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This thesis is split into two parts: In the first one we study the minimal geometric defor-
mation approach in order to generate anisotropic solutions from Einstein’s equation and its
observational effects of such anisotropies when measuring the surface redshift.

On the other hand, we develop the theory of perturbation of Delta Gravity at first order,
we discuss the gauge transformations for metric and a perfect fluid in order to present the
equations of the evolution of cosmological fluctuations using the hydrodynamic approxima-
tion. Then we compute the temperature fluctuations for photons coming from the time of
last scattering t;. Finally, we present a formula for temperature multipole coefficients for

scalar modes, which can be used to compare the theory with astronomical observations.
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Chapter 1

Preliminar

1.1 Motivations

When we speak about the greatest contribution to the physics of the twentieth century,
we can undoubtedly affirm that Quantum Mechanics and General Relativity occupy the
podium. Both theories have been tested in different scenarios achieving to explain many
phenomena and thanks to them we can understand Nature in a much deeper way.

In particular, General Relativity, proposed by Einstein in 1916 has allowed us to understand
the nature of gravity, and with this, we can now figure out how extensive is our Universe
and how its constituents take part in it. The evolution of the understanding of the Universe
from the first habitants until the modern Cosmology has taught us about the infinite power
of the knowledge of mathematics and of the technological development involved.

Richard Feynman said that to those who do not know mathematics it is difficult to get across
a real feeling as to the beauty, the deepest beauty, of nature... if you want to learn about na-
ture, to appreciate nature, it is necessary to understand the language that she speaks in. 1
could not agree more with his words, in my young career I have seen how mathematics can
not only describe phenomena yet it can predicts how nature behaves or the existence of new
particles such the case of neutrinos.

I will never forget one of my first classes of mechanics, where the professor Victor Munoz
said that the calculator is dumb when he was referring to approximations in physics and
how the intuition will be one of the most powerful skills when solving problems, since that

moment I fell in love with physics and I knew that I wanted to be a physicist, and is this
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feeling who has driven me to this point where I am concluding the Ph.D. Along this road, I
have learned about many fields in physics, both theoretical and experimental. And despite I
am aware of Physics is an experimental science, I felt very intrigued when I see an equation
that describes an experiment.

With this hungry, I met Einstein’s Special Relativity. 1 am still impressed with how he
imagined that space and time behaved the way we understand today. But even more, is
how using mathematics he could present his theory and how it was verified with accuracy
later. It is not hard to describe my admiration when I went deeper and I studied Einstein’s
General Relativity. This was the moment when I realized that I wanted to dedicate my life
to understand the most possible about this theory. Predictions from the curvature of the
space-time which was verified a few years after its publication, the form and the evolution
of the Universe which is still in controversy, to gravitational waves which took almost 100
years for its measurement motivated me to do my research in this area.

This thesis tries to give a humble extension of the considerations when solving Einstein’s
equations, where all the information is encoded as much as in the geometry which is ref-
erenced to the metric, as in the content of matter in the Universe. Here are present two
main results which have in common a naively simple consideration: the modification of the
geometry (or the metric) permits to extend some solutions of GR to explain astronomical
observations. I hope these results could go in the right direction to the final answer to the

current controversies that the General Relativity is facing through.

1.2 Introduction

We know that general relativity (GR) has been tested from scales larger than a millimeter
to solar-system scales [1, 2]. Nevertheless, its quantization has proved to be difficult. The
theory is non-renormalizable, which prevents its unification with the other forces of nature.
There are some theories which have tried to make sense of quantum GR, like string theories,
Loop Quantum Gravity among others, but none of them has been accepted as the correct

and final answer to the problem of quantum gravity.

The study of analytical solutions of Einstein field equations plays a crucial role in the discov-
ery and understanding of relativistic phenomena. Theoretical grounds provide many exact
and non exact isotropic solutions in GR; however most of them have no physical relevance and

do not pass elementary test of astrophysical observations[3—6]. There are very few solutions
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under static and spherically symmetric assumptions. Worst yet, ever fewer of these solutions
have physical relevance passing elementary tests of astrophysical observations. Furthermore,
no astronomical object is constituted of perfect fluid only; hence isotropic approximation is
likely to fail.

Anisotropic configurations have continuously attracted interest and are still an active field of
research. Strong evidence suggests that a variety of very interesting physical phenomena gives
rise to a quite large number of local anisotropies, either for low or high density regimes (see [7]
and references therein). For instance, among high density regimes, there are highly compact
astrophysical objects with core densities ever higher than nuclear density (~ 3 x 10" kg/ m3)
that may exhibit an anisotropic behaviour [8]. Certainly, the nuclear interactions of these
objects must be treated relativistically. The anisotropic behaviour is produced when the
standard pressure is split in two different contributions: i) the radial pressure p, and ii) the

transverse pressure py, which are not likely to coincide.

Anisotropies in fluid pressure usually arise due to the presence of a mixture of fluids of
different types, rotation, viscosity, the existence of a solid core, the presence of a superfluid
or a magnetic field [9]. Even anisotropies are produced by some kind of phase transitions
or pion condensation among others [10, 11]. The sources of anisotropies have been widely
studied in the literature, particularly for different highly compact astrophysical objects such
as compact stars or black holes, either in 4 dimensions [12, 13] as well as in the context of

braneworld solution in higher dimensions [14—16].

The main purpose of this part of the Thesis is to generalize anisotropic analogous solutions of
a particular kind of isotropic compact objects by means of the so-called minimal geometric
deformation approach (MGD hereinafter) [17, 18]. This method was originally proposed
in the context of the Randall-Sundrum braneworld [19, 20] and was designed to deform
the standard Schwarzschild solution [21, 22]. It describes the 4D geometry of a brane stellar
distribution, hence obtaining braneworld corrections to standard GR solutions. Therefore, it
is a suitable method to obtain spherically symmetric and inhomogeneous stellar distributions
that are physically admissible in the braneworld. The key point of this approach is that the
isotropic and anisotropic sectors can be split. Thus, the decoupling of both gravitational
sources can be done in a simple and systematic way establishing a new window to search for

new families of anisotropic solutions of Einstein field equations.



Ph.D Thesis Carlos Rubio 4

We applied a gravitational decoupling through the MGD approach to derive exact and
physically acceptable anisotropic interior solutions analogous to the Durgapal and Fuloria
superdense star [23]. There have been several proposals of anisotropic models analogous to
Durgapal-Fuloria compact stars [24, 25]; the MGD method seems to generalize them. The
details of this method will be shown in the next chapter, however the main lines goes as
follows: Let us start with a well known spherically symmetric gravitational source T}). This
source can be as simple as one would desire; one can start with any known perfect fluid or
even with vacuum itself. Any classical solution works as a seed for this method. After this,

one switch on a new source of anisotropy

T =T +aT®. (1.1)

When gravitational sources are coupled via gravity only, i.e. they do not exchange energy-
momentum among each other, the set of equations can be split into two contributions. On
the one hand, a well known sector is identified with the classical field equations of the chosen
seed; the Durgapal-Fuloria solution for compact stars in our case. On the other hand, one
is left with a simpler set of ‘pseudo-Einstein’ equations for the sources of the anisotropy, to
be solved. Combining both sectors a full anisotropic and physically consistent solution of
Einstein field equations is obtained. Of course one can switch on as many arbitrary sources

of anisotropies 77} as desired, as long as a strategy to solve the new sector can be found.

This method for decoupling non-linear differential equations can be applied in a systematic
way and has a vast unexplored territory where it could give different novel perspectives.
MGD does not only give consistent interior solutions for different isotropic perfect fluid in
GR; it could also be conveniently exploited in relevant theories such as f(R)—gravity [26, 27],
intrinsically anisotropic theories as Hofava—aether gravity [28] or to study the stability of
novel proposals of Black Holes, described by Bose Einstein gravitational condensate systems
of gravitons [29-31]. This is a robust method to extend physical solutions into an anisotropic
domain preserving the physical acceptability.

The results of this part are presented in the publication Gravitational decoupled anisotropies

in compact stars[32] and will be explained detaily in Chapter 2.

On the other hand, recent discoveries in cosmology have revealed that most part of matter is
in the form of unknown matter, dark matter, and that the dynamics of the expansion of the
Universe is governed by a mysterious component that accelerates its expansion, the so called

dark energy. Although GR is able to accommodate both dark matter and dark energy, the
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interpretation of the dark sector in terms of fundamental theories of elementary particles is
problematic. Even though exist candidates that could play the role of dark matter, none of

them have been detected yet.

In GR, dark energy can be explained if a small cosmological constant (A) is present. At early
times, this constant is irrelevant, but at the later stages of the evolution of the Universe A will
dominate the expansion, explaining the observed acceleration. Such small A is very difficult
to generate in quantum field theory (QFT) models, because A is the vacuum energy, which
is usually predicted to be very large. Worse yet, ACDM which is the actual cosmological
model is showing inconsistencies between the early and late Universe description[33]. The
problem appears in different cosmological parameters such as the Hubble constant[34, 35],
the curvature[36] and Sg tension[37]. Measuring the cosmic microwave background (CMB)
radiation, the Planck team found a local expansion rate of Hy = 67.37 &+ 0.54 Km/s/Mpc,
which is consistent with a flat A CDM model[38] (where the Hubble constant must be
derived taking into account other observations like BAOs). On the other hand, the SHOES
collaboration found a larger value Hy = 73.52+1.62 Km/s/M pc through model-independent
measurements of the local Universe[34], at 2 3.5¢ discrepancy with Planck value. This
tension between early and late Universe exists even without Planck CMB data or the SHOES
distance ladder[33]. Another direct measurement of Hy = 72.5753 Km/s/Mpc[39] form the
HOLiCOW collaboration based on lensing time delays is in moderate tension with Planck,
while a constraint from Big Bang nucleosynthesis (BBN) combined with baryon acoustic
oscillation (BAO) data of Hy = 66.98 £+ 1.18 Km/s/Mpc[33] is inconsistent with SHOES.

Other studies have tried to explain this discrepancy, suggesting that due to cosmic variance,
the Hubble constant determined from nearby SNe-la may differ from that measured from
the CMB by £0.8 percent at 1o statistical significance. Still, this difference does not explain
the discrepancy between SNe-Ta and CMB.[40] Nevertheless, in an extreme case, observers
located in the centers of the immense voids could measure a Hubble constant from SNe-Ia

biased high by 5 percent.

From the first publication of the Hy tension [41] there have been many questions about the
origin of this discrepancy. It has been suggested that could be errors in the calibration of
Cepheids that contribute to systematic errors. This possible error has been discarded in an

extensive discussion made by Riess et. al. [42].

There are many works which have tried to solve the acceleration evidence, including anisotropies

at local scales. Using SNe-Ia data [43] they found evidence of anisotropies associated with
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the direction and the amplitude of the bulk flow. Nevertheless, the effect of dipolar distri-
bution dark energy cannot be excluded at high redshift. Also, there is another publication
[44] where the anisotropies in cosmic acceleration are related to the Dark Energy, in their
words, the cosmic acceleration deduced from supernovae may be an artifact of our being non-
Copernican observers, rather than evidence for a dominant component of "dark energy” in
the Universe.. Other studies [45] conclude that even in the case of anisotropy, the Dark
Energy could not be completely ruled out. This solution could provide solutions to explain
variations on the local scale, for example, different measurements on the local Hubble con-
stant. But this kind of hypothesis could defy all the analyses made by Planck using ACDM
model because the Dark Energy component is essential for the evolution of photons of the
CMB from the last Scattering Surface until now, even more, the sum over €2 for every compo-
nent in the Universe would drastically change. Many other suggestions about discrepancies
have appeared, not only related to SNe-la measurements, but also within the Planck data
itself. The anisotropies in these measurements have been debated and could be ruled out
because the uncertainty tends to be very high, and the results can be very inconsistent. Even

hypothesis about the possibility of a Universe with less Dark Energy [46] have appeared.

Another source of errors in the local measurement could be an inhomogeneity in the local
density. [47] In this scenario the presence of local structure does not appear to impede the
possibility of measuring the Hubble constant to 1% precision, and there is no evidence of a

change in the Hubble constant corresponding to an inhomogeneity.

Today, there are different methods to obtain the Hubble constant, even with SNe-IT, [48]. In
this research, they used SN-II as standardizable candles to obtain an independent measure-
ment of the Hubble constant. The value obtained was Hy = 75.8752 km /s/Mpc. the local
HO is higher than the value from the early Universe with a confidence level of 95%. They
concluded that there is no evidence that SNe Ia are the source of the HO tension. Even,
from SNe-Ia, other publication concluded, from analyzing SNe-Ia as standard candles in the
near-infrared, that Hy = 72.8 £ 1.6 (statistical) £2.7 (systematic) km/s/Mpc. Indeed, they
concluded that the tension in the competing H, distance ladders is likely not a result of

supernova systematic.

Other proposals have tried to reconcile Planck and SNe-Ia data, including modifications in
the physics of the DE. In other words, introducing a [49] equation of state of interacting dark
energy component, where w is allowed to vary freely, could solve the Hy tension. Also, decay-

ing dark matter model has been proposal in order to alleviate the Hy and og anomalies[50], in
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their work they reduce the tension for both measurements when only consider Planck CMB
data and the local SHOES prior on Hy, however when BAOs and JLA supernova dataset are
included their model is weakened.

Other controversies are related to inconsistencies with curvature (and other parameters
needed to describe the CMB) [36], or are related to the tension between measurements
of the amplitude of the power spectrum of density perturbations (inferred using CMB) and
directly measured by large-scale structure (LSS) on smaller scales. [51], Through the time,
the tension between Planck and SNe-Ia persist [38, 42], where the Hy is the most significant
tension. Furthermore, the Universe is composed principally by DE, but we still do not know

what it is.

Delta Gravity (DG) [52] is an extension of General Relativity (GR), where new fields are
added to the Lagrangian by a new symmetry (for more details see [52-54]). This model is
very similar to classical GR, but could make sense at the quantum level. In this construction,
the authors consider two different points. The first is that GR is finite on shell at one loop
in vacuum, so renormalization is no necessary at this level. The second is a type of gauge
theories, & gauge theories (DGT), presented in [55, 56], which main properties are: (a) a new
kind of field ¢; is introduced, different from the original set ¢;. (b) The classical equations
of motion of ¢ are satisfied in the full quantum theory. (¢) The model lives at one loop. (d)
The action is obtained through the extension of the original gauge symmetry of the model,
introducing an extra symmetry that they called 5 symmetry, since it is formally obtained
as the variation of the original symmetry. When we apply this prescription to GR we ob-
tain 6 Gravity (DG). This theory predicts an accelerating Universe without a cosmological
constant A, and a Hubble parameter Hy = 74.47 + 1.63 Km/s/Mpc[57] when fitting SN-Ia
Data, which is in agreement with SHOES.

Although DG gives good results for local measurements, we need to study its cosmological
predictions. In particular, the information provided by the anisotropies of matter and energy
fluctuations in the Cosmic Microwave Background (CMB) could allow us to understand the
physical meaning of this new fields which are included.

The temperature correlations give us information about the constituents of the Universe,
such as baryonic and dark matter. Therefore we have to study the evolution of the CMB
fluctuations from the last scattering (denoted by ¢;5) to the present. Usually, these compu-
tations are carried out by codes such as CMBFast[58, 59] or CAMB'[60], where Boltzmann

Thttp://camb.info/
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equations for the fluids and its interactions provide us well-known results that are in agree-
ment with Planck measurements.[3§]

Nevertheless, one can get a good approximation of this complex problem[61, 62]. In this
work, we used an analytical method that consists of two steps instead of study the evolution
of the scalar perturbations using Boltzmann equations. First, we used a hydrodynamic ap-
proximation, which assumes photons and baryonic plasma as a fluid in thermal equilibrium
at recombination time, where there is a high rate of collisions between free electrons and
photons. Second, we study the propagation of photons [52], by radial geodesics from the
moment when the Universe switch from opaque to transparent at time t;5 until now.

In this research, we presented the first steps of this essential procedure, developing the theory
of scalar perturbations at first order. We discussed the gauge transformations in an extended
Friedmann-Lemaitre-Robertson-Walker (FRLW) Universe. Then we showed how to get an
expression for temperature fluctuations, and we demonstrated that they are gauge invariant,
which is a crucial test from a theoretical point of view. With this result, we derived a formula
for the scalar contribution to temperature multipole coefficients. This formula will be useful
to test the theory, and could give a sign of the physical consequence of the “delta matter”,
introduced in this theory.

The CMB provides cosmological constraints that are crucial to test a model. Many cos-
mological parameters can be obtained directly from the CMB Power Spectrum, such as
h2Qy, h*Q., 1000, 7, A, and n, [38], but others can be derived from constraining CMB ob-
servation with SNe-Ta or BAOs. With the study of the CMB anisotropies, we can study
two aspects: the compatibility between CMB Power Spectrum and DG fluctuations and the
compatibility between CMB and SNe-Ia in the DG theory.

Throughout the Ph. D. preliminary results were presented in the following conferences:

e XI SILAFAE: Latin American Symposium of High Energy Physics, CMB
Power Spectrum in Delta Gravity, Nov. 2016, Antigua, Guatemala.

e La parte y el Todo: Tépicos Avanzados en Fisica de Altas Energias y Grav-
itacion, CMB Power Spectrum in Delta Gravity, Jan. 2017, Afunalhue, IX Region de

la Araucania, Chile.

e XXI Simposio Chileno de Fisica, Temperature Fluctuations of CMB in Delta Grav-
ity, Nov. 2018, Antofagasta, Chile.
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e XII SILAFAE: Latin American Symposium of High Energy Physics, Tem-
perature Fluctuations of CMB in Delta Gravity, Nov. 2018, Lima, Peru.

This Thesis is divided in four additional chapters, the first one is self-consistent with respect
to the other two in the sense that can be read separately without the need of having read
the preceding chapter. Finally, we add concluding chapter which sum up the main results
of this Thesis.

The second chapter is subdivided as follow: we present the Einstein field equations for an
anisotropic fluid. In Section 2.2 we explain how the MGD approach is implemented to gen-
erate arbitrary anisotropic solutions. Section 2.3 is dedicated to apply this method to a
particular seed, the Durgapal-Fuloria model for compact stars. In Section 2.4 we extend
the method to seeds which are already anisotropic. The last two sections are dedicated to

discuss the main results and summarize our conclusions.

The third chapter introduce the model of DG and its results that will be useful for the
develop of the fourth and fifth chapter. In Section 3.1 we introduce the ¢ symmetry, and
how it used to extend an action. Then we applied this symmetry to Einstein-Hilbert action
to build the action of Delta Gravity, after that we present the equations of motion of this
theory. In Section 3.2 we show the form of the energy-momentum tensors for a perfect fluid
and the normalization of the velocity fields. In Section 3.3 we show how massive and massless
particles move in a gravitational field induced by DG. After that, in Section 3.4 we present
the main results of this theory for an extended FRLW-Universe. In Section 3.4.1 we derive
the form of the metric in the harmonic gauge. Then, in Section 3.4.2 we study the trajectory
of photons in this background. This define a modified scale factor which will replace the
usual scale factor of GR for observable distances. After that, in Sections 3.4.3 and 3.4.4 we
solve the complete system of equations of the theory and discuss some implications of these
results. Then, in Section 3.4.5 we impose the first lay of Thermodynamics to DG and we can
distinguish whether the solutions are physical or not. Also we show that if we require that
the black body distribution of photons that travel from the moment of the decoupling until
reaching us remain unchanged, the temperature should fall with the modified scale factor.
After that, in Section 3.4.6 we show the implication of considering the moment when the
density of radiation was equal to the density of Non Relativistic matter was the same for

both GR and DG. This gives a physical meaning of a parameter of DG. Finally, in Section
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3.4.7 we summarize the previous results of the Chapter and discus some points of the theory

about its foundation.

The fourth chapter presents the cosmological fluctuations in Delta Gravity. In Section 4.1 we
perturbed the FLRW metric using the scalar-vector-tensor decomposition. Then, in Sections
4.1.1 we study the gauge transformations for those perturbations. In Sections 4.1.2 and 4.1.3
we repeat the procedure for the energy-momentum tensor and present some gauge fixing sce-
narios. After that, in Section 4.1.4 we present the fields equations and energy-momentum
conservation in the synchronous gauge.

In Section 4.2 we analyze the evolution of cosmological perturbation and solve them in the
radiation era for adiabatic solutions. Then we do the same for the matter-dominated era in

Section 4.2.1. Finally we present a summary of the chapter with some conclusions.

In Chapter 5 we study the fluctuations of temperature in DG. In Section 5.1 we derive how
the perturbed FLRW background redshifts the temperature fluctuations. After that, in Sec-
tion 5.1.1 we study the gauge transformations of these fluctuations, this will be a theoretical
test of DG, because those fluctuations have to be gauge invariants. Then in Section 5.1.2
we consider scalar contributions dominated by a unique mode. With this consideration, we
derive the coefficients for the multipole temperature expansion in Section 5.2. Here we find
a formula for the CMB multipoles that will be useful to fit the data with DG. However,
this procedure is not part of this Thesis. Finally, we summarize the results obtained in this

Chapter and conclude over them.

To finish this Thesis, in Section 6 we present the main features of this work, and we give

some traces for future investigations.



Chapter 2

Gravitational decoupled anisotropies

in compact stars

This work was done in collaboration with Dr. Luciano Gabbanelli and Dr. Angel Rincédn,

with whom I am very grateful to work.

2.1 Anisotropic effective field equations

The simplest approach to describe compact distributions modelling stellar structures, is to
restrict the metric to be static and spherically symmetric. In the usual Schwarzschild-like

coordinates the line element takes the standard form
ds? = e” dt* — e* dr? — 1% (d%0 + sin® 0 d%¢) ; (2.1)

where the functions v = v(r) and A\ = A(r) depend on the radial coordinate only. The

encoded metric is a generic solution of the Einstein field equations

1
R, — §R G = KT, (2.2)

describing an anisotropic fluid sphere. The coupling constant between matter is given by
k = 8nG/ct. Along these lines we will work in relativistic geometrized units, G = ¢ = 1.

The observable features of the object will be determined by the exterior metric that will

11
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describe the geometry of the outer part. In the present article to maintain the treatment as

simpler as possible, we will suppose a Schwarzschild vacuum outside.

The corresponding anisotropic effective stress-energy tensor ﬁw is characterized by its di-
agonal components p, p, and p;, that are related to the geometric functions p, v through
(2.2). Explicitly,

- 1 N
Kp = — — e (— — —) : (2.3)

r r2 or
~ 1 v(1 vV
= e () 2.4
= () 2.4)
_ 1 =N
— KDy = _é_le_)\ (2 V2 N 1 2” ) : (2.5)
r

The prime stand for derivatives w.r.t. r. There is another equation consequence of the

Bianchi identities: the covariant conservation of the stress-energy tensor

VYT, =0. (2.6)

Since the discovery of the first interior stellar solution by Schwarzschild [63] and for several
years, stars interior were supposed to be constituted by perfect fluids. It was not until 1933
when Lemaitre [64] develop that spherical symmetry do not require the isotropic condition
Pr = Dt, but only the equality of the two tangential pressures py = py = p;. The system of
equations (2.3)—(2.6) governs the matter distribution within the star, which is assumed to
be locally anisotropic (the radial and tangential pressure do not coincide). It is necessary to
solve for five unknowns functions: two geometric functions, v(r) and A(r); and three effective
scalar functions, p(r), p.(r) and p;(r). However there are more unknowns than equations,
hence the system is undetermined and constrains must be imposed. Some of them must
be chosen by consistency of regularity, stability and (or) energy conditions of relativistic

models; see for instance [7, 9, 65].

Throughout this chapter we will make use of the following representation for the effective

energy-momentum tensor

T, =TE" + b, . (2.7)



Ph.D Thesis Carlos Rubio 13

The first term encodes a perfect fluid with isotropic pressure p = p, = p,

T;;F) = (p + p) uuuu - pgul/ . (28)

u,, is the normalized four-velocity field that accomplish u,u,g"” = 1. In our case, the per-
fect fluid will invariably be given by the Durgapal-Fuloria interior solution. Under this
representation, the anisotropic sector is described by the #—term. It describes additional
gravitational sources responsible for the anisotropies. These source may contain new fields,
whether scalar, vector or (and) tensor fields, coupled to gravity by means of a free dimen-
sionless and constant parameter o. One of the simplest and most treated examples in the
literature are the anisotropies that may arise due to extra interactions resulting from the
presence of charge [66]; besides there are plenty of complex treatments of anisotropies gen-
erated by other sophisticated physical fields [67].

The effective stress—energy tensor (2.7) contributes at the level of Einstein equations with an
effective energy density p, an effective radial pressure p, and an effective tangential pressure

p; defined as

ﬁ:p—i—aﬁtt, (29)
pr=p—ab”, (2.10)
Pr=p—aby,?. (2.11)

Thus, each magnitude is written as a deviation from the GR solution due to the presence
of the #—term. The additive structure for the anisotropies allows the theory to have a
straightforward limit to GR; setting a = 0 the standard Einstein equations for the perfect

fluid are recovered.

Since the Einstein tensor is divergence free, under the representation taken in (2.7) the
covariant conservation equation (2.6) yields

/ V/ ™\/ V/ T t 2 T
This equation is a linear combination of (2.3) and (2.5), as commonly happens in perfect

fluid solutions of Einstein equations.

As this point let us remark the appearance of the anisotropy: there is not an a priori

restriction for the components of 60,,; however, if 6," # 6,9 when solving the equation
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system (2.3)—(2.5), we will be in the presence of the pressure anisotropy
O=p,—pr=a (6,"—0,7%). (2.13)

Therefore, an isotropic stellar distribution (perfect fluid) becomes anisotropic when the 6—
term is turned on. In these lines we will follow a different approach to tackle the equation
system (2.3)—(2.5); we will address this system by means of the MGD method. This theory
decouples the Einstein field equations when deforming the metric of the corresponding GR
solution [17, 18, 68, 69].

2.2 Minimal geometric deformation approach

With the aim of approaching the system of equations (2.3)—(2.5) in an alternative manner, a
briefly review on the MGD procedure will be presented. This method produces anisotropic
corrections to standard GR solutions providing physically admissible non-uniform and spher-
ically symmetric stellar distributions. The input (seed) is a known solution of Einstein equa-
tions: for instance the thermodynamic parameters satisfying (2.8), and the corresponding
geometric functions A(r) and v(r). When a perfect fluid solution is taken as a seed, the
isotropic condition p, = p; = p is automatically accomplished. The method will produce a
drift in the effective pressures such that p, # p;. For doing so, one implements the most
generic minimal geometric deformation over the metric without breaking the spherical sym-

metry of the initial solution; this is

e e pet(r), (2.14)
e M () +a fr(r), (2.15)

with e and f generic functions parametrizing the metric deformation. In Figure 2.1 a
schematic picture exemplifies how this method extends GR solutions to anisotropic domains
when releasing a. Even though the theory does not impose limits for the coupling strength,
the physical acceptability of the new solution does so; if « is increased, the anisotropies

become at some point unstable.

Although nothing prevent us from deforming the temporal component of the metric, it is
general enough to start setting e* = 0; hence the effects of the 6,, source undergo in a

deformation over the radial coordinate only. The peculiarity of the MGD method is that it
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entails in its formulation a decoupling of the equations of motion. As a consequence of taking
the f—sector as responsible of the minimal distortion of the metric, the system of equations
(2.3)—(2.5) results quasi-decoupled: we obtain the Einstein equations for the chosen perfect
fluid; and an effective ‘pseudo—Einstein’ system of equations governing the f—sector. The
only parameter that connects the two sectors is the temporal geometric function v(r). At
the same order as before, the temporal, radial and angular equations of motion relating the

geometry of the spacetime to the thermodynamic characteristic of the perfect fluid sector

reduce to
L op
- __ = _ = 2.1
PER T T (2.16)
1 1 v
—,p = — — — 4+ = 2.1
KD -2 M<r2+r)’ (2.17)
1 ' 2
—hp=—7 {u (2y"+u'2+2y7) + (u’+;>} . (2.18)

The definition of a perfect fluid entails in itself the covariant conservation of the stress-energy

tensor, i.e.

VITERD = 0. (2.19)

T;S?/Ot) = T}Sf,n) G (1'9;11/

a#0

Figure 2.1: Any perfect fluid solution can be extended via the MGD approach [18]. When a =0
we are in the space of isotropic solution of Einstein equations, delimited by the red dashed line.
This solution has a smooth extension to the anisotropic domain releasing the a to be nonnull.
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The resulting equation is again a linear combination of the temporal and angular equations,
(2.16) and (2.18), and yields

1
P+ §V'(,0 +p)=0. (2.20)

It is worth noting that this system of equations is equivalent to Eqgs. (2.3)—(2.5) if the

coupling between the two sectors is set to zero; that is if the anisotropic sector vanishes.

The temporal component of the metric must satisfy binding conditions in the anisotropic

sector: these are the remaining ‘pseudo—Einstein’ field equations for the 8—sector

f* f*/
RO = =15 =, (2.21)
1 v
gr_ (L VY 2.22
wor == (57, (2.22)
1 2 2
/{9@“":—1 {f* (2u”+1/2+;u’) + f (V'+;)} . (2.23)

Once again, one has the corresponding conservation equation that is a consequence of (2.6)

and (2.19) being satisfied separately. This equation is
VY0, =0, (2.24)

and it is explicitly written as

1 2
(01 = V(0 = 0.7) + (0.7 = 0,7) = 0. (2.25)

This time the latter equation is not necessary linearly dependent of the ‘pseudo—Einstein’
equations, and there is no reason why it should be. At this point it makes explicit that the
interaction between the two sectors is purely gravitational; that is, from (2.19) and (2.24) is
clear that each sector is separately conserved and there is no exchange of energy-momentum

between them.

To conclude this section, let us summarize. First we started with an indeterminate system
of equations (2.3)—(2.5). Then, we performed a linear mapping of the radial geometric
function of the metric (2.15) that results in a ‘decoupling’ of the Einstein field equations.
We ended with two sets of equations: a perfect fluid sector {p; p; v; u}, given by (2.16)—

(2.20) where everything is known once a perfect solution of GR is chosen; and a simpler



Ph.D Thesis Carlos Rubio 17

sector of three linearly independent equations that can be chosen from (2.21) to (2.25), for
determining four unknown functions {f*; 6,"; 6,”; 6,#}. Once the second sector is solved,
we can identify directly the effective physical quantities introduced in (2.9), (2.10) and (2.11).
At this point, is mandatory to recall that the underlying anisotropic effect which appears as
a consequence of breaking the isotropic condition over the effective pressures, p; # p,, causes

the appearance of the anisotropy II(«;r) defined in Eq. (2.13).

2.3 Anisotropic Durgapal-Fuloria compact star

Let us proceed now to apply the MGD method with the aim of solving the Einstein field
equations for the interior of anisotropic superdense stars. In the present work we will take
as a seed the well-known Durgapal-Fuloria solution {v; u; p; p} modeling compact stars.
As explained before, once the MGD method is applied the system of equations (2.3)—(2.5)
is decoupled. Half of the decoupled equations (2.16)—(2.18) are already solved once the rela-
tivistic perfect fluid is chosen. For instance, the thermodynamic functions that characterize

the Durgapal-Fuloria solution are

C(9+2Cr2 + Ot

plr) = Tr(l+Cr2)3 (226)
_20(2—-17Cr* = C*")
p(r) = T EoTEIT R (2.27)

with C an integration constant. The gravitational mass of a sphere of radius r is obtained

integrating the density inside the corresponding volume; in spherical coordinates is

m(r) = /VpdV = 45(7; f;;g; ) : (2.28)

This mass function has a well defined behaviour, vanishing at the center of the compact

object, i.e. m(r =0) = 0. It also determines the total mass evaluating the mass function at
the surface, m(r = R) = M.
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A massive object deforms the surrounding spacetime; the Durgapal-Fuloria solution is defined

by the following metric components

e’V = A (14 0r?)", (2.29)
2m

It is a custom in GR to write the radial component of the metric with the so-called compact-
ness parameter, given by £ = 2m/r. The spacetime results regular everywhere, even at the
center where e*"™=% = ;(r = 0) = 1; m vanishes faster than r as one can easily check from
(2.28) inside (2.30). A is the second (and last) integration constant to be determined using
boundary conditions over the surface » = R. In the present article the outer metric will be
chosen to satisfy the Schwarzschild form—for simplicity, an uncharged compact star. Both
constants A and C' are positive; however they are expected to change as far as anisotropies

begin to be considered.

The remaining equations after the decoupling, (2.21) to (2.23), have to be solved if a generic
anisotropic self-gravitating system is desired. The system of equation is as explain before
underdetermined. A reasonable constrain is needed to close the system, but it is mandatory
not to lose the physical acceptability of the solution. These issues will be discussed in what

follows when three different anisotropic solutions (of many) are presented.

2.3.1 Pressure-like constraint for the anisotropy

In order to close the system of equations (2.21)—(2.23), additional information is needed.
For instance, an equation of state for the source 6, or some physically motivated constrain
on f*(r). A first acceptable interior solution is deduced when forcing the associated radial

pressure #,” to mimic a physically acceptable pressure

6,7 (r) = p(r). (2.31)

This means that one simple choice is to require that the stress-energy tensor for the perfect
fluid coincides with the anisotropy in that direction. As a consequence of (2.31), the radial

Einstein equations for the GR solution (2.17) and the radial ‘pseudo-Einstein’ equation (2.22)
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are equal. This gives immediately an expression for the radial component metric deformation

P = =+ (2.32)

1+rv’
The temporal component of the metric (2.29) remains non—deformed, so v’ is computed
directly. The resulting deformed component, the radial one in (2.15), then becomes

() 1+Cr?

It is explicit that when the @ — 0 limit is taken, one gets the non-perturbed Durgapal-Fuloria

solution; particularly for the radial component of the metric, e ") = p(r).

With the above considerations, the metric can be written in terms of an effective mass

function of the anisotropic sphere given by

(2.34)

Expressed in this form, it is obtained one branch of MGD metrics that govern anisotropic
interiors of GR solutions, whatever the GR solution is chosen. This branch corresponds to
the pressure constrain imposed over the radial anisotropy. Therefore, the metric (2.1) is

deformed to

9\ 1
ds? = e’ dt* — (1 — _m) dr? —r2dQ?. (2.35)

r

As we have closed the system of equations with the constrain (2.31), we can compute all
the effective magnitudes that characterized the fluid; but first, the values of the integration
constants A and C' are needed to be fixed. This will be done by means of consistent matching

conditions.

2.3.1.1 Matching conditions

A crucial aspect in the study of stellar distributions is the matching conditions at the star
surface between the interior and the exterior spacetime geometries [70, 71]. In our case, the
interior stellar geometry is given by the MGD metric (2.35); while the outer part is assumed

to be empty. Hence for » > R the solution is given by the Schwarzschild vacuum solution.
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The continuity of the first fundamental form at the star surface ¥ (defined by r = R) is
given by [ds®]y = 0. This equation implies the continuity of the metric when crossing the

surface and reads for the relevant components (¢t and rr—components) as

— 2Mcw
Gt ‘T:R* = Grr ! =1- ot .

. = (2.36)

The superindices stand for the region from where we approach the surface, either from inside

with a minus sign, or from outside using the plus sign.

We must also take into account the Israel-Darmois matching condition at the stellar surface
¥ that gives the continuity of the second fundamental form [G,, 2"y, = 0; ¥ is a unit vector.
If we make use of the field equations (2.2), the continuity reads as [ﬁw 2’|y, = 0. Using the
full stress-energy tensor (2.7) and projecting in the radial direction x” = r, is written as
(T + af,.,.)r]s = 0. This leads to

ﬁr = (P - aerr) = Oa (237)

r=R~ r=R—
where the effective pressure comes from Eq. (2.10). On the r.h.s. we are in vacuum, hence
the pressure must nullify. The equation system has been closed with the constrain (2.31),
therefore p(R) = 0 is equivalent to request p(R) = 0 in (2.27). This equivalence makes the
constant C' not to vary from the perfect fluid solution once the anisotropies are considered.

The value is

=T+ V5T

2
CR 5

(2.38)

With the constant fixed, we have fully determined the effective radial pressure of the anisotropic

Durgapal-Fuloria solution

pr(ria) = (1 —a)p. (2.39)

A natural bound is obtained, o < 1. In Figure 2.2, it is shown the dependence of the pressure
with a dimensionless radial coordinate r/R for different values of a. At first sight one can
observe that the higher « is, the smaller the radial pressure becomes. The decreasing of the

radial pressure is needed to produce the pressure anisotropy that is reflected in a change over
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the tangential pressure along the surface. The expression for the later pressure is written as

6C%*r?(1+3Cr?)
(14 Cr2)(1+9Crm)

pe(ria) =pr +« (2.40)
The pressure (in both directions) must be a decreasing function along the radial coordinate.
This condition restricts even more the values of «; higher values immediately triggers in-
stabilities. In light of what was written in (2.37), the tangential pressure (2.40) determines
another physical constrain for «: this pressure is meaningful as long as it remains positive
everywhere p;(r) > 0; hence, so must be a > 0 to not contradict this statement in the surface

where p,.(R) = 0. From the latter equation, the anisotropy is directly computed; comparing
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Figure 2.2: Effective thermodynamic quantities for different values of a when the constrain mimics
the standard pressure in the radial direction 6, = p. All curves share the same color code: a =0
(solid black line) represents the standard Durgapal-Fuloria solution; o = 0.15 (dashed red line)
and a = 0.3 (dotted cyan line) represent two anisotropic solutions. The second curve shows a
comparison between the radial and transverse pressure (a = 0.2). The anisotropy becomes larger
when approaching the surface, hence the pressures values drift apart.
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with Eq. (2.13), we obtain

2,.2 2
H(ria) = o 0" 1+3CT) (2.41)
m(1+Cr?) (1+9Cr?)

One can go on computing the remaining thermodynamic parameters. For instance the
density can be expressed following (2.9) with the temporal component of the anisotropy
given by (2.21)

20 (6 —18Cr? — 257 C?%r* +15C3r5 — 9 C*r®)
Tr (14 Cr2)° (1+9Cr2)° '

p(ria) =p+a (2.42)
Some comments are pertinent. The Durgapal-Fuloria solution is a fluid sphere with a solid
crust. In Figure 2.2 the density shows a discontinuity in the surface. The anisotropy
smoothes this jump; the bigger the parameter « is, the lower the value of the density on the
surface of the star. This behaviour immediately triggers the question on the profile of the
effective mass function. This parameter has been defined in (2.34) and together with (2.32),

1s written as

2(2-7Cr* 4+ C*r*)
(3+Cr2)(1+90r?)

m(r;a) = |1+« m(r) . (2.43)
An observer outside the star, would see a resulting mass Mg, surrounded by vacuum as it
has been requested in (2.36). The continuity of the radial component of the metric (when
crossing the star surface ) is direct: (2.35) identifies the Schwarzschild mass seen from
outside with the effective mass of our solution ; i.e. M., = m(R). Even more, a closer look
at the mass function shows that the correction (arf*)/2 in (2.34) vanishes at the surface
r = R. This means that the effective total mass of the star is the same as the isotropic
total standard mass; m(R) = m(R) from (2.28). This issue is not surprising at all. The
anisotropy mimics the radial pressure, hence the radial and tangential pressure start to drift
apart in the region close to the solid surface. For this anisotropic behaviour to happen, both
pressures must decrease in magnitude at the inner region. Of course this pressure discrepancy
with respect to the isotropic solution makes the density to be disturbed. The equilibrium
between gravitational collapse and pressure repulsion is modified; hence the mass function is
redistributed to the center of the star. Despite this, the total mass of the anisotropic object

remains unmodified.

To conclude this section, let us determine the value of the remaining constant A from (2.36).
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The temporal component of the MGD metric (2.29) should match smoothly with the outer

Schwarzschild region

2M
Gt = A(l — CTQ) =1- Sehw .

—R- r=R- Rt (244)

The constant A remains unchanged. This constant close one branch (a-dependent) of
anisotropic solutions analogous to Durgapal-Fuloria; namely {v; \; p; p.; pi}. Of course,
this solution is not unique. Different anisotropic solutions can be obtained starting from
the Durgapal-Fuloria solution by means of requiring different constrains when closing the
indeterminate system of equations. In next section we will consider a different constrain and

we will see that a different anisotropic solution is obtained.

2.3.2 Density—like constrain for the anisotropy

Another useful constrain that gives an acceptable physical solution, is to impose that the

anisotropy ‘mimics’ a density. This requirement is written as
0.t (r) = p(r) (2.45)

and closes the system of equations (2.21)—(2.23). The consequence of this ansatz is direct, the
temporal Einstein equation for the perfect fluid (2.16) is identical to the temporal equation
of motion for the §,,-tensor (2.21). Equaling both equations, one notes immediately that

the resulting equation has a total derivative structure. The integration is straightforward
rl—p+f=K = f(r)=p—-1 (2.46)

where X' = 0 must be imposed for the invariants R, R, R" and R,,,,R"7° to remain
smooth and finite all over the inner region. Note that with this constraint the radial de-
formation is again totally determined by the solution of the perfect fluid. Eventually, one
computes the relevant component of the metric; the minimally deformed component is writ-

ten as in (2.15) (naming /3 to the coupling between sectors) as

8Cr*(3+ Cr?)
7(14Cr?)?

—A(r)

e - (1+B)p-8 = p-p (2.47)
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We can write the metric with the structure used in (2.35). The effective mass is written as

a minimal deviation from the GR mass m(r) presented in (2.28)

TTL(T):m—l—ﬁg/perr:(l—l—ﬁ)m. (2.48)

In the latter equality, if we make use of spherical coordinates and the corresponding relations,
we have [ pr?dr = m/Qy; where the 4-dimensional solid angle is Q; = [[dQ and 2Q4/k =
1. Of course, this is not surprising at all, the constrain for the anisotropy is to mimic the
density, therefore the effective mass mimics the mass being proportional one to the other
(unlike the previous case where the mass is exactly the same with respect to the standard
GR solution).

Once the system is closed and the minimal deformation obtained, the remaining magnitudes
are easily derived. As before this will be done by means of the smooth matching between

the inner and outer region of the star.

2.3.2.1 Matching conditions

Here we will reproduce the same steps that we have done before in order to find the constants
A and C' this time for the density ansatz (2.45). It is already known that the constant C' is

determined by the second fundamental form (2.37). Its value is

»  —T(1+28)++/(67+1693)(1 + 3)
CR? = 2407 . (2.49)

In this case, the anisotropic sector has an influence on the integration constant. It is explicitly

seen that in the limit of no coupling 8 — 0 the constant from Durgapal-Fuloria is recovered.

Because of the ansatz where it has been required for the anisotropy to mimic the density,

the effective value of the density is modified

plr;B) = (1 +P)p. (2.50)

This is in complete accordance with the changes experienced by the mass. In what follows
we will show that this solution only admits a minimal geometric deformation over the metric
in only one ‘direction’; the ‘direction’ to where the density and the mass is increase. The

anisotropies restricted to the present constrain change the integration constants; for instance
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Figure 2.3: Effective thermodynamic quantities for different values of S when the anisotropy is
forced to act as a density, 6;* = p. The standard Durgapal-Fuloria solution has 3 = 0 (solid black
line); f = —0.16 (dashed red line) and 8 = —0.32 (dotted cyan line) represent two anisotropic
solutions. The second set of curves shows the anisotropy over the pressure, p, # p; for § = —0.2.

C'is B dependent. An analysis over Eq. (2.49) shows that C' increases when  becomes more
negative. This behaviour makes Eqs. (2.48) and (2.50) to increase when [ increases in
modulus. Of course, both parameters can not increase without a limit; as in the previous
case, anisotropies develop instabilities. In the first curve of Figure 2.3 it is seen how the
density function increases in the inner region, while it slightly decreases its value over the
surface’s surroundings softening the crust. The mass function rises throughout the interior

and the total effective mass is also increased.

The remaining thermodynamic parameters are the effective radial pressure

C(3+Cr3)(1+9Cr?)

Bo(r: B) = p— 2.51
pe(r;B)=p—5 T+ CrY)? (2.51)
and the effective tangential pressure

_ _ CQTQ

pe(r; B) =pr — B (2.52)

71+ Cr2)?
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As can be seen in the second graph of Figure 2.3, being the latter pressure different from
the former, the anisotropy is developed. In the third and fourth set of curves, it is seen that
both pressures are enhanced for the anisotropy to take place. When the mass increases, the

enhancement of the density requires higher pressures for stability reasons.

In order to get some insight in the underlying sign for § in the new solution, we will focus

ourselves in the anisotropy, given by

027“2

(r; 8) = —ﬁm~

(2.53)
It is worth to note that this magnitude can not be negative (let us remind that C' > 0)
because if this were so, over the surface of the star where p,(R) = 0, we would have a
negative tangential pressure p;(R) < 0 which is not physically acceptable. Therefore, positive
pressures implies negative values for 5. Now we have a physical domain for 5. The constant
A is found in an analogous manner than in the previous section, i.e. by means of Eq.
(2.44). The value of this constant changes with 8. The usual constant of Durgapal-Fuloria

is recovered in the limit of 8 — 0 as it should be.

2.3.3 On the detectability and observational differences for anisotropic

distributions

One of the many remarkable predictions of the theory of general relativity is the time dilation
within a gravitational well. This results in footprints in the lines of the spectrum shifting
towards the red. Although it is a useful quantity, particularly for astronomers, which allows
to get some insight into compact stars physics, this effect is extremely difficult to deal with
because of its complexity to be disentangle from the displacements and alterations due to
various causes such as the Doppler, Zeeman and pressure effects among others. Theoretical
derivations states that the redshift factor associated to a star comes when relating the proper
time 7 of the object with the observer clock ¢. This relation is given by the standard formula
dr? = g, dt? that yields the following for the surface redshift

’ 1
1_‘_221/_:—' (2.54)

Vo gi(R)

Therefore the relation between the emitted and observed frequency makes the redshift man-
ifest [72].
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Over the years, the study of anisotropies in compact objects has received considerable at-
tention and this parameter is a simple way to contrast theory with observations. Formula
(2.54) relates the measured redshift with the compactness parameter & = 2m/r of the star
(that depends on the anisotropic coupling in this case a/f3) introduced after Eq. (2.29). An
observer outside would see the Schwarzschild metric, hence the redshift, that depends on &,
is directly related with the total mass of the star (we are generating anisotropic contribu-
tions over fixed radius stars). Now, we want to investigate how this parameter evolve in our

particular solutions.

Let us start with the first solution derived in Section 2.3.1. The interest should focus
in the mass function (2.43) evaluated over the surface. As we have explained after this
equation the Schwarzschild mass remains unmodified with respect to the Durgapal-Fuloria
mass, Mg, = m(R) = m®"(R). Hence, there is no observational evidence to differentiate

an isotropic star from these anisotropic counterpart.

On the contrary, things change in the second case. The solution obtained in Section 2.3.1 is
based on an increment of the total mass. Then a shift occurs when observing this anisotropic

configuration

—1/2
—QMSC’““(B)} —1. (2.55)

AB) = {1— .

The Schwarzschild mass coincides with the mass function over the surface; i.e. M., = m(R)
in Eq. (2.48). As it has been explained, the mass increases when J increases in modulus.
Therefore, the compactness parameter is also increased; the star becomes more and more
denser with 3. Then, the parenthesis in (2.55) decrease and z(f) grows when |3| grows.
This means that these anisotropic contributions increases the gravitational redshift as it is

expected when the stars are more dense.

2.4 Anisotropizing an anisotropic Durgapal-Fuloria star

In section 2.2, we present a method to generate different anisotropic solutions of Einstein field
equations using any well known perfect fluid as a seed. After this, we apply this prescription
to the Durgapal-Fuloria perfect sphere. In section 2.3, with some reasonable constrains we
found two novel physical anisotropic solutions analogous to the Durgapal-Fuloria compact

star.
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The decomposition of Einstein equations (2.3)—(2.5) stem on the minimal geometric defor-
mation (2.15); the anisotropic sector (2.21)—(2.23) is decoupled with respect to any perfect
fluid sector (2.16)—(2.18). However, there is no need for the known sector to be a perfect
fluid solution exclusively. Whatever solution of Einstein field equations, either a perfect or
an anisotropic fluid, work as a seed for implementing the MGD decomposition. For instance,
we can take any of the two previous found solutions; e.g. the one obtained in section 2.3.1
given by {v; fi; pr; pi}. So as not to obscure how the method works, we will minimally de-
form the anisotropic solution along the radial component of the metric. While the temporal
geometric function in Eq. (2.29) remains unchanged, the minimal distortion takes place only

over the radial component

e e = () 4 Bgt(r). (2.56)

of an anisotropic metric solution of Einstein equation; in this case (2.35). This deformation
is caused by new generic sources of anisotropies (called v, in order to avoid confusion with

the deformed seed by 6,,) that acts over the anisotropic energy momentum tensor (2.7)

Tow =T + B (2.57)

The Einstein field equations connecting the latter effective stress-energy tensor to the space-

time curvature are

1 s(1 N
Kp=——e " (—2——) : (2.58)

r2 r r
1 X 1 V,
—kpp=——e M =4+, 2.99
e (44) 25
1 _ B 1_5\/
—K Py = —Ze_)‘ (2 ANRVCI (Y ) : (2.60)
r

The minimal geometric deformation (2.56) decouples the two anisotropic sectors. On the
one hand, the seed sector characterized by the density given by (2.42), the radial pressure p,

(2.39) and the tangential anisotropic pressure p; obtained in (2.40). This parameters solve
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the already known equation system

1w
kp=—— B (2.61)

_ 1 /1 vV
—RKpy = — — M P + J— , (262)
1 ! 2
—Kp; = -2 {Zl (2 VU 42 i) + (V’ + —)} ; (2.63)
r r

and on the other hand, we are left with the new anisotropic sector for ,, completely

decoupled. In this sector we have the following ‘pseudo-Einstein’ equations

g (r) _g”(r)

t
Ry = —=57 ==, (2.64)
1 vV
== (= + =), 2.65
K g <r2+r) ( )
1 * 1! /2 2 / */ / 2
’“APW:_Z g2V +vi+=-v)+g" (V+-)]. (2.66)
r r

Subsequently, a constrain over the solution must be imposed; the system is indeterminate.
Until now we used a constrain that mimics the pressure to obtain the seed solution; a density
constrain will be applied now to combine both previously found solutions. The ansatz then

is to require
v = p(r). (2.67)

Now the steps that follow are known. Eqs. (2.61) and (2.64) equals and give a total derivative
equivalent to (2.46). The solution for the second minimal deformation function is straight-

forward because the constant of integration is again null
g=pn—1. (2.68)

The radial metric component from (2.56) then promotes to

5 a(l+p)

= (=) Bt T = B (2.69)

where the anisotropic radial component of the metric (2.33) has been used.
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The effective radial pressure p, = p, — f,." is computed from (2.59)

C(3+ Cr2)(1 +907?)

ﬁr(r; O‘vﬁ) = [1 - a(l + 6)]]9 - 771'(1 + 07,2)3

(2.70)

The first integration constant C' is obtain by means of the continuity of the second funda-
mental form, analogous condition to (2.37). Imposing the annulment of the latter effective

radial pressure at the surface X, we get

s —T[l—a+B2—-a)l+ VIBT(1 —a) + B(169 — 57a)] (1 — @) (1 + B)
Ch = 2(1—a)+ B9 —2a) - (2T

Both the integration constant C' as well as the effective pressure p, recover the corresponding
values: (2.38) and (2.39) in the limit of § — 0 or (2.49) and (2.51) when o — 0. Besides,

this constant is required to plot the thermodynamic parameters.

In Figure 2.4 we present the corresponding evolution of the parameters of the theory: for
a comparison, we include also the Durgapal-Fuloria isotropic solution (a« = = 0 in solid
line). If for instance, one of the couplings move away from zero but the other remains null,
the thermodynamic quantities behave as in Figures 2.2 (if « # 0) or 2.3 (if 8 # 0), as it
is expected. After this, we plot the anisotropic seed to be minimally deformed by fixing
the coupling a (red dashed-line). Finally, § drifts away the parameters again. We choose
one smaller order of magnitude for the second deformation to make notorious the effect
over the seed solution. An important statement is that as the seed is anisotropic and the

corresponding tangential pressure is nonnull over the surface, then there is no restriction for
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~~~~~
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Figure 2.4: Effective thermodynamic quantities for different values of the parameters {«, 5}. The

solid black line represents the standard Durgapal-Fuloria solution («« = 8 = 0). The dashed red line

is the anisotropic solution used as a seed {« = 0.3, 8 = 0}. This configuration is minimally deformed

by a ¢—sector. Two different solutions are presented: dotted green line for {« = 0.3, 3 = 0.03} and
the dotted-dashed cyan line for {a = 0.3, 5 = —0.03}.
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[ to be negative. [ is allowed to be positive until either it decrease the tangential pressure

until it becomes null, or the anisotropy becomes unstable.

Lest we forget, we include the expression of the two remaining parameters: first the effective

density p = p + By, whose structure is analogous to (2.50),

plr;e, f) = (1+B)p (2.72)

with p the seed density (2.42). And secondly, the anisotropic tangential pressure p; =
Pt — B,? that can be written as

pi(r;a, B) = pr(r; o, B) + (r; o, B) . (2.73)

The anisotropy is now written as

C?*r? 6C?r2(1 + 3Cr?)

R s e T e (2.74)

I(r;a, 8) = = m
It is important to remark that in all expressions we recover both previous limits when either
«a or (3 are set to zero, and the standard Durgapal-Fuloria solution for « = § = 0. Let us
conclude presenting the profile of the anisotropy over the surface ¥ of the sphere. In Figure
2.5, we plot the function II from Eq. (2.74) versus the couplings a and . Nearby « closer
to zero and [ positive, the anisotropy becomes unphysical (IT < 0); thus deformations with
this parameters are prohibited and excluded from the physical surface. In particular this
procedure extends the range of physical values for 5. Each time a grows, new possible values

of 8 > 0 are released.

0.02

0.01

0.00 =_

Figure 2.5: The figure illustrate the anisotropy II as a function of the couplings {«, 8} evaluated
at the star’s surface X.. The region where o < 0.1 and > 0, the anisotropy is unphysical.
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Besides should be noted that the anisotropy can be interpreted as a lineal combination of

the first two cases studied
I(r; o, B) = U(r; B) + (1 + B)I(r; o) ; (2.75)

Each single parameter anisotropy have been computed in (2.41) and (2.53). In this case,
the resulting II(c, ) no longer coincides with 3(1,." — 1) as mentioned in (2.13), because
the seed is no more an isotropic fluid. Immediately, the linearity is translated to the stress-
energy tensor; the components of the new 1)—sector can be written as a combination of the

single minimal geometric deformations computed in Section 2.3
w#y — QLcifnsity) + OéeLpJessure) ) (276)

making the ‘additive’ character of the method manifest. If one starts with any perfect
solution of GR, T}7™, a minimal deformation induced by an anisotropy subjected to a
pressure structure, makes the stress energy tensor to become ﬁw = T)0 + afiyesre,
After this, a second minimal deformation acts over the already anisotropic solution, but now
subjected to a density constrain. The new contribution is given by (2.76), therefore the

effective energy-momentum tensor (2.57) is decomposed as
THV — T/SIZF) + Oéel(llpljessure) + /B [eldyensity) + aeflpl:essu're)] ) (277)

This expression states the noncommutative structure of the MGD-decoupling method; the
order in which the deformations take place matters. For instance, if we take as a seed the
solution found in Section 2.3.2 where the deformation obeys a density-like constrain, and
then we deform the anisotropic solution with a different constrain analogous to (2.31), the
noncommutative character of the theory becomes manifest. The equations (2.75) and (2.76)

change their form and become

[(r; B, ) = (r; a) + (1 = a)Il(r; §),

| (2.78)
¢MV — e(pressure) _ ﬁe(denszty) .
5% 9% )

respectively. Likewise, the effective energy-momentum tensor (2.77) becomes

T/Ll/ — T/S,I;F> + B@Ld;nsity) + a[el(f;‘essure) _ /6 el(j;,nsity)] (279)



Ph.D Thesis Carlos Rubio 33

when the order of the two anistropizations is reversed. The reason of the noncommutativity is
that the coefficients involved in the linear combinations of the components of the anisotropic
tensor 6, depends explicitly on the coupling constants. This is not surprising at all; we are
dealing with nonlinear differential equations. The commutativity is likely to be lost in this

kind of systems.

From a perturbation theory point of view, one can think that the deformations over the
metric (zero order) is due to the existence of the anisotropic term which acts at O(«a); being
« the coupling strength to the anisotropies. We must emphasize that, although the MGD
approach seems like a perturbation technique, the method, in fact, is not, and this is easily
visualized by noticing that the couplings do not necessarily have to be small, which is a
crucial ingredient in perturbation theories. The deformation being a perturbation is just a
well behaved limit of the theory, and means that we can softly deform the seed configuration.
Being the theory noncommutative, successive and mixed perturbative deformations give
different configurations depending on the order in which each of them are implemented.
This provides infinite manners of deforming realistic configurations controlling rigorously

the physical acceptability of the resulting anisotropic distribution.

2.5 Conclusions

In this work we have presented different branches of solutions that determines non-rotating
and uncharged anisotropic superdense stars. Fach branch opens a possibility for new physi-
cally acceptable anisotropic configuration for these objects. They were obtained by guided
deformations using as a starting point the isotropic Durgapal-Fuloria model for compact
stars, and exemplify some possible anisotropic distributions among the many that the MGD-
method generates. This prescription has been design to decouple the field equations of static
and spherically symmetric self-gravitating systems. It associates the anisotropic sector with a
deformation over the geometric potentials. Hence, after the decoupling, one obtains a sector
which solution is already known (seed sector) and the anisotropic sector which obeys a set of
simpler ‘pseudo-Einstein’ equations associated to the metric deformation. It is worth to note
that the minimal geometric deformations stems in an exclusively gravitational interaction

between sectors; i.e. there is no exchange of energy-momentum among sectors.

We have then proceed to solve the decoupled anisotropic sector. When the equations are

forced to be decoupled, no new information is introduced. Then we have an underdetermined
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system of equations; consistent constrains are needed. We have shown how intuitive constrain
leads to new physical anisotropic solutions. Variations in the couplings between the seed and
the anisotropic sector reveals consistent evolution of the thermodynamical parameter giving
to the MGD-method a new prove of validity. We also have discussed the observational
features of the anisotropic sectors. When the anisotropy changes the compactness of the
star, the observed redshift increases as it is expected. Not all anisotropic contributions
have observational effects, because some anisotropies only redistribute the thermodynamical
parameters in the interior. However, when the anisotropy tweak the compactness parameter,
the star suffer a redshift. Therefore, observational data would bound the parameters of the

model.

After presenting two branches of solutions that provides an infinite number of physical
configurations, we have proceed to deform anisotropic solutions. Any solution of Einstein
equation admits a minimal deformation. Different anisotropic sources have additive effect,
however these effects are noncommutative. The path to the final configuration matters, and
same deformations in reversed order produces different resulting configurations. Hence, the
method provides a ’'fine-tuning structure’ that generates an enormous amount of different

physically acceptable anisotropic stars.



Chapter 3

Delta Gravity

3.1 Definition of Delta Gravity

In this section, we present the action as well all the symmetries of the model and derive the
equations of motion.
These approaches are based on the application of a variation called . And it has the usual

properties of a variation such as:

0(AB) = (0A)B+ A(0B),
00A = O0A,
S((I)M) = (Sq))/u (3-1)

where ¢ is another variation. The main point of this variation is that, when it is applied on
a field (function, tensor, etc), it produces new elements that we define as 5 fields, which we
treat them as an entirely new independent object from the original, ® = ¢ (®). We use the
convention that a tilde tensor is equal to the ¢ transformation of the original tensor when
all its indexes are covariant.

Now we will present the 5 prescription to a general action. The extension of the new sym-

metry is given by:

35
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where Sy is the original action and S is the extended action in Delta Gauge Theories.

When we apply this formalism to the Einstein-Hilbert action of GR, we get [52]

/d4:p\/_( + Ly — 2— (G — KT) Gog + LM) , (3.3)

87TG ~

where kK = s Juv = 5gW, Ly is the matter Lagrangian and:

o 2
T N 59W [vV—9Ln] , (3.4)
0Ly ~ . 0Ly
LM - (bl le ( ,u(bl) ( u¢1) (35)

with ¢ = 06 are the & matter fields or “delta matter” fields. The equations of motion are
given by the variation of g, and g,,, it is easy to see that we get the usual Einstein’s
equations varying the action (3.3) with respect to §,,. By the other hand, variations with

respect to g, give the equations for g,

1 1
F(W)(aﬁ)ﬂ/\DpD)\gaﬁ + éRaﬁgaBgW + §R§W RFOGY — RV Gl + gaGW

_ \/’i_gé;w [\/—_g (T@ﬂgaﬁ v 2EM>] , (3.6)

with:

F) @) plem(©s) ga | plio)@d) gur _ plu)(@d) go _ plipA)(es) guv

1
P((Oéﬁ)(/“/)) — Z (go‘“gﬁ'/ + go"’gﬂ” — go‘ﬁg‘“’) , (37)

where (uv) denotes the totally symmetric combination of p and v. It is possible to simplify

(3.6) (see [52]) to get the following system of equations:
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G = K™, (3.8)

1 1 ~
FOCDAD, Digas + 59" R Gas — 59" R = KT, (3.9)

where T" = §T". Besides, the energy momentum conservation now is given by

DVTMV = 07 (310)
- 1 1
D, T" = §T°‘5D“§aﬁ - §T“5D5§/§ + Dg(goT"). (3.11)

Then, we are going to work with equations (3.8), (3.9), (3.10) and (3.11). It is very important
to notice that as Einstein’s equations (3.8) and (3.10) do not change in this theory, the
standard results of GR holds in DG, and they will be important to solve the delta sector
(3.9) and (3.11).

3.2 Perfect fluid

The derivation of the T, and T, v is explained in detail in [53], here we present the final
results which will be useful henceforth. In particular, u” is related to the new velocity field
coming from the new symmetry, however, we have to emphasize that du, # ul. Also, we

have set the speed of light ¢ = 1 and we will explicitly put it back when it needed.

The energy-momentum tensors 7}, and 7, now read

T = pP)gw + (p=+p(p)) (3.12)

. dp, .. . Op, ..
T = D+ 501700 + <p+ a—p(p)p) Uyt

1
+(p +p(p)) (5 (upt® e + Ut Goa) + Uy + Wﬁ) . (3.13)
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With extended normalization conditions

The condition (3.15) is interesting because will give similar results on the background of DG
as when we set a particular gauge condition in the perturbation theory of GR. Nevertheless,
we point out that delta sector is not a perturbation of GR sector, it could be understood

better as a modification of GR. We will deepen to this point later.

3.3 Test Particle

As DG include a new gravitational field, it is necessary to describe the particles trajectories
in this new approach, here we will review the trajectory for both massive and massless

particles.

3.3.1 Massive Particles

The action for a test particle is given by:

Solt, g] = —m/dt\/—ng:“jsl’, (3.16)

. . M . . . . . . . .
with z# = ddit. This action is invariant under reparametrizations, ¢’ =t — €(t). This means,

in the infinitesimal form, that:

opat = dle. (3.17)

In DG, we have a new test particle action. To obtain this action, we need to evaluate (3.16)
in (3.2):
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G2 + (29, JP 5" + G pyP "
Slivvg.9) = m [ d (g“ e Lk )), (318)

where g, = g + %gu,, and y* = dx*. This action is invariant under reparametrization

transformations, given by (3.17), plus § reparametrization transformations:

Spyt = yte—+ ile. (3.19)

The presence of y* introduce a new system of coordinates. Because we do not want new coor-
dinates, we impose that 2g,, y*2" +g,. ,y "2 = 0 like a gauge condition on d reparametriza-
tion, fixing €. With this we eliminate this new symmetry, however the general coordinate
transformations as well as time reparametrizations continue to be preserved. Finally, (3.18)

is reduced to:

S|z, q,9] = m/dt gm,x i . (3.20)

Now, if we vary (3.20) with respect to z*, we obtain the equation of motion for a massive

test particle. That is:

G’ + Dpapi®i® = Z K, (3.21)

| =

with:
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N 1 . . R
F;wcﬁ = 5(9;1@,5 + 9Bu,a — gaﬁ,u)
. 1~ -
Jop = (1 + §K) 9o + Jap
K = §Gopi®i®
and, if we choose ¢ equal to the proper time, then g,,@#2" = —1. The equation of motion

of a free massive particle is a second-order equation, but there is no longer a geodesic in an

effective metric.

3.3.2 Massless Particles

When considering massless particles, action (3.16) is useless, because it is null when m = 0.

To solve this problem, it is common to start from the action:

1
Solz, g,v] = §/dt (vm® — v g dtd”) (3.22)

where v is a Lagrange multiplier. From (3.22), we can obtain the equation of motion for v:

N
v = VI (3.23)
m

If we substitute (3.23) in (3.22), we recover (3.16). In other words, (3.22) is a good action

that includes the massless case. So, we must substitute (3.22) in (3.2) to obtain the modified

test particle action. That is:

1
S[z,g,G,v,7] = 3 / dt [vm® — v (g + ) B3 + 0 (m® + v 2gata”)],  (3.24)
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where we must discard y* for the same reason used in Section 3.3.1. Besides, two Lagrange
multiplier are unnecessary, so we will eliminate one of them. The equation of motion for v

18:

m? + v (g + Gur) 3"

3.25
2073g,p2%00 (3:25)

V=

If we now replace (3.25) in (3.24), we obtain our ¢ Test Particle Action:

3

. G + Gu) THEY m?v
S — dt 2, ( H H
[xagvgvv] / (m v 4 + 4ga/3:ta$'/6’

(m® + v_2§Wx‘“jc”)) . (3.26)
Therefore, we can use (3.26) to represent the trajectory of a particle in the presence of a
gravitational field, given by ¢g and g, for the massless and massive case. In the previous
section, we have developed the massive case, so we need to study the massless case now.

Evaluating m = 0 in (3.22) and (3.26), they are respectively:

_ 1

S =i g 0] = -3 / dtv =" g, " i (3.27)
1

Sm=01li g, g,0] = -1 / dtv'g,, ad", (3.28)

with g,, = g4 + - In the usual and modified case, the equation of motion for v implies
that a massless particle will move in a null-geodesic. In the usual case we have g, 2#2" = 0,

but in this model the null-geodesic is g, @#2" = 0.

All this means that, in DG, the equation of motion of a free massless particle is given by:

g’ + T papi®d’ = (3.29)

ey
gurtt” =0,
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with:

1
]-_‘;wz,B = é(gua,ﬁ + 8u,a — ga,@,u)'

To summarize, we obtained how a test particle moves when it is coupled to g, and g, given
by (3.21) or (3.29) if we have a massive or massless particle respectively. It is important to
emphasize that the proper time is given by g,,. This will be important when we study the
cosmology of DG. Also, we notice the importance of a gauge condition in order to remove
new coordinates. This will be the characteristic of this model, because as we will see, in the
cosmological case we will need to fix another gauge to reduce the system, this fix will break

explicitly the delta symmetry and therefore both sector will evolved independently.

3.4 Cosmology in DG

Now we are able to present the solutions and its implications on the Cosmology in DG.

3.4.1 Harmonic gauge in an Isotropic and Homogeneous Universe

When we consider an isotropic and homogeneous Universe, the most generic solution in GR

Is
Gudatdz” = —A(t)Edt® + a*(t)(da® + dy* + d2?) , (3.30)

where a(t) is the scale factor. Usually the function A(t) is setted to 1, however the reason

for this election is just a gauge condition known as the harmonic gauge'. That is

I = g*Th, =0. (3.31)

for more details, see Section 7.4, Chapter 8 and Chapter 9. Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity. Weinberg
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Under general coordinate transformation x — z/, I'* transform:

Ox'™ 0%’
I = —T* — g* .
oz 9 DredzP

Therefore, if I'* does not vanish, we can define a new coordinate system z'* where I'"* = 0.
So, it is always possible to choose an harmonic coordinate system. When we use (3.31) with
the metric (3.30) we obtain A(t) = 1.

The extension of the harmonic gauge to g,, is natural if we consider

o (I'M) = g*f6 (I ,) — §*°Th, =0, (3.32)

where & (Fgﬁ) = 19" (D3gra + Dagar — Drgas). Then, a generic solution for gy, is

Gudatdr” = —F,(t)2dt* + F,(t)R*(t)(dz® + dy? + dz?) (3.33)

After the condition (3.32), the solution for those functions are F,(t) = 3F,(t) = F(t). With

the harmonic gauge fixed, we can solve the system of equation in the cosmological case.

3.4.2 Photon Trajectory

While a photon emitted from a source travels to the Earth, the Universe is expanding. Then
the photon is affected by the cosmological Doppler effect. If we consider a radial trajectory

from r to r = 0 in a null geodesic we have

—(1+3F(t))c*dt* +a*(t)(1+ F(t))dr* = 0.

In GR, we have that cdt = —R(t)dr. So, in the DG we can define the effective scale factor:
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1+ F(t)
t)=al)\| ——==—+— 3.34
ena(t) = alty| 150 (3.34)
such that cdt = —ap(t)dr now. If we integrate this expression from r; to 0, we obtain:

o qt
ry = c/ , (3.35)
t1

CLDG(t)

where t; and ty are the emission and reception times. If a second wave crest is emitted at

t =t; + Aty from r = rq, it will reach » = 0 at t = ty + Aty so:

to+Ato dt
r = c/ . (3.36)
t1+At aDG(t)

Therefore, for Aty, Aty small, which is appropriate for light waves, we get:

Ato CLDG(tO)
= 3.37
Atl aDg(tl) ( )

or:

B _ anclio) (3.38)

AZ/O apg(tl)’

where 14 is the light frequency detected at r = 0, corresponding to a source emission at

frequency 4. So, the redshift is now:

1+ 2(t) = ‘;ZZ ((Z))) = YiG. (3.39)
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We see that Ypg (t) replaces the usual scale factor a(t) to compute z. This means that
distances such the luminosity distance changes and need to be redefine. This was done in
[57], where they used this result to fit SNe-Ia without a Dark Energy component. In Chapter

4 we will present the redefinition of the important distances involved in the CMB.

3.4.3 Einstein’s Equations

Now lets review the main results of Einstein’s equation in the cosmological case. It is usual

to use uy = (¢, 0,0,0), then the equations for g, are just the Friedmann’s equations

(%) = S (3.40)
wt) = =20+ ), .41

with f = df /dt(t). In order to solve (3.40)—(3.41) it is necessary equations of state py = wWaa-
Where « could be non-relativistic matter (cold dark matter, baryonic matter) where wygr = 0
and radiation (photons, massless particles) where wr = 1/3. Replacing in (3.40)—(3.41) we
get

p(Y) = pu(Y)+ pr(Y)

3HEQRrY +C
T k2C Yh (3.42)
1
p(Y) = ng(t)
HQp 1
— :‘,02 W’ (343)

2\/C 5
HY) = —(x/Y+CY—2C +205), 3.44
V) = s (v —20) (3.44)
with Y = a(t)/a(t = 0) = a(t) because we set a(t = 0) = 1 the value of the scale factor
in the present. Hy = a/a evaluated at the present, however this is not longer the physical

Hubble constant. C' = Qgo/Qpr0, where Qg and ¢ are the values at the present for those
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density parameters, and they are defined as.

Qp = PR (3.45)
Pe

Q, = Mo (3.46)
Pe
3H2

= , 3.47

p e (3.47)

This definition is useful because as we only have radiation and non-relativistic matter the

first Friedmann equation at the present reads

C
1=0 Q Qp=—— A4
r+ 8y — R e, (3 8)

Then the value C defines the values of Q0 and ;.

3.4.4 Delta Sector

After fixing the harmonic gauge the delta symmetry was broken explicitly, then the delta
sector evolved independently. So, using (3.42)-(3.44), then (3.9) and (3.11) equations are

reduced to:
u, = 0 (3.49)
3 Y Y \/ % +1+1
FY) = -(2C,—Cy) —= —+1ln| e =2
2 ¢ ¢ Ve+1-1
c
Y |Y
—2 — /=41 )
Cy+ 030 8 + (3.50)
. 9HZOR (C, — F(Y))
pu(Y) 2kc2C Y3 (3.51)
_ _ 6H3QR (Cy — F(Y))
pR(Y) - KJCz Y4 I (352)

where Cy, Cy and Cj are integration constants. In [53] and [57], they set C; = Cy = 0 because
those terms in (3.51) and (3.52) produce a contribution of matter of the same nature that

was obtained in the GR sector. And we are not interested in that contribution. Besides, DG



Ph.D Thesis Carlos Rubio 47

was expected to explain Dark Energy, so if we use (3.50) in (3.34) we can see that

~y ) —Y Y
06 =\ T e, T O

when Y < C. As Dark Energy is irrelevant in the early Universe, we impose that apg =
Y + O(Y?). For this, we must use C, = 0. Under this analysis, we can not say anything
about C7, but as we explained before, we are not interested in delta matter which has the

same nature that the standard matter of GR.

For completeness, we point out that DG has a Big-Rip, when apg = oco. We need a Big-
Rip to explain the accelerated expansion of the universe because we want that apg to grow

quickly when Y is bigger.

The effective scale factor is:

1-LEVY +C
1—-LYVY +C’

apg(Y,L,C) = Y\/ (3.53)

3
2
where we used Cy = —¢

3L and L ~ 1. That is because we need that C5 ~ C% < 1. If we
use ('3 = 0 ie L = 0, the Big-Rip is not produced and we cannot explain the expansion of
the universe. Therefore, we need to consider that 1 > C # 0. To see the Big-Rip we must
analyze (3.53) for Y > C-

3_LY?3
3(1— LY?)

N|=

apc(Y,L,C)~Y +O(C2). (3.54)

It is clear that the Big-Rip is produced when:

Yiiy — G) (3.55)
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In summary, we have that apg ~ Y when Y <« C, so the Universe evolves normally at
its beginning, without differences with GR. But, when Y > C, an accelerated expansion is

produced, ending in a Big-Rip when the denominator is null.

3.4.5 Thermodynamics in DG

Now we will study some implications of thermodynamics in DG. This results are crucial in

the understanding or the theory and the interpretation of physical quantities.

In Section 3.4.4 we show that the geometry which photons follow is given by a modified scale

factor
1+ F(t)
) = a(t) | ——n
ane() = ol [T 3R
Then the volume of a cosmological sphere is now
4 33

V = §7TT apa

where r is the radial coordinate. Thus, any physical fluid has a density given by

U

e (3.56)

p —=
where U is the internal energy and V' is the volume. From the first law of Thermodynamics

we have o is o
= 7 _p
dt dt dt

We will assume that the Universe evolved adiabatically as in GR (see for instance [73]). This

(3.57)

means S = 0. Then we get the well known relation for the energy conservation

) P
P = _3HDG (p + g) (358)

with Hpg = apg/apc. In order to known the evolution of p we need an equation of
state P(p). In [57] they showed that Hpg(t) replaces the first Friedmann equation, now
we know that the second Friedmann equation is the thermodynamics statement that the

Universe evolves adiabatically, so the physical densities must satisfies eq. (3.58). If we



Ph.D Thesis Carlos Rubio 49

assume P = c?wp we found

papa™ = podpg o) (3.59)

where pg is the density at the present. A crucial point in this theory is that GR equations
(3.8) and (3.10) are valid, then we also have a similar relation for the densities of GR, but

with the standard scale factor a(t), explicitly

pGRa3(1+w) — pGRoag(l-i-w) (360)

These solution for pgr are the same as (3.42). Then we can relate both densities by the

3(14w)
P ( 1+ F<t>)> = constant(w) (3.61)

ratio between them

PGR 1+ 3F(t

This ratio will be vitally important when we study the perturbations of the system. Because

we will study the evolution of fractional perturbations at the last-scattering time defined as

OPGR a
Sona = —PCRa (3.62)

ﬁGR a T PGRa
where a runs between v, v, B and D (photons, neutrinos, baryons and dark matter, respec-
tively). If we consider the results from [57] (C' ~ 10™* and L ~ 0.45), at the moment of
last-scatering (7" ~ 3000 K) we get

1+ F(ts)

1+ 3F (L) (3:63)

This mean that at that moment the physical density was proportional to the densities of

GR, and without lost of generality we can take

5phys a(tls> = 6GR a(tls) = 5a (tls) (364)

as it will be introduce in Section 4.2. In facts, (3.63) is valid for a wide range of times, from
the beginning of the Universe (z — 00) until z ~ 10, so this approximation is valid in the
study of primordial perturbations in DG when using the equations of GR.

On the other hand, the number density (number of photons over the volume) at equilibrium
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with matter at temperature 7' is

2
nyp(v)dy = Smvidy. ; (3.65)

hv
ersT — 1

After decoupling photons travel freely from the surface of last scattering to us. So the

number of photons is conserved
dN = ng, (vs)dvsdVis = np(v)dvdV (3.66)

as frequencies are redshifted by v = v,apg(tis)/apa, and the volume V = Vi,a% . /a% o (ts)
we find that in order to keep the form of a black body distribution, the temperature in the

number density should evolves as

1o

Tapg = constant — 1T = — |
Ype

(3.67)

where Ty, = 2.73 K is the temperature of the Universe at the present based on the black
body radiation of the CMB.

To summarize this Section, thermodynamics establish that the physical densities diluted
with Ypg and not with Y, this means that 2 and ), defined before are not the physical
density parameter which Planck measures. However, as we know exactly the evolution of
pcr because Friedmann’s equation’s are valid in DG, we can use (3.61) to know the evolution
of the physical densities. By the other side, in DG temperature must fall with the modified
scale factor Ypg (or apg). This is important because we will study how the temperature of

the photons coming from the CMB decreased until the actual temperature.

3.4.6 Equality time {gg

After concluding this chapter, there is an ansatz that we need to propose in order to be
completely consistent when solving the cosmological perturbation theory in the next chapter.
This is about when the radiation was equal to the non-relativistic matter. The relevance of
this moment is due we will solve the perturbed equation when the Universe was dominated by
radiation and when it was dominated by matter. We state that the moment when radiation
and matter were equal at some tgq is the same as in GR as in DG. The implication of this

statement is the following: Let us consider the ratio of the matter and radiation densities of
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GR (3.60)

Y
perM _ 2 (3.68)

PGR R C

we remind that C' = Qg/Qy. Then the moment of equality in GR correspond to Ygg = C.
On the other side, if we consider the same ratio but now between the physical densities using
(3.59), we get

Pphys; M o YDG

_ 16 3.69
Pphys R C’DG ( )
where Cpe = Qpa r/Qpe - Then in the equality we need to impose Ypa(Yeg) = Cha,

explicitly
1+ F(C)
B 113F(0)
Cpe = C—1+F(1) , (3.70)
1+3F(1)

if we take the value from [57], C' ~ 107* and L ~ 0.45 implies F(C) ~ 107 << 1 and
F(1) ~ —L/3, then
1—-L

CDG:C m

(3.71)

This means that total density of matter and radiation today depends explicitly on the ge-

ometry measured with L.

3.4.7 Conclusions

We have presented the definition of Delta Gravity, showing how this delta symmetry acts on
an general action, in particular in the Einstein-Hilbert action. We presented the system of
equations of the model, and we emphasize that General Relativity equations are valid in this
theory. Then we just present the form of the energy-momentum tensors 7), and ﬁ“, and
the normalization of the velocity fields. After that, we described how particles move in this
theory, concluding that massive particles do not move in geodesics, while massless particles
do in an effective metric g, = g + G-

Then we presented cosmological solutions for an isotropic and homogeneous Universe, show-
ing that in order to reduce the free functions of the theory it is necessary to impose the

extended harmonic gauge. It is important to notice that after fixing this gauge the delta
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symmetry is broken and both sectors evolves independently. Then we described the trajec-
tory of photons coming from a source in a radial trajectory until reaching us, this introduce
a new scale factor which defines the geometry and the redshift. After that we presented the
solutions of Einstein’s equation and the delta sector, with only radiation and non-relativistic
matter and its delta versions, where we consider the same equation of state for each species
in both GR and delta sector. Here we consider that in order to explain the CMB and Nu-
cleosynthesis, DG must be equal to GR for early times, while it predicts a Big-Rip in the
future.

Then, we discussed the implications of the first law of thermodynamics in the modified ge-
ometry of this model. We distinguish the physical densities from the GR densities in terms
of which scale factor they dilute. However knowing the solutions of the GR sector is enough
for us to know about the behavior of the physical densities. Also, if we consider that the
number of photons is conserved after the moment of decoupling, the black body distribution
should keep the form, and that means that temperature is redshifted with the modified scale
factor Ype. Finally, we stated the anzatz that the moment of equality between radiation and
matter was the same in GR and in DG and we showed it implications in some parameters
of the theory.

We will use all this results as the background of the theory, and in the next Chapter we will
study the scalar perturbations of CMB.

Before finishing this Chapter, let’s discuss the foundations of DG. We have solved completely
the system in the harmonic gauge, this gave us solutions that we will use as background in
the following chapters. However, when solving GR linear perturbation theory in the comov-
ing gauge [74] where one uses du = 0, one gets exactly the same equations for DG but now
as a perturbed equations from GR, because we imposed u? = 0. Nevertheless, we emphasize
that DG is not a perturbation theory of GR, so solutions of the delta sector could have the
same or even more weight that GR solutions because in DG the delta fields are unbounded

whereas perturbations are valid in a certain range.



Chapter 4

Cosmological Fluctuations in Delta

Gravity

In this Chapter we present the perturbation theory of DG in the cosmological FRLW back-
ground described in Chapter 3. As the physics of DG should be the same as in GR, we will
use of the equation of GR in order to describe the evolution of the physical perturbations.
We follow the prescription given by Weinberg[62] step by step, translating their results to
this theory.

4.1 Perturbation Theory

Let’s start with a perturbation as follows:

Guv = guzx + h;w; (4.1)
g/w - éuu + il;ux (4.2)

where h,h < 1. The bar means the background solutions which was obtained before.

However we remind that in the harmonic gauge we have

Guda'ds” = —cdt* + a*(t)(da® + dy® + d2°) (4.3)
Gudr’udz’ = —3F(t)dt* + F(t)a*(t)(dz® + dy® + dz*) . (4.4)

93



Ph.D Thesis Carlos Rubio 54

Then, we follow the standard method, known as Scalar-Vector-Tensor decomposition [75].
This process allows us to study those sectors independently. Therefore, the perturbations

are

OH o, #B  9C, OC;
h()() =—F hiO = a [% + Gz:| hij =a [Aézj + al’zal‘] + aZL‘j + a.CL’Z + Dz] ; (45)
where

or  or oxd

This decomposition must be equivalent for BW (by group theory):

- . oH -~ | - o |+ 2B 9C; 9C; -
hoo E th a axZ -+ G hj a (SJ + axzax] + al’] + aZL’Z + gl ( 7)
with
ac; aG; 9Dy  ~
5= =0 57 =0 Di=0. (4.8)

If we replace perturbations in (3.8), (3.9), (3.10), and (3.11), we get the equations for the
perturbations. However, there are degrees of freedom that we have to take into account to
have physical solutions. In the next subsection, we show how to choose a gauge to delete

those nonphysical solutions.

4.1.1 Choosing a gauge

Under a space-time coordinate transformation, the metric perturbations transform as

aEA _ 86)\ agwj A
i EA S mril

Ahyy(z) = =g (2) (4.9)
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In more detail,

Oe;  Oe; )
862‘ 860 a
0 ot 0x' T at ( )
860
Ahgp = —2—. 4.12
00 ot ( )
For delta perturbations we get!
~ . 060 . 0¢r  0g o 0e&*  0g
Ahl,:—_ — T . AP S Gy — ,UV~)\. 4.1

g IixNgzr — I ogn ~ P ¢ T I ggy T I T apr (4.13)

In more detail,

~ . 8@- an 65] 3%1 . Y9 ~ .
Ah;; = —F% — F% o T By + [60 <2Faa+ Fa ) + QEOQa} dij,  (4.14)

= 361- 860 8%1 860 a a~
Ahjy = —F— —3F— — — — —— 4 9F—¢ + 2§, 4.1
0 ot 3 oxrt Ot Ozt + ozE + a6 (4.15)
= . 860 360
Ah = -3¢t —6F— —2— 4.16
00 €0 ot dt ( )

where € and € = de defines the coordinates transformation. Also we raised and lowered index

using g, s0 € = —e€q, €0 = —¢g, € = a"%¢; and € = a"%¢;.

Following the standard procedure, we decompose the spatial part of ¢ and é* into the
gradient of a spatial scalar plus a divergenceless vector:

6 = 0 +¢e, 0" =0, (4.17)

7 Y

& = 0 +¢&, 07 =0 (4.18)

7 Y

Thus, we can compare equations (4.5) and (4.7) with (4.10)-(4.12) and (4.14)-(4.16) to obtain

the gauge transformations of the metric components:

!This form is obtained taking the delta symmetry to (4.9), for more details see [52)]
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AA
AC;

AH

and

2 2
= —aeo, AB:——ZES,
a a
1 .
= —Edj AD;; =0, AE=2¢), (4.19)
1 26 1 2
= - (—Eg—és+—a€s) R AGZ:— (—€Y+—a€y> R
a a a a
2aF . ) - 2
(a_+F>€0+2g€0, AB:——Q(FES+€S),
a a a
1 - - . .
—— (Fe +&") . ADjj=0, AE=0Fé+3Fe+ 2, (4.20)
a
o 2Fq 2
(%Wm—@—F§—§+—£§+ﬁé>,
a a

QI Q|+~

W 2Fa ., %
(Jg—¥+—ﬁ4+ﬁ¥>
a a

There are different scenarios in which we can continue with the calculations when we impose

conditions on the parameters ¢, and €,. However, before discussing it, we will study the

gauge transformations of energy-momentum tensors 7}, and 7},,.

4.1.2 T,, and T,

Now we will decompose the energy-momentum tensors 7}, and ﬁw in the same way. For a

perfect fluid, we showed

while for T, v

Ty = PG + (p + )y, (4.21)

2

~ ~ ~ |~ L « ~ «a
T = PG + PG + (p+D)uuu, + (p+p) (—(guaul,u + Guau,u™) + uZul, + u#u3> , (4.22)
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where

9w, = -1, (4.23)
g uul = 0. (4.24)
Now let us consider

p = p+op,

p = p+op,

U, = Uy -+ ouy,

p = Dp+0p,

p= p+op,

u, = U, +ou, . (4.25)

Usually, the equation of state is given by p(p), so we could reduce this system. For now, we
will work in the generic case. When we work in the frame u,, = (—1,0,0,0) we have ﬂf =0,

and the normalization conditions (4.23) and (4.24) give

(SUO = 5U0 = %
Sup = dud =0 (4.26)

while du; and dJul are independent dynamical variables (note that du* = 6(g"“u,,) is not given
by g"*du,, the same for dut). Then, the first-order perturbation for both energy-momentum

tensors are

0T, = phyy + 0pgu + (P+0p) (ﬂuéu,, + 5“#“!/) + (0p + 5/))@#@” ) (4.27)

Therefore,
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6Ty; = phij + a*6;0p, , 6Ty = phig — (P + p)ous, , 6Tpo = —phoo + Ip. (4.28)

While

0T = phyw + PG + Py + 00 + (5 + D) (U0u, + du,,)

2
+ Goalu0u® + Su,a®) + fzma#ua} + @l du, + dula, + woul + 6u“af}

172 .
+ (dp+ op)u,u, + (p+ p) {— [gw(fa,,du” + 6u, u®) + hyat, u”

1 . ~
+ (dp + dp) {5 (G T® + Gy, 0] + 0,0, + M?} ) (4.29)

and

5T = —phoo — phoo + 3F8p + 67,
N . - . 1 =

(er‘j = ﬁhz] + (5]5@252']' + ﬁillj + 5pFa25ij , (430)

where we used du® = 6(g*%ug) = g*°dug + W ug. Generally, we decompose du; (dul

;) into

the gradient of a scalar velocity potential du (0@) and a divergenceless vector du) (61} ), and

the dissipative corrections to the inertia tensor are added as follows

(ST’U = ﬁhw + CL2 [(5”5]3 + éh@ﬂrs + 8Z7TJV + aj’/TZV -+ W};} R (431)
6Ty = phio— (p+ p) (0idu+ou)) | (4.32)
0Toe = —phoo +dp, (4.33)

and
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0Ty = phij +a® [6;;0p + 0,0;7° + 0;7) + O;7) + 7 s] + Phay

+ Fa®[6;6p + 9,0;7° + &-W;/ + o;m) + Tl (4.34)
0T = phio + phio — (p + p)(9:0u + 0u))

+ (p+p) {%[Fhio g — 4F(80u + 6uY)] — 8,6a + 6aY } , (4.35)
6Too = —phoo — phoo + 3Fép + 67, (4.36)

where 7} (7)), m); (7};) and du; (6@;") satisfy similar conditions to (4.6) and (4.8). These

conditions are (expressed before as C; (C;), Dy; (Dij) G; (Gy)):

=7l =0. (4.37)

The dissipative corrections take into account physical configurations when radial pressure is
not longer equal to the tangential pressure; we added it here just for completeness of the
development of the theory, however when we solve the system of equations of DG we will

set them equal to zero because we consider perfect fluids as sources.

4.1.3 Gauge Transformations for the Energy-Momentum tensors

The gauge transformation for 7}, is given by

_ oer - oer 0T,
AéTuy(Jj) = —T,\,,(:L’)% — “A(‘T)% — al)‘ €, (438)
where the components are
_ 861- aﬁj 0 9 _
AdTi; = —p (8933' + &Bi) + a(a P)dij€o, (4.39)
861' 7860 7C'L
ATy = —p— -+ 2p—¢;, 4.4
0Ty p8t+p83ﬂ+ p_e (4.40)
ATy = 2522 4 peo. (4.41)

ot



Ph.D Thesis Carlos Rubio 60

While the gauge transformation of 5TW is given by

- 9 = 0 0T, A 0 L 08 0T,

A = e = Dogar ~ wn © ~ T T o ~ 0 U
where the components are
~ O¢; OJej  _0¢;  _0g
AdTiy = —(p+pE) 55 — (0 +PF) 55 =g =Py
b oo la G+ pF) + o ()] (1.43)
825 pTp ot a P)€o | Oij .
-~ . (9 660 861 7(%0
AdThy = (IU‘FPF)O—-I—(p+3Fp)aZ p8t+p%
+ 25+ pF)oei+ 254 (4.44)
~ 0 Oeg 0¢€g
AdTpy = €05, (p+3Fp)+2(p+ 3Fp)a— + péo + 2pE . (4.45)

¢; and €; were decomposed in (4.17) to write these gauge transformations in terms of the
scalar, vector and tensor components. The transformations (4.10)-(4.12) and (4.14)-(4.16)
with (4.39)-(4.40) and (4.43)-(4.45) give the gauge transformation for the pressure, energy

density and velocity potential:

Adp = peg, Adp = pey, Adu= —¢. (4.46)

The other ingredients of the energy-momentum tensor are gauge invariants:

An® = Arn) = Aml = Aduf =0. (4.47)

Nevertheless, the other transformations are
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0 .
Adp = 5 —(p+3Fp)ey + 2(p+ 3Fp)éy + péo + 2pég — pAE
— 3FpAE —3FAdp, (4.48)
1 ~ 1 - ~
ASp = —Q%W (p+ pF)]eo + —g(aQﬁ)éo — pAA — pFAA — FAdp, (4.49)
a
1
Al = ——— {(p+pF)6 — (p+ 3Fp)eo + pe® — péo — 2(p + pF) 2 °
(p+p) a
i - ~ 1
— 215%%5 + paAH + paAH — (p + p) {2( F)aAH + ZFAéu} } (4.50)
| ) . N . . )
Adi = ——— {(p +pF)E, + pe — 25+ pF) el — 2p-& + julAG,
(p+p) a a
| .
+ padGi— (p+P)(1 - F)aAGz} , (4.51)
2 ) - ~
Ad7S = —g(p + pF)e’ — 2%@5 — pAB — pFAB, (4.52)
]_ ~ N ~
A5 = ——(5+pF)el — & —PAC; - pFAC, (4.53)

The results given in (4.19), (4.20) and (4.46) are used to obtain

AGp = peo+ (p— 3Fp)é, (4.55)
Adp = peo + péo, (4.56)

. F (p+p) 1 . a5, -8

= |1-3F)= -2 - —(1+ F)egg— (1 - F)~ (F

AGii (1=3F)5 = iy 0= 31+ Pao— )~ (Fe¥ + &)
+ %(1 — ) (Fé® + &), (4.57)
Asi) = %(1 — F)FeY +& —2%FeY — 2%, (4.58)

a a

As7? = 0, (4.59)
As7Y = 0, (4.60)

As we said before, there are different choices for € and é parameter to fix all the gauge free-

doms. The most common and well-known gauges are the Newtonian gauge and Synchronous
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gauge[62, 74]. The former fix € such that B = 0, and choose €y such that H = 0 ( in equa-
tion (4.19) ). In DG, this choice is extended imposing similar conditions in (4.20) for € and
&, such that B = H = 0. There is no remaining freedom to make a gauge transformation in
this scenario. Nevertheless, in this work, we will use the Synchronous gauge, where we will
choose ¢ such that £ = 0, and ¢ such that H = 0, (similar conditions for & and &%). In
the next section, we present the perturbed equations of motion in this frame and we discuss

the suitability of this choice for our purposes.
4.1.4 Fields equations and energy momentum conservation in syn-
chronous gauge

Under this gauge fixing, perturbed Einstein equations Eq. (3.8) reads (at first order):

— 47 G(3p + 30p+ V*75) = 5 (3A + V2B> + % <3A + V2B> . (4.62)

While the energy-momentum conservation gives

%
op + V21 + 0ol (p + p)ou] + ?a

' 1
(6p +0p) + V2 [a™%(p+ p)ou + gﬂs + 5(5 +P)0y [3A+V°B] = 0.(4.64)

(p+p)ou = 0, (4.63)

g+ 8
a

We define

= % 34+ V*B], (4.65)

then,
2 2_S a 2.1
—4mGaX(3p + 30p + V) = = (a \1:> , (4.66)

3 i 1 -
6p+ Za(&p +6p) + V2 |a?(p+ p)du + gﬂs} + 5(,5+p)\11 = 0. (4.67)
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The unperturbed Einstein equations correspond to the Friedmann equations. In the delta

sector, computations give the non-perturbed equations:

3F% = k(3Fp + }) (4.68)

, and
a

2 .
) +3r8 _3f = k(p+3p+3Fp+ 3Fp). (4.69)
a a

12F2 4 6F (
a

The perturbed contribution (at first order) is

278 F| s vB) + ot + 07| [p44 78] - |22 344 025
a a 2 a

+3F [3A + V2B] _ [321 v v2é] — k(305 + 65+ Fop+ 3Fop + V2% + FVr)  (4.70)

Besides, 00 component of delta Energy-momentum conservation in (3.11) give

z 3 3F = = = — F — —
55+—a(5ﬁ+5ﬁ)+—(5p+5p)+v2 —(p+p)(5u+ (p+p) du + (p+p)5a
a 2 a2 aQ a2
G ;p ) Q[3A + VB] + @00[321 +V?B] - @ao(ﬂzm +V2B]) =0, (4.71)

while the 70 component gives

0p + Oo[(p + p)ou] + Bo[(p + p)oi] — Oo[(p + p)F'du] + 3(p + p)Fou
+%a(p+p)5a+ %a(ﬁJrﬁ)éu— %F(ﬁp)éu =0. (4.72)

Analogous to the standard sector, we define

=k
Il

[321 n VQB] , (4.73)

DO | —
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then the gravitational equation becomes

a - v 5. . eod /o
202+ Bl a0+ |6F + 2F| 20 + 37020 — £ <a2\11>
a a 2 dt

- g (355 + 6p + Fop+ 3Fdp + V7 + FV2r) . (4.74)

Now, the delta energy conservation is given by

(p;;p)éu+ (p+pFs  (PHD) s

.34 . 3F )
6p+;(6p+5p)+7(6p+5p)+v s o

o+ P+ (5 + D)V — (p+P)0(FT) = 0. (4.75)

The study of the non-perturbed sector was already treated in Alfaro et al.[52-54] and applied
to the supernovae observations[57]. In Chapter 3 we presented the results that will be useful
for our treatment.

We have to remark that our definition of W is not the usual since the standard definition|[62]
is with the time derivative of fields A and B, respectively. In the delta sector appears
explicitly the combinations of these fields without a time derivative, so if the reader wants to
compare results with other works, he or she should take into consideration this definition to
analyze the solutions. In the next Section, we will discuss the evolution of the cosmological
fluctuations, and why of choosing this particular gauge frame which will help us to calculate
the scalar contribution to the CMB.

4.2 Evolution of cosmological fluctuations

Until now, we have developed the perturbation theory in DG; now, we are interested in
studying the evolution of the cosmological fluctuations to have a physical interpretation of
the delta matter fields, which this theory naturally introduces. Even in the standard cos-
mology, the system of equations that describes these perturbations are complicated to allow
analytic solutions, and there are comprehensive computer programs to this task, such as

CMBfast[58, 59], and CAMBI60]. However, such computer programs can not give a clear
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understanding of the physical phenomena involved. Nevertheless, some good approximations
allow the compute of the spectrum of the CMB fluctuations with a rather good agreement
with these computer programs[61, 62]. In particular, we are going to extend Weinberg ap-
proach for this task. This method consists of two main aspects: first, the hydrodynamic limit,
which assumes that near recombination time photons were in local thermal equilibrium with
the baryonic plasma, then photons could be treated hydro-dynamically, like plasma and cold
dark matter. Second, a sharp transition from thermal equilibrium to complete transparency
at the moment ¢, of the last scattering.

Since we will reproduce this approach, we consider the Universe’s standard components,
which means photons, neutrinos, baryons, and cold dark matter. Then the task is to under-
stand the role of their own delta-counterpart. We will also neglect both anisotropic inertia
tensors and took the usual state equation for pressures and energy densities and perturba-
tions. Besides, as we will treat photons and delta photons hydro-dynamically, we will use
duy = dup and 0u, = dup. Finally, as the synchronous scheme does not completely fix
the gauge freedom, one can use the remaining freedom to put dup = 0, which means that
cold dark matter evolves at rest with respect to the Universe expansion. In our theory, the
extended synchronous scheme also has extra freedom, which we will use to choose dup = 0
as its standard part. Now we will present the equations for both sectors. However, we will
provide more detail in the delta sector because Weinberg[62] already calculates the solution
of Einstein’s equations.

Einstein’s equations and its energy-momentum conservation in Fourier space are

% (aQKI/q) = —4AnGa® (0ppy + 0ppy + 20p4q + 20pug) » (4.76)

0pg + 4HIpsg — (4q/30)p,0u,g = —(4/3)p, 0y, (4.77)
0ppg + 3Hopp, = —pp¥,, (4.78)

0pBq +3Hppy — (¢/a)ppdusg = —pp¥y, (4.79)
Opug + 4HOpug — (49/3a)poung, = —(4/3)p, 0, (4.80)

where H = a/a. It is useful to rewrite these equations in term of the dimensionless fractional

perturbation
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0Pag
o+ Do’

Oag = (4.81)

where « can be 7, v, B and D (photons, neutrinos, baryons and dark matter, respectively).

a*p,, a*p,, a®pp, a®pp are time independent quantities, then (4.76)-(4.80) are

d : - _ 8_ 8 _
a <6L2\Ifq> = —47TG6L2 (pD5Dq + pB(SBq + gpvéw + gpyéyq) s (482)
qu —(¢*/a*)ou,y = _\pq (4.83)
opg = —V,, (4.84)
Ong — (¢/a*)ousg = =V, (4.85)
vy — (¢ )a*)ou,, = -V, (4.86)
d [((1+ R)6uy, 1
() 4.
dt ( a 3a5w (487)
d (duy, 1
il - 4.
dt ( a ) 3a5yq ’ (488)

where R = 3pp/4p,. By the other side, in delta sector we will also use a dimensionless

fractional perturbation. However, this perturbation is defined as the delta transformation of
(4.81),

5~a :a :Oé
= P PatDas (4.89)
Pa Tt Pa  Pa Tt Pa
In Section 3.4.3 and 3.4.4, we presented the solutions for the densities (eqs. (3.42), (3.51)

and (3.52), with C} = Cy = 0), finding

2We choose this definition because the system of equations now seems as an homogeneous system exactly
equal to the GR sector (where now the variables are the tilde-fields) with external forces mediated by the
GR solutions. Maybe the most intuitive solution should be
Sint — 6ﬁ0¢q
aq = = )
Pa + Da

however these definitions are related by

< _ 5@ +5a Sint
5(1(] - m <6aq - 6aq> .
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Pt 3F(a) and 22— 2 p) (4.90)

PR PM

We will assume that this quotient holds for every component. Also using the result that

a*py/F, a*p,/F, a®pp/F, a®’pp/F are time independent, the equations for the delta sector

are
. a . 9 a 5. 9 9 d 9% K of_ =
20 4P| a®W, + |6F= + JF| a¥, + 3Fa®¥, - = (a qu) = Za [pD(qu
o= 8_ ~ 8_ ~ F _ 8 _
+ PBoBg + gpw(qu + gpv(qu D) (PDOpg + PBOB,) — gF (P0vq + Prbug) (4.91)

B 2

Brg — % (g + Funy) + Uy — 0p(F¥,) = 0(4.92)

Spy + U, — 8(F¥,) = 0(4.93)
B 2 3
0Bq — % (0tiyq + Fouyg) + Wy — 0o (F¥,) = 0(4.94)
B 2 :
Sg — % (6itg + Fouyg) + U, — (FT,) = 0 (4.95)

by , d ((1+R)5aw> +2F% ((R—R)5u7q> el ((1+R)5u7q>

3a  dt a a a

—2F(R—R)—/2 = 0(4.96)

Opg  d (Ol d (u,,\
3_a+E( . )—Fa< . ) = 0(4.97)

with R = 3pp/4p,. Due to the definition of tilde fractional perturbation (4.89), solutions

for (4.91)-(4.97) can be obtained easily, putting all solutions of GR equal to zero, then the
system is exactly equal to the system of equations (4.82)-(4.88) and the solution of tilde
perturbations in the homogeneous system are exactly equal to the GR solutions, and then
we only need to "turn on” the GR source and find the complete solutions just like a forced-
system.

We will impose initial conditions to find solutions valid up to recombination time. At suf-

ficiently early times the Universe was dominated by radiation, and as Friedmann equations
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are valid in our theory (in particular the first equation), we can use as a good approximation
that a oc v/t and 87Gpr/3 = 1/4t%, while R and R < 1. Here

PM=Pp+Pss PR= Pyt Py (4.98)

Besides, we are interested in adiabatic solutions, in the sense that all the 6., and Saq become

equal at very early times. So, we make the ansatz:

Grg = Oug = Opg = Opg = 04 Oty = Sy = Oy , (4.99)

Ovg = 0uqg = 0pg = Opg = 04 Ollyg = Oilyg = Ol . (4.100)

Finally, we drop the term ¢*/a? because we are considering very early times. Then Equations
(4.82)-(4.88) becomes

d 1
= qf?) —0, (4.101)
6, = -V, (4.102)
d (du, 1
— 2 = —=9,. 4.1
dt(\/%) téq (4.103)

While equations (4.91)-(4.97) becomes

[2F9 + F] a*U, + [GFg + §F} a*W, + 3Fa*V,
a a

d 5 a’ ~
- <a2\11q> = 5@, F8),  (4104)
Sy + U, — O(F¥,) = 0, (4.105)
o, d (o, d (u,
4 2 () o p2(Z22) — i 4.1
3a+dt<a) dt(a) 0 (4.106)

Inspection of Eq. (3.50) show that at this era that for Y <« C = Ygg we have '
—Lya\/C/3 (as we are using ag = 1 we have Y = a). Also, the time is obtained by (3.44)
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2v1+C

HY) = 3T+ (\/Y TOY —20) + 203) , (4.107)
0

we recall that Hy = ag/ag is the usual Hubble parameter which is not longer the physical

Hubble parameter observed by Planck[38] and Riess[34]. Thus, in radiation era time and a(t)

was related by a(t) = (3Hyv/C/v/1+ C)Y?tY/2. The complete system Eqs. (4.101)-(4.103)

and Eqgs. (4.104)-(4.106) has analytical solution:

PR

§rg = Opg = Opy = Oyg = pal (4.108)

: t¢*R
0, = —74 : (4.109)

283¢°R
Sty = Oy = —Wq : (4.110)
where?

R, = —a*HV, + AnGa*Sp, + ¢*Héu, (4.111)

is a gauge invariant quantity, which take a time independent value for ¢/a < H. Here
H = a/a is the GR definition of the Hubble parameter, which we recall is not longer the
physical one. On the other hand, we get

< L “Rt?
0y = _2\/63—6173‘1, (4.112)
a
. 2
b, — @ (4.113)
L 2 3
o, = M (4.114)
a

We will talk about this initial conditions later. Note that Eq. (4.83) and (4.85) give

3the definition of R, is given in section 5.4: Conservation outside the horizon, Cosmology, Weinberg.
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d
57 (0, = d5) = 0. (4.115)

This implies that if we start from adiabatic solutions, 0, = dp is true for all the Universe

evolution (the same happens for its delta version, from Eq. (4.92) and Eq (4.94)).

4.2.1 Matter era

In this era (a > C') we have a o t>/3, then (still using R = R = 0) we have

% (CLQ\I/q) = —47TGﬁDa25Dq, (4.116)
Opg = —V,, (4.117)

% (5‘:(1) _ _%5% (4.118)
g (om)_ 1 w9

For the delta sector,

{zpﬁ i F} 20, + [GFE i gF} Q20 + 3P,
a a

d 9= . 2a° [~ 5Dq
< 2 p
Oyg — % (0tiyq + Fouyg) + Vg — 0o (F¥g) = 0, (4.121)
Spg + U, — 8(FU,) = 0, (4.122)
O0yg  d [ Jiiy d [ Suy,
el A —F— = 4.12
3a T dt ( a dt \ a 0 (4.123)

Where,
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I 2/3
a(t) = (3—00> 23, (4.124)

F(t) = ——a(t)*>. (4.125)

It is remarkable that in GR sector there are exact solutions, given by

_ 9¢°*R,T (k)
d0pg = BT (4.126)
: 3¢*tR,T (k)
U, = S (4.127)
3R todt
Oyqg = Opg = Tq [7’(/4;) — S(k) cos (q 5 + A(n))} , (4.128)
3tR,

- [—T(@ + sm)%qt sin (q Ot % + A(n))} (4.129)

Where T (k), S(k) and A(k) are time-independent dimensionless functions of the dimension-

less re-scaled wave number

po V2 (4.130)
apoHEg

apg and Hpg are, respectively, the Robertson-Walker scale factor and the expansion rate at
matter-radiation equally. These are known as transfer functions. (These functions can only
depend on k because they must be independent of the spatial coordinates normalization and
are dimensionless. A complete discussion of the behavior of these functions can be found
n [62]). On the other side, delta perturbations have not an exact solution, and numerical
calculation is needed to find them, however we will not present numerical solutions because
there are not part of this Thesis, and we only will estimate the initial conditions of the

perturbations at the end of this section.
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In order to get all transfer functions we have to compare solutions with the full equation

system (with pp = pp = 0). To do this task lets make the change of variable y = a/apg =

a/C, this means

d _HEQ\/l—I—yi

d V2 y dy

Also, we will use the following parametrization for all perturbations

5Dq = ff?RSd(y)/‘l ) 5'yq = 51/(1 = KQRST(?J)M ’
\Pq = (I€2HEQ/4\/§)R2f(y) , OUyg = OUyg = (n2\/§/4HEQ)'Rgg(y) ,

and

SDq = “2732&(9)/4 ) qu = qu - “27?'27:(9)/4
U, = (Hpg/AV2)RUf(y) , Oliyg = Sty = (K*V2/4Hpo)R0G(y) -

Then Eqgs. (4.116)-(4.119) and Eqgs. (4.120)-(4.123) become

1+ yd% (V*f(y) = —;d(y) - 4r;y),
VI r) - gy O
\/1+ydid y) = —yf(y),

(4.131)

(4.132)
(4.133)
(4.134)

(4.135)
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and

—[(1+29)yF'(y) + y(1 + y)F"(y)] d(y) + [GF(y) + —yF’(y)] yv1+yf(y)

+3F(y)y* /1 +yf (y) — 1+ yd% (ny(y)> = %(y) + 4253/)
_3F()d(y) _ 4F(y)r(y)

4 Y ’

JiT dilyd(y) ) - VIE yd%d(y),

V14 y%f(y) = %Q[Q(y) +F(y)g)] —yf(y) — 1+ yd%d(y),

Y

In this notation, the initial conditions are

d(y) =r(y) = v°

fly) — =2

o) > 5

For delta sector,

N Lo(C3/2
) = ly) —» ~ T2
fly) = V2L,C*y

R L03/2
9(y) — 22 y°

13

(4.136)
(4.137)
(4.138)

(4.139)

From supernovae fit, we know that C' ~ 107 and L ~ 0.45 [53, 57], thus we can estimate

that delta matter perturbation at the beginning of the Universe was much smaller than

standard matter. For example, at y ~ 1072 the ratio between components of the Universe

is |0a/0a| ~ 1071, This does not mean that the intuitive fractional perturbation of delta

matter 6 = 0p,/(pa + p) was much lower than the standard perturbations d, because
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Oaq(t) < (04 = Bag) (4.140)

this implies that 672 ~ duq.

We do not show numerical solutions here because the aim of this Thesis is to trace a guide
for future work, in particular, in the numeric computation of multipole coefficients for tem-
perature fluctuations in the CMB. However, in the next Chapter we will derive a formula to

do that computation.

After finishing this Chapter, we must include the effect of taking R and R # 0, this could
be included using a WKB approximation described in Appendix A, besides we also need to
include another effect. Before the moment of last scattering the fluid of baryons and photons
was damped due Thompson Scattering. This effect is known as the Silk damping [76, 77].

Then the full solutions for photons density perturbations are

Oyg = 37522 [T (x)(1+3R)
- A= TS (1) cos t adt K
(1+R) S(k) (/0 30T R)anel) + A( )) ,(4.141)
My = SRy {—tT(Fé) 1 dbc e Jo TS (1)
"5 V3q(1+ R)3/4
X sin / t adt + Ar) (4.142)
0 \/3<1+R<t))aDg(t) ’ .
where 2 6 R
9ty
FIGﬁmﬂ+R)h§+1+R] (4.143)

Note that at this level we used a ~ apg which is true for t < t;5. In particular we will see that
those solutions at the moment of last scattering will play the crucial role when computing

the temperature multipole coefficients of the CMB.
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4.3 Summary and Conclusions

We have study the cosmological fluctuations in DG, to do that we perturbed the FLRW
background of the theory and studied how the fields transform under an space-time coordi-
nate transformation. We found that to fix gauge freedoms, DG extends the usual choices in
GR, such as the Newtonian and Synchronous gauge. The extended Newtonian gauge fix all
the degrees of freedom as usual, while Synchronous scenario left a remaining freedom that
we can use it to set the velocity field of dark matter equal to zero, this mean that for us
dark matter and its delta version evolves in rest with respect to the evolution of the Uni-
verse. This choice simplify the integration of the equations of this theory allowing us to get
analytical solutions in the beginning of the Universe. When solving the matter-dominated
era, we need to add some effects due the transition from R = 0 to R # 0, in particular we
can mediated this by the WKB approximation. Besides, the fluid of photons and baryons is
damped by viscosity and heat conduction due Thompson scattering, so we need to include
this effect.

One could use these perturbations to study of the very beginning of the Universe, such
as inflationary scenarios, as for later effects, such as BAOs and others. However, in the
next Chapter we will present the temperature fluctuations coming from the moment of last

scattering t;,, where we will present a formula for the scalar contribution to the CMB.






Chapter 5

Temperature Fluctuations

In this Chapter we present the derivation of temperature fluctuations coming from the mo-
ment of last scattering because we are interested in the CMB observations. However the
analysis could be done for any photons coming from any source. The complete derivation
should consider the evolution of Boltzmann equations for photons. Nevertheless, as photons
follow geodesics in DG, we can study their propagation in the FLRW perturbed coordinates
under the condition g;; = 0, because we are not considering angular deflections of photons

when travelling to us.

5.1 Derivation of temperature fluctuations

As we saw in Section 4.1, photons moves in the metric (imposing g;o = 0)

g = —((1+3F)+ Ex,t)+ E(x,t))
go = 0 (5.1)
gi; = a*()(1+ F(1)0i; + hij(x,t) + hij(x, 1),

A ray of light propagating to the origin of the FRLW coordinate system , from a direction

n, will have a comoving radial coordinate r related with ¢t by

7
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0 = gudatds” = —((1+3F(t))c® + E(ri,t) + E(ri, t))dt?

+ (®(t)(1+ F(t)) + by (riv, t) + hpp(ri, t))dr? | (5.2)
in other words,
- 1/2
[ (+3Ft)*+E+E
dt a2(6)(1+ F() + hy + b
hrr Brr E E
~ __C c(her +hw) + (5.3)

apa(t)  2(1+3F(t)ado(t)  2(1+3F(t))capa(t)’

where apg(t) is the modified scale factor defined in (3.34)

1+ F(t)

1+3F(t) (5.4)

apc(t) = a(t)

Now we will use the approximation of a sharp transition between opaque and transpar-
ent Universe at a moment t;; of last scattering, at temperature T" ~ 3000 K. With this

approximation, the relevant term at first order in Eq. (5.3) is

r(t)=c {s(t) —l—/t an;t’)N (cs(t’)ﬁ,t’)] : (5.5)
where
1 B (X, 1) + hen(x,t)  E(x,t)  E(x,t)

N(x,t) 5

2(1+ 3F)

2 2
aHea @ @

and s(t) is the zero order solution for the radial coordinate. s(t) = r;s when t = t5:

tody to gy
s(t) = rys — —_—= _— 5.7
() =m / p—eT) / ey (5.7)
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If a ray of light arrives to r = 0 at a time to, then Eq. (5.5) gives

0= s(ty) + /t W N (es(E)i ) = s + / " N (esit) —1) . (58)

Capa(t) 4, apc(t)

ls

A time interval dt;,, between departure of successive rays of light at time ¢;, of last scattering,
produces an interval of time dty, between the arrival of the rays of light at ¢y, given by the

variation of Eq. (5.8):

s . /to dt (aN (r(t)n,t) )
= 1 — N(crin, tis) +
aDG(tls> [ (Crl o ) ‘ s aDG(t) or r=cs(t)

dto

P [—1+ N(0,%)] . (5.9)

+6t15(Ou (erisn, trs) + OU (erish, 1)) +

The velocity terms of the photon-gas or photon-electron-nucleon arise because of the varia-
tion respect to the time of the radial coordinate 7 described by the Eq. (5.8). The exchange
rate of N(s(t)n,t) is

EN(S(t)ﬁa t) = (aN(mﬁ) o) CLD(C;(t) <8Ng;"ﬁjt>>r:cs(t)’

then,

to N N
0= 2t 1 N, + / dt (M)
aDG(hs) tis ot r=cs(t)
ot
+6t15(Ou (11570, 1) + OUL (11572, trs)) + ——— [~1+ N(0,4)] - (5.10)
apc(to)

This result gives the ratio between the time intervals between ray of lights that are emitted
and received. However, we are interested in this ratio, but for the proper time, that in DG

it is defined with the original metric g,,,:

E<7nlsa Zfls)

5TL: 1+ 5 5tls s (57'0: 1+
C

5to | (5.11)
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At first order, it gives the ratio between a received frequency and an emitted one:

vy _ 01 apg(tis)

1
— = — (E(rin,t) — F
v, 610 apg(to) [ - 202( (s, ) (0,40))

[ (o)

dt — apg(t)(0us (rish, t) + 0u. (150, t))
r=cs(t)

(5.12)
Eq.

(5.12) extended the expression for the redshift in the perturbed background. The
observed temperature at the present time ty from direction n is

() - (—) (T (1) + 6T (crai, 1))

In absence of perturbations, the observed temperature in all directions should be

~ (apc(tis) \ =
T, = <—aDG (to)) T(ts) . (5.14)

therefore, the ratio between the observed temperature shift that comes from direction n and
the unperturbed value is

(5.13)

AT (f
Ty

~—

T(h)—Ty
Ty -

voapc(to)

1 4 6T(€Tlsﬁ, tls)
viape(tis)

T (t5)
2¢2 (E(risn,t) — E(0,t)) — /to dt

0 .
5 (aN(rn,tO

r=cs(t)
. . 0T (erisn, ts
a6 (1) (Ol (rih, 0) + 57F, (e, 1)) 4 O\ )

TR (5.15)

For scalar perturbations in any gauge with h;y = 0, the metric perturbations are
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0’B
hoo = —F , h” = (1 + F)CL |:A5U + axlaajj:| )
5 . . >*B
h()o =-F , hZ] = (1 + F)CL A(SZ] + BT (516)

Besides for scalar perturbations radial velocity of the photon fluid and the delta versions are

given in terms of the velocity potentials du., and du., respectively,

—.. O0du 1 oou
r e a) b e 2
(SU,7 (g + g) 81‘“ (1 i F(t))ag (97’
001 1 001
ur = (q q) * b —_= b
0, = (9 +9) ozt (1+ F(t))a? Or (5.17)

Then Eq. (5.15) gives the scalar contribution to temperature fluctuations

AT(R)\* 1 . o 9
- —(E _E - 9N
( Tp ) 2¢2 ( (rlsnat) (Oato)) /tzs dt ot (rn,t) rmcs(t)
1 ddu. (crisn, t) N 06t (crisn, t)
(1+3F(t))apc or ot
5T(C7”lsﬁ, tls)
y T ls) 5.18
T(ts) ( )
where
1 9B - 9’B E FE
N=3 A+?+<A+ar2>_1+3F_1+3F (5.19)

In the next step we will study the gauge transformations of these fluctuations. The following
identity for the fields B and B will be useful:
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o . .
+ a [a[)ng(;B + CLZDGB]>

9B d OB o -
(W) =— (% [apcg + apcapaB + ape B
r=s(t)

r=s(t)

(5.20)

Then, the temperature fluctuations are described by

(- (5 (RO (R, o

early late
where
AT@N\® 1 . "y L2 ) B L B RAGED
< TO >early a _iaDG(tl8>a‘DG(tls)B(rlsn’tls) N §aDG(tl5)B(rlsn,t15) + 2E(rlsn’tl8) * T(tlS)
o (1. 1
_ . 7B ~ s 5 Ayts
wpai [8r (2 s t) - 3R g ) )>r=7‘zj
1 : Ao 1 B (ryh
— { (2aDG(tls)aDG(tz$)B(7”lsn7 tis) + ia%a(tls)B(”sm tls))
o (1:z 1
2 (1 R Sti(ri.t .22
+ (IDG(tls) !87“ (23(7“774”5) + (1 n 3F(t13))a2DG(tls) U’Y(T’n, ZS)>,«”J } (5 )
< T(n)> = gapc(to)ana(to)B(0,t) + §a2DG(tO)B(O’tO) P00
0 late
o (1. 1
~Z | ZB(rh L
+ apa(to) [& (2 (ri, to) + 1+ 3F(to))a%G(t0)5m(rn’t0)>r:o]

+ {<;GDG(tO)éLDG(tO)§(OatO) + ;G%G(tO)B(07t0)>

o (1=, . 1 .
+ apa(to) [87“ (23(7’”’“)* (1+3F<to)>a%G<to>5“”(T“’“”)T:nj }(5'23)
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dt {2 [G%G(t)g(rﬁ, t)+ GDG<t)aDG(t)B(Tﬁ7 t)+ A(rii,t) — %

1 —E(m’t)> } (5.24)

+ <a2DG(t)B(rﬁ, t) + apg(t)apa(t)B(rn,t) + A(rn, t) — T+ 3500
The “late” term is the sum of independent direction terms and a term proportional to n,

which was added to represent the local anisotropies of the gravitational field and the local
fluid. In GR, these terms only contribute to the multipole expansion for [ = 0 and [ = 1.
Thus we will ignore their contribution to DG. The acronym ISW refers to the integrate
Sachs-Wolve effect[78, 79] and involved the evolution of perturbations from the moment of

last scattering t;, until the present. We will refer to this effect in the next section.

5.1.1 Gauge transformations

We need to study the gauge transformations for photons propagating in the metric g, with

a parameter €,. The transformations are

24 €o 2 e
(1+F)al+3F’ 1+ F(1+ F)a?’
1 EV 0 €p
Ai - - ! 5 ADZ: 5 AEIQ— 5 2
¢ 1+ F(1+ F)a? i=0 8t(1+3F> (5:25)

1 5 0 €S €0 a 0 34
AH = ———|a"= + . AG; =— — t .
V1i+Fa | 0t \(1+ F)a? (1+3F) VI+FOot \ (14 F)a?

and
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5 1 0 €o ~ 1 2F
AA = ——— | =(Fd? AB = — o
(1+ F)a? {Gt( a)1—|—3F}’ (1+ F)a? {1+F6}’
. F € - - 0 ( € 3F
AG = 14+ F(1+F)a?’ ADy =0, AE_6F§<1+3F)+1+3F60
~ 1 8 ES 3F60
AH = ——— |Fd®= + } ;
vu%u{a&(u+m@) (1+3F)
AG<—-———1——[Fféi<—:£——)} (5.26)
" V14 Fa H\(1+Fa*/| '
Considering the sum of the perturbations we get
~ 1 0 €p
AA+NANA = —————[(1+ F)d*|——— 2
* it maalt Ol 5 (5:27)
AB+AB = 2¢2 (5.28)
(14 F)a?’ '
~ a €p 3F
AE+AF = 2(1+3F>§ (1+3F) + 1+3F60, (5.29)
AH+AH = ot {(1—|—F)(122 (L> +e€ } (5.30)
= VTt Fa ot \(1+F)a?) ") |
%
~ Ei
AG; + AG ! B1+F>2a( i )} (5.32)
7 7 — - T = a — ~ . < A . .
V1+ Fa ot \ (1+ F)a?

We are interested in gauge transformations that preserve the condition g;o = gio + gio = 0.

This means that AH + AH = 0. This gives a solution for € given by

€S
%:—u+m&%(ajﬂﬁ> (5.33)

When we study how “ISW” term transform under this type of transformations, we found
that AISW = 0. While for the “early” term we should note that temperature perturbations

transforms as
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= 60

AT (rn,t) =T .34
With this expression and Tape = cte, we finally obtain
A&Tj(rlsﬁ,t) _ dDG €0 (5 35)

T(tls) _CLDG 14 3F°

This result implies that the “early” term is invariant under this gauge transformation
Aearly = 0. Note that this gauge transformation is equivalent to the previously discussed in
Section 4.1.1, because we can always take € as a combination of € and €. Then we remark that
the three terms of temperature fluctuations are gauge invariant under scalar transformations

that leave g;o = 0.

5.1.2 Single modes

We will assume that since the last scattering until now all the scalar contributions are

dominated by a unique mode, such that any perturbation X (x,t) could be written as

X(x,t) = / d*qa(q)e™ ™ X, (t), (5.36)

where «a(q) an stochastic variable, normalized such that

(a(@)a*(d)) = 0*(a — d). (5.37)

(A?gﬁ))s | _ /d3qa<q)eiQ~ﬁr(tzs) <J’:(q) + F(q) + i - n(G(q) + Q(q))> , (5.38)

Ey(t) : i E,(t) ) O (539)

TraFm (a%G<t>éq<t>+aDG<t>aDG<t>éq<t>+Aq<t>—HgF(t)
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where

Fa) = ~gaho(t) 1) — avatlina(t)Bylt) + 5B, + TASL (5.0
Fla) = —5aba(t)By(t) — Sava(tn)ina(in) By(t) (5.41)
Glg) = —q <%aDG(tls)Bq(tls) 0 +3F(ti))aDG(tls)5“”@’3)) : (5.42)
Glg) = —q (%aDc(tls)éq(tls)—l— (1+3F(ti))aDG(tls)M”(tls)) . (5.43)

These functions are called form factors. We emphasize that combination given by F(q)+F(q)
and G (q)—l—C;(q), and the expression inside the integral are gauge invariants under gauge trans-
formations that preserve g;o equal to zero.

In the next section we present the scalar contribution to the coefficients of multipole tem-
perature expansion. In these computation we only consider the early contribution to the
temperature fluctuations, because the integrate Sachs-Wolves term (5.39) incorporate the
evolution of the gravitational fields from the last scattering to the present. In GR, its con-
tribution is dominant from relative low [, say 10 < [ < 50. As we are interested in an
estimation of the scalar contribution we will neglect this effect in our analysis. Moreover,
our solutions are valid up to the last scattering time ¢;5, so we are not able to do a proper

analysis of ISW contribution.

5.2 Coefficients of multipole temperature expansion:

Scalar modes

As an application of the previous results, we will study the contribution of the scalar modes

for temperature-temperature correlation, given by:

1
Crry = y / d*n / d*0/ Py(a - 2 (AT (R)AT (7)), (5.44)
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where AT (n) is the stochastic variable which gives the deviation of the average of observed
temperature in direction 7, and (...) denotes the average over the position of the observer.

However, the observed quantity is

Coh | = / d%h / >0/ Py(n - 2" ) AT (R)AT (') (5.45)

nevertheless, the mean square fractional difference between this equation and Eq. (5.44) is
2/(21 4 1), and therefore it may be neglected for [ > 1 (say [ > 200).

In order to calculate this coefficients we use the following expansion in spherical harmonics

co m=l

e = ax "> i)Y ()Y (G) (5.46)

=0 m=—1

where j;(p) are the spherical Bessel’s functions. Using this expression in Eq. (5.38), and
replacing the factor iq - n for time derivatives of Bessel’s functions, the scalar contribution

of the observed T-T fluctuations in direction n are

T(7)) Z a1 Y7 (5.47)

where

a7 1 = AT Ty / d’*qa(@)Y;"(d) |ji(qris)(F(a) + F (@) + ji(aris) (G(a) +Q(Q))] , (5:48)

and «(q) is a stochastic parameter for the dominant scalar mode. It is normalized such that

(a(a)a™(d)) = *(a—d). (5.49)
Inserting this expression in Eq. (5.44) we get

~ ~ 2

Ciry = 16773 [ g [ian) (F(0) + Fla) +itan)@0) +6@)] (550
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Now we will consider the case [ > 1. In this limit we can use the following approximation

for Bessel’s functions':

5.51
0 p<v, ( )

4 cos(b) cos [v(tanb — b) — /4] /(vVsinb) p > v,
Ji(p) —
where v =14 1/2, and cosb = v/p, with 0 < b < 7/2. Besides, for p > v > 1 the phase
v(tanb — b) is a function of p that grows very fast, then the derivatives of Bessel’s functions

only acts in its phase:

1) — { —cos(b)Vsinbsin [v(tanb — b) — /4] Jv  p>v (5.52)

J
: 0 p<uv.

Using these approximations in Eq. (5.50) and changing the variable from ¢ to b = cos™ (v/qrys),

we obtain

x K]—" (ms C”OSb) +F (ms (’josb)) cos[v(tanb — b) — 7 /4]

_sinb (g (ms C”OS[)) 4G (m cVosb)> sin[v(tanb — b) —7/4]| . (5.53)

When v > 1, the functions cos[v(tanb — b) — 7/4] and sin[v(tanb — b) — 7/4] oscillate very
rapidly, then the squared average of its values are 1/2, while the averaged cross terms are
zero. Using | &~ v, and changing the integration variable from b to 5 = 1/cosb, the Eq.

(5.53) becomes

1See, e.g. I. S. Gradsteyn & I. M. Ryzhik, Table of Integral, Series, and Products, translated, corrected
and enlarged by A. Jeffrey (Academic Press, New York, 1980): formula 8.453.1.
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8m2T23 [ Bdp

T?s 1 \V/ 62 -1

L) C) 5 () ro () Jooe

Note that dy = TISRZS is the angular diameter distance of the last scattering surface. To

calculate the CMB power spectrum, we need to know the value of E’q. We use the off diagonal

equation from Delta sector to obtain it. This gives:

Ay = AF 4+ AF — 202 (p + p)dug — a®(p + p)oug — (p + p)dil, (5.55)
so if we use this equation with the definition of ¥

v, = 5(3;1(1 —¢’B,), (5.56)

it allow us to find B. As we used the approximation of that perturbations of gravitational
field were dominated by perturbations of dark matter density at matter-dominated era. at
this regime Aq(tls) = 0 and in the synchronous gauge, the velocity perturbations for Dark

matter are zero, then

Aq(tls) = Aq(tls)F(tlS) ) (557)
and
By(tis) = 5 Aq(tis) F(tis) — qu(t“) = éq(tls) = ?Aq(tls)ﬁ(tls) - 2\1/;2”8) . (5.58)
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@A, = 81Ga*Spp, — 2Ha* ¥,
= 3H?a*p, — 2Ha*V, . (5.59)

In GR B, = —2¥,/¢? and ¥, oc t~/3 implies B, = 2¥,/3tq>. Therefore,the usual form

factors are:

Flg) = %(%q(tzs) + % (GDG(tls)dDG(tls) — ;%) (5.60)
0 = Rt Ty (5.6

where we have used 6T,/T = 6p,,/4p, = ,4/3. Nevertheless, for the “delta” contribution,
\ilq and lifq satisfy the same relation than the standard case. Due to our decomposition, the

tilde expressions are

f’(q) = —;Aqq(?s> (G%G(tls)ﬁ(tls) + aDG<tls)aDG<tls>F(tlS))
n \I/qq(;fls) (aDG<tls)dDG(tls) _ g%) (562)
~ L (Sﬂ,yq(tls) aDG’(tls)‘ilq(tls)
Gla) = q(l + 3F(ts))apa(tis) q ' (563)

Unfortunately, due to all the approximations we have used, we need to add one more correc-
tion to the solutions of the GR sector, as Weinberg does. We considered a sharp transition
from the moment when the Universe was opaque to transparent. However, this was actu-
ally not instantaneous yet it could be considered Gaussian. This effect is known as Landau
damping[80] and is described in Appendix A.2. With these considerations, the solutions of

perturbations are given by:
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3q2tlSRZT(I€)

U, (ty) = ——o 9" 7 5.64
Q( l ) 50'2DG(tls) ( )
BRZ —1/4 —q?d} Ja% . (t
8ratis) [ T(0)(1+ 3R — (14 Ry /e b/ bt
L] U E—— (5.65)
X K) cos q/ + Ak ) 5.65
0 3(1 + R(t))al)g(t>
3R° (ng(tl ) —a2d2 /a2
OUng(t1s) = L —t, T (k) + : e~ 9 4b/apc(tis)
alt) = 5 |tT () ¢ el
swsn (¢ [ty aw) (500
X K)sin | q + A(K , .
0 3(1 + R(t))apg(t)
where
d2D = d%zlk + d%andau ) (567)
s t 16 R?
A%, = Y?2.(ts / —T }dt, 5.68
Silk pollis) o 6Y2,(1+R) {15 (1+ R) (5.68)
2
2 . — 5.69
Landau 6(1 +Rls) ( )
where ¢, is the mean free time for photons and R = 3pg/4p, = 3Q5Ypa /452,
In order to evaluate the Silk damping, we have
1
t. = 5.70
il (5.70)
where n. is the number density of electrons and o7 is the Thomson cross section.
On the other hand
Tls tis dt
q/ csdr = q/ EqTSsH
0 0 V3I+ R()ape(t)
q SH q
= “(apa(tis)ry, ") = ~dp(ts 5.71
aDG(tls) ( DG( l ) l ) aDG@ls) H( l ) ( )
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SH

where ¢, is the speed of sound, ;" is the sound horizon radial coordinate and dy is the

horizon distance.

With all these approximations, the transfers functions are simplified to the following expres-

sions:

1 ah (tis) Vo tis)
_ 1 72
F(q) 357q(t18) + 3421 ) (5.72)
Ot (tis) apc(tis) ¥y (tis)
G - _ 74 4 , 5.73
(@) T+ 3F(t))anc (tis) q (5.73)
where Ay(t;) = RyT (k). Then, wee replaced the GR solutions and we get
f(q) = ?q [3T(da/aD(;(tl5))Rls — (1 + Rls)_1/4€_q2d2D/a2DG(tls)
X S(da/aDg(tls)) COS (qu/apg<tls) + A(da/aDg(tlS)))] s (574)
g(q) — ﬂe—fd%/a%c(tls)
5(1 + Ry)3/4
X S(da/CLDG(tlS)) sin (qu/apg(tlS) + A(da/apg(tls)>) s (575)
where £ = qdr/a;s (defined in eq. (4.130)) and
dr (1) = Cﬂapa(tzs) _ CGDG(tls)v Qr _ CGDG(tls) e+ 1) (5.76)

CLEQHEQ H()QM 100A

The final consideration that we must include is that due to the reionization of hydrogen at
Zreion ~ 10 by ultraviolet light coming from the first generation of massive stars, photons
of the CMB have a probability of being scattered 1 — exp(—Tyeion). CMB has two contribu-
tions. The non-scattered photons provide the first contribution, where we have to correct by
a factor given by exp(—T,eion). The scattered photons provide the second contribution, but
the reionization occurs at z < 2z, affecting only low [s. We are not interested in this effect,

and therefore we will not include it. Measurements shows that in GR exp(—27,cion) ~ 0.8.
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On the other hand, we will use a standard parametrization of RS given by

R ns—1
IRy = N?¢™* (—Q/ 0) , (5.77)
KR

where n, could vary with the wave number. It is usual to take kg = 0.05 Mpc™*

Note that d4(t;s) = risapa(tis) is the angular diameter distance of the last scattering surface.

o qt t o qt 1 o gt/
datti) = capalte) | _ Aol / —eir | (5.78)
t; t l

. apg(t’) 1+ 25 Jyy, apa(t') L+ 25 Jy, Yoa(t)
1 Lody’  dt dr,(ts
= ¢ / __dulh) (5.79)
1 + Zls Yis YDg<Y/> dY’ (1 + le)2

This is consistent with the luminosity distance definition[54]. Then, when we set ¢ = Bl /r;

) Ga) () o)

Tls KRTls Tls KRrT1s0pG (ts)
s @)‘3 (ﬁzaDG(tls))”S‘l_ 2<w) (@)"5—1
=N (TIS '%RdA(tls) N Tls ZR

Using a similar computations for the other distances, the final form of the form factors are

we get

|RBZ/TZS

given by

o

Fla) = =0 [3T(Uir) Bu — (14 Bu) e o881 1r) cos (311 + A(B1/ 1)) 50)

G = e I3l (1l + A (581

dA(tls)
dH (tls> 7

krda(ts) Ly =

S Ip = . (5.82)

Ip =

To summarize, for reasonably large values of [ (say [ > 150), CMB multipoles are given by
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l(l + ]')O%T,l _ 4='7TT‘()2Z3 eXp(_QTreion) > ﬁdﬁ

o 3 N/
(r(2) - () + 75 (e () e () s

Numerical solutions and other considerations to the delta sector need to be included to

compute the solution for the perturbations; however, this is not the aim of this Thesis. It is
remarkable the structure of eq. (5.83), where the delta sector contributes additively inside
the integral. If we set all delta sector equal to zero, we recover the result directly for scalar

temperature-temperature multipole coefficients in GR given by Weinberg[62].

5.3 Summary and Conclusions

We studied the propagation of photons from the moment of the last scattering until reaching
us in a perturbed FLRW universe. We did not consider angular deflections in our analysis
which is in agreement with our choice of working in the synchronous gauge. When studying
temperature fluctuations we can split them into three independent terms: an early term
which only depends on the moment of the last scattering ¢;;. An ISW term that includes
the evolution of gravitational fields from the last scattering to the present and a late-term
which depends on the actual value for those fields. We compute the gauge transformations
which leaves g;y = 0, and we found that those three terms are separately gauge invariants.
This is a very important test for DG because those fluctuations are physical. In order to
compute the scalar contribution to the multipole temperature expansion, we only consider
the early term (5.22) in our analysis because it has the greatest contribution compared with
the other two, where the late-term (5.23) only contribute to the first Is, and the ISW term
(5.24) was not considered because we have not studied solutions valid in all the time after
the last scattering moment ¢;,. After computing the multipole coefficients we found that
DG extends solutions in a way that the delta sector acts additively, so the limit to GR is
naturally recovered when setting all delta fields equal to zero. Moreover, the sharp transition
from opaque to transparent Universe is relaxed to be a gaussian. Finally, we recall that the
delta sector can be obtained numerically with GR solutions as an external force but this

work will be reported in a forthcoming publication.



Chapter 6

Discussion and conclusions

This Thesis was divided in two parts. In the first part we study the minimal geometric
deformation (MGD) approach in order to extend isotropic solutions to anisotropic configu-
rations, which are more likely to pass astrophysical tests. The crucial point of this approach
is the linearity of Einstein’s equation when deforming Schwarzschild metric in the temporal
and radial component, allowing to get exact solutions to deformations which are not per-
turbations of GR. We presented a detailed guideline of how to find anisotropic solutions for
Durgapal-Fuloria stars and a possibly way of detection of anisotropic distributions.

By the other side, we studied the cosmological scenario of Delta Gravity (DG), a theory which
extend General Relativity by a & symmetry[55] in a way that new fields are added to GR, and
induce modifications of the metric that particles follow. We presented and solved the cosmo-
logical perturbations of DG in the synchronous gauge following Weinberg’s prescription[62].
We found that DG extend gauge symmetries, however we can fix consistently those degrees
of freedom. After that, we analysed the temperature fluctuations coming from the moment
of last scattering to the present and presented a formula for the scalar contribution to the
temperature multipole coefficients of the CMB, where we found that DG affects additively,
which could have an observational effect that could be compared with Plank results and give
a physical meaning for the so-called delta matter.

With the full scalar expression for the CMB Power Spectrum coefficients, we can find the
shape of the spectrum. In order to achieve it, we have to determine the best cosmological
parameters that can describe the observational spectrum given by Planck [38]. The deter-
mination of the cosmological parameters could be demanding (from a computational point

of view), but if we constraints the cosmological parameters with the SNe-Ia analysis [57]

95
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the determination of the CMB Power Spectrum in DG could be more comfortable. In the
context of the controversy about the Hy value [34] and other problems as the curvature mea-
surements [36] or the possibility of a Universe with less Dark Energy [46], this work could
provide an alternative to solve the today cosmological puzzle. Future work in this line is
being carried out in collaboration with Marco San Martin which will include the numerical

analysis of the solutions presented in this Thesis.

The perturbation theory and the temperature fluctuations of the CMB are included in the
article Cosmological Fluctuations in Delta Gravity, written with Jorge Alfaro and Marco San
Martin.

The numerical analysis, and the fit of the CMB with SNe-Ia is part of the article CMB and
SNe constraints in Delta Gravity, also written with Jorge Alfaro and Marco San Martin.

Both articles are in preparation to be submitted in coming days.

Before finishing, we have to point out some aspects of this work:

e Despite both parts of this Thesis are not correlated, both shared some similar consid-

erations.

— Both MGD and DG include modifications on the metric of a non-perturbative

nature.

— This modification of the metric allow both theories to have physical solutions. In
MGD we get anisotropic configurations and in DG we could provide a solution of

the actual controversy about the Hubble constant Hy (or Hpgo in DG).

— In MGD we can not get solutions before applying a mimic condition. While in
DG we need to fix the harmonic gauge to reduce the system in a FLRW Universe

or fix a gauge to drop new coordinate system when studying test particles.

e The fundamentals of DG still need to be study, in special the quantum theory. For
now, we can interpret DG as an effective theory that interpolates successfully the early
with the late behaviour of the Universe. The advantage of DG is that it modifies GR
in a subtle way that preserves all tests of Special Relativity and GR in the local solar

system[52, 53].

e In principle, due the non-linearity of Einstein’s equations MGD is only applicable in

particular backgrounds and could not be applied to the cosmological FLRW metric,
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unless we only consider deformations of the temporal component of the metric. We
studied anisotropic solution for Durgapal-Fuloria stars so our motivations was to de-
form the radial component of Schwarzschild background. In the cosmological case, we
require an isotropic and homogeneous universe so deformation in spacial coordinate are
not allowed, nevertheless, we could explore deformations in the temporal component

and see its implications. This is a future approach that definitively we need to explore.

e Despite DG adds new fields to the theory, is thermodynamic who establish the interpre-
tation of physical quantities over mathematical symbols. So the hypothesis of applying
MGD to FLRW has the advantage of we are not outside of GR, then interpretations

of GR are consistent with thermodynamics.






Chapter 7

Afterword

Personally, I enjoyed so much my stay in the doctorate. I learned a lot about Gravitation
and Cosmology yet I feel so represented with the Newton quote of the beginning of this
manuscript: “I do not know what I may appear to the world, but to myself, I seem to have
been only like a boy playing on the seashore, and diverting myself in now and then finding
a smoother pebble or a prettier shell than ordinary, whilst the great ocean of truth lay all
undiscovered before me.” So I thank again Jorge Alfaro for being my advisor and for letting

me play in this seashore with beautiful pebbles and shells.
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Appendix A

A.1 Rand R+#0

Up to now, we showed the way to solved the complete system in both radiation and matter
era. However for the second era we use R and R to be equal to zero, which is no true while
going deeper on this era. So we need to add this consideration to the solutions (4.127). We
only need to focus on GR solutions because delta sector is obtained using those solutions as
an external force. Lets consider again the system (4.116)-(4.119) in the matter era without

setting R =0

d

o (a*¥,) = —4rGppa’dp,, (A1)
Opg = — Ty, (A.2)
d ((14+ R)éu 1
7 (qu) = —3.0 (A.3)
d [ du, 1
= ( aq) _ _g(qu. (A.4)

where R = 3pp/4pr x a. Inspection of system show that Dark Matter dp, is decoupled with
the gravitational field W, which solutions are given by (4.126) and (4.127), and this one acts

as a forcing term for photons. The particular solution is

50 3¢*t*(1 + 3R)RY 50 3t3¢° R
_= u = — .
7 ba?(t2q%/a? 4+ 2R)’ Ve 5a%(t2q%/a® + 2R)

(A.5)
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To this particular solution we need to add the solution of the homogeneous version of eqs

(A.3)-(A4).

2
$(2 q 2 d o3 2 [ PEYEP
02 = Eaug(}, - (31 + R)su?)) = -3t /35) (A.6)
or, equivalently
4 231+ R)cﬂi(s(?) + q—2t_2/35(2) =0 (A7)
dt dt 1 3 v

Using the fact that in the matter era R o< a o< t?/3 there are a general solution of this system

given as a linear combination of
1 1 1 1 1
Fl-—-y1—-16n,-+ —-y/1—16n, =, —
(4 4 6 74+4 677727 R) Y
3 1 3 1 3
vRF(Z—Z\/1—16,1+Z 1—167],5,—R) ,

where F'is the Gauss hypergeometric function, and 7 is

3q°t?
4a2R

n

which is time-independent during the matter era. In order to get an insight about the
behaviour of those solutions, let’s consider that the wavelength of these perturbations are
moderately long, in the sense that n > 1. Before using this condition, eq. (A.7) has an

exact solution when R <« 1

02 = ¢,cos(V3qt/a) + dysin(v/3qt/a)

5u£fq) = \/__3q [—cqsin(\/gqt/a) + dqcos(\/gqt/a)]

To this, we need to add the particular solution (A.6), which in the limit R < ¢*t*/a? (or,
equivalently 7 > 1)

3(1+3R)Ry 3tRY
1 1
5 = s oul) = -, (A.8)

We can evaluate the constants ¢, and d, by requiring that ¢t/a < 1 (which also implies R <
1), the total photon density perturbation 5%) + 5%) must approach to dp — 9¢°tR?/10a’.

This give us
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3RY

Cg=—"% dy=0. (A.9)
so that, while R <« 1
3R
02 = —?q cos(V/3qt/a) (A.10)

Eventually R becomes non-negligible, but under the assumption 1 > 1 one can solve the
homogeneous equation A.7 using WKB approximation. In the limit ¢t/a > 1 the density

fluctuation will oscillate rapidly with phase

= /a\/m C\L/\—/q_l (VE+VI+R) . (A.11)

Using ¢ as the independent variable eq. (A.7) becomes

2 1 (dlog(1
d —<M> 4 6, = 0. (A.12)

-5 -
d¢2 7q d¢ d¢ 7q
If we try a solution of the form Ae**¢. With A varying slowly with respect to ¢, we get a

solution

625 o (14 R)V*exp(&ig) . (A.13)

Yq

We can see that the linear combination of these solutions the merge smoothly with the
result of R < 1 is obtained by replacing the argument of the cosine in (A.10) with ¢, and
multiplying with (1 + R)~'/4. Adding the inhomogeneous solution (A.8), the total photon
and baryon density perturbations for moderately long wavelength in the matter dominated

era are

o

114 3R~ (1+ R)*cos(¢)] (A.14)

Oyg = OBg =
And the velocity potential

5 3tR; - a
Uyg = — |—
M5 V3qt(1 + R)3/4

sin(¢) (A.15)
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The solutions (A.14) and (A.15) apply only up to the time of last scattering. After that
moment R becomes larger than one and we should use the full solutions given by the Gauss

hypergeometric functions.

A.2 Landau Damping

In the analysis we assume that the transition of a opaque to transparent Universe was in-
stantaneous, but we know that the transition took some finite interval of time, over which
the form factors must be averaged.

Since the probability of last scattering is a sharply peaked function of time, we can approxi-
mate it to a gaussian: the probability that last scattering occurs between a time ¢ and ¢ + dt

will take the form
exp(—(t — t15)%/202)

o 2T

so in the sinusoidal solutions of photon density and velocity perturbations we need to make

P(t)dt =

dt | (A.16)

the replacement:

cos fg“ wdt + A o0 cos f(f wdt + A
-/

P(t)dt
sin ( [ wdt + A (®)
(/s

0 sin <f(f wdt + A) 7 (4.17)

where w = q/apg+/3(1 + R). We can do those integral expanding the argument of sines and

cosines to first order in t — t,:

t tls
/ wdt ~ / wdt + wis(t — ty5)
0 0

then the integrals (A.17) can be now done

t t
00 cos wdt + A 2 2 cos ( [ wdt + A
/ (5 ) ~ oxp <_wz_0') (% (A18)

P(t)dt
00 Q sin <f0t wdt + A) sin (fotls wdt + A

Thus, the whole effect of this averaging is to introduce an additional damping factor exp(—w?o?/2)
in the sines and cosines of the form factor. Both Silk and Landau damping are proportional

to ¢%, so we can write
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ts 2 2 a2
/ Tt + 2% — 2 D (A.19)
0 2
where dp is the damping length defined by
dpy = gy, + d

Landau »

where

fs t 16 R?
.. = a>.(t — I — A2
Silk a6 ls)/o 6a%,(1 + R) {15 1+ R} ’ (4.20)

I % (A.21)
anaau 6(1 +RZS)

The evaluation of the damping length is outside of this Thesis. But is a part of a future

publication in preparation.
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