movement of macroscopic particles became more plausible, giving
rise to a more formal and mathematical study of diffusion.

There are many diffusion processes in nature that are studied in terms of Brownian motion.
A few examples are the diffusion of pollutants through the atmosphere [3, 4], the motion of
a massive body (such as a star or a black hole) as it responds to gravitational forces from

surrounding stars [0, 6], the diffusion of calcium through bone tissue in living organisms
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[7,[8], among others. In particular, diffusion with boundary conditions is widely studied in

the literature [9) 10] [1T].

Diffusion with absorbing boundary conditions

In this processes, particles are removed or ”killed” from the system when they reach
the boundary. These boundaries do not conserve the system’s particle number, allowing
to define the survival and first-hitting-time probabilities [12, [I3]. The calculation of these
quantities is relevant in probability theory and has had immediate applicability in a myriad
of problems: spreading of diseases [I4], animal or human movement [I5], neuron firing
dynamics [16] or diffusion in bounded domains [I7]. This type of system is readily modeled

by a diffusion equation with Dirichlet boundary conditions.

Diffusion with reflecting boundary conditions

Reflecting boundaries arise when no-flux is assumed to pass through the boundary, so
the particles bounce off upon arrival. This applies to most diffusion processes in finite
volumes, where unlike the previous case, the number of particles in conserved in time so
no survival probability is defined. Further applications are queuing models experiencing
heavy traffic [18] as proposed by Kingman [19] and proven by Iglehart and Whitt [20].

These systems are typically modeled by a diffusion equation with Neumann boundary

conditions [9].

Neither reflecting nor absorbing

However, not all processes fall into one of the previous categories. We can think of
a time-dependent boundary, which is reflecting for a certain time until suddenly, allows
particle passage to then become reflecting again. This allows us to define a survival prob-
ability, which is slightly different from the usual definition since this boundary accretes
particles for a finite amount of time. In order to solve the problem, it is useful to intro-
duce a wall-operator, which is in charge of removing and reinstate the boundary. Making
reference to Maxwells” famous thought experiment [21], this operator will be referred to

the “demon”.
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We first examine the case of a reflective wall at x = 0 that is removed at ¢ = At for a time
0 and then is restored. The relevant question is: What is the probability of finding the
particle before (or after) the barrier at a time 7'7. We obtain the path integral propagator
for this process and find a closed expression for the probability in the entire domain before
and after the wall. Further, we show that for short opening time §, the probability of the
particle to be after the barrier is O(6'/2).

We then study a reflective wall at x = 0 removed at an unknown time during an interval
¢ and subsequently reinstated; the uncertain time of removal is interpreted as the demon’s
action on the wall. The removal of the wall is achieved by replacing one microscopic
reflecting-wall propagator for a free particle propagator in the discrete path integral, and
the demon is introduced by summing over the possible removal times. The probability
density is computed along with the Shannon entropy of the system.

In section we consider a quantum particle in the presence of a reflective wall at z = 0,
removed at t = At; for a time ¢ and then restored. Marchewka and Schuss [22] already
studied the propagation of quantum particles when a wall is removed and reinstated using
path integrals. They found that the probability propagated across the boundary in time
At is O(At3/?), which is a Zeno Effect [23]. Our scenario is slightly different because the
boundary is not removed instantaneously but after a time At;. In this context, it is shown

2
mxg

that the probability propagated across the boundary is O(Atf:)’) for Aty > ;0.

The structure of this work is the following: the first chapter is devoted to theoretical
framework, where diffusion is first presented as a result of a random walk and is then
re-discovered in the context of differential equations. Further, we obtain the diffusion
and Schrodinger propagators for the free particle and the reflective wall. Section 3.1 con-
tains the main calculations and results obtained for the Brownian particle, and Section 3.2

addresses the quantum particle in the same scenario of Sec. 3.1.1.



Chapter 2

Theory

2.1 Random walk, diffusion and Brownian motion

A random walk is a stochastic process consisting of an idealized path performed by a
succession of random steps [24]. It is relevant in mathematics, physics, biology, and finance
[25, 26, 27]. In particular, it can denote the path traced by a Brownian particle as it travels
in a liquid [28]. By having the probability of each result in each step (for example, right /
left, up / down), we can obtain the probability of finding the particle in a given position
after N steps.

Since real-life particles do not travel by jumping in steps, we would like to have a continuous
model, that is, a model where the steps are so small that the particle can be anywhere in
space and time. In this section, we will show that the probability density of a continuous
random walk satisfies a differential equation called diffusion equation [29)].

Consider a walker which moves along the x-axis by steps. Each step has the length h and
time duration 7. The walker in each step can move either h to the right (event R) or h to
the left (event L).

The probability distribution of the number of successes in a sequence of N independent

experiments, each with its own boolean-valued outcome: left (with probability p) or right
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(with probability ¢ = 1 — p), is given by the binomial distribution

Py (k) = (];[)pqu"" (2.1)

where k are the steps to the right and N — k to the left. The binomial theorem states

N /N
(put )N =" <k>ukpqu'“ (2.2)
k=0
which leads to
N
d Pn(k)=(p+q" =1. (2.3)
k=0

where we verify that Py (k) is normalized to one.The expectation value or first moment of

k is

(k) = kékPN(k) = ZNI F [@[) “kpqu_k} umt

k=0

e, e
ez @] e
- [udcl(pu + q)N] = Np, (2.6)
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similarly for the second moment

N N N
2\ _ 2p _ 2 k, k, N—k
Ky => KPy(k) =Yk P B
k=0 k=0 u=
N 2
_ i N k k N—k
_Z[<udu> <k>qu (2.7)
k=0 u=1
d ' N k, k N—k
:[<udu> Z(k>upq (2.8)
k=0 u=1
d 2
= [(udu) (pu + )N = Np+ Np*(N —1) (2.9)
u=1
Now we compute the variance as follows
o? = (k*) — (k)> = Np(1 — p) = Npq (2.10)

which is a measure of the width of the distribution. Let m = 2k — N be the walker’s

position after N steps, its expectation value is
(m) =2(k) =N =N(2p—-1)=N(p—q) (2.11)
and the second moment
(m?) =4 (k*) — AN (k) + N? = 40 + (m)” (2.12)
which leads to a variance
oz, = {(m?) — (m)? = 406 = 4Npq. (2.13)

When the squared displacement is proportional to time (or the number of steps N), we call
this a free diffusion process.

Introducing the real displacement x = mh and the time ¢t = N7 we have

2 _ /.2 2 _ 42 2 2) _ 2 _ e
o =(a%) — ()" =h (<m ) — (m) ) = 4pgNh —4pqt7—2Dt (2.14)
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where D = @. Equation 1) is the well-known expression derived by Einstein for the
mean squared displacement of a Brownian particle [2]. The average position of the walker

(x) =h(m)=N(p—qh=uvt (2.15)

which defines the drift velocity v = (p — q)% For a symmetric walk where p = ¢ = %, the

drift velocity and the average position are zero. In such case the probability (2.1)) becomes

27V N!
2! 2!
which satisfies
1 1
P(m,N—i—l):§P(m+1,N)+§P(m—1,N). (2.17)
We re-write (2.17)) as
P(m,N +1) = P(m,N) _ h* P(m+1,N)—2P(m,N) + P(m —1,N) (2.18)
T 27 h?2 )
and after the substitution
2
D= h—, (2.19)
2T
we find
P(m,N+1)—P(m,N) Pim+1,N)—2P(m,N)+ P(m—1,N)
=D , (2.20)
T h?
taking the limit 7 — 0, h — 0 we get to the form of the diffusion (heat) equation
oP 9’p
— =D—. 2.21
or 0x? ( )
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On the other hand, when N is large we can use Stirling’s formula

1

log (n!) = <n + 2) log(n) —n + %log(%r) (2.22)

to simplify equation ([2.16). We obtain

1 1 N 1 N -
log P (N4 = )log N — = (N+m+Dlog || — 2 (N—m+1)log m
2 2 2 2 2
1
~ 5 log2m — Nlog2, (2.23)

now write

N+m N m
- (1=%) 2.24
2 2 < N ( )
and expand for m < N as follows
o <1im>~j:m—m2 (2.25)
SUEN) TN T o '
Equation (2.23)) now becomes
1 1 N m m?
logP~ N+ =)logN — = (N Dlog—+———|—
og ( +2>0g 2( +m+)[og2+N SN2
1 N m m? 1
Simplifying we obtain
log P~ — Log N 4 Tog2 — Llog2r — - (2.27)
og P~ —log og 5 log2m — o .
which leads to
2 m?
P(m,N) ~ | ——e 2~ (2.28)
TN

Ne)
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Since the problem is translational invariant, if the walker starts at a point different from

zero, say, m = my, the solution changes only by a shift

2 _(m-mp)?
P(m,mg,N) ~ —e = - (2.29)

s

If every step has length [ and each step take a time 7 then the initial position of the
particle will be zg = mgl, the final position x = ml and the time of the Nth step t = NT.

Re-writting P(m, mg, N) we have

1 I
P(x,xg,t):q/élet <e— Dt ) (2.30)

2.2 Random walk with reflecting barrier

B B'
A
0 m, m ———>
Figure 2.1

Consider a barrier at m = myg such that the particle has probability 1 to turn left when
reaching it. Naturally, trajectories that otherwise would not get to a certain point now will
because of the reflection, causing the probability to increase. Consider the N —m plane of
Figure[2.1] where N are the steps, and m is the position of the particle. In the absence of a

barrier, the probability that a particle arrives at m after N steps is given by (2.16]). Take, for

10
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example, the green path; without barrier, it would count once, but now, with a barrier, the
step AB is rather obligated, so, a trajectory that would otherwise prefer B’ (without barrier)
has now to be added to the probability. Note that for every trajectory leading to the point
m after hitting the barrier once, there is exactly one trajectory leading to the image point
after a single reflection. Conversely, for every trajectory leading to the image point that
cross the barrier once, only one trajectory leads to m after a single reflection. Thus, there
is a one-to-one correspondence between a trajectory and its reflected companion. The
probability will contain the trajectories without barrier plus the trajectories leading to the

image point
Py (m,N)=P(m,N)+ P(2my —m,N) (2.31)

where P(m, N) is given by (12.16]). If we shift the problem such as the barrier is at m = 0

we have, for N > m

2 (m—mq)? (m+mg)?
Piy(m, N) = | (e N e > (2.32)

which in the continuous limit x = mh, t = N7 h, 7 — 0 becomes

1 (z—wg)? (z+z0)?
Pw(x,t) =\ 5 <e— E e bt > (2.33)

with D the diffusion coefficient defined in (2.19)). Just as (2.30)) is a solution to the the
diffusion equation (2.21)), Py (z,t) is too with boundary conditions

aPW(:th)

o LZO =0 (2.34)

sa=0.0)= |

where J(x,t) is the current at position x at time t. This is a reflecting boundary condition,

and states that there is no particle flux through the wall.

11
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2.3 Computing propagators

Many natural phenomena are described by differential equations, from quantum to
classical physics. In particular, two well-known differential equations are the diffusion and
Schrodinger equations; both describe the time evolution of probability density. One can
obtain the probability density at any time by knowing a quantity called Green’s function,
which is related to the differential operator of the equation and propagates the probability
function in time. In this section, we will calculate the Green’s function of the diffusion and
Schrodinger equations. In diffusion, we shall find the same results as in our discussion on
random walks, but as R. Feynman said: “there is a pleasure in recognizing old things from

a new point of view.”

2.3.1 Green’s Function

In particular, if L is a linear differential operator, acting at a point (xg,ty), we define

the Green’s function G(z, xg;t,to) of the operator L as:
L(z,t)G(x,z0;t,tg) = d(x — x0)d(t — to). (2.35)
If we multiply (2.35]) by some function u(zg,ty) and integrate in o

L(:U,t)/dxo G(z, xo; t, to)u(xo, to) = 6(t — to) /dxo d(z — zo)u(zo, to)

— 5(t — to)ulz, o), (2.36)
and define
w(z, 1) = / dzo G, x0: t, to)u(o, to), (2.37)
we are left with
Lz, tyulz, t) = 8(t — to)ul, to). (2.38)

12
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For t # to, (2.38) is
L(z,t)u(x,t, ty) =0, (2.39)

which is a linear homogeneous differential equation. If we know the Green’s function
G(z,x0;t,tp) and the initial condition u(z, tp), the solution is given by (12.37]).
For t =ty we require that

lim G(x,zo;t,t0) = d(x — z0). (2.40)

t—to

Conversely, if we consider an initial impulse u(zg,tp) = §(z’ — z¢) in equation (2.37)), then
u(z,t) = G(z,2';t,tp), which allows us to interpret the Green’s function as the system’s
response to an impulse. On the other hand, equation shows that the Green’s function
plays the role of propagation between the function u at some time, to another. That is

why in some contexts, Green’s functions are called propagators.

2.3.2 The diffusion propagator

Now we compute the propagator for a diffusion process. The result is obtained from
the Green’s function defining differential equation. A fluid of density p(z,t) tends to flow
from a point where the density is high, towards a region of low density. The current J is
therefore assumed to be proportional to the gradient of the density:

dp

J=-D—
oz’

(2.41)

where D is the so-called diffusion constant. If we combine (2.41)) with the continuity

equation, we obtain the diffusion equation

2
(aat - Daiz> plo,t) = 0. (2.42)

13
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Now we want to compute the Green’s function G(z,zo;t,t) of (2.64) in an infinite one-

dimensional region. The defining differential equation for G is

d d?
<dt — Dd$2) G(:E, Zo; t, to) = 47T5($ - a:o)é(t - t()) (2.43)

Since the Green’s function depends only on the differences, we define r = x —x¢, 7 =t — 1.

We write down the Fourier transform of the Green’s function

1 .
G(r,7) = — /dk‘ e*rg(k, ) (2.44)
2T
We insert ([2.44)) into the defining equation (2.43) and use the Fourier representation of the

¢ function to obtain

d
d—g + Dik2g = 4md(7). (2.45)
.

This differential equation has the following causal solution
g(k,7) = 47rDe_k27D@(T) (2.46)

if we insert (2.46) in (2.44)), we obtain a Gaussian integral (Appendix

G(r, 1) 1/dk eikr47rDe_k2TD®(T) (2.47)

T o
leading to the Green’s function

1 2

G(r,7) = We*f-ﬁ@(f). (2.48)

which is the same function we obtained for the probability distribution in a continuous

random walk ([2.30)).

14
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2.3.3 The Schrodinger propagator
The Schrodinger equation is
0?W (z,t) 0V(x,t)
—h? = ih ’ 2.4
o> "ot (2:49)
if Ug is an eigenstate of the Hamiltonian
d2W(x,t)
—h?——3"= =EU 2.50
CLT2 E, ( )
then we can write down
U(z,t) =Y Ap(t)Us(z) (2.51)
E
Ag(t) = /Ug(m)\ll(x,t)dx. (2.52)
Now we insert in (2.49)) obtaining
—B*Y Ag(t)(———=) =ihY U 2.53
S astt) (i) = n S uste) (Vo). (2.53)

which, using equation (2.50) and the ortonormality of Ug, gives a differential equation for

Ag(t)

dAg(t)
dt

EAp(t) = ih

with solution

iE(tlft)

Agp(t) = AE(t')e h

15

(2.54)

(2.55)
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Inserting (2.55)) in (2.51) and using (2.52) we have
Ui, t) =3 Ap(t)e'™ T Up(a)
E
B(t'—t)
-3 ( / UE(x’)@(ac',t')dx') & U ()
E

_ / (Z Ug(x')UE(x)eiE“é”> U(, ') da, (2.56)
E

where, by comparing with the convolution property (2.37)), we have found the eigenmode

expansion for the Green’s function

E(t' 1)
Gz, t;2',t') = 3 Up(a\Up(z)e ™ 7. (2.57)
E
Using plane waves for the eigenfunctions
Ugp(z) = me h, (2.58)
we have
1 pl—a’) . p2(t—t))
Gz, t;2' ) = P B e T dp, (2.59)

working on the argument of the exponential, we finally get to

Gz, t;a/ ) = /ZF%T(B;%T(H'V (2.60)

with T'=t — t/. This is the unrestricted, free Green’s function that describes the propa-

gation into the future as well as back into the past. The retarded and advanced Greens

functions are

G (x, t;2' ) = Ot —t)G(z,t;2', 1) (2.61)

G (x,t;2', ) = -0 —t)G(x,t; 2/, 1) (2.62)

16
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Note that the transformation T — —it changes the Green’s function ([2.60)) into the Green’s

function for the diffusion equation.

2.3.4 The reflective wall
Diffusion equation

We aim to describe diffusion in half space with reflecting boundary conditions. The
latter means that there is no particle flux across the boundary. If the current J is propor-
tional to the gradient of particle density as stated in (2.41]), then the boundary condition

will be
dp(z, 1)
dx

lim J(x,t) = =0 (2.63)
z—0

with the boundary located in x = 0. In particular, we want to obtain the Green’s function

Ky (x,x0;t,to) for the diffusion equation with such a boundary condition, i.e, a solution

for
E—Dd—2 Ky ( it,to) =0 (2.64)
dr d$2 w\Z,Xo,l,t0) = U. .
with initial condition
Jim Kw(z,z0;t,t0) = 6(x — x0) (2.65)

and boundary condition

. dKw(x,z0;t,t0)
lim
x—0 dz

= 0. (2.66)

The propagator that fulfills all those requirements is

1
1 2 (z—x0)? (z+x0)?
Rw (@, z0,7) = <47er> <€ o e > ) 7 (2.67)

where 7 = t —tg. This propagator represents the probability density of a Brownian particle

to propagate from (zo, o) to (z,t) in the presence of a reflective barrier at = 0, and is the

17
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same function we encounter in a continuous random walk with a reflective barrier (2.33)).

Quantum mechanics

In this section we will compute the quantum mechanical propagator of a particle con-

fined to the half plane. The completeness relation reads

1:/Ooolr><r|dr

we want to compute

H(tb ta)

(Tps to|Ta, ta) = (rple” |7a)

rb]HeZh\ra.

We factorize into many time slices

N+1

N o ;
- He
<Tb7tb‘7'aata> = H [[) dTn:| H <Tj| e |Tj—1>7
n=1

and as H(p;) = H(—ih0,,), we have

N N+1

(Th, to|ra, ta) = H [/0 drn} H € N 0 (7’]‘7“] 1)

n=1

The spectral representation of the transition element (r|r’) is

(rlry = [ ak ol (vl

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

we insert the (r|k) corresponding to a solution whose boundary condition is to vanish at

r=20

(r|k) = \/% (eikr _ efikr> '

18

(2.74)
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Replacing in Equation (2.73) we have

|ty = % /_Z dk (6ikr B 6—ikr> <e—z’kr’ _ eikﬂ)
L Ak (eik(r—r’) _ eik(r—i—r’))

o oo

=6(r—1) = 8(r+1), (2.75)
then, replacing p = hk

. . o
e~ WHEMIG) (o p ) = e_ler(—iha’"j)/ dp. (ei%(rj_Tj—l) _ e’i%(rﬁm—l))
I oo 2Th

_ /Oo %g%fﬂp) (ei%(rrf‘j—l) — ei%(’“ﬁ?“jfl)) _ (2.76)

It can be seen that, for simplicity, we can work on the amplitude (ry,ty|rq,tq) With zero
Hamiltonian and at the end add —% (p) to the exponent inside the momentum integral.

Equation (2.75)) can be re-written as follows

<r‘r'> = mZ;U . Py exp <;p(3: — ') +in(o(z) — a(x'))) _ (2.77)
where
o(x) = O(—x). (2.78)
The amplitude with zero Hamiltonian is
<Tb7 tb‘rm ta>0 = <ra’Tb> (279)
we factorize into many time slices
N o N+1
<7"batb’7”a7ta>o = H [/ dT‘n:| H <T'i‘7"z'_1> R (2.80)
n=1 /0 i=1

19
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by inserting equation (2.77)) we obtain

(Tby tp|Tasta)y = ﬁ [/OOO dTn]

n=1

N+1

j=1 |=zj==xr;

(2.81)

bR )]

for every ”n” we will basically have an integral of the type

[T arum+sem = [ e (2.82)
0

—00

only the last sum cannot be accommodated in this way because there is no integral over

ry4+1. We get to

(Tostolrasta)g = ﬁ [/OO dl’n] ﬁ [/ ;15%} exp (ZZZH %p(l‘k — op1) +im(o(xr) — o(rh-1))

zp==%7p n=1

(2.83)

where we have set xxy+1 = Tp, "N+1 = 7. Now the integration measure is the usual for
the path integral without constraints. In the continuum limit, the exponent corresponds

to an action

ty
olp, z] = / dt (p& + hrdyo(x)) = Ao(p, ) + Afopol- (2.84)
ta

Consider now a free particle in the right half space with the Hamiltonian
H=— (2.85)

as we stated before, the Hamiltonian can be added to the action without a problem, so we

have

Alp, 2] = /t :b at <pj3 - 21’; + fm&m(w)) , (2.86)

20
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CHAPTER 2. THEORY

and the topological term is
?opol = hm (O-(xb) - J(xa)) . (287)

The propagator will be

tutlrat = S [0 [ Pe (3 /t:bdt i = Lt (o) — o0 ).

zp==7r

(2.88)

the integrals are carried out in the same way as for a free particle since the last is a pure

boundary term. The result is

[im (zp — x4)?

Ty to|7as ta) = P—

zp==rp

m exp + i [J(SUb) — U(xa)]:|

m im (rp — ra)Q im (rp + T‘a)2
_j_m MRATD T Ta)” | e [T ATE T Ta ) 2.
omi(ty — to) (eXp {25 th—t, ] P [2?1 th—t, (2.89)

with x, = 4.
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Chapter 3

Calculation and Results

3.1 Diffusion scenario

3.1.1 Barrier with known removal time

Consider a Brownian particle that starts on one side of a reflective wall located at

2 = 0. The wall is removed at ¢ = At; and reinstated at ¢ = At; + . When the wall is

removed, the particle can cross to the other side or stay. In this section, we will obtain the

probability of finding the particle at some position at a time 7. The one-dimensional free

diffusion kernel is

1
1 2 o — TN 2
KF(fUOQfBNaT) = (47TD7'> €xXp [—(4197)} )

the propagator for diffusion with a reflective wall is
Kw(vo,xn,T) = Kp(vo; 2N, T) + Kp(w0; —2N, T),
which is obtained from solving the diffusion equation with initial condition

lim K (zg,zn,7) = 0(xny — x0),
7—0

22
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and boundary condition

lim 0, K (xo,z,7) = 0. (3.4)
z—0

"""--..\\ﬁ‘\

\\E X

Figure 3.1: To compute the propagator, we divide the total time into NV — 1 segments of
length € and one segment of length ¢; in this case, we have N = 4 segments. The piece of
length ¢ is a free particle propagator, while the others are wall propagators.

We will construct a path integral made of infinitesimal diffusion wall propagators ,
and change one of those by a free propagator . If the wall is located at x = 0 and
the particle starts at the positive side, all points before crossing will be integrated between
[0,00), and the points after crossing between (—oo,0]. If the total time of the experiment
is T, and the wall was removed for a time ¢§, then it was closed for a time T — §, we
will divide the time it was closed in N — 1 segments of length €, so the total time will be
T = (N —1)e+ 9, Figure shows the time discretization when N = 4. The propagator
will be

,CAl([BO,I'N,(S,ﬁ,k,N) =

k 0 N-1 0 k
<H/ d:L’y) H / d:L’j <H KW(xi/_l,:ci/,e)> Kp(xk,xk+1,5)
=170 o0

j=k+17 " i'=1
N-1
X H KW(ZIIj/,"L‘j/+1,€) y (35)
3'=k+1
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where the subscript A stands for “After”, T is the total time, and xy € (—o0,0]. As the

wall propagators satisfy the following Chapman-Kolmogorov equation for Markov processes

[11]
0o 0
/ day1 Kw(xo, 1, t1 — to) Kw (21, 22, t2 —t1) = / do1 Kw(xo,z1,t1 — to) Kw (21, 22, t2 — t1)
0 —00
= Kw(l‘o,ﬂjg,tg — to), (36)

we end up with

’CA1($O>$N75767]§7N) =
0o 0
/ dxk/ dxk+1 Kw(.%'(),.%'k,kG)KF(.T}k,xk+1,5)Kw({L‘k+1,xN, 6(N -1 k)), fOl" TN < 0
0 —00
(3.7)

Consider the case where the particle stays before the barrier instead of crossing within the

time interval §. The corresponding propagator is

’CBl(l’O,l’N,(S, 67k7N) =
/ da:k/ dzgr1 Kw(xo, vk, ke) Kp (g, Tht1, O) Kw (Tkr1, 2N, (N — 1 — k)), for xny > 0
0 0

(3.8)

where B stands for “Before”. Adding this together, the total propagator will be

Kl(xﬂv IN, 57 €, k? N) == ]CBl(x()a TN, 57 €, k7 N)@($N) + ICAl(xﬂv IN, 57 €, k? N)G(_«%.N)
(3.9)

The integrals in equations , are solved analytically, yet the explicit expression is
not shown here since it is rather complicated (see Appendix . Figure shows equation
as a function of xy for different d, here we use the constraint ¢ = % that states
that for a fixed total time T and partition N, the time steps € have to vary as a function
of §. We observe that when § — T, the curve approaches the free particle, and conversely,

when § — 0, the curve tends to the reflective wall. This is a direct consequence of the
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6=0.001s
6=0.1s
0.4 6=05s
\ Free particle 6=1s

0.3 \\ 6=09s

4 -2 > 4 6 8 1M

Figure 3.2: Probability density K; as a function of the position zy given that the particle
starts at 9 = 1 m, with a diffusion coefficient d = 0.5 m? s~!, a total time T = 1
sec, a crossing step kK = 2 and a partition N = 5. The different curves are for § =
0.001,0.1,0.5,0.9 and 1 sec.

propagator’s construction: setting 6 = 0 in equations (3.7)), (3.8) we obtain

ICBl(an TN, 5’ €, k;,N) =

/ dmk/ dz1 Kw(xo, zk, ke)o(xg — zpr1) Kw (2k41, 2N, (N — 1 —k)), for xxy >0
0 0

ICAI(:B07$N’67 €, kv N) =

[e’e) 0
/ dxk/ dzgi1 Kw(xo, xg, ke)o(xp — pr1) Kw (2gps1, oy, (N — 1 —k)), for xy <0
0 —00
where d(xy, xg+1) is the Dirac delta. Solving the x4 integral for Kp; we get

’CBl(mo,xN,(S, e,k,N) = / dack Kw(aco,xk,ke)KW(xk,xN,e(N —1- k}))
0

= Kw(zo,zn,e(N — 1)), for xy > 0.
and using T'= (N —1)e+d = (N — 1)¢, Kp1 becomes

Kp1 = Kw(zo,zn,T), for zy >0, 6 =0. (3.10)

25



CHAPTER 3. CALCULATION AND RESULTS

In the case of K41, since xx > 0 and xx+1 < 0, the integration of the Dirac delta gives

zero, thus K41 for 6 = 0. Therefore, the total propagator for 6 = 0 is

Ki(zo,zn,T) = Kai(zo,2n,T)O(—2zN) + Kp1(z0, 2N, T)O(2n) = Kw (20, 2N, T)O(zN)
(3.11)

Now, for 6 = T we have € = %—:‘i = 0, so the two wall propagators of equations l) i

will become Dirac deltas, giving

oo o0
Kpi(xo,zn,T) = / dxk/ dzgi1 0(xo, xp) Kp(xg, tpr1, T)0(xgs1, zN), for xy >0
0 0

00 0
]CAl(JZo,IN,T) = / dxk/ dxk_H 5(x0,xk)KF(:zk,xk+1,T)5(xk+1, JIN), for zn < 0.
0 —00
Solving the integrals we have

/CBl(l‘o,:EN,T) = KF(JL'O,QSN,T), forxy >0

Kai(xo,xzn,T) = Kp(xo,zn,T), for xy <0, (3.12)
arriving to the free propagator as expected
Kl(xo, acN,T) = KF(CL'(),.’L'N, T)@(I‘N) + KF(xo, xN,T)G(—xN) = KF({L'(), xN,T) (313)

From Figure [3.2] we observe a discontinuity at = 0, meaning that the propagator for the
left side has a different value at the boundary than the one from the right. In the reflective
wall the probability density drops abruptly to zero at the boundary, and conversely, in the
free particle case there is no discontinuity at all. Being an interpolation between those
two cases, our propagator K shows a gap at x = 0 that decreases as 6 — T' (Figure [3.2]).

Further, we can obtain the explicit value of that gap via

AKl = ’CBl(l'o,iL‘N,5, G,k,N) — ICAl(xo,xN,(S,e,k,N) (3.14)

zn=0
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which, using the explicit values of Kp; and K4; from egs. (B.§) & is

22

e 4D(5+e(—k+N—1)+ke)

T /D@ te(-k+N 1)+ ke)

AK;

(1 — 4T (a, B)) (3.15)

where T'(a, 5) is the Owen’s T function [30] and

zo\/e(—k+ N —1)

V2D(0 + ke) (6 + e(—k + N — 1) + ke)
V(6 +e(—k+ N —1) + ke)
- eVE(Ck+N—-1)

o=

8

Note that when ¢ is zero, S becomes zero too and the Owen’s T function vanishes, giving

22 2
x IO

6_4D6(+N71) e 4DT

B \V/7TDe(N — 1) B VrDT

AK, (3.16)

which is precisely the reflecting wall propagator (3.2)) evaluated at zny = 0.
Conversely, if ¢ is the total time T, then € is zero; causing « to vanish and g to be infinitely

large. The Owen’s function becomes

1

B—00

thus giving AK; = 0, which is the free particle case.

Figure shows AK; from equation as a function of 4. Four curves are plotted,
each for a different total time 7T'; here we see the interpolation from the reflecting wall to
the free particle obtained above. Next is to show that the total probability is normalized

to one, i.e

o) 0
/ dzy Kpi(zo,zN,0,€,k, N) +/ dzy Kai(xo,zn,0,6,k,N) = 1. (3.17)
0

—0o0

The proof goes as follows: let Ppy and P41 be the probabilities for the particle to

be before or after the barrier, respectively. Since the integrand is a squared integrable
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0.2 0.4 0.6 0.8 1.0

Figure 3.3: Equation (3.15) is plotted as a function of §, each curve is for a different total
time 7. We used a diffusion coefficient of D = 0.5 m? s~!, initial position zy = 1 m,
crossing step k = 2 and a partition N =5

function, we can swap the integrals to get

0

[e's) 0
PAl(mo,T) = / de / dl’l/ d.%'Q Kw($0,$1,Atl)KF(xl,.iL‘Q,(5)Kw($2,$N,T — (5 — Atl)
[e's) 0 —00

0o 0 0
= / dxl/ dzs / dzy Kw(zo, 1, At1)Kp(z1,22,0)Kw (22, 28, T — 0 — Aty),
0 —00 —0o0

(3.18)

defining Aty =T — § — At; we have that (3.18]) is

Py =

! (1) ! : T ’ d ’ d ~Ggoep® | _agde)? (21 —wp)
_ ty ty T 4Dé
<47rDAt1> (47TD5> <47rDAt2> /0 1 /Oo 2 /Oo TN (e te >e

_ (za—zp)? _ (zatzn)?
x | e 4DAt; 4 ¢ 4DAL

1 1
1 2 1 2 [ 0 (z1—22)2 _(z1-2g)? _ (z1+z0)?
= dx dag e” D3 e ADAt ¢~ DAt
<47TDN1> (47TD5> /0 ! /_OO ? *

(3.19)
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Analogously for the right side

P L B LT Sy e
= T 4Ds i1 31
51 =\ 1zDAt ) \4xDé /0 o /0 2 e ¢ e

(3.20)

We can sum up the integrals over dzo to obtain

Pt P L B e T
= 4Dé 1 1
At =\ gpan ) \arps /0 o /_ e ¢ te )

(3.21)

and solving the integrals we find
Py + Pp1 =1 (3.22)

These probabilities can be expressed in terms of the the Owen’s T function T'(a,b) [30].

/ 1 [ 0
PAl(anDa(;aAtl) =2T <$0 2D((5—|—At1)’ At1> (323)
Ppi(20, D,0,At) = (127 ! -2 (3.24)
B1\Zo, &, 0, 1) — Zo 2D((5—|—At1)’ Atl : :

On the other hand, if § < At; we can Taylor-expand the Owen’s T function as follows

o?

ez

T(a,f) ~ ——+ OB, for p< 1 (3.25)
with 8 = Aitw we obtain
AT TVAL ' :

The probability for the particle to be after the wall is O(6'/2) for § < At;.
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3.1.2 Barrier with unknown removal time: The demon.

Now consider a reflecting boundary at z = 0 that is guarded by a ”demon” who can
remove it once at a time between [0, 7], for a time §. As in the previous case, the Brownian
particle is initially at © = x¢ and crosses from the ray [0, 00) to (—oo,0]. Since the barrier
opens at a time between t = € and t = (N — 2)¢, we obtain the propagator by summing

over all possible t;, = ke within k = [1, N — 2].

m ANl g, (AANZ2 /NS0 ko roo
2 2
Kao(zn,zo,D,6,e, N) =A <47rDe) (47TD5) Z ( H /_Oodmi/> (H/o dwz‘)
k=1 \i/=k+1 =1
k
< | [T BEw(@j-1,25,€) | Kp(ap wei,0)
j=1
N—1
X H KW(SCj/,LEj/_;'_l,T*k(?*é) y (327)
§'=k+1

where the subscript A stands for ” After” since this propagator describes the probability
density after crossing the barrier, T'= (N — 1)e + § and A is a normalization constant. As

the wall propagators satisfy the following Chapman-Kolmogorov equation (3.6), we write

KA2($N7x07D75a67N) =

D=

 (wp—opg1)?

AN—2 1 % 1 2 1 % ood 0 1  (wp—up)?  (sgtap)?
4w DAty 4Dke 1Dke
kzzl Am Dke 4D 47 DAty /0 Lk / Trpt1 (e +e .

—00

_ (5%4-1—:'?N)2 _ (3%4-1+90N)2
X e 4DAtg +e 4DAtg . (328)

where Aty = T'—ke—4. As in the previous case, we compute the probability density to find
a particle before the boundary (i.e., on the positive half-plane) at time 7' = (N — 1)e + 4.
This propagator is very similar to (3.28), only with a change in the integration limits of
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the x4, integral

,CBQ(J:N7$0’D767€7N) =

N-2 1 3 1 \2 1 3 [oo 0o (vp—1)? (eoten)? .
m 7D AT DAL d - . —~ 2 _ -
kzl <4 Dk‘e) (4 (5> <47rDAt2> /0 dxk/g Tht1 (e 4Dk e~ iDE > ¢ 2

_(epg—zn)? _(epgaten)?
x| e 4DAty +e 4DAty . (3'29)
Plugging this together, we obtain the total probability density

KQ(-’L'N, Zo, -D7 57 €, N) = ,CBQ(xNa Zo, -D7 57 €, N)@(IIZ’N) + KAQ(%N,.T(), D7 57 €, N)@(_‘TN)

(3.30)
Now we proceed to find the normalization factor needed to fulfill the condition
0 00
/ dzy Kao(xn,x0,D,0,€,N) +/ dzy Kp2(zN, 0, D,d,6, N) = 1. (3.31)
o 0
Define
0
PA2($0,D,5,6,N) :/ d:L'N KA2<$N,:L'0,D,(5,€,N) (3.32)
Ppa(xo, D, d,¢,N) :/ dzy Kp2(xn,x0, D, d,€,N), (3.33)
0
we have

PAg(l‘o, D, 5, €, N) =

0 N-2 1 1 1 ) 0 2 2
1 2 1 2 1 2 _ (zo—xg) _ (zotay)

A [ d d 4DAt 4DAt

/_Oode ; <47rDAt1> (4@5) <47rDAt2> /0 Ok /_Oo T (e Lore 1 )

(zp—zpy1)? _ (opy1—an)? _(eka1ten)?

X e~ D3 (e DALy e ADAnL ) (3.34)

Entering the x integral in the sum and following the same procedure as in sec. [3.1.1
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we find

PA2(:E0aDa57€,N) =

3 1 ? 1 2 [ 0 _Grmengn)® [ (@g—w0)®  (zptag)?
A (par ) Cops) | don [ dmen 7555 (080T ot )
1 B -
k=1

(3.35)

analogously for the right side

PBQ(x07D75767N) =

N—2
AS (L
<47TDAt1>

[NIES

1
1 3 [ 00 (pmepg)? [ (@p—w0)? _ (eptep)?
nDs dxy, driy e iDs e ADAt, 4 ¢ 4DAY |
u 0 0

k=1
(3.36)
Carrying out the integrals and the sum we finally have
PAQ(LEo, D,é, e, N) + PBQ(.TQ, D,é,e, N) = A(N - 2) =1, (337)
then
- (3.38)
- N-2 ‘
1 1/ 1
:3" \ o J;/: \ P ;r "._.l.\

Figure 3.4: Probability density at T = 5 sec. for a Brownian particle that starts at
xzo = 4 m given that: (1) is in the presence of a reflective wall (orange), (2) is in the
presence of a demon (blue points), (3) is free (green). The three different plots account for
6 = 0.0001, 2.5,4.9 sec. respectively. We consider a partition of N = 4.

Figure [3.4] shows a comparison between the probability densities of the free particle,

the reflecting wall, and the wall with a demon. We note that when § — 0, the wall with
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a demon approaches the reflective wall (left plot), and conversely, when 6 — 7' =5 sec, it
approaches the free particle (right plot). The latter we stated in the previous section is a
consequence of the propagator’s construction. The middle plot shows neither full reflective
nor total free propagation, but a wall with a demon that removes it for a time § = % =25
sec.

Going back to the total probabilities, we have

1 N—-2 1 % 1

> 0 _ (ep—mpg0)?
dxy, dxpiq € aDs

_ (wp—20)> _ (zg+20)?
X (e 4Dke + e 4Dke ) R (339)

N|=

N-2 1 1 2

1 1 2 1 2 [ o (@ —Tpy1)
Pp(20,D,6,e, N) = (= | 3 P P
s2(z0, D:0 & N) <N—2> <4kae> (47rD5) /0 x’“/o Thrr € A

k=1
_ (zp—20)? _ (mptmg)?
X <e 4Dke ~ + @ 4Dke > . (3.40)

which can be expressed in terms of the the Owen’s T function T'(a,b) [30] as follows

1 = 1 5
PA2($O,D75,6,N) = m kz; 2T (I'() m, k€> (341)
Ppga(x0, D, § N)—LN# R 7el Poy N S (3.42)
B \'2DG + ke)’ Ve ) | '

Figure[3.5|shows equations (3.41)), as a function of the opening time ¢ for different
partitions V. To impose a fixed total time T we set € = ]{,—:51, so that when § increases, the
time slice € decreases. We note that as 6 — 0 the probability before the barrier approaches
one and after the barrier approaches zero. On the other hand, if 6 — T both probabilities
approach the free particle case, which is the expected result. In conclusion, the smaller
parameter ¢, the more confident we are that the particle is before the barrier.

A rigorous way to measure how certain we are of an outcome in a probabilistic experiment

is the Shannon’s entropy. Given an experiment of two possible outcomes, one of them with
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Figure 3.5: Probability of a Brownian particle that starts at xg = 0.1 m to be measured
at T' = 100 s before (Pp) or after (P4) the barrier when it is removed for a time ¢ s at
any moment. Three curves, one for each N = 4,10,50 are shown. In dashed line is the
probability to find a free particle at T' = 100 s released at the same point.

probability p, the Shannon’s entropy reads

H(p) = —plog(p) — (1 —p)log(l - p). (3.43)

If we use our probabilities P4 and Pg = 1 — P4, we can obtain the entropy as a function of

0 as shown in Figure If § = 0 then Pg = 1 which leads to H = 0 according to (3.43)),

[ 2 T T T
0.6 X
Maximum Entropy

0.5 T=100s

0.4 N=4
Xo=0.1m

0.3

0.2

0.1

20 40 60 80 100

Figure 3.6: Shannon entropy as a function of § for fixed values of total time T" = 100 s,
partition N = 4, and initial position zg = 0.1 m.

in this case we know for certain that the particle has not crossed the boundary, fact that

minimizes the entropy. The probability for a free particle to be after the barrier is

1 1 1
Py(D,xy,T) = ierfc <2a:0 ) , (3.44)
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we note that it approaches % when T is large. Also, note that the entropy 1} has a
maximum at p = %, thus, the free particle reaches maximum entropy at long times. For
T=100s,d=0.5m?"!, zg = 0.1 m, we have that Py = 0.496 and the entropy is almost
maximal. In particular, our system reaches its maximum entropy when it tends to the free
particle (6 — T') as shown in Figure

Further, we can study the dependence of the propagator on the time partition N. Figure
shows the configurations considered when computing the total probability for N = 5,
recall that the demon can open the barrier right after the first (wall) propagator until
right before the last, so if N = 5 there are three possibilities. In general there are N — 2
configurations we add together to obtain the total probability.

T T T

Figure 3.7: Possible configurations that sum up the Brownian particle’s total probability
to cross to the other side if we divide the time into N=5 segments. When the barrier is
closed, the segments are of length € and § when it is open.

Figure shows the probability density (3.30)) for different N. We find that the curve
changes very slowly, and mainly at the boundary, an increase in N results in a decrease of

the probability density at the boundary before crossing, and an increase after crossing. If

Probabilty Density (1/m Probability Density (1/m
- o N=4
o N=4 0.12)
& ", N=10
N=10

o Na200 * N=200

* N=1000 * N=1000

il T esesssssssssaeantet
...... . . . ™_ position (m) gee Position (m)
2 4 6 8 0 -2 -1 1 2

Figure 3.8: Probability density for the barrier with demon as a function of the position for
different partitions N = 4,10, 200, 1000. The right plot is a close-up of the left plot at the
boundary.

we were to take the limit NV — oo, which is the exact path integral, it seems to converge
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to a finite value. To reinforce this affirmation, we take a point near the boundary from the
curve and plot it as a function of N (Figure . We observe that indeed for large IV,

the curve saturates to a constant value.

Probability Density at x=0.01 m Probability Density at x=-0.01 m

0.0090
00645}

0.0085f ¢

0.0080

\ 0.0075
00630} .

N N
50 100 150 200 250 300 50 100 150 200 250 300

Figure 3.9: Probability density at # = 0.01 m (left) and x = —0.01 m (right) for the barrier
with demon as a function of the number of partitions N.

3.2 Quantum scenario

3.2.1 Barrier with known removal time

This section addresses the case of a quantum particle in the presence of a reflective
wall potential that is turned off and on at known times. The procedure follows in the same
fashion as the diffusion case in section [3.1.1] However, the reader does not need knowledge
of the previous sections.

Consider a reflecting wall located at x = 0 and a quantum particle that is initially at zg > 0,
the wall is removed at ¢t = Aty and reinstated at ¢ = Aty + §. When the wall is removed,
the particle can either cross to the other side or stay. We aim to obtain the probability of
finding the particle at some position at a time T given that the wall is removed for a time

6. In Chapter [2| we obtained that the one-dimensional Schrodinger propagator is

m m
Ko(zo,zn,T) = 4/ 5T &P [%T(aco - :UN)Q:| , (3.45)

and for a particle in the presence of a reflecting wall at = 0 the propagator becomes

Kw(:lio, JIN,T) = K0($0;xN,T) - Ko(xo; —JIN,T). (346)
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We construct a path integral made of infinitesimal half space propagators , and
change one of those by a free propagator . If the total time of the experiment is T,
and the wall was opened for a time 4, then it was closed for a time T'—4, we divide the time it
was closed in N —1 segments of length ¢; thus the total time will be T'= (N —1)e+4. Figure
shows the time discretization when N = 4. Let K44, be the probability amplitude

that the particle is at zx < 0 after a time T given that started at xo > 0, then

K agm (o, 2N, T) =

k ) N-1 0 k
(H/ d.ny) H / d.ij (H Kw(xi/_l,xi/,e)> Ko(xk,$k+1,(5)
i=1 0 0

j=k+1" " i'=1
N-1
X H KW(.CCj/,QSj/+1,€) y (347)
J'=k+1

where k € [1, N —2] is the crossing step, and the subscript A stands for ” After” the barrier.
As the wall propagators satisfy the following Chapman-Kolmogorov equation (3.6)), we

obtain

00 0
K agm(xo, xn, Aty1, 6, At) 2/ d331/ dxe Kw(zo,x1, At1)Ko(x1, 22, 0) Kw (22, xN, Ata).
0 —00

(3.48)

where Aty + § + Aty = T. Similarly, the probability amplitude that the particle is at

xny > 0 after a time T given that started at xg > 0 is

ICqu(xg,xN,Atl,é, Atg) :/ dl‘l/ dl‘z Kw(:l?(),:ﬂl,Atl)K(](ﬂj‘l,1‘2,5)Kw(33‘2,$N,At2).
0 0

(3.49)
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where B stands for “Before” the barrier. If we take an arbitrary normalized initial state

1o (o), the corresponding wave functions will be

¢A($a 57 Atla AtQ) = /dxo 1/JO($O)]CAqm($Oa Z, Atla 67 T)

0o 0
= /dl‘o w[)(l'o)/ d:c1/ dxg Kw(l'o,l'l,Atl)Ko(xl,xg,(s)Kw(xQ,x,Atg).
0 —00

(3.50)

(8, A1, Ats) = / Ao o (20)K g (30, @, At1, 5, T)

Z/dwo ?,Z)o(mo)/ d$1/ dze Kw(zo, 21, At1)Ko(z1, 22, 0) Kw (22, 7, At3),
0 0

(3.51)
and the total wave function is
VY(x,8, Aty, Ats) = ha(x, 8, Aty, Atr)O(—x) + g (x, 5, Aty, Ats)O(z). (3.52)
Thus, the probability is given by
/OO A (2,6, Aty Aty)[? = /oo Az [a(z,6, Aty, Ats)O(—1) + Vg (6, Aty, Aty)O(w)

0 ')
— / At (e, 6, A1, Ata) [ + / delis(x, 5, Aty, Ats)[?.
0

—00

(3.53)
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First, note that both 14,1 p satisfy the Schrédinger equation with respect to Ate. For 4

we have

. - 0 dK At
ih Ya _ /d:co wo(l’o)/ dxl/ dws Kw (zo, x1, At1)Ko(x1, 22,0)ih W(detx7 :
0 —0 :

dAts
_ﬁdZKw(xg,x, AtQ)
2m da?

o) 0
= /diEo ﬂ}o(fﬁo)/ dﬂﬂl/ dxs Kw(ifo,fﬁl,ﬁtl)Ko(m,:Ezﬁ)(
0 —00

h2 d2 o] 0
= _2/dx0 1/10(330)/ dxl/ dzo Kw (20, 1, At1)Ko(21, 2, 6) Kw (22, 7, Ats)
2m dz 0 oo
h? d*4
=—— 3.54
2m da?’ (3.54)
which implies that the probability
0
PA:/ dz [¢4]? (3.55)

does not change with Aty provided that |a(x — —o0)| = |¢pa(z — 0)] = 0 (Appendix
. An analogous procedure can be carried out to conclude the same for 5. Given that
ffoo dz |[¢ A|2 and fooo dz WB\Q do not change with Aty, we can study these probabilities at
Aty = 0 to simplify the computation. Using the property Ky (x2,x; Ate = 0) = §(z2 — ),

we have

[e%e) 0
Ya(x,0, At1, Aty =0) = /dSUo ¢0($0)/ dﬂfl/ dze Kw(zo, 21, At1)Ko(21, 22,0)0(22 — ),
0 —00

(3.56)

which leads to

pa(x,0, Aty, Aty =0) = /dwo 1/10(350)/ dzy Kw(xo, 21, At1)Ko(z1,2,0), for 2 <0
0

(3.57)
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Similarly for ¥p we have

Yp(x,0,Aty, Aty =0) = /dfﬁo 1/)0(330)/ dzy Kw(xo, 21, At1)Ko(z1,2,0), for >0
0

(3.58)
thus, the total wave function at At = 0 is
Y(x, 0, Aty,0) = /dxo wo(wo)/ dz1 Kw(zo,x1, At1)Ko(x1,2,0), for all x  (3.59)
0

If we also set At; = 0, the wave function (3.59) becomes

P(x,0,0,0) = /dxg Yo(xo)Ko(xo, z,0), for all x, (3.60)

this case was already studied by Marchweka & Schuss [22] considering an initial wave
function with compact support. They conclude that the probability propagated across the
wall is O(63/2) which recovers the Zeno effect for continuous detection of a particle in a
given domain [23]. A more in-depth study of the wave function and its applications

will be left for future work.
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Chapter 4

Summary and Conclusions

This work aims to describe a barrier that is neither purely absorbing nor purely re-
flecting, but a reflecting barrier removed and reinstated. We first consider the case of a
Brownian particle that starts on one side of a reflective barrier which is removed once at
t = Aty and reinstated at t = A¢; +d. The construction is such that when § tends to zero,
we recover the known probability density of a reflective wall, and when this time tends to
the total time, we recover free particle’s probability density. We obtained the path-integral
propagator and a closed expression for the particle’s probability of being before or after
the barrier at a certain time. Moreover, it is shown that the probability propagated across
the boundary is O (51/2) when ¢ < Aty.

In section we consider a reflecting barrier removed at some time within an interval
[0, 7] and reinstated after ¢ = d, the uncertain time of removal is interpreted as the action
of a “demon” on the wall. We obtain the probability density and the total probability
for this process (Figures & , where we observe an interpolation between the free
particle and the reflecting wall probability densities.

This model allows us to control how many possibilities we want to give to the demon. The
variable that module this feature is the number of partitions IV; the more we partition the
path, the more possibilities the demon has. It is shown that if we increase N, at some
point, the probability density begins to saturate (Figure [3.9), i.e., it is not dependent on

the number of partitions when this number is large. That is good news if we are interested
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in taking the limit to the exact path integral N — oo.

In section we address the case of quantum mechanics. Consider a particle in some
normalized state )y initially in the presence of a reflecting wall at * = 0. At t = Aty
one wall is removed for a time J and subsequently reinstated. We found a path integral
propagator from where we can compute a wave function for a particle passing through this
kind of gate. Other works have studied this case with At; = 0, finding applications in
measurement theory [22].

Although this work is, in spirit, a solution to a purely theoretical problem, it has the
benefit of generality; the broad applicability ranges from a group of ions passing through
an ion channel to an electron propagating from a confined domain. More unconventional

scenarios can, of course, be proposed.
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Appendix A

Gaussian Integral

We aim to solve the following integral

First take the square of I(a)

1?2 = [/ dx e_axQ.] [/ dy e_ayQ.]

:/ / dxdy e~ (@ +v?)

and use polar coordinates to get

o
I? = 277/ dr re=”,
0

2

Changing variables to u = r#, we obtain

(o] e~ au oo
12:77/ due_““:ﬂ[— }
0 a 1o

which implies that the solution to the gaussian integral is

o0

2 T
I = d —art —
(a) / T e .

— 00
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Appendix B

Computation of the integrals

We have the integrals

o) 0
Ka =/ dxl/ doo Kw(zo,x1, At1)Kp(xg, x2,0)Kw (22, xN, Atg)
0 —00

o oo
Kp = / d:L‘k/ dze Kw(xo, 21, At1)Kp(zk, T2, 8) Ky (22, 2N, Ats), (B.1)
0 0
using egs. (3.1), (3.2) the problem reduces to solving
o0 0 _ (zg—=1)? _ (zgtep)? (r1—-29)2 [ _(e2—zn)? _(zatan)?
I = / dSUl/ dl‘g e 4D Aty +e 4D Aty e~ 4ps | e 4D Atg +e 4D Aty
0 —00

o0 o0 _ (wg—ep)? _ (wgt=)? (@1-29)? [ _(z2—zn)? _ (zatap)?
I, = dxy dze (e 4DBu e 4DAL | e7  dbs  [e  4DAty 4 4DAt
0 0

(B.2)

Working out the inner integral and defining

¢(D, Aty 8, Aty) = Aty
2\/D5At2((5 + Atz)
(5.%']\[
d(D,xn,Aty,9, Aty) =
( N ! 2) 2\/D5At2(5 + Atg)

_Atll‘?v + 2At1z12 N + 2563 ((S + Atg) + SC% (2 ((5 + Atg) + Atl)
4dAtq ((5 + Atz)

g (z1,xn, Ay, 0, Aty) =
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we have

(zg—=1)? (zgtw1)?
e 4DAY | o 4DAY

I:t :/ d.%'l
0 8tD+\/Aty (6 + Aty)

(1 4 ePGTAD + erf (cx1 —d) + POTAG) erf (czq + d)) exp (g) .
(B.3)

Defining
fnla,b,c,d) = / dz x”e_“x2+bmerf(ca: +d) (B.4)
0

we note that eq. (B.3]) contains integrals of the form fp. From the integral tables we get

2ad+bc Va(2ed—b) \ b 2+/ad
6% <4ﬁb <T <\/§\/a(a+c2)’ 2ad+bc ) T (\/i\/a’ b ))

b,c,d) =—
fl(av , G, ) 4a \/a
(72ad7bc)2
ﬁberf< Zadthe > 2ce  Aa(ate?) erfc( 20d b )
_v? 2/ a(a+c?) 2va+c?
+ 2e 4aerf(d) + +
@) Va a+c?
o o (5252) o (3) - (5)
- . (BS)
Vm/a

where T'(,) is the Owen’s T function [30]. Integrating by parts using u = erf(cz + d),

_az? . o .
v = e %+ i the usual prescription, we obtain

2¢ [

—2af) + bfy = —erf(d) — ﬁ ;

dz ¢mox*Fbe—(cotd) (B.6)
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Finally, solving the gaussian integral and inserting (B.5)) gives

= (22 (1 (e 52) 7 () |, o

fola,b,c,d) =— Ja

2b
Jberf <M) 9ce da(ate?) erfc( 2cd—b )
+

2v/av a+c?
Va Var o

% (—tan*l (%ﬁfﬁﬂ) 4 tan~! (@) + tan—? ( Ca))
Vi )
—4ad?+b2 —4bed

ce Alate?) (erf(2%>+1) erf(d)
Wa+t b

_l’_

_l’_

(B.7)

As stated above, I+ can be arranged such as it contains only integrals of the form fy and
ordinary gaussians. Since we already know those results, we can work out I+ and therefore,

K41 and Kp,. Defining

1
D, Aty, Ats, d) =
n( y 1 2, ) 87TD\/E\/m
3 g
y (D, Atg, Aty, z9,0,xN) = 4D (5_J:At2) N 4Dgt1
B 6+ Aty + Aty
(D, Aty A1, 0) = = e T IDAGLAL
§+ Aty + At
b(D, Aty, Aty,x0,0,2n) = " 46DAt, +14DAt22At1
Ato
D, Ats, 6, =
c(D, At;0,2n) 2\/0DAt; (6 + Aty)
drn
d(D,Aty,d,xN) =
(DB = DAt (6% Bta)
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and

x x 2 rox
WDAtl ((5 + AtQ) 6*4D((5§A+t1i)At2) (eD(6+AOt1]iAt2) + 1)
0+ Aty + Ato

i1 (D, o, xn, At, 0, Ato) = 2n(DaAt1>At276)\/

ia (D, 20, xN, Aty, 8, Atg) = n(D, Aty, Aty, §)eV(PAt2.A0.T0.0.2N)

(fo (—a (D, Atg, Aty,0),b(D, Ate, Aty, —x0,0, —xN),c (D, Atg, 0, xn), —d (D, Ata, 0, xN))
+ fo (—a (D, Atg, At1,8),b (D, Ate, Aty, 20,5, —xn) , ¢ (D, Ate, §,2n) , —d (D, Ata, 5, 25)) )
is (D, o, zn, Aty, 6, Aty) = n(D, Aty, Atg, §)e (DAt ALT002N)

(fo(=a (D, Ata, At1,0),b(D, Aty, Aty, —z0,8,zN) , ¢ (D, Ata, §,2n) ,d (D, Ata, 6, zy))

+f0 (_a’(DaAt2aAt176)7b(D7At27At17x0767xN)7C(D7At276>$N)>d(D>At2757$N)))
the integrals (B.1]), are

K =iy — iy — i3 (B.8)

Kp1 =11 +i2+ 13 (B.9)
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Appendix C

Conservation of the quantum

L] [ ]
probability
Let v(z,t) be a state that satisfies the Schrodinger equation. The time derivative of

iy E——
&

L ) (C.1)

the probability in the domain [a, b] is

/|¢xt|dx—

e

Now consider the Schrodinger equation

O
T 9v 2
8t 2m Ox? (C.2)
and its conjugate
. 8¢* h2 821/)*
T Tam (©3)
if we multiply by ¥, by 1 and then substract we get to
By o\ ik [ 0% 0%
e B - _ 4
<1/1 +o > 2m < Ox? v ox? )’ (C.4)

48
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inserting this into and integrating by parts we obtain

b *621/) a2w*
/W“dx— . ( aaﬂ_¢8x2>

B m L A
B2y 2o )

The above is satisfied provided

|| — 0 at the boundaries. (C.6)
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