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THE EFFECT OF VERTICAL INTEGRATION IN THE
QUALITY OF DISPOSABLE PRODUCTS!
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ABSTRACT

This paper studies a single-product distribution channel where a
manufacturer produces goods, some of which are defective, and a
retailer, detecting only a subset of the defective goods, passes the rest
along to customers, who end up discarding them. Conjecturing the
structure of the demand and cost functions that assume customers to
have a decreasing marginal aversion to bad quality while both the
supplier and the retailer make marginally increasing efforts to avoid
bad quality, we deduce several implicit parameters, including quality
cost, based on observable data, such as the share of the channel
margin. Once all the parameters of the model are available, we analyze
the result of vertical integration. We not only confirm the well-known
fact that vertical integration improves the quality perceived by the
customer, but also characterize the attitude of the supplier, who may
or may not provide a better service, in terms of the sum and the
difference of logarithms of the margins.

Keywords: Supply Chain, Quality, Vertical Integration, Nash
Equilibrium
JEL Classification: C72, L14, L15.

RESUMEN

Este articulo estudia una cadena de distribucién en la que un provee-
dor fabrica articulos de un cierto tipo, algunos de los cuales tienen
fallas, los que son comercializados por un distribuidor que sélo detec-
ta una parte de los articulos defectuosos, traspasandole el resto al
consumidor final. Se conjetura una cierta estructura de las funciones
de demanda y de costo, que suponen que los consumidores tienen una
aversién marginalmente decreciente a la mala calidad y que tanto el
proveedor como el distribuidor requieren de esfuerzos marginalmente
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crecientes para evitar productos defectuosos. Con ello se deducen al-
gunos parametros implicitos del modelo a partir de datos
observables, tales como la participacion en el margen de la cadena
de distribucion. Una vez que estan disponibles los parametros, se ana-
liza el resultado de una integracion vertical. No sélo se confirma que
dicha integracion mejora la calidad percibida por el cliente final, sino
ademas se caracteriza el comportamiento del proveedor, el que puede
0 no entregar una mejor calidad, dependiendo de la suma y la dife-
rencia del logaritmo de los margenes.

This paper studies a single-product distribution channel where a
manufacturer produces goods, some of which are defective, and a retailer,
detecting only a subset of the defective goods, passes the rest along to
customers, who end up discarding them. The supplier and the retailer
simultaneoudly decide on their effort to reduce errors as a function of the
demand and the cost of different qudity strategies. Regarding fina demand,
we assume that the supplier and the retailer have forged some kind of
aliance, as described by Amaldoss et al. (2000). This dliance, athough
allows firms to access a greater base of resources, carries the risk of firms
forgoing their ability to control the destiny in the marketplace. In our case,
this interrelation is trandated into the demand that both agents face, which
the customer defines as a function of the combined performance of the
supply chain. In other words, we assume that the supplier cannot go looking
for other firms who could market his products and that the retailer cannot
find a different supplier, so the supplier and the retailer end up competing
as a team against other dliances, mainly in terms of the quality they are
able to provide.

Banker et al. (1998), who study the relationship between quaity and the
intensity of competition in a given industry, define quality as the degree to
which a product is attractive to consumers. It can be characterized as either
“design qudity” or “conformance quality”. The former is based on such
characterigtics as performance, reliability, durability and serviceability, while
the latter refers to the degree to which product specifications are met. Our
model makes the usual assumptions that firms view quality in the same way
their customers do, and that qudity can be aggregated aong a single dimen-
sion of interest. However, we focus on conformance qudity, which can
range from 100 per cent of the product design to a percentage so low it
drives firms out of business. Thus, we are concerned about errors that
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degrade the product’s appeal to customers and therefore reduce the de-
mand for it.

Regarding the cost of quality, we focus on those systems where variable
costs and benefits for both the supplier and the retailer are generated only
by items that are finally accepted by the customer, not by those rejected by
either the retailer or the customer. We refer to such cost function as related
to disposable items, meaning that agents incur an insgnificant cost to dis-
pose of a defective item. This is usualy the case in capita-intensive indus-
tries, such as microelectronics, where raw materials are insignificant with
respect to fixed expenses, so the margina cost of manufacturing and de-
livering is minimal. As long as there are no active capacity congraints, any
defective item will not cause a substantia damage other than the loss of
demand. The extreme case of this situation is a service industry that uses
no raw materias at dl, such as the telecom industry, where the variable
cost of mafunctioning calls is negligible.

Even if raw materids are important, in some cases there is a systematic
surplus that is discarded anyway. A good example of this is the fast food
industry that instantly trashes any item that does not comply with the stan-
dard, fearing that bad quality will frighten customers away. Another ex-
ample is provided by retailing channels that can liquidate defective items at
zero profit. The clothing industry, for example, can mark down defective
garments to such a low price that it makes little difference if the products
are sent back to the suppliers or sold in the marketplace.

According to Starbird (2001), defining contracts and compliance-related
incentives has been a main issue in the scientific literature concerned with
quality, since they influence market structure, product qudity and other
operational aspects. Because in our model agents are autonomous and
know that their payoff is a result of the strategy that they both choose, we
adopt a non-cooperative game theoretical perspective, as do Reyniers and
Tapiero (1995), who describe a model where the supplier decides how
much effort to invest in quality, while the producer (the retailer in our case)
resolves whether or not to inspect incoming materias. These authors study
the effect of contract design on equilibrium behavior and identify conditions
that will result in a mutually advantageous solution. Donoso and Singer
(2002) focus on the pendlties applied in the transportation business when
products are returned to the plant due to bad quality. They mode this
process as a tournament game and measure the effect of the accuracy of
the systems that monitor who is respongble for the bad quality. Lim (2001)
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derives the optimal contract between a manufacturer and his supplier when
there is asymmetric information because the quality of the latter is private
information to him. Using the revelation principle for games with incomplete
information, he finds the proper combination of rebate prices and end cus-
tomer warranties so that opportunistic behavior by any supplier is discour-
aged while incentives to trade are preserved. Although Cachon and Zipkin
(1999) study the inventory management problem, their work is related to
ours in terms of the structure of the game they propose. They show that
the difference between the optimal policy and the equilibrium depends on
how inventories are measured, so they derive a linear transfer scheme that
aigns agents closer to the optimum.

This paper is intended to unravel the strategic behavior regarding qudity
within a supplier-retailer partnership in a disposable product industry. We
are concerned with questions such as, what is the effect of the different
cost and demand parameters? In what circumstances can non-observable
parameters be inferred? How do observable parameters influence the qual-
ity performance of a vertical integration? To answer these questions, Sec-
tion | proposes a dtatic game with complete information that matches the
usual assumptions in the literature on demand and cost functions. Section
[l shows our analysis of Nash equilibrium that allows us to deduce from
observable data some parameters that are not easy to verify otherwise.
Section 11 studies the effect of vertica integration and derives the condi-
tions that define the global optimum. Finaly, Section IV presents our main
conclusions.

. A QUALITY MODEL FOR DISPOSABLE PRODUCT SUPPLY CHAINS

We consider the supply chain with two echelons, the supplier and the
retailer, whose demand is defined by a customer as follows:

d Demand for non defective products by the end customer. It can be
observed since it defines the income of both the supplier and the
retailer.
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Production is not performed with total quality, so both the retailer and the
customer perform quality control, eventually rejecting defective products as
illustrated by Figure 1. As in the double marginaization problem presented
by Tirole (1988 pp. 174-175), the final output the customer receives is a
concatenation of the decisons of non-cooperative players, athough such
problem is related to price, not the focus of this paper.

FIGURE 1
SUPPLY CHAIN FROM SUPPLIER TO CUSTOMER

Supplier 5 Retailer Customer

Production

(f-r)d=id

——Jp Inventory Transfer
i | Firm boundary

In order to model this Situation as a static game in the norma form,
players, strategies and payoffs must be defined. We consider only two
players, namely the supplier and the retailer, who smultaneoudy decide
their quality strategies, that are characterized as follows:

f Fraction of faulty products that are manufactured by the supplier in
additionto d, so its tota output is (1 + f)%l. Usudly it cannot be
directly observed, since otherwise the defective items would be im-
mediately discarded, dthough it can be deduced as explained below.

r Fraction of d of defective products that are detected by the retailer,
soitsoutput isaflow (1 + f — r)xl that is passed on to the customer
and aflow rxl that is regected. This value can be easily observed,
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since returns are usualy well registered for contractual reasons.

[ Fraction of imperfect products that the customer receives, equa to
f—r 3 0. We assume that he discards an item if and only if it is
defective. Many companies keep a record of customers satisfaction,
so we assume that i can be observed.

We assume that f > 0 and r > 0, so manufacturing errors and quality
controls exist. Errors are generated only by the supplier, so the retailer does
not damage items due to careless handling or other reasons. When perform-
ing the quality control, the retailer only makes Type | mistakes, i.e. accept-
ing an item that is defective, but does not make Type Il erors, which
correspond to rejecting an item in good conditions, so it holds that r £ f.
These percentages are defined as the excess over the demand d, so 0 £
f,r £ u. For ingtance, if f =4 and r = 3, then 4 out of 5 items produced
are defective, and then 3 are rgjected by the retailer, so haf the items the
customer receives are defective. Sousa and Voss (2002) report empirical
evidence supporting the positive correlation between quality and market
share, s0 final demand is determined, among other aspects, by variable i.
As deduced by the Bayesian model of customer choice behavior by Gans
(2002), the demand function is not only increasing but aso convex on the
qudity level, so when quality is good the customer becomes very sensitive
to errors, while as the percentage of imperfect products i grows, the de-
mand asymptotically approaches zero. From the above considerations we
conjecture the following demand function, which is consstent with the
exponentia model by Voérds (2002):

d = Dexp(-EX). (1)
Parameters D and E are postive congtants thet have the following meaning:

D Maximum demand if the customer received 100% qudity, that is, if
i = 0. Although marketing departments may have a rough estimation
of this quantity, it is not verifiable unless the customer indeed gets
perfect quality. Therefore, we deduce this quantity from empirical
data as explained in Section II.
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E Convexity of the demand curve with respect to i, so E = -(12d/i2)/
(Y1d/91i), meaning that the higher the value of E the more sensitive the
customer is to quality. The demand elasticity with respect to i is -EX
S0 it can be obtained from historical data by correlating sales d of
non-defective items with the quality perceived by the customer in
terms of i.

We define the income functions in terms of the following parameters
related to the variable profit of each agent:

M Margin or net income for the supplier from each item free of defects
that is sold to the customer. It includes the revenue from the price
minus the variable cost of production, without considering the quality
cost nor any other sunk cost. We assume it can be accurately cal-
culated by the company.

N Margin or net income for the retailer from each item free of defects
that is sold to the customer, subject to the conditions explained above
for M.

Both M and N are required to be positive, otherwise in a non-cooperative
game theoretical framework the agent has no incentives to generate any
output, so without loss of generaity M, N 3 1. We assume that the aggre-
gated unitary margin M + N is equd to a constant C, independent of d,
since the final price is fixed by some type of regulation, or the market share
of the channd is low 0 it has little impact on the equilibrium price, while
the unit cost is congtant. Therefore, in our model quality enhancements
generate benefit to the supply channd by increasing sales without sacrific-
ing prices, one of the two “market routes’ for improving business perfor-
mance that are described by Sousa and Voss (2002). The values of M and
N are defined exogenoudy as explained by Lim (2001), most likely as a
result of the negotiating power of each agent, which according to Kadiyali
et al. (2000) is related to demand factors, cost factors and the nature of
channdl interactions. One of the aims of this paper is to show how such
definition affects quality when agents are autonomous, and what is the
expected result if they become vertically integrated.

An dternative interpretation of the income function of supplier MXDxexp(-
E(f — r))), where the unitary net margin M is fixed while the demand d
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decreases according to expression Dxxp(-E(f — r)), is to assume that the
function is of the form DXMxxp(-E(f — r))), so the demand is constant but
the margins decrease when the quality is low. More generally, the expres-
sion (MP)exp(-E(f — r)) suggests that the combination of demand times
the unitary income of the supplier is pendized by defective items. The same
explanation is valid for the retaler, dthough for clarity reasons, in what
follows we consider only the interpretation relating to the demand function.

We define the cost of qudity to be increasing and convex in the level
of quality offered and with no economies of scale, which is consistent with
the conclusions by Li and Rgagopalan (1998). Convexity means that for the
supplier, avoiding one mistake when f = 10% is easier than when f = 5%,
so quality becomes more difficult as performance approaches to zero er-
rors. Analogoudly for the retailer, detecting an additiona percentage point
of defective products when r = 5% is easier than when r = 10%, so
catching al the errors generated by the supplier becomes progressively
difficult. That there are no economies of scale means that the supplier must
pay a given cost for keeping faulty items down to a certain percentage,
regardiess of the fina demand d, which is a function of both f and r.
Although this may be unlikely for any vaue d may have, in redity the
demand does not change by large but rather by limited percentages, so the
cost of a quality improvement program may have a constant value.

We conjecture that the quality cost functions for the supplier and the
retailer are Fexp(-f) and R(exp(r) — 1) respectively, as opposed to Banker
et al. (1998) who assume functions to be quadratic on the level of quality.
Parameters F and R have the following meaning:

F Codgt of achieving total qudlity, that is, producing zero faulty items.
This could be obtained by quoting the cost of Tota Quality Manage-
ment (TQM) programs, athough there is no guarantee that both the
investment and the results will match the estimates. As an dternative
we deduce it from the observed equilibrium, as explained in
Section I1.

R Cost factor that measures how rapidly the retailer’s cost of detecting
an additional percentage point of defective items grows. This can be
difficult to obtain without an Activity Based Costing (ABC) system.
As an dternative we aso deduce it from the observed equilibrium, as
explained in Section II.
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Therefore, the payoff functions for the supplier and for the retailer are
the following:

p(f, r) = MBexp(-E(f — r)) — Fexp(-f) ()
pe(f, 1) = NDexp(-E(f — r)) — RXexp(r) — 1) 3

In order to clarify idess, if D = 100 and E = 0.2, then when the percent-

age of errors i = 1%, the tota demand d is equal to 81.87. If the percentage
of erors is incremented by 0.01, that is from 1 to 1.01 percent, then the
demand function drops to 81.71, which is gpproximately £X = -0.24%
= - 0.2%. We restrict E < 0.5 because when E = 0.5 a demand equa to
100 with zero errors drops to 0.08 with 5% of errors, a quality sengtivity
that seems acute enough. Suppose aso that F =400, R=40, M = 3 and
N = 7. The income and the cost of each are depicted in Figure 2 as
functions of their independent variable. If for some reason the supplier
decides to do f = 3% while the retailer chooses r = 1%, their corresponding
costs are 19.9 and 68.7, while the percentage of imperfect products is i =
2% so the 81.9 units that are demanded bring an income of 201.1 and
469.2. The dotted line shows the income that the retailer would collect if
E were equd to 0.5, which drastically decreases with bad quality.

FHGURE 2
EXAMPLE OF INCOME AND COST WITH f = 3% AND r = 1%
800 T
Retailer income: Retailer cost:
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As expected, both cost functions tend to zero as qudity is relaxed:
Fexp(-4) = 0 and RXexp(0) — 1) = 0. We have implicitly assumed that the
eladticity of the supplier’s cost functions is -f, which does not lose generdity
since the magnitude by which the errors are measured can be adjusted.
However, the eadticity of the retailer’s cost functions is r, so we are
imposing a relationship between the eladticities of the cost of qudity for
both agents. Notice that in reality the conformance cost R(exp(r) — 1) isa
function not only of r but dso of f, sncergecting r = 1% of defective items
when f = 20% is cheaper than when f = 2%. For the sake of smplicity we
assume independence, which is a redigtic smplification when the value
range of f is relatively limited. Also, we are disregarding the variable cost
of quality, which is redligtic if the demand d is subject to limited changes,
as is our case.

1. EQUILIBRIUM FOR THE SUPPLIER-RETAILER ALLIANCE

The dliance forged by the supplier and the retailer can be modelled by
either a cooperative or a non-cooperative game. In the first case, the
players may negotiate a binding contract according to the so-called Nash
bargaining solution which, among other features, is a Pareto optimum that
depends on the utility that each agent attains if they do not reach an
agreement. In the case of non-cooperative games, players should converge
to a Nash equilibrium outcome where neither of them has incentives to
unilaterally move away from it. For the problem at hand we select the
second approach since, as suggested by Cachon and Zipkin (1999), a co-
operative framework should specify pendties for deviations, which are hard
to impose in practice. On the contrary, Nash equilibrium are self enforcing
and therefore more redistic.

Convergence to the Nash equilibrium vector (f,,r ) is justified by the fact
that each player chooses the quality levd as his best response to the actions
of the other, which is an application of the rational choice theory that
conceptualizes that agents select among their feasible actions the ones that
maximize their expected utility. Such capability is chalenged by Marini
(1992) who explains that cognitive psychology redlizes that managers select
their gtrategies limited by oversmplification of complex problems, sdective
perception, use of stereotypes and wishful thinking, weaknesses that are
usually named “bounded rationdity.” In spite of this, Satz and Fergjohn
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(1994) assert that even if players show cognitive downsides, the rational
choice theory is an accurate conceptual framework for anticipating what
average players will choose, especidly if they are subject to defiant con-
draints. In competitive supply chains, the congtraint of surviva is criticd, so
one can assume that agents reach equilibrium ether by Strategic analysis or
by trial and error, since otherwise they will perish sooner or later.

Accepting that the rational choice theory is a proper framework for
describing the supplier-retailer relationship, we find the Nash equilibrium of
the above game by intersecting the best-response functions of both players.
In the case of the supplier, such function f(r) represents the optimal level
for f assuming that the retailer chooses r.

Proposition 1: Recalling that the feasible strategies impose that 0 £ r
£ f, the best-response function of the supplier is:

i ) - Er +In(F/(MDE)) 0 remnt

f(r):} 1- E ) FMDE @
Loy r U In Er
1 E

Proposition 2 Recalling that the feasible strategies impose that O £ r
£ f, the best-response function of the retailer is:

Loy E +In(NDE/R) 0 ©nNDE o1, NDE

! 1- E R ET R
(1)=1 v 0 f£|n%

:

i v 0 0 LinNDEg

t E R

The proofs for the above propositions are omitted because they follow
a standard procedure, based on the property that any continuous and dif-
ferentiable function must have its maximum value either at stationary point
or a an extreme point of its convex domain. For Proposition 1 the domain
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is[r, L] where L is alarge enough constant, while for Proposition 2 it is
[0, f]. In both cases, the extreme points either coincide with the stationary
points, or their derivative discards them as maximums since they are posi-
tive a the lower bound of the domain or negative at the upper bound.

The interpretation of Proposition 1and Proposition 2 is depicted by
Figure 3, which shows the best-response functions using the data from
Sectionl: D =100, E=0.2, F =400, R=40, M =3 and N = 7. According
to (4), the supplier's strategy f reaches the highest quality, that is, the
minimum percentage of faulty products, when his counterpart chooses a
strategy r = In(F/(MDE)). Below that threshold of r the supplier relaxes his
quality standard to avoid being taken advantage of, and above In(F/(MDE))
the supplier can benefit from the retailer’s willingness to detect a relatively
large number of defective items. According to (5), the retailer’s strategy r
reaches a maximum level of concern for quality, that is, the maximum
percentage of rgection, when his counterpart chooses a strategy f = In(NDE/
R). If the errors generated by the supplier are below such threshold, then
r decreases since customers are receiving tota quality so f = r. Otherwise,
the retailer relaxes his quality-control effort to avoid being taken advantage
of, up to a point of no-concern IN(NDE/R)/E where he stops rejecting items
given the poor qudity of the supplier. This last Stuation, (5)(v), is not
covered by our analysis, which focuses on supply chains where the retailer
does perform quality control.

FIGURE 3
BEST-RESPONSE FUNCTIONS AND NASH EQUILIBRIUM
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Notice that In(F/(MDE))/(1 — E) is the constant term in (4)(i), so a
higher quality cost parameter F and alower margin M for the supplier will
shift its best response to higher percentages of faulty products. Anao-
goudy, IN(NDE/R)/(1 — E) is the congtant term in (5)(iii), S0 a lower quality
cost parameter R and a higher margin N for the retailer will shift his best
response to higher percentages of rejection of defective products.

Proposition 3 If there is a Nash equilibrium such that r_ and i, are
positive, then it is unique and In(F/(MDE)) > In(NDE/R).

Proof: If r,>0and i, = f_—r_> 0 then the equilibrium must lay in (4) (i)
and (5) (iii), a unique intersection since their dopes are E/(E — 1) and
(E — 1)/E respectively, and they are different when E < 0.5. Therefore:

FR
Eln—— +(1- E)In F (1- E)In NDE , gin MPE n———
(= NDE MDE | _ R E_; -__D?E’MN
e 1- 2E e 1- 2E e 1- 2E

©)

If the percentage of imperfect products i, is postive, then In(F/(MDE))
> In(NDE/R).

The interpretation of the results above are consistent with most anecdotic,
empirical and theoretical results about quality that are reported by Li and
Rajagopalan (1998): Lower qudity cost parameters F and R will reduce
manufacturing errors, will increment quality control that will ultimately im-
prove qudity for the end customer.

Proposition 4: If the Nash equilibrium is such that i, = 0 and it is unique,
then the equilibrium must aso lie in (4) (i) and (5) (iii).

Proof: If i, = 0 then the equilibrium must aso be found in (4) (ii) and (5)
(iv), dthough to be unique it must hold that In(F/(MDE)) = In(NDE/R), and
therefore f_ = r_ = In(F/(MDE)), which satisfy both in (4) (i) and (5) (iii)

As explained in Section I, it is usualy the case that variablesr , i, d_ as
well as parameters E, M and N can be observed from the steady-state
operation of the supply chain. If the conditions of Proposition 3 or Propo-
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sition 4 hold, then variable f and parameters D, F and R can be deduced
from the above, since the equilibrium is unique. For ingtance, if it is ob-
served that r, = 1.04%, i = 1.07% and d,= 80.67, then f_=r_+i_=211%
and dl the parameters described in Figure 3 can be derived from the system
of equations (1) and (6), which yields:

D = d/(exp(-E(f, — r)));F = Mx BEexp(f); R= Nl Eexp(r) (7)

Replacing expression (7) in (2) and (3) we obtain the payoff functions
for the supplier and the retailer:

ps= MxXl— E); p,= NxX1- E) + NxbEexp(-r) 8

Notice that the conditions of Proposition 3 can be easily verified: r_ and
i, are positive. However, the conditions of Proposition 4 cannot be veri-
fied, since when i, = O there is no guarantee that the equilibrium is unique,
because it can lie within the interva [IN(NDE/R), In(F/(MDE))].

I1l. OPTIMALITY UNDER VERTICAL INTEGRATION

Under some circumstances, the supplier and the retailer can behave in
a cooperative manner by sdlecting f and r in order to maximize the aggre-
gated profit of the supply chain and then decide how to split it according
to their negotiating power and other considerations. This Situation may be
possible due to binding contracts that require a one-shot investment that
commits each agent to a quality level from where they cannot deviate, or
because there is a dominant supplier who imposes “vertica restraints’ to
the retailer as described by Tirole (1988 pp. 170-172). For instance, the
retailler may pay a “franchise fee” that consists of a fixed charge plus a
variadble amount that depends on the quantity sold. Findly, agents may
develop a trustful relationship since, as described by Kumar (1996 pp. 95),
they redlize that “by working together as partners, retailers and manufac-
turers can provide the greatest value to customers at the lowest possible
cost.” In this section we are concerned with the agents optimal selection
of strategies but not with the manner they share profits, which may be
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solved using the Nash bargaining solution or any other “fairness’ criterion.
This is consistent with a scenario of vertica integration whereby players
become one single company so profits are not split at al, or with a firg-
stage negotiation process where representatives from both companies are
trying to find the Pareto optimum that maximizes the “pie size’ that will be
divided later on. In what follows we label this cooperative setup as vertica
integration, athough its conclusions hold for the other circumstances de-
scribed above. Formaly, suppose that a centra planner wants to maximize
p=pg+ Py Which is obtained by adding the expressions (2) and (3), that
is

p(f, ) = M + NPP*xp(-E(f - 1)) — Fexp(-f) - Rfexp(r) - 1) (9)

Since p(f, r) can be differentiated at any point, given that it is the sum
of exponentia functions that are differentiable at their domain, the optimum
must be either at a stationary point (f,, r)) or at an extreme of its domain.
When solving Tip(f, r)/1if = Tip(f, r)/YIr = O there is only one dationary point:

R F F . (M+N)DE FR
ElnS+ino— 0o i F . \M+N)DE n——2—>-
. " " MeN)DE r _(1 E)'”R+'” F . __D’E’(MeN)

s™ 1- 2E vs T 1- 2E TS T 1- 2E

If the conditions of Proposition 3 or Proposition 4 hold, replacing in
the above expression the parameters D, F and R as caculated by (7), it
follows that:

E o LE o &
Ing%d\—/lg M+N? |n€%d12 N N IneMN 9
$ENg M SN g MNZ §(M+N)ZT (10)
fo=f i =r, - S—— i =(f,- 1) +—— 2
e 1- 2E veoe 1- 2E veohe e 1- 2E

Proposition 5. The percentage of faulty items f_ a the stationary point (f,
r) is strictly lower than the percentage of faulty items f, in equilibrium.

Proof: Given that E < 0.5, if (M/N)5(M+N)/M > 1 then f_< f_. Replacing
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M by C— N the function ((C — N)/N)5/(C — N) isconvex when 1 £ N
£ C, s0 gpplying the first order condition the minimum isa N = EC so the
function is equa to (1 — E)5EE which is grictly greater than 1 for any E
> 0.

Proposition 6: The stationary point always generates fewer errors to the
end customer.

Proof: Given that E < 0.5 and that MN < (M + N)?2 so for M, N 3 1,
expression (10) states that i, has a vaue dtrictly lower that i

The interpretation of Proposition 5and Proposition 6is that if the
stationary point is feasible, the vertical integration has a positive effect on
quality in two aspects. The supplier reduces the number of errors and
simultaneoudly the end customer receives fewer defective items.

Proposition 7: The percentage of returns r_ at the stationary point (f_, r)
must be positive.

Proof: Assume by contradiction that r_ is smaller than or equal to zero, so
expression (10) is equivaent to imposing Exn(M) + (1 — E)¥(N) 3 In(M
+N) + (1 - 26)x_. Since (1 — 2€)x_3 0 it must hold that EXx(M) + (1
— E)#(N) 3 In(M + N), which is equivalent to MEN?-5 3 M + N. On
the other hand, if E£ 1and M, N3 1litholdstha M + N> EM + (1 —
E)N which is greater than or equa to MEN® - B due to the weighted
average inequality.

From Proposition 5it holds that the stationary point €, r) mug lie
below the horizontal f = f_in Figure 4; from Proposition 6 it mud lie to
the right of the 45-degree line i_ = i, that crosses the Nash equilibrium
(f, r); and from Proposition 7 it must lie to the right of the vertica
liner = 0.
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Proposition 8: If InM +InN 3 2InC — (1- 2E)(f_ — r) then the stationary
point (f,, r) is the globa optima operation of the supply chain. If there is
strict inequality, then f, > r_ so the customer receives errors.

Proof: In the Appendix.

Coroallary: If InM +InN 3 2nC — (1- ZE)(f, - r_) then the equilibrium is
never optimal, since the gtationary point, which is the optimum in this case,
is different from the equilibrium according to Proposition 5

Proposition 9: If InM + InN £ 2InC — (1- 2E)(f, — r) then the optimal
operation (f , r) of the supply chain is (0, 0) if InM —InN £ -(f, + 1) or
f.o =1 =%(f +r, +In(M/N)) otherwise.

Proof: If InM + InN = 2nC — (1- E)(f_— r) then according to (10) i, =
Oso f = r_. Otherwise i, < O so the stationary point is outside the polyhe-
dron S defined by inequalities f £f,r3 0, f—r£f —r_and f3 r depicted
by Figure 4. Consider the half space f — r 3 0, which is a convex domain.
The optimum (_, r_) for p(f, r) is not within this space, since it includes
neither a stationary nor a non-differentiable point, so (f,, r ) must be within
itsboundary f = r. Subdtituting this equation in expression (9) yields p,_(0)
= (M + N)® — Pexp(-g) — RXexp(g) — 1) with g * 0, which is concave,
since fp,_ (9)/1g = -(Fexp(-29)+R)exp(g) < 0. From the first-order con-
dition, it holds that the optimum is g = ¥YAn(F/R) that combined with (7) is
equatog=%f +r_ +In(M/N)).If g3 Othenitisfeasbleso f =r_
= @, otherwise the optimum must lie on an extreme of the domain so f =
r,=0.
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FIGURE 4
GLOBAL FEASIBLE AND INFEASIBLE OPTIMA

Convex domain S O Nash equilibrium
== Boundary of S

O Stationary point

< Feasible optimum

From the above propositions, it is possible to draw the congtraints defin-
ing the value of the margins M and N, such that the optima operation
r.) of the vertically integrated supply chain has different features. Figure 5
shows such congtraints in the space of m=1InM and n = InN for E = 0.01,
M+ N=C=10, f =17 r_= 0.2, where most of them have alinear shape
but In(exp(m)+exp(n)) = InC =In(M + N). If InM + InN > 2nC — (1- ZE)(f,
— ), represented by the upper right semi plane, then ¢, r)) = (., r) so
the customer receives a positive number of errors, athough fewer than
before. If INM +InN £ 2AnC — (1- B)(f_—r) then f_= r_ so the customer
receives no errors. In this casg, if INM —InN £ -(f,—r) thenf =r_=0,
meaning that the supplier stops generating defective products. On the con-
trary, if INM —InN> f_—r_then f > f_ so the supplier generates more
defective products than before, imposing a higher burden to the retailer to
catch them dl. Although this latter result does not contradict the literature
in terms that the integration does in fact improve final qudlity, it is surprising
because it shows that the supplier’s attitude towards quality degenerates,
providing a service to the retailer that is worse than before.
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FIGURE 5
VERTICAL INTEGRATION IN THE SPACE OF m = InM and n = InN

The above results are consistent with the anecdotic evidence provided by
Kumar (1996) and with the empirical research by Stanley and Wisner
(2001) who find strong positive relationships between the implementation of
cooperative purchasing/supplier relationships, internal service quality, and
the quality of services and products provided to externa customers. This
bears a resemblance with the double marginalization problem where a chain
of monopolies makes less profit than the integrated industry, since the
autonomous agents misaign their decisions. In our case, fina quality, and
therefore total profit, is also jeopardized by the non-cooperative behavior of
the players. Also, our model concurs with the idea of “optima quality” by
Juran (1988) that there is an optimum level of conformance quality above
which it is not advantageous to improve. The novelty of our work is that
it partialy responds to the challenge posted by Sousa and Voss (2002): To
identify under which conditions quality may not be free. We conclude that
the quaity effort in cooperative or integrated supply chains is determined by
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the agents' initia share of the margin. If the margins were smilar, then both
agents would be already eager to reduce the number of defective products,
S0 integration improves quality, athough not by much. If margins were
unequd, then integration would be especidly effective since the agent that
was undermined would show a great advance on quality. For the case of
the supplier, if his margin were below a given threshold, then in the inte-
grated chain he would generate no errors, while if such margin were above
another level then he would free-ride the supplier, who would significantly
increment his effort to detect defective items.

IV. CONCLUSIONS

We have studied a distribution channel where the supplier and the re-
tailer determine how much effort to invest in improving qudlity as a function
of an end customer’s demand and the cost of the different strategies. We
conjecture the structure of the demand and cost functions based on as-
sumptions that are common to the scientific literature, with two exceptions:
we are assuming that products are disposable and that the cost elasticities
of both agents are related.

By characterizing the Nash equilibrium, we derive the conditions under
which implicit parameters related to quality, namely the total quality cost for
the supplier and the compliance cost for the retailer, can be deduced from
observable data. With this information, we are able to derive the properties
of the globa optimum for a verticaly integrated supply chain that depends
on the margins and the origina equilibrium. If the sum of logarithms of the
margins is above a given threshold, then the customer receives a positive
number of errors, otherwise the customer receives zero errors. In this last
case the structure of the solution depends on the difference of logarithms
of the margins. if it is below a certain value, then the supplier generates no
errors, otherwise he generates more than in the original situation.

The relevance of these findings is that, athough it is an accepted fact
that vertical integration improves quality for the end customer, we provide
additiona insght about how this improvement takes place: it may or may not
lead to near-zero errors, and it may or may not enhance the supplier's
performance. Considering the evidence that vertical integration tends to
increase costs, managers should carefully assess whether the loss of effi-
ciency is judtified by the expected quality improvement.
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APPENDIX

Proof of Proposition 8 If INnM +InN 3 2AnC — (1- ZE)(f_—r ) is true
then i_ * 0 according to (10), so the stationary point (f, r_) is within the
polyhedron S defined by inequalities f £ f,r3 0, f—r £f —r_and f 3
r shown by Figure 6.

FIGURE 6
STATIONARY POINT AS GLOBAL OPTIMUM

/Feasible trip
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Consider point  , r ) such that:

@ f —-r =f—-r,s0(, r)isinthe same 45° lineas {,, r).

@ p(f,.r,)<p(,r): it can be attained since p(f, r) can be arbitrarily
low due to the cost of the retailer R¥exp(r, ) — 1) when r_ is large
enough.

(i)  Pexp(-f ) < Rexp(f, — (f,— r)) which holds with f_ large enough.

@(v) Tp(f, )/ir evauated in € + (f,—r), r,) < O: it forces DExxp
(-E(0))(M+N) — Fexp(r ) < 0 which is true with r_ large enough.
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It holds that p(f +f, r +f) < p(f_, r ) since T((M + N)Dxxp
(-E(f, — 1)) — Pexp(-g) - Rexp(g — (. — r))/Mlg = T(- Pexp(-9) -
Rexp(g — (f,— r))/Mlg = Fexp(-f ) — Rexp(f — (f,—r)) whichis< 0
from (iii). It holds that p(f +f, r +f +p) < p(f +f,r +f) since (M +
N)Dexp(-E(f, — (r,+ h))) — Pexp(-(f  + )) — Rexp(r_+f + h))/fh =
DEexp(-E(f, — (r,+ h))(M+N) — Rexp(r + f + h) < 0 for any
f 3 0 from (iv). Therefore, any point ¢ _+f, r_+f +d) with f, d 3 0O has
alower value than (f , r ), which by (ii) has a lower value than (f, r ), so
the function decreases as f and r grow. Defining aball B that contains the
originand (_, r ), (f,, r) isthe optimum in B since it is the unique tationary
point, while the feasible strip outside B decreases, so (, r ) is the global
optimum.

If INM + InN > 2nC — (1- E)(f, - r) then when caculating f_— r_
according to expression (10), it results in a positive number, so the customer
receives errors.
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