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QUADRATURE RULES FROM FINITE ORTHOGONALITY
RELATIONS FOR BERNSTEIN-SZEGO POLYNOMIALS

J.F. VAN DIEJEN AND E. EMSIZ

ABSTRACT. We glue two families of Bernstein-Szegt polynomials to construct
the eigenbasis of an associated finite-dimensional Jacobi matrix. This gives
rise to finite orthogonality relations for this composite eigenbasis of Bernstein-
Szegd polynomials. As an application, a number of Gauss-like quadrature rules
are derived for the exact integration of rational functions with prescribed poles
against the Chebyshev weight functions.

1. INTRODUCTION

From the three-term recurrence relation for the Chebyshev polynomials of the
second kind [OLBCI0, Chapter 18], it is immediate that these diagonalize a semi-
infinite Jacobi matrix with zeros on the diagonal and units on the sub— and su-
perdiagonals. Upon modifying the orthogonality measure via division by a positive
polynomial of degree d, the Chebyshev basis passes over into a basis of orthonormal
Bernstein-Szego polynomials [S75] Section 2.6]. These polynomials turn out to di-
agonalize a (d-parameter family) of semi-infinite Jacobi matrices that are perturbed

at the top left block [ST5] [GIT7]:

b -
a
.oy
a b 1 ’
1 0

where [ = L%J (and b; = 0 when d is even). In this note we glue two such families

of Bernstein-Szegd polynomials depending on d and d parameters, respectively, so

as to diagonalize a corresponding (d + d)-parameter family of (m + 1)-dimensional
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Jacobi matrices of the form

bo a1
ai
R
a b 1
1 0

0 1
1 bm—l a’m—i—l—l
aerlfl
Qm,
am  bm

where [ = L%J, I = L%J, and with m positive such that m + 1 > [%] + (%]
The symmetry of the the Jacobi matrix gives rise to a finite-dimensional system
of discrete orthogonality relations for the pertinent composite eigenbasis built of
Bernstein-Szegd polynomials. By standard arguments (cf. e.g. [ST5l [G81] [DR&4]),
these orthogonality relations imply in turn Gauss-like quadrature rules for the exact
integration of rational functions with prescribed poles against the Chebyshev weight
function.

When d = d = 2, the present construction recovers orthogonality relations that
lie at the basis of a four-parameter family of discrete Fourier transforms unify-
ing all sixteen standard types of discrete (co)sine transforms DST-k and DCT-k
(k = 1,...,8) [DE18], whereas for d = 0 with d arbitrary one recuperates dis-
crete orthogonality relations for the Bernstein-Szegé polynomials stemming from
the Gauss quadrature rule [DGJ06, BCDGO09, DE17].

The presentation splits up in four parts. First our main fundamental result is
stated in Section Specifically—after recalling some classical facts concerning
the Bernstein-Szego polynomials—we introduce a finite grid consisting of nodes

§0m), ..., €5 on the interval [0, ] whose positions are governed by an elementary

transcendental equation (cf. Eqs. (2.5al), (2.5D])). To each node glfm) (0 <1<m),
we can associate an (m + 1)-dimensional vector (™) (§;m)): [wlm) (§;m))}0<l<m

with components wl(m) ({lgm)) built of two families of Bernstein-Szegd polynomials
evaluated at the node (cf. Eq. (Z7)). Our main theorem states that the vectors
™) (f(()m)), o) (&(nm)) thus constructed satisfy an explicit system of orthogo-
nality relations (cf. Theorem [I]).

Section [3is devoted to the proof of these orthogonality relations, which proceeds
in two steps. First, the orthogonality is verified by inferring that (after performing
a diagonal gauge transformation) the vectors in question provide an eigenbasis of
an (m + 1)-dimensional Jacobi matrix of the form displayed above, with entries
built from the recurrence coeflicients of the two underlying families of Bernstein-
Szegd polynomials. As a by-product, this reveals that our nodes parametrize the
eigenvalues of the Jacobi matrix in question. Next, the quadratic norms of the
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vectors are calculated by evaluating the diagonal of the corresponding Christoffel-
Darboux kernel at the nodes.

Section [] collects some further miscellaneous results of interest. Specifically, we
compute the characteristic polynomial of our Jacobi matrix, provide estimates for
the locations of the nodes {ém), ce fnm) (and thus for the eigenvalues of the Jacobi
matrix), and exhibit—as a special example of our construction—finite orthogonality
relations for the Askey-Wilson polynomials at ¢ = 0.

As a principal application, we wrap up in Section [f] with a precise description of
the quadrature rules stemming from our orthogonality relations (cf. Theorem [).
Indeed, by ‘column-row duality’ the orthogonality established in this note implies
discrete orthogonality relations for a finite system of Bernstein-Szeg6 polynomials
supported on the nodes fém), ey ,(nm). By comparing these discrete orthogonality
relations with the conventional continuous orthogonality relations for the Bernstein-
Szegd polynomials, the pertinent quadrature formulas are read-off immediately. A
key feature of the quadrature rules under consideration is that these allow for the
exact integration of rational functions with prescribed poles (outside the integration
interval) originating from the denominator of the orthogonality measure for the
Bernstein-Szego polynomials.

Note. In principle the Bernstein-Szego polynomials associated with the Chebyshev
polynomials of the first—, the third— and the fourth kind may be viewed as parameter
degenerations of the ones above stemming from the Chebyshev polynomials of the
second kind [S75] [G02]. However, to avoid limit transitions we have adopted the
standard practice of formulating the statements below uniformly for all four kinds.

2. STATEMENT OF THE MAIN RESULT

2.1. Preliminaries on Bernstein-Szeg6 polynomials. The Bernstein-Szego poly-
nomials constitute an orthogonal basis for the Hilbert space L?((0,),w(£)dE),
where the weight function is of the form

1

with
@) =0+ee ) A—ee ™) J] 4 are™) (2.1b)
1<r<d

(and i := v/—1). Here (and below) it is always assumed that
ex €{0,1} and O<lay| <1 (r=1,...,d),

with possible complex parameters «, occurring in complex conjugate pairs. More
specifically, the Bernstein-Szego basis p;(€), [ = 0,1,2,... enjoys a unitriangular
expansion on the Fourier-cosine monomials 1, (e 4 e=%), (€2 4 ¢=2%) ... and is
obtained from them via Gram-Schmidt orthogonalization with respect to the weight
function w(&). Rather than to work with a monic— or an orthonormal basis, it will
be more convenient for our purposes to employ the following normalized version of
the Bernstein-Szegd polynomials:

p€) = AT lpi(€) with A = /pr%@w(g)dg. (2.2)
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A crucial observation going back to Bernstein and Szegé—cf. [ST5l Section

2.6]—now states that for |l > d. := £(d — e; — e_) | one has explicitly:

() = c(§)e™ + c(—Ee ™ (2.3a)
and (consequently)
A = {(1 + (=D Ili<r<q O‘T)il ?fl = de, (2.3b)
1 if I > d..

2.2. Composite Bernstein-Szego basis. Let us fix two families of Bernstein-
Szegd polynomials p,(€) and p,(§) associated with the parameters ey, o, (r =
1,...,d)and €y, &, (r=1,..., J), respectively (subject to the domain restrictions
specified above). For positive m such that

m > [dc] + [de] (2.4)

and [ € {0,...,m}, let glfm) be defined as the unique real solution of the transcen-
dental equation

2(m—de.—de) &+ Z / Ug, (T)dz+ Z / doz = w(2l+e_+é_), (2.5a)

1<r<d 1<r<d

where for z € R:
2

1-a
1+ 2acos(x )+a2

—1—|—22 cos (Iz).

>0

Indeed—since [ uq(z)dz = 7 and the LHS of Eq. (235a)) constitutes a (smooth)
strictly increasing function of {&—it is clear from this transcendental equation (via
the mean value theorem) that

0<elm <M o cglm < 1 (2.6)

(lo| < 1) (2.5D)

U () =

Notice that the equality {ém) = 0 is reached iff e = €_ = 0, and that the equality
{,(nm) = 7 is reached iff e, = é; = 0. The nodes therefore never hit a pole of ¢(££)

or ¢(+£), even in the situations that the extremal values SSm) =0 or 5,(”“1) = T are
reached.

We are now in the position to introduce the following composite Bernstein-Szegd
basis wém), .., on the nodes 2.9):

esme B if0<1<d.,
P () = { edms B = mimeBun & g < < g, (2.7)
’imfp@:zé)(g) it m—d: <1<m,

where £ € {fom), . ,&(nm)} and ! € {0,...,m}. To avoid possible confusion with
customary notation for the higher order derivatives of functions, let us emphasize
at this point that throughout the presentation the superscript (m) merely reflects
the dependence of our construction on the number of nodes.
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2.3. Finite orthogonality relations. For [,] € {0,...,m}, we define the (posi-
tive) weights
A if0<1<d,,
Alm = if d. <1<m—dg (2.8a)
A ifm—c{gglgm,

and the dual (positive) weights

Algm) — (%)(1*6—)(14—)5i+(1*6+)(1*€+)5m4X (2.8b)
—1
(2(m—d5—62g)+ 37 e, (6 + D udr(élfm’)) :
1<r<d 1<r<d

Here 6, :=1if x = 0 and I, := 0 otherwise.
The following two (equivalent) orthogonality relations satisfied by the composite
Bernstein-Szego basis constitute our principal result.

Theorem 1 (Orthogonality Relations). For positive m > [d.]+[dz], the composite
Bernstein-Szegé basis (Z1) satisfies the orthogonality relations

m) (com)y T L A _ J /A k=1
0<Z2<m1/11 (fi )¢k (55 )A[ _{O oy (2.9a)

(0 <1,k <m), or equivalently (by column-row duality)

- Agm)
2 wlm>(é§’”’)w§’”’(§,§m))A§m>={1/ |

0<i<m 0

O <Il,k<m)

T
I
=

(2.9b)

==
T
~h
=

For d = d = 2 and ey = é+ = 1, this orthogonality can be found in [DE1S,
Section 2.3], while the degenerate case d = 0 and éx = 1 is immediate from the
Gauss quadrature rule associated with the Bernstein-Szego polynomials [DE17,
Section 8].

3. PROOF OF THEOREM [I]
3.1. Preparatives. Before proving the main theorem, let us first corroborate that
(the gluing in) the definition of z/)lm) (&) @7 is legitimate, i.e. that at & = {lgm),
1€{0,...,m}:
ezimé Pi(§) = e_%imgipmfl(g) for d.<l<m-—d;. (3.1a)
c(=¢) &)
Recalling Eq. ([23a), one readily infers that Eq. (BIal) is satisfied when

p2imé _ c(=§)e(=€)

- ) 3.1b
) (3:10)
or more explicitly (by Eq. 2.1D)):
; % 7 1+ a,e’ 1+ e’
2imé __ (_ q\e—+Eé_ 2i(de+de)E T T
e =(=1) ¢ H € + a, H €t a, (3.1¢)

1<r<d 1<r<d
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That Eq. (8Id) holds at & = {lgm) is immediate from Eqs. (235a), (2.50), upon

multiplying this defining transcendental equation for §;m) by the imaginary unit
and exponentiating both sides with the aid of the identity

[t _ 1+ e
exp <—z/0 ua(:b)d:t> =— (lo| < 1). (3.2)

e +

Now turning to the proof of the theorem, we observe that both types of orthog-
onality relations formulated in Theorem [I] amount to the claim that the (m 4 1)-

dimensional matrix
[ /Al(m)Algm)wlm) (glgm)

is unitary. It is therefore sufficient to verify either one of them, and here we choose
to infer Eq. (2.9h). Rewritten explicitly in terms of Bernstein-Szegd polynomials,

this orthogonality relation states that for any ¢ € {0,...,m} such that [d¢] < £ <
m — [de| (which exists because m > [d.] + [dz]):

)|
0<l,i<m

1 m—~ (m) )

i P )8 3.3

C(_gl(m))c(glgm)) ;Pl(fl )Pz(ﬁk JA; (3.3)
1 S emye ey i JUA™ k=1
e(g™)e(=¢") 2B IRE) A= g

(0<lk<m).

3.2. Orthogonality. In the normalization (Z.2]), the three-term recurrence relation
for the Bernstein-Szeg6 polynomials takes the form

. A\ 2
2605(€)pi(6) = b1 (O + () + Papria ) with aa = (552 ) L ()
for certain (real) coefficients b;, [ =0,1,2,... (and p_,(§) := 0). From the explicit
formulas ([23al), (2.3D) it is moreover seen that
a1 =1forl>d. and b =0 for I > [d.]. (3.4b)

With the aid of the corresponding three-term recurrences for p;(£) and p,(§), we now
construct a real tridiagonal matrix that is diagonalized by the composite Bernstein-

Szego basis (Z71):

(m) . (m)
Lo = [ }Og)kgm (3.5a)
with
L = (3.5D)
S1—k—1 + bibi—k + a1 01— p+1, if 0 <1< Jde],
O1—k—1+ 01—k41 if [de] <1< m—[de],

a’?n—l-i—lélfk*l + Bm,lél,k + 5l—k+1, if m— (Jg} <l <m.
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Upon interpreting functions f : {0,...,m} — C as column vectors [f]o<i<m, the
action of L("™) (B5al), (B.50) on f becomes:
fim1 +bufi + af sy fiea, if 0 <1< [de],
(L=< fir + fren, if [de] <l <m— [de], (3.6)

a2, 1 fio1+ byifi + fre1 ifm—[d:] <I1<m
(where f_1 = fr41 :=0).
Proposition 2 (Diagonalization of L(™). Viewed as a function of | € {0,...,m},
the composite Bernstein-Szegd vector ¢l(m) (&) @) solves the eigenvalue equation
LIWp™ (€) = 2cos(€)y ™ (), (3.7)
for any € € {5(()7”), cey f,lm)}.
Proof. It 0 < I < m — [d:] then

i)

(L)), 2 ™€) + o™ (€) + a2y 0™ (€) 2 2 cos(€) ™ (&),
and if [d.] <1 < m then

(L)), L a2, 9 () + b ™€) + {7 () 2 2cos(€)9(™ (€).
Here we used i) Eqgs. 3.6), (3.40) and ii) Eqs. 7)), (3:4al). O

Since the (eigen)vectors (") (&gm)), o) (&(nm)) are nonzero (because for
any 0 < [ < m: wém) (flgm)) # 0, as py(&) = Ayt # 0), and the eigenvalues
2 cos (§Om)), ...,2cos (&(nm)) are simple in view of Eq. (2.6), it is evident that Propo-
sition @l indeed provides an eigenbasis for L(™) ([3.5al), (B.50).

Let A™ denote the positive (m 4 1)-dimensional diagonal matrix

A = diag (AT, AL AL, (3.8)
The orthogonality in Eq. (2.9D) asserts that the vectors
(A<m>)1/2¢<m> GRS (A<m>)1/2¢<m> (€m)

m

are orthogonal. In view of the diagonalization stemming from Proposition 2 this
orthogonality is clear after corroborating that the similarity transformation

T = (A2 L m) (A ) T2 (3.9)
yields a Jacobi matrix.

Proposition 3 (Jacobi Matrix J("™). The (real) tridiagonal matriz J™) @B3) is
(m) (m)

symmetric, with elements ay ’,...,am ~ on the sub- and superdiagonals given by
aj+1 if 0<1<][d],
m X -1/2 . ~
al(+1) =9 (AAn 1) / if [de] <1< m—[de], (3.10a)
Grm—1 if m—[de] <1<m,

), cee bsﬁn) on the principal diagonal of the form

by if 0<1<[d],
0 if [d] <1<m—[de], (3.10b)
by if m— Mg] <l <m.

and elements b((Jm
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Proof. Starting from the formulas for L™ and A(™ in Eqs. (85a)), (3.50) and Eq.
[B3), respectively, one readily verifies (upon recalling the definitions in Eqs. (2.8a))

m m)\1/2 ; (m m)y —1/2 m m
and (TD) that 170, — (AL (AT _ o™ and that S0, —
(Al(fl))lﬂLl(Tl)J(Al(m))_l/2 = al(fl) (I =0,...,m—1), whereas on the diagonal it
is obvious that Jl(;n) = Ll(T) = bl(m) (1=0,...,m). O

This completes the proof of Eq. (2:95) when k # I.

3.3. Quadratic norms. It remains to infer the quadratic norm formula in Eq.
(2.9D) when k£ = [. This amounts to the following summation formula.

Proposition 4 (Summation Formula). For any £ € {§ém), ce ,(nm)}, one has that
> M OPa™ = (3.11)
0<i<m

90 +dr—¢ 2(m —d. — Jg) + Z Ua, (§) + Z ua, (€)

1<r<d 1<r<d

Proof. For ¢ € (0,m) the proof hinges on the Christoffel-Darboux kernel for the
Bernstein-Szegd polynomials [S75, [GO7] evaluated on the diagonal:

3 BHOM = L (b (PN () ~ P (OPn ().

oSN 2sin(¢)

For N > d., the RHS can be computed explicitly by means of Eqs. (23a)), (2.3h):

2 VA —eferel o) [L (€6, =)
OS%NPZ () =c(€)e(—¢) [, (C@ + c(_g)) +2N+1}

¥ (2ising) ! (ei(2N+l)£c2(§) _ e—i(2N+l)502(_§)) _

By using the definition of the composite Bernstein-Szego basis in Eq. ([271) and
splitting the sum as in Eq. (83]), we get (assuming £ € {fom), . ,57(717”)}):

o~

1 —1 .

B (A,

m—~

(m) re\12 A (M) _ 1
2 WTOPN" = T -

0<i<m

2
POM Zga o -

Il
=]

for £ € {0,...,m} such that [d¢] < £ < m — [d.]. Summation of both parts with
the aid of the explicit formula for the diagonal of the Christoffel-Darboux kernel
yields:

I S W b 2 S Il 9 -
g 2 PHOB = (76 5g) v

ising) ™! ei@f*l)ﬁﬁ_efi(zeq)gé(—ﬁ)
T (2ising) (( il 6(@)
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and
Zn:p F o <( 5) +2m-0+1]
_ (2ising) ! [ ei2m—0+1¢ E(_% 2=+ 1)e Ci(;;)) )
- F (5 Cc/<(—§>)) e n0] ~
+ (2ising) ! (e—i@f—l)&% _ ei(%—l)g%) 7

where in the last step Eq. (3.1D) was used. Pasting everything together finally
entails the desired result:

e g L () O 2 | 28
oo TErAT =2 +i(c(£)+c(—£)+5(€)+é(—€))

(which simplifies to the stated norm formula upon inserting the explicit expressions
for ¢(¢) and é(€) stemming from Eq. (2.ID) into the logarithmic derivatives). When
& =0 or £ =, the summation formula follows similarly upon applying L’Hopital’s
rule to the expression for the diagonal of the Christoffel-Darboux kernel at the start
(which entails an extra factor 2). O

This completes the proof of Eq. (290) when k = I.

4. MISCELLANEA

4.1. Characteristic polynomial. It is instructive to observe that the spectral
values providing our nodes 0 < §Om) << &(nm) < 7 can be retrieved as the roots
of the following polynomial of degree m + 1 in cos(&):

Qmr(€) = > en(@1—&351 =) g9, (4.1a)
0<k<2(de+1)
where q; (&) := c(€)e's + c(=&)e~ ¢ for | € Z (so q;(€) = p,(€) if I > d.) and
ek(d; €4; g_) =er(a) + (64 — €_)ek_1(d) — Eéré_ep_o(a),
with

er(@) = R Y

1§T1<"'<Tkgd~

subject to the conventions that eg(&) := 1 and e (&) := 0 if k € {0,1,...,d}.
More precisely, one has that

Qmy1(&) =2mH (cos(f) - cos({“(()m))> - (cos({“) - cos({“(m))) . (4.1b)

Indeed, by means of the explicit formula for q;(€) it is readily seen that the equation
Qm+1(€) = 0 boils down to Eqgs. (31B) and BId). To this end Q,,+1(¢) @Ia)

is first split in two parts, with common factors ¢(£)e™+D¢ and ¢(—¢)e~Hm+1E
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respectively, and then the terms of each factor are collected with the aid of the
generating function

d+e, +é_
A+&z)1-é2) J[ Q+are)= D> ex(@és;e)s”
1<r<d 1=0

(at z = eT%). To confirm that the degree of @,,+1(£) in cos(€) is m + 1, one uses
that
l if i > d.,

d =
es(a) {2(16—1 if1<d.,

in combination with our condition on m in Eq. (24)), whereas to compute the coef-
ficient of the corresponding leading term (stemming from q,,  ;(§) = p,,;(£)) one
employs Eqgs. (22)) and (Z3a), (230) (thus verifying the factorization of Q,,+1(€)
in Eq. ({11)).

If we compare Eq. (#1D) with Eq. (3.7), then it is clear that Q,+1(¢) @Ia)
coincides with the characteristic polynomials of the (m+ 1)-dimensional tridiagonal

matrices L("™) and J(™ from Propositions 2l and B] respectively:
det (2 cos(€)10™ — L<m>) = det (2 cos(€) 1™ — J<m>) = Qmar(6)  (42)
(where (™) refers to the (m + 1)-dimensional identity matrix).

4.2. Estimates for the locations of the nodes. With the aid of the mean value
theorem it is immediate from the transcendental equation for {lgm) in Egs. (2.5a),

(2.5D)), that the nodes/spectral values fém), e [230) satisfy the following in-
equalities:
[ e_+éE_ Z e_+é_
ﬂ-( + ~2 ) S Em) S 7T( + ~2 ) (43&)
m—d. —dz: + k_ ! m—d. —dz + Ky
(for 0 <1 <m), and
k-1 k-1
m—de —dz + K_ k ! m—de —de + K+

1 1o\ 1 1— la,\ ™!
mei=g 2 <1+|ar|) 3 2 \1ay) (4.3¢)
1<r<d 1<r<d
Here one uses that for £ real
1
Re(ua(€)) = 5 (o) (§ + Arg(a) + uja) (€ — Arg(a)) ),

and thus

Lol Re(ua(e)) < 2 (o) < 1),

1+ |a] = 11— |a
(To recover the second estimate, for the distances between the nodes, one first

subtracts the Ith equation in Eq. @35a) from the kth equation before invoking the
mean value theorem.)
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Note. When all Bernstein-Szeg6 parameters «, and &, tend to 0, the above esti-
mates become exact and we reduce to the elementary situation corresponding to
d=d=0:

(m) 7T(2i+ e~ +é)
5[ =

= for d,d = 0). 4.4
2m+ep +e_ +Ep +HE_ (for d, ) (44)

More generally the positions of the nodes {lgm) can be effectively retrieved numer-
ically from Eqs. (235al), (2.5h), e.g. by means of a standard fixed-point iteration
scheme like Newton’s method. Notice in this connection that the numerical inte-
gration of uy(x) in Eq. ([2.35al) can be avoided at this point, since (cf. Eq. (32))

¢ 14 ae' 11—« &
o(z)dx =L ——— ) = 2Arct t =
/Ou(x)x ZOg(er+a> retan| —— an(z)

(for |a| < T and —7 < £ < 7). Convenient initial values for starting up such numer-
ical calculations are provided by the locations of the elementary nodes at vanishing
parameter values from Eq. ([@4)). Indeed, this initial configuration automatically
complies with all inequalities in Eqs. (£3a)-#3d).

4.3. Finite orthogonality for Askey-Wilson polynomials at ¢ = 0. If d =
d=4and ey =éy =1 (so de = dz = 1), then the Bernstein-Szegé weight function
coincides with that of the Askey-Wilson polynomials [AW85] [KLS10] at ¢ = 0:

1 [, (1 +ave®)
W) = g €)= S (O<¢<m.  (5)
We then have explicitly
At if1=0
= . ) ’ 4.6
Pi(6) {c(f)e”g +e(—=€&e M if 1> 0, (4.62)
and
l—ajasasa : _
H1§r<51§42(120‘4“13) if § = 0’
A = 1—a1;2a3a4‘ ifl=1, (4.6b)
1 if I >1.

For any m > 2, the associated composite ¢ = 0 Askey-Wilson vectors

o) = (4.7a)
cimé 2ar if1=0,
egmg(cg(_ég)) eilé 4 eﬂ'lg) — e imé (ei(mfl)g + 5§(§§)67i(m7l)£) if0<1<m,
e—2mE ?((2)1 if [ =m,
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(0 <1< m), diagonalize the (m + 1)-dimensional tridiagonal matrix

by a? -
1 bl a%
1 0 1
L0 = - : (4.8)
1 0 1
a2 b 1
L ai  bo]

where
1/2 _
a = (A1/00)% oy =A7Y?

bQZ(Al_].) Z Oé:l—Al Z (67"

1<r<4 1<r<4
bi=(A1-1) Y (—a;')
1<r<4

(and with analog formulas for a;41, b, and AL 1=0, 1).
Given (any) 1 < £ < m—1, the ¢ = 0 Askey-Wilson basis satisfies the composite
finite orthogonality relations (cf. Eq. (33)):

p,(€™)p, (™) A+ (4.9)

T
~h
=

5
{ —-2)+ Zl<r<4 (“w (f(m ) + ua, (fl(m))) ifh=1
f
<lk<m).

5. EXACT QUADRATURES FOR RATIONAL FUNCTIONS WITH PRESCRIBED POLES

From the orthogonality in Eq. ([Z9al), the following quadrature formulae for the
exact integration of rational functions with prescribed poles against the Chebyshev
weight functions are immediate via standard arguments (cf. e.g. [ST5,[G81][DR&4]).

Theorem 5 (Exact Quadrature Rules for Rational Functions). Let m be positive
such that m > [de| + [de] (and let us assume that the parameters meet the re-
strictions in Section[d). Then the following (positive) quadrature rule holds true:

_s OWR(ﬁ)p(é“)d&= S R(E™)p(e™)AM™, (5.1a)

2 —
0<i<m

where the nodes 0 < §Om) < {ém) <e < §,(nm) < m are determined by Eqs. (2.5a]),
(235D) and the Christoffel weights Ao, ..., A, are given by Eq. (238L). In this
identity p(-) refers to the Chebyshev weight function

plE) = 27 (14 ex cos(€)) (1 — e_ cos(£)), (5.1b)



QUADRATURE FROM BERNSTEIN-SZEGO POLYNOMIALS 13

and R(-) denotes a rational function of the form

- f(cos(§))
R(§) = ngrgd(l + 2a,. cos(€) + Oé%) )

where f(cos(f)) represents an arbitrary polynomial in cos(§) of degree at most

D :=2(m —d:) — 1. (5.1d)

(5.1c)

Proof. In the normalization from Eq. (Z32]), the orthogonality relations for the
Bernstein-Szegt polynomials read:

8 A7 if k=1
dz =<t ’ 5.2
JRIGAGECIE {O r (52a)
for [,k =0,1,2,..., where
1 26+ (1 + e, cos 1—e€_cos
w(E) = - (1 + e cos(8))( 2(5)) (5.2b)
27| c(€)] 2 H1gr§d(1 + 20, cos(€) + a2)
On the other hand, the discrete orthogonality in Eq. (29al) guarantees that
-2 A7 ifk=1
(m) (m) (m) (m) _ l )
2 mlg")ee(§™) |l )’ A= {0 it k£, (532)
0<i<m
for 0 < I, k < m such that
0<l,k<m-—[d: if d: ¢ Z,
— ) —_ m ~|— ] _ % ~ g (5'3b)
0<I<m-—|[de] and 0 <k <m—[de] ifde€Z.

Upon comparing the orthogonality relations in Eqs. (5.2a), (5.2D) and Eqs. (5.3al),
(5.3D), it is clear that the exact quadrature rule in Eqgs. (B1a)-(5.Id) is valid if
we pick f(cos(€)) = p,(§)p,(§) with 0 < I,k < m as in Eq. (E3DL). Since the
products in question span the space of polynomials in cos(§) of degree at most D
(EId) (unless d: = —1), the asserted quadrature formula follows in this situation by
linearity. If d; = —1, then the present arguments only recover the stated quadrature
rule for polynomials f (cos(f)) up to degree 2m. However, this case corresponds to
that of the classical Gauss quadrature and is thus known to extend up to degree
D =2m+ 1 (cf. the note below). O

Note. i). If d = 0 and éx = 1 (so d. = —1 and D = 2m + 1), then Theo-
rem [Bl amounts to the conventional Gaus quadrature formula associated with the
Bernstein-Szegd polynomials supported on the roots of p,, , () [DG.J06, BCDG09,

DE17]. The case d = 1 and éx = 1 (so d, = —2 and D = 2m) provides, on the

other hand, a corresponding Gauss-type quadrature supported on the roots of the
quasi-orthogonal polynomial p,,  ;(§) 4+ a1p,, (&), cf. Refs. [MR73| [G81l, [AS6].

i) fee =¢_ =0and ey +& #0 (sod: = 5* and D =2m + &, —d — 1)
orife_+é_#£0and ey =é, =0 (sode = == and D =2m +é_ —d — 1), then

2
we arrive at Radau-type quadrature rules with a left-boundary node :E((Jm) =0ora

right-boundary node z'") = , respectively, cf. Refs. [G81,[DRS4.[G04, [7B09, [P17].
Ifex =¢éx =0 (so d: = % and D = 2m —d — 1), then both boundary nodes

xém) =0 and xsﬁn ) = 7 are present, whence our quadrature is of Lobatto type in
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this situation, cf. Refs. [G81] [DR&4, [G04, [JBQ9, [P17]. It is important to emphasize
at this point that the particular kinds of generalized Radau- and Lobatto-type
quadratures appearing here do not involve function evaluations of the derivatives
at the end-nodes (in contrast to those studied in Refs. [G04l [TB09, [P17]).

iii). Clearly the degree of exactness D (B.Id) becomes unacceptably low if d is
too large. By requiring our quadrature to be interpolatory, i.e. D > m (thus giving
rise to the exact integration of interpolation functions R(§) (BId) with deg(f) < m
and (arbitrarily) prescribed values on the nodes), one has to pick 2d; < m — 1.
In this situation, the expansion of the characteristic polynomial @Q,+1(¢) (I3,
(@1h) in the orthogonal Bernstein-Szegd basis is of the form [MR73] [GRI] [AR6]
P90, [X94, [EG99)

Qerl(g) = Pm+1 (5) + Z Com+1—k Pm+1—k(§)’ (5-43)

1<k<2(de+1)

for certain coefficients comi1-x € R (K = 1,2,.. .,2(Jg + 1)). In other words,
Qm+1(§) is orthogonal to p,, ;. (&) if 2(dz+1) < k < m+ 1, which is readily seen
upon integrating the product f(cos(€)) = Qum+1(€)Pyi1_r(€) against the weight
function w(¢) @Ia), @ID) by means of the quadrature rule of Theorem Bl If in
addition 2d; < m —1 —d, (som+1—k > d. for 1 < k < 2(dz + 1)), then a
comparison with Eq. (@Tal) reveals that in this case one has explicitly:

Comt1—k =ex(q; 1 —ép; 1 —éo). (5.4b)
REFERENCES
A86. R. Askey, Positive quadrature methods and positive polynomial sums, in: Approxima-

tion Theory, V, C.K. Chui, L.L. Schumaker, and J.D. Ward (eds.), Academic Press,
Boston, MA, 1986, 1-29.
AWS5. R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials that
generalize Jacobi polynomials, Mem. Amer. Math. Soc. 54 (1985), no. 319.
BCDGO09. A. Bultheel, R. Cruz-Barroso, K. Deckers, and P. Gonzéilez-Vera, Rational Szego
quadratures associated with Chebyshev weight functions, Math. Comp. 78 (2009),

1031-1059.

DS06. D. Damanik and B. Simon, Jost functions and Jost solutions for Jacobi matrices. II.
Decay and analyticity, Int. Math. Res. Not. (IMRN) 2006, Art. ID 19396.

DGJO06. L. Daruis, P. Gonzalez-Vera, M. Jiménez Paiz, Quadrature formulas associated with

rational modifications of the Chebyshev weight functions, Comput. Math. Appl. 51
(2006), 419-430.

DR&4. P.J. Davis and P. Rabinowitz, Methods of Numerical Integration, Second edition,
Computer Science and Applied Mathematics, Academic Press, Inc., Orlando, FL,
1984.

DE1S. J.F. van Diejen and E. Emsiz, Discrete Fourier transform associated with generalized
Schur polynomials, Proc. Amer. Math. Soc. https://doi.org/10.1090/proc/14036

DE17. J.F. van Diejen and E. Emsiz, Exact cubature rules for symmetric functions, preprint
2017.

EG99. A. Ezzirani and A. Guessab, A fast algorithm for Gaussian type quadrature formulae

with mixed boundary conditions and some lumped mass spectral approximations,
Math. Comp. 68 (1999), 217-248.

G81. W. Gautschi, A survey of Gauss-Christoffel quadrature formulae, in: E.B. Christoffel:
The Influence of his Work in Mathematics and Physical Sciences, P.L. Butzer and
F. Fehér (eds.), Birkhduser, Basel, 1981, pp. 72-147.

GO04. W. Gautschi, Generalized Gauss-Radau and Gauss-Lobatto formulae, BIT 44 (2004),
711-720.



GI17.

GO02.

GO7.

JBO09.

KLS10.

MRYT73.

OLBC10.

P90.

P17.

S75.

X94.

QUADRATURE FROM BERNSTEIN-SZEGO POLYNOMIALS 15

J.S. Geronimo and P. Iliev, Bernstein-Szeg6 measures, Banach algebras, and scattering
theory, Trans. Amer. Math. Soc. 369 (2017), 5581-5600.

Z. Grinshpun, On oscillatory properties of the Bernstein-Szeg6 orthogonal polynomi-
als, J. Math. Anal. Appl. 272 (2002), 349-361.

Z. Grinshpun, The Christoffel function of Bernstein-Szegd orthogonal polynomials,
Far East J. Math. Sci. (FIMS) 26 (2007), 257-274.

H. Joulak and B. Beckermann, On Gautschi’s conjecture for generalized Gauss-Radau
and Gauss-Lobatto formulae, J. Comput. Appl. Math. 233 (2009), 768-774.

R. Koekoek, P.A. Lesky, and R. Swarttouw, Hypergeometric Orthogonal Polynomials
and their g-Analogues, Springer Monographs in Mathematics. Springer-Verlag, Berlin,
2010.

C.A. Micchelli and T.J. Rivlin, Numerical integration rules near Gaussian quadrature,
Israel J. Math. 16 (1973), 287-299.

F.W.J. Olver, D.W. Lozier, R.F. Boisvert and C.W. Clark. (eds.), NIST Handbook of
Mathematical Functions, Cambridge University Press, Cambridge, 2010.

F. Peherstorfer, Linear combinations of orthogonal polynomials generating positive
quadrature formulas., Math. Comp. 55 (1990), 231-241.

G. Petrova, Generalized Gauss-Radau and Gauss-Lobatto formulas with Jacobi weight
functions, BIT 57 (2017), 191-206.

G. Szegd, Orthogonal Polynomials, Fourth Edition, American Mathematical Society,
Colloquium Publications, vol. XXIII, American Mathematical Society, Providence,
R.I., 1975.

Y. Xu, A characterization of positive quadrature formulae, Math. Comp. 62 (1994),
703-718.

INSTITUTO DE MATEMATICA Y FisicA, UNIVERSIDAD DE TALCA, CASILLA 747, TALCA, CHILE
E-mail address: diejen@inst-mat.utalca.cl

FACULTAD DE MATEMATICAS, PONTIFICIA UNIVERSIDAD CATOLICA DE CHILE, CASILLA 306,
CORREO 22, SANTIAGO, CHILE
E-mail address: eemsiz@mat.uc.cl



	1. Introduction
	2. Statement of the main result
	2.1. Preliminaries on Bernstein-Szegö polynomials
	2.2. Composite Bernstein-Szegö basis
	2.3. Finite orthogonality relations

	3. Proof of Theorem ??
	3.1. Preparatives
	3.2. Orthogonality
	3.3. Quadratic norms

	4. Miscellanea
	4.1. Characteristic polynomial
	4.2. Estimates for the locations of the nodes
	4.3. Finite orthogonality for Askey-Wilson polynomials at q=0

	5. Exact quadratures for rational functions with prescribed poles
	References

